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Indefinite Integrals

1. Each part is worth 3 marks. Please write your answers in the boxes.
Calculate the indefinite integral [ —S& x) dx for 0 < x < 7/2.
( ) f A/ COS $ /

Answer: I = —2y/cos(z) + C

Solution: Let u = cos(z), so that sin(z)dz = —du. Then,
I = —/ul/Qdu: —2v/u+C'.

Using u = cos(x) we get [ = —24/cos(z) + C.

(b) Calculate the indefinite integral [ 92”13 dx for x > 0.

Answer: n(:lj)a:\) 4 21n(|§+3‘) C

r+1 A B

fraction decomposition is ———— = — "+ ———.
P r(x+3) -z x+3

1
ging in the values x = 0 and * = —3 we obtain A = 3 and B = 3 Then

r+1 1 2 In(|z])  2In(|z+ 3]|)
di= [ [—+—"—)de= C.
/x2+3x ‘ /(3x+3(x+3)> S T

Solution: The denominator x? + 3z factorizes as z(z + 3). Thus, the partial

Multiplying everything by z(x 43) we get = + 1 = A(x + 3) + Bz, and by plug-
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(¢) (A Little Harder): Calculate the indefinite integral [ 2%e™* dx.

Answer: e %(—2% — 2z —2)+ C

Solution: Let u = 2% and dv/dx = e™®. We calculate du/dr = 2z and v =
—e~ ", so that one step of integration by parts gives

I:uv—/vj—udx:—x26_$+/2xe_zda:.

Now we apply integration by parts again to J = [2ze *dx choosing u = 2z
and dv/dx = e~*, obtaining

d
J:uv—/vd—udx:—2x6_$—|—/26_rdwze_m(—Qx—Q)—i-C.
T

Plugging this into our first equation for I we get

I=-2*c"4+J=e"(—2-20—-2)+C,
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Definite Integrals

2. Each part is worth 4 marks. Please write your answers in the boxes.
(a) Calculate foﬁ/ ? cos? () da.

Answer: %

Solution: Since the power of cosine is odd, we hold on to one copy of it and
turn the rest into sines. We get

/Om cos’(z) dz = /0 v cos(z)(1 — sin®(z)) da.

Now we can use the substitution u = sin(x). We have du/dx = cos(x), and that
x=0and x =7/2 map to u =0 and u = 1. This yields,

/OW/Q cos(z) (1 — sin’(z)) dz = /01(1 —u’)du = [“ - %3]1 - g

0

(b) Calculate f03 9% .

2249

Answer: 27 — QTT”

2

Solution: We first note that L 1— L Then
2+ 9 249

3 9x2 3 9 3 1
O g = 1——2 Vdz=9-3-81 [ — da.
/0x2+9 v 9/0( x2+9> r=9-3-8 /0 2+9M

To solve the second integral we use the substitution x = 3u, so that

/3 21 :/1 23 = [arctan(u)]lzi_ol
o 2219 ), 9@+ 1) 35 ), 12

Plugging this back into the first equation we get

3 2
9x 27T
de =27 — — .
/0 2249 4
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(c) (A Little Harder): Calculate fle2 e du.

‘Answer: 1-3
(&

1
Solution: We use integration by parts, picking dv/dz = — and u = Inz. We
x

1
compute v = —— and du/dr = % Thus applying the IBP formula we get
x

Midterm D: Page 5 of 12



Riemann Sum, FTC, and Volumes

3. Each part is worth 4 marks. Please write your answers in the boxes.

(a) Calculate the infinite sum

by first writing it as a definite integral. Then, evaluate this integral.

Answer: % (2\/§ — 1) )

| —

7
Solution: We try to pick Ax = —,a = 0,0 = 1,x; = —, so we have to write
n

the summand in the form Ax f (i
n

\_/S

. By collecting a — in the expression we get
n

5 70\ N3
— (1) 1+ (l> so we have f(z) = 32%v/1 + z?, and thus
n\n n

R B b
i Do\ = i Do) = [V

Using the substitution v = 1 +22 we get

1 2
/3x2\/1+x3dx:/ \/adu:g[u3/2]f:§(2\/§—1).
0 1

(b) For z > 0 define F(z) and g(z) by F(x) = [ cos®(t) dt and g(z) = 2F(z?). Calcu-
late ¢'(/7).

Answer: gﬂ'

Solution: By the product rule, chain rule, and FTC I we have
d(z) = F(2*) + 22 F'(2*) = F(2*) + 22% cos®(2?).

Setting x = /7, we get ¢'(v/7) = F(m) + 27 cos?(w) = F(7) + 2m. Now,
T 1 2t 1 in(2t)]"

P(r) = / cos?(t) dt = / Lreos®h) gy 1 [H sin( )} T
0 0 0

2 2 92"

So we conclude that ¢'(v/7) = g + 27 = —.
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(c) Write a definite integral, with specified limits of integration, for the volume obtained
by revolving the bounded region between = —y? and x = —4-+y? about the vertical
line x = 2. Do not evaluate the integral.

Answer: V = Wff%(((i —y*)? — (2+y*)?) dy.

Solution: The plot is as shown:

4
: \\
- mN
The red curve is x = —y?, the blue curve is\z = —4 + y? and the green line is
the axis of rotation # = 2. The red and blue curves meet where —y? = —4 + 32,

which gives us y = £v/2 and z = —2.

A slice of the rotational solid at height y will be a circular crown with inner
radius 7, = 2 + y? (the distance between z = 2 and = —y?) and outer radius
R, = 6 — y* (the distance between x = 2 and z = —4 + y?).

Thus the area of the slice will be

Ay =m(Ry—r,) =7((6—y")" = 2+y")).

This gives the volume V = Wf:%((6 — %) — (2+y*H)?) dy.
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4. (a) Plot the finite area enclosed by y? =z and z = 8 — 2y.

Solution: The area is the region enclosed between the blue and red curves:
—10

5

] =
0 5 o 15

(b) Write a definite integral with specific limits of integration that determines
this area. Do not evaluate the integral.

Answer: A = f_24 (8 =2y —y?) dy

Solution: The two curves meet when 4 = 8 —2y, which has solutions y = 2, —4.
Seeing as how for both curves x is expressed as a function of y, we choose to write
the area as an integral in the variable y, with z(y) = y? and z7(y) = 8 — 2y.

By evaluating at y = 0 we see that 2r(y) > xp(y) on the interval [—4,2]. Then
we get the integral

/ [2r(y) — 2p(y)] dy = / (8—2y—y°) dy.

—4 —4

Alternatively, as an integral in x, the area is

4 16 T
A:2/ ﬁdw/ (4——+ﬁ)daz.
0 4 2
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5. A solid has as its base the region in the zy-plane between y = 1 — 2?/9 and the z-
axis. The cross-sections of the solid perpendicular to the z-axis are semi-circles with the

diameter of the semi-circle in the base.
a) Write a definite integral that determines the volume of the solid.

Answer: V =12 f (1—22/9)°

Solution: The points of intersection with the z-axis are given by 2%/9 = 1, so
we get ©x = £3.

A vertical slice of the solid at  will be a half circle whose diameter is 1 — 2?/9,
and thus will have area 4, = 2 (3(1 — x2/9))2. Then the volume is given by

3 3
V:/ Axdx:/ —(1—2%/9)* dx
B 8

) Evaluate the integral to find the volume of the solid.

Answer: %71’

Solution: We simplify by using the substitution u = /3 so that

3
vz/ TR de = [ (1 - udu.
.8 s/,

Now we note that the function is even, so that

3r [ 3r !
V=" (1 —u?)?du = o (1 —u?)? du.
8 /., 4,

Finally we expand the formula and compute the integral:

3r ! 3r (! 3r [u®  2u° !
V=— 1—u®)?du="— o+ ) du="—|— - —— )
40( u?)? du 40(u u’+1) du T 3—|—u0
We calculate that
v 37 (1 2+1 2
_ — _ = — = —T
4 \5 3 5
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