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Relaxation of Excited States in Nonlinear
Schrodinger Equations

Tai-Peng Tsai and Horng-Tzer Yau

1 Introduction
Consider the nonlinear Schrodinger equation
W0 = (A + V)P + AP,  B(t = 0) = o, (1.1)

where V is a smooth localized real potential, A = +1, and P = P(t,x) : R x R? - Cis a
wave function. The goal of this paper is to study the asymptotic dynamics of the solution
for initial data o near some nonlinear excited state.

Recall that for any solution {(t) € H' (R?) the L?-norm and the Hamiltonian

1 1 1
1Y) = [ 3 1VU + SVIGE + 1Al ax (12)

are constants for all t. The global well-posedness for small solutions in H'(R?) can be
proven using these conserved quantities and a continuity argument.
We assume that the linear Hamiltonian Hy := —A+V has two simple eigenvalues

eo < e1 < 0 with normalized eigenfunctions ¢, ¢;. We further assume that
e < 26] . (13)
The nonlinear bound states to Schrodinger equation (1.1) are solutions to the equation

(—A+V)Q +AQI*Q = EQ. (1.4)
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They are critical points to the Hamiltonian H[¢p] defined in (1.2) subject to the constraint
that the L?-norm of 1 is fixed. For any bound state Q = Qg, ¥ (t) = Qe *Ft is a solution
to the nonlinear Schrédinger equation.

We may obtain two families of such bound states by standard bifurcation theory,
corresponding to the two eigenvalues of the linear Hamiltonian. For any E sufficiently
close to ey so that E — ey and A have the same sign, there is a unique positive solution
Q = Qe to (1.4) which decays exponentially as x — oo (see Lemma 2.1). We call this
family the nonlinear ground states and we refer to it as {Qg}e. Similarly, there is a
nonlinear excited state family {Q; g, }g, for E; near e;. We will abbreviate them as Q
and Q. From Lemma 2.1, we also have ||Qg| ~ |E —eo|'/? and ||Q1 g, || ~ |E1 — e1|"/2.

It is well known that the family of nonlinear ground states is stable in the sense
that if

inf () - Qee™®]|,. (15)

is smallfort = 0,itremains so forall t, see [9]. Let || - ||le denote alocal [ >-norm (a precise
choice will be made later on). We expect that this difference actually approaches zero

in local L?-norm, that is,

lim g{”q)(t)—QEei@H%C =0. (1.6)
If —A + V has only one bound state, it is proven in [4, 8, 13, 14| that the evolution will
eventually settle down to some ground state Qg,, with E,, close to E. Suppose now
that —A + V has multiple bound states, say, two bound states: a ground state ¢o with
eigenvalue ey and an excited state ¢ with eigenvalue e;. It is proven in [16] that the
evolution with initial data 1o near some Qg will eventually settle down to some ground
state Qg,, with E, close to E. (See also [1, 2] for the one-dimensional case and [15] for
nonlinear Klein-Gordon equations.)

Denote by L2 the weighted L? spaces (r may be positive or negative)

LI (R?) = {¢ e L*(R®) : (x)"$p € L*(R?) }. (1.7)
The space for initial data we shall use is

Y=H'(R?) nL'(R?). (1.8)

We use L, to denote LZ . The parameter vy > 3 is fixed and will be determined in

Lemma 2.2. We now state the assumptions in [16] on the potential V.
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Assumption A0. —A + V acting on [?(R?) has 2 simple eigenvalues ey < e; < 0, with

normalized eigenvectors ¢o and ¢;.

Assumption Al (resonance condition). Let ey = e; —ep be the spectral gap of the ground

state. We assume that 2ey1 > |epl, that is, ey < 2e;. Let

1
Ho +eg —2e7 — ol

Yo = lim Im (cbocb%, P?Od)oq)%). (1.9)

Since the expression is quadratic, we have yy > 0. We assume, for some sy > 0, that

1
Ho +eo—2e1 +s— ol

inf lim Im ((bocj)%,

|s|<sg 0— 0+

PE"cbod)%) > %Yo > 0. (1.10)

We shall use 0i to replace oi and the limit lim, o later on.

Assumption A2. For AQZ sufficiently small, the bottom of the continuous spectrum to
—A+V+AQ#%,0, is not a generalized eigenvalue, that is, not a resonance. Also, we assume

that V satisfies the following assumptions: there is a small ¢ > 0 such that,
|[VPV(x)| < C(x) "9, for|p|<2. (1.11)
Also, the functions (x - V)*V, for k =0, 1,2, 3, are —A bounded with a —A-bound < 1:
(- V)Vo||, < ooll — Adll2 + Cllbll2, 00<1,k=0,1,2,3. (1.12)

Thus, the W* P estimates for the wave operator Wy, = lim;_,, e'*"cet*(A+E) in [18] hold
for k < 2.

Assumption A2 contains some standard conditions to assure that most tools
in linear Schrédinger operators apply. These conditions are certainly not optimal. The
main assumption in Assumptions AO, Al, and A2 is the condition 2ep; > Jeo| in
Assumption Al. The rest of Assumption Al are just generic assumptions. This condi-
tion states that the excited state energy is closer to the continuum spectrum than to the
ground state energy. It guarantees that twice the excited state energy of Ho —eo becomes
a resonance in the continuum spectrum (of Hp — ep). This resonance produces the main
relaxation mechanism. If this condition fails, the resonance occurs in higher order terms
and a proof of relaxation will be much more complicated. Also, the rate of decay will be
different.
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The main result in [16] concerning the relaxation of the ground states can be

summarized in the following theorem.

Theorem A. Suppose that suitable assumptions on V hold. Then there are small con-
stants €9, > 0 such that, if the initial data ), satisfies [P — ne'© dylly < e3n? for
some n < 1y and some Oy € R, then there exists an E,, and a function ©(t) such that
Qes lly —m = O(edn), O(t) = —Ext + O(log t), and

[[W(t) = Qeoee™@W |, < C(T 1712 (1.13)
O

This theorem settles the question of asymptotic profile near ground states.
(Notice that ¢y depends on n, which was not emphasized in [16]. A stronger version
removing this restriction on ¢ is given in Theorem 4.1.) Suppose that the initial data 1\,
is now near some nonlinear excited state. From the physical ground, we expect that 1
will eventually decay to some ground state unless the initial data {y is exactly a non-
linear excited state. We call this the strong relaxation property. For comparison, we
define a weaker property, the generic relaxation property, as follows. Denote the space
of initial data by X. Let Xj (X, resp.) be the set of initial data such that the asymptotic
profiles are given by some nonlinear excited (ground resp.) states. We shall say that the
dynamics satisfy the generic relaxation property if X; has “measure zero.” This concept
depends on a notion of measure which should be specified in each context.

With this definition, the strong relaxation property means that X; is exactly the
set of nonlinear excited states. In particular, X; is finite dimensional. We first note that
the strong relaxation property is false. For any nonlinear excited state Q, define X; g,
to be the set of initial data converging to Q; asymptotically. It is proven in [17] that for
any given nonlinear excited state Qi, X1 g, contains a finite codimensional set. Thus
our goal is to establish some weaker statement such as the generic relaxation property.
This is the first step toward a classification of asymptotic dynamics of the nonlinear
Schrodinger equation.

In order to state the main result, we first decompose the wave function using the

eigenspaces of the Hamiltonian Hy as

Y =xbo+yp1 +& &=Plo. (1.14)

For initial data near excited states, this decomposition contains an error of order y> and
it is difficult to read from (1.14) whether the wave function is exactly an excited state.

Thus we use the decomposition

P =xdo + Q1(y) +§, (1.15)
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where

y=y, x=x— (b0, Q1 (v)), E=&—P.Qi(y). (1.16)

Here we have used the convention that

Qi(y) == Q1(m)e'®, m=ll, me'®=y. (1.17)

We shall prove in Section 2 that for1 with sufficiently small Y-norm (1.8), such a decom-
position exists and is unique. Thus we assume that {y = xobo+Q1(yo)+&o is sufficiently

small in Y.

Theorem 1.1. Suppose the assumptions on V given above hold. There is a small constant
no > 0 such that the following holds. Let 1 (t,x) be a solution of (1.1) with the initial
data 1, satisfying

1
Hll)OHY:n) 0<TL§T1.0, |UO| 2 znv
L (1.18)
Xol > 2me™™ ) x| > &5 || &o |y,
where ¢, > 0 is a small constant to be fixed later in the proof. Let
1 2\ 2
ny = (XO2+2\yo! ) ~m. (1.19)

Then, there exist an E,, with ||Qg,, |[y ~ n1 and a function O(t) = —Et + O(logt) such
that

Cr(1+ 12 < (1) — Qe €W . < Ca(14+1)7"/2, (1.20)

for some constants C; and C, depending on n. O

Condition (1.18) can be interpreted as follows: the excited state component, yo,
should account for at least half the mass of the initial data. (Here 1/2 can be replaced
by any fixed small number.) Under this condition, if the ground state component, xo, iS
not extremely small compared with the continuum component &g, then the dynamics
relax to some ground state. The condition [xq| > ne ™ """ isa very mild assumption
to make sure that x¢ is not incredibly small.

It is instructive to compare our result with the linear stability analysis of [5, 6,

10, 11]. In our setup, the main result in [6] states that the linearized operator around a
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nonlinear excited state is structurally stable if ey < 2e; and unstable if ey > 2e;. Hence,
the excited states considered in this article are unstable and are expected to decay under
generic perturbations. The instability of the excited state stated in Theorem 1.1 is thus
consistent with the linear analysis. Notice that Theorem 1.1 tracks the dynamics for all
time including the time regime when the dynamics are far away from the excited states.
Furthermore, for all initial data considered in Theorem 1.1, the relaxation rate to the
asymptotic ground state is exactly of order t—'/?, arate very different from the standard
linear Schrédinger equations.

In view of the linear analysis, the existence [17] of (nonlinear) stable directions
for excited states is a more surprising result. For the linear stable case, that is, eg > 2ey,
the only rigorous result is the existence [17] of (nonlinear) stable directions in this case.
Although the linear analysis states that all directions are linearly stable, on physics
ground we still expect excited states remain generically unstable.

We now explain the main idea of the proof for Theorem 1.1. The relaxation mech-
anism can be divided into three time regimes.

(1) The initial layer. The component of the wave function in the continuum spec-
trum direction gradually disperses away; the components in the bound states directions
do not change much.

(2) The transition regime. Transition from the excited state to the ground state
takes place in this interval. The component along the ground state grows in this regime;
that along the excited state is slightly more complicated. We can further divide this
time regime into two intervals. In part (i), the component along the excited state does
not change much. In part (ii), it decreases steadily and eventually becomes smaller than
the component along the ground state.

(3) Stabilization. The ground state dominates and is stable. Both the excited
states and dispersive part gradually decay.

In different time regimes, the dominant terms are different and we have to lin-
earize the dynamics according to the dominant terms. In the first time region, {(t) is
near an excited state, and it is best to use operator linearized around the excited state.
In the third time regimes, {(t) is near a ground states, and it is best to use operator
linearized around a ground state. For the transition regimes, the dynamics are far away
from both excited and ground states and we use the linear Hamiltonian Hy.

Besides technical problems associated with changing coordinate systems in dif-
ferent time intervals, there is an intrinsic difficulty related to the time reversibility of
the Schrédinger equation. Imagine that we are now ready to show that our dynamics is
in the third time regime and will stabilize around some nonlinear ground state. If we

take the wave function 1, at this time and time reverse the dynamics, then the dynamics
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will drive this wave function back to the initial state near some excited state. The time
reversed state )y and the wave function 1 itself will satisfy the same estimates in the
usual Sobolev or L, senses. However, their dynamics are completely different: one sta-
bilizes to a ground state; the other back to near an excited state. This suggests that 1\
carries information concerning the time direction and this information will not show up
if we measure it by the usual estimates.

This time reversal difficulty manifests itself in the technical proofs as follows.
We shall see that, when the third time regime begins, the dispersive part is not well-
localized and its [2-norm can be larger than that of the bound states—both violate the
conditions for approaching the ground states in [16]. To resolve this issue, we need
to extract information which are time-direction sensitive so that even though the dis-
persive part may be large, it is irrelevant since it is out-going. Though the concept of
out-going wave is known for linear Schrodinger equations, it is difficult to implement it
for nonlinear Schrédinger equations. We have, however, succeeded in defining a notion
of “out-going estimates” which provides sufficient time-direction related information

to control the asymptotic evolution.

Resonance induced decay and growth. To illustrate the mechanism of resonance in-
duced decay and growth, we consider the problem in the coordinates with respect to the

linear Hamiltonian Hy = —A + V,

B(t) = x() o +y()d1 + &(1),  E(t) = PEow(t). (1.21)

The nonlinear term 1?1 can be split into a sum of many terms using this decomposition.
However, there is only one important nonlinear term in the equation for each component:
(assume that A = 1)

ik:eox+(d>o,(yd>1)zé)+~-~, (1.22)
iy =ey+ (d1,2(xdo) (Tp1)&) +- -, (1.23)
10:& = Ho& + PEoxy? ot + -+ (1.24)

From (1.22), we know that u(t) = e*®°*x(t) has less oscillation of lower order than x(t).
Hence we say that x(t) has a phase factor —e(. Similarly, y(t) has a phase factor —e;.
The nonlinear term iyztbod)% has a phase factor ep —2e;, which, due to assumption (1.3),

is the only term in %1 with a negative phase factor. It gives a term in &;

1

=TT —3s _ingloq)ocp%. (1.25)

Et) =xy? ()@ + -+, @
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Notice that ® is complex and its imaginary part is analogous to the Fermi golden rule.
This was extensively studied in [12, 15]. Substituting this term into (1.22) and (1.23),

we have

ix = iyohyl*x+- -,
. 5o (1.26)
iy = —2iyolxI“ Yl y+ -,

with yo given in (1.9). In (1.26) we have omitted two types of irrelevant terms:

(1) terms with same phase factors as x or y, for example, eox and [y|*x in (1.22).
Since their coefficients are real, they disappear when we consider the
equations for |x| and |y|;

(2) terms with different phase factors, for example, xy? in (1.22). Since these
terms have different phases, their contribution averaging over time will
be small. This can be made precise by the Poincaré normal form.

From (1.26) we obtain the decay of y and the growth of x as well as the three
time regimes mentioned previously. However, it should be warned that this setup is only

suitable when both x and y are of similar sizes.

2 The initial layer and the transition regimes: the setup

We now outline the basic strategy for the initial layer and the transition regimes. We

first review the properties of the bound state families.

2.1 Nonlinear bound states

The basic properties of nonlinear bound state families can be summarized in the fol-

lowing lemma from [16].

Lemma 2.1. Suppose that —A + V satisfies Assumptions A0 and A2. There is a small
constant ny > 0 such that the following hold. For any E between e, and ey +An3, there is
a nonlinear ground state Qg solving (1.4). The nonlinear ground state Q¢ is real, local,
smooth, A~T(E — eo) > 0, and

3 —1 1/2 4 o2
Qe =ndo+0(n’), n~CA '(E—eo)] ,Cz(Jd)odx) ) (2.1)

Moreover, we have Rg = 9¢Qr = O(n™?)Qe + O(n) = O(n') and 32Q¢ = O(n~3). If we
define ¢c; = (Q,R)~', then ¢y = O(1) and Ac; > 0.
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There is also a family of nonlinear excited states {Qg,}g, for E; between e;
and ey + Anj satisfying similar properties: Qg, = md; + O(m?) solves (1.4) with m ~
CA~"(Ey —e1)]"'/2, and so forth. O

This lemma can be proven using standard perturbation argument, see [16]. For
the purpose of this paper, we prefer to use the value m = (¢, Q) as the parameter
and refer to the family of excited states as Qi(m). It is straightforward to compute
the leading corrections of Q;(m) via standard perturbation argument used in proving

Lemma 2.1. Thus we can write Q; as

Qi1(m) =md1 +q(m), q(m) L 1,

(2.2)

a(m) =m’a3 +4® (m), q®(m)=0(m?),
where q3 = —A(Ho — e1) " 'nd3, and 7t is the projection

mh =h — (d)],h)d)]. (2.3)
Similarly, we can also expand E;(m) in m as

Ei(m)=e +Eom? +Eam? +E& (m), EP(m) = O(m®). (2.4)
Moreover, we can differentiate the relation of Q;(m) with respect to m to get

QM) = Qi =dr +a'(m), a'(m)=—a(m) =0(m?), a'(m) L 6. (25)

! dm ’ dm ' ' '

2.2 Equations
In the first and second time regimes, we write

B(t) = x(t)do + Q1 (m(t)) e + &(t), (2.6)

where & € Hc.(Ho), see (1.15). If we write O(t) = 6(t) —f; E1(m(s))ds, we can write y(t) as

t

y(t) = me'® = mexp {ie(t) - iJ Eq(m(s)) ds}. (2.7)

0

Denote the part orthogonal to ¢1 by h = xdo+&. From Schrodinger equation (1.1),

h satisfies the equation

idth = Hoh+ G + A, (2.8)
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where
G = AP —AQ7e™®
=AQ7(e'*®h 4 2h) +AQq (¢*°2hh + e *®h?) + A%, (2.9)
A= (8Q; —1hQ])e™®.

Since m(t) and 0(t) are chosen so that h(t) L ¢ for all t, we have 0 = (¢$1,10¢h(t)) =
(1,6 + (8Q1 —1imQ/)e!®). Hence m(t) and 0(t) satisfy

1 (¢1,Re Ge ). (2.10)

= (¢1,Im Ge @), 0=——
m

We also have the equation for y:

iy = ime'® — (0 — Ey(m))me'®
= E1(m)y + @ (irh — m#) (2.11)
Here we have used (2.10). Denote A, = mwA. We can decompose equation (2.8) for h

into equations for x and & (2.12). Summarizing, the original Schrédinger equation is

equivalent to

ix = eox + ($o, G + Ax),
iy =E1(m)y + (¢1,6), (2.12)
1008 =Ho& + P (G + Ax).

Clearly, x has an oscillation factor e~*¢°t and, since E;(m) ~ e7, y has a factor

e~ 1t Hence we define

—iept

x=e u, y=e ety (2.13)

Together with the integral form of the equation for &, we have

u=—ie'*" (o, G + Ag), (2.14)

{):—ieie‘t[(E1(m)—e1)y+ (d)],G)}, (2.15)
t

E(t) = e tHotgy 4 J e tHot=)pHoG, (s)ds, Ge=1"(G+ Ax). (2.16)
0

This is the system we shall study.
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2.3 Basic estimates and decompositions

It is useful to decompose various terms according to orders in n so that we can identify
their contributions. We now proceed to do this for G, A, E(lyl), and &(t). We expect that
x,y = O(n) and & = O(n?) locally.

For G. Recall that G is given by
G =AQ7(e”®h +2h) + AQ1 (e'®2hh + e *®h?) + Alh[*h, (2.17)

with h = x¢o + & and Q1 = Q1 (|ly|). From the decomposition (2.2) of Q1 = [y|d1 +y[>qs +

q® (ly|), we decompose G as

G =A(y?d7T +2y3ud1as3)h+ A(lyldT + 2yl *b1q3)2h

(2.18)
+A(yb1 +y*5a3) 2 +A(Ud1 +yyZas)h? + AhPh + (%),

where () = A2yld19®™ + (jylPas + 4©®)?](e?®h + 2h) + Aq®) (e!©2hh + e~1h?) with
q® = q® (ly|). We then substitute h = xdo + & to obtain

G =Gs3+ G5 + Gy, (2.19)

where

Gs = My?% + 2ly1*x) podT + A2y +x*7) bidr1 + Alx[*xd3, (2.20)
Gs = M2y ux + 4ly[*x) pod1a3 + A(2x[*y*y + x*yy?) d3as

S ) (2.21)
+ A (xdbo +ydb1) T+ 22| (xdo +yd1)| €,

G, = A[Zly\dh q® (yl) + (g3 + q® (\yl))z] (e2®h + 2h)
+2q® (lyl) (e'©2hh + e @h?)
AP UP1azE+ Ayl PrasE) + A(ydbr2(El* +UdrE?) (2.22)
+ AU A32 (xbok + Xbok + [E7) + Ayyas (2xdok + £2)
+ Ao (&2 + 2x|E[%) + N EJE.

Note that G3 = O(n?), Gs = O(n®), and G; = O(n’). If we use the convention that

F<gidgrt- (2.23)



1640 T.-P. Tsai and H.-T. Yau

for ||f|| < Cllg1|| + |lg2]| + - - - for some suitable norms, we have

G <n?x+n%E+ &3,
Gs <n'x +n%g, (2.24)

G~ §n6x+n4£+n52+£3.

It is crucial to observe that no term in G3 is of order y>. This is due to our setup
emphasizing the role of nonlinear excited states. The price we pay is the introduction of
terms involving q3 and q(®).

We now identify the main oscillation factors of various terms. For example,
y?x = ell-2e1teo)ty2q and its factor is —2e; + ep. For terms in Gz the corresponding

phase factors are given as follows:

23 2 2 2= 2
X X X X XX
Yy Iyl x|y Yy x| (2.25)
—261 + e —€o —e1 —260 +eq —€y.

From the spectral assumption |eo| > 2|e1|, —2e; + e is the only negative phase factor.
Hence it is the only term of order n® that has resonance effect when we compute the main
part of . Also, since |x|?y has the same phase as y, it will be resonant in the y-equation.

Similarly, [y/*x and |x|*x have same phase as x and will be resonant in x-equation.

For A, and E(m). Recall that A, = 7(6Q; — imQ})e'®. Since & = O(n~"|Gl10c) and
m = O([|Gllioc),

[A=(s)|| = 0(8)O(nQ1) + O(1)O(nQ}) < Cn?||G|| (2.26)

loc”

To find out the main part of A,, we substitute equation (2.10) for m and 6 to

obtain (m = |y|),

Ar =m(0Q7 —imQ})e'®

:{(cp],g)m]nQ] + (dﬂ,g)m]anZi@} (2.27)

G G .
- 1{ <¢1 ) ZI)T[Q{ + (¢” ) Zi>T[Q{eZIG}'

Since G = G3 + (Gs + G7) and nQ;(m) = m3q3 + q® (m) by (2.2), we have nQ}(m) =

3m?q; + O(m*), and the main part of A, is (also recall that y = me'®)
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1 _
Ans = *E{(dh ,G3)lyl*as + (¢1,G3)y?as}

1 _
- j{(dﬁ ,G3)3yl*as + (¢1,G3)3y%as} (2.28)
=—2q3(d1, Gslyl* + G3y?).

Let An7 = Ax — Ax 5. We have

/\7'( = /\71,5 + Ar[], (229)

Ans < ||Gslf lul® S nx,

(2.30)
An7 < HG5 + G7H10c‘y|2 + ||GHloc‘y|4-

The frequency E(m) is already decomposed in (2.4).

For & Recall the equation for & in (2.16), &(t) = e tHotgy + [ e tHe(t=39) PHoG, (s) ds,
Ge =17'(G +Az). Since ||Ax|| < Cn?||Gl|joc, the main terms in G =171 (G + Ax) is i~ 'G;.

We now compute the first term Ay?x¢o$p? in G; using integration by parts:

t
— mJ e tHo(t=s) p y2x o3 ds
0
t
— 71)\671]—[01:"( ei(Ho*Oi)S ei(e07261)sv2ﬂpc¢)o¢% dS
0

. 1 ) ) t
_ _i)\eleot elHosel(e()fZe])s vzﬂP 2:|
{|:1(H0—0i+€o—2€1) Cd)oq)] 0
. J’t 1 eiHosei(eofze1)s i(vza)P d) d)z ds
0 i(Ho — 0l + eo — 2e) ds O

t
_ yZ)zq)] o efiHotyz)z(O)(D] _J efiHo(tfs) 61(807261)5 i( 211)(1)1 ds
ds '

0

(2.31)

where

A

O = —
! Ho — 01+ eo — 2e;

P.dodr. (2.32)

This term, with the phase factor ey — 2ey, is the only one in G; having a negative phase
factor (see (2.25)). Since —(ep — 2e7) is in the continuous spectrum of Hy, Ho + e — 2e; is
not invertible, and needs a regularization —0i. We choose —0i, not +01i, so that the term

—iHpt

e y?x(0)®@; decays as t — co (see Lemma 2.2).

We can integrate all terms in G; and obtain the main terms of &(t) as

E@ (1) = y2x @7 + [ylPx Dy + [Py D3 + x25D4 + [x|*xDs, (2.33)
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where
2A 2A
Oy =— Pedodi, O3 =-— P.didr,
Ho — eo Ho — ey (2.34)
A A '
4 H07260+e1 cd)od)h 5 Hofeo cWo
The rest of &(t) is
t
6(3) (t) — e*iHotao _ e*iHota(Z) (0) _J e*iHo(tfs) PCG4 dS
0
t .
+J e M IP (G —171G3 —i7'NE[PE) ds
0 (2.35)

t
+J e tHol=9)p (17 TAE[2E) ds
0

=) +eP )+ ) + e (1) + ) (1),

The integrand G4 in 5(33) (t) consists of the remainders from the integration by parts:

Gy = etlea—2ens L (120), 4 eil—eos %(Mlu)qnz

ds
+ ei(fel)s % (|u|2v)(D3 + ei(7260+e1 )s % (uz\_)) 0, (2.36)
+ etl—eo)s % (U.zl_l)(D_r,.

The integrands of Ef’) (t) and 5(53) (t) are higher order terms in G; which we did not
integrate. Here we single out 5(53) (t) since |&]2¢ is a nonlocal term. Thus we have the

following decomposition for &:
g(t) =@ (1) + €@ (1) =@ + (a(f) TR 5(53’). (2.37)

2.4 Linear estimates
We summarize some results on linear decay estimates.
Lemma 2.2 (decay estimates for e 'tH¢). Let the space dimension be 3. For q € [2, ]

and q' =q/(q—1),

[ettHoptog|| |, < Clt=30/27V 9 g . (2.38)
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For sufficiently large 1, we have

lim ||(x) "1e ttHe L PR TTIR| < Cl) 2|2,
o0+ (Ho + eo — 2e; — o) L2
(2.39)
where k =1, 2. O

The decay estimate (2.38) is contained in [7, 18]; the estimate (2.39) is taken from
[15, 16]. The estimate (2.39) holds only if we take 0 — 0+, not o — 0—.

3 The initial layer and the transition regimes: the estimates

We wish to show the following picture for the solution {(t): in the initial layer regime,
the dispersive part gradually disperses away, while the sizes of the bound states do not
change much. In the transition regime, the original dispersive part becomes negligible,
while the ¢o-components of {(t) increases and the ¢;-component decreases.

Recall the orthogonal decomposition, (t) = xdo + yd1 + &, in (1.14). We have
x(t)12 + ly(t) 1> + 1E®)[1F: = [[W(t)[|7. < n?. If we decompose ) via (1.15), that is, P(t) =
x$po + Q1(y) + & we havey =y, x =x + O(y?), and & = £+ O(y?). Thus

5
XL @ [[EO] = <7 [y <4n. (3.1)
We define L and L] -norms by
T T R A P T (3.2)

Let no and ¢o be the small constants to be given in Theorem 4.1. By choosing a

smaller ny, we may assume that ny < (e9/2)%. Define

€= min{szo, (10g (i:'))]/z} (3.3)

Since n < ngy < (e0/2)% and log(2n/Ixo|) < n~'/4 we have e >n'/3.
The following proposition is the main result for the dynamics in the initial layer

and the transition regimes.

Proposition 3.1. Suppose that V satisfies the assumptions given in Section 1. Let P (t, x)
be a solution of (1.1) with the initial data 1\, satisfying (1.18). Let ¢3 > 0 be a sufficiently
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small constant to be fixed later. Let ty = e3n~*. Then there exist t; and t, such that, for

some constant C > 0, we have

1.01 2n 1 -1
tg <t < — log — )T <t — 1ty <101 4¢2 4
0 1_'}/()“4 Og‘xo‘7 C(TLS) S 1S OOO(Y()TL&) y (3 )

and the following estimates hold.
(i) For 0 <t < ty,

w

[x(t)| > = sup [x(s)], (3.5)

el < Cantt!”* ()] + Calltay (9

(3.6)
69 (0], < Con”2}e()] + Caeoll (072
where the constant C, will be specified in (3.27) of Section 3.1.
(ii) (Initial layer) For 0 <t < to,
1 3
Slxol < [x(t)| < 5Ixol,
2 (o) 2 (3.7)
0.99|yo] < |y(t)| < 1.01|y0].
(iii) Recall nq = (|xol* + (1/2)lyol?)"/? defined in (1.19). We have
1
[x(t1)] > 0.01n, x(t2)] > 0.99n4, Fen < Jy(t2)] < 2en. (3.8)
0
By (1.18), log(2n/Ixo|) < n~'/#. Hence (3.4) implies that
—4 n —2_—4 —4-1/4
t, <Cn logm 4+ Ce T n " < (Csn , (3.9)
0

for some constant Cs.
We will prove these estimates using (1.18), (3.1), and a continuity argument.

Hence we can assume the following weaker estimates: for 0 <t < t;:

<
[x(t)| < 2Ixo| fort < to, (3.10)

£(0)]| 0 < 2Can?t /4 x(t)| +2C2 | &) (1) 24,
HE,(3) (t)HLﬁ,C < 2Czn7/z|x(t)] + ZCZHE’OHY<t>_3/2~
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By continuity, if we prove Proposition 3.1 assuming these weaker estimates, we have
proved the proposition itself. We shall see also that estimates (3.10) will be used only
in estimating higher order terms.

Recall from (2.26) that the local term A, satisfies ||Ax|r < CnZHG”Lﬂ,C for any .

Thus we have
W S 161y, MO S UGl + P, (3.11)

The following lemma provides estimates for G assuming the estimate (3.10).

Lemma 3.2. Let G = G3+ G5+ G7 be as given by (2.19), (2.20), (2.21), and (2.22). Suppose
that n is sufficiently small and the estimate (3.10) holds for t < C3n~*~'/4, Then the

following estimates for G hold:

1G4/ < Camx(v)] + C(Ca)n? ey ()72 (3.12)
(6 = 63) (V| spr < Cam?/2[x(v)] + C(Co)n?[&ol|, (6% (3.13)
1G7(O)][; < Can®2[x(t)| + C(Co)n?[|Eo]|y ()% (3.14)

where C4 is a constant independent of C, and C(C;) denotes constants depending on C,.
Moreover, (3.12) and (3.13) remain true if we replace G by G¢, and (G—G3) by (G¢—i7'G3).

Furthermore,

HGg(t)HL, < Csn3. (3.15)
0

By the assumption (1.18), when t > t, the last term Cn?||&o|y(t)~3/2 is smaller
and can be removed. The proof of this lemma is a straightforward application of the

Hoélder and Schwarz inequalities.

Proof. We first consider the nonlocal term A|£|?£ in G. Since t, < Cz3n~*~1/4 by (3.10) we
have ||&(s) || s < Cn'3/18x(s)[+C||&o||v(s)3/*. Also, using (3.1) and the Hélder inequality,

we have

EPES) | ors < ClEGTL < C™ M [x(s)]) + C]&olly (s) 7% (3.16)

el < Clla)ll e
< en{ (01 18x(s) ) + [[Eolly (s) /2 (3.17)

< Cn' V8 Jx(s)| + Cn g () 722,
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Hence this nonlocal term satisfies (3.12), (3.13). Moreover, to prove (3.14), we can bound

I1E17&(s) [l as follows:

ey, < el G
< C(n o (522 { (1) ¢ ol 22} @8)
< Cn6*1/8’x(s)| + CnZHEOHY(s>73/2.
For the local terms G—A||2E = G3+G5+(G7—A[E]?E), all LP-norms are equivalent.
We can read from the explicit expressions of G the following estimates:
G; Sn’x,
Gs <n'x +n?E, (3.19)
Gy — AE2E <nfx 4+ ntE 4+ né2.

To estimate £ in the local terms we can use ||&||2 . For example,

[G0187[|1a/s < Clullldr ()™ allEllLa 1€l < CnP (nPxd + [ &ol[y (s)73/2),

loc

= 2 2rp 2 2 —3/2\2 (320)
[Gb1&2[|s < Clull|dr )™ | o IE]F2 < Cr(n?id + [[€o|y (s) /%)

Together with the explicit expressions of G and G3, similar arguments show (3.12),
(3.13), and (3.14).

Since G¢ =17'(G + Ax) and || A« < Cn?||G||; by (2.26), (3.12) and (3.14) hold,
if we replace G and G — G3 by G; and G¢ —i~'G3. Equation (3.15) follows from the above
and (3.18). Thus the lemma is proved. [ |

3.1 Estimates of the dispersive part

We now prove the estimates for & in Proposition 3.1 by using (3.1), (3.10), and Lemmas
2.2 and 3.2.

Step 1 (L*-norm). Recall equation (2.16) for &: &(t) = e tHotgo+ [ e tHo(t=s) PHo G (s) ds,
Ge =17 "(G + Ax). By (3.10) and Lemmas 2.2 and 3.2, we have

t
£ < e .+ | Clt=s e 5

t
< C||Eo||y<t>*3/4+J C|t*5|’3/4(C4ﬂz|X\(S)+C(C2)n2’|ao||Y(s>*3/2) ds
0

< Cofléofl ()7 + CamtHx(t)] + C(Co)n?|[&o ]| ()7,
(3.21)

where C; ; is some explicit constant.
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Step 2 (L -norm). Recall the decomposition (2.37): & = £2) + £63) = £@2) + (623) +-- 4
&5 ). We will estimate the [2

{,.-norm of each term.

(1) £2). Since @ € L, and @; € L, j > 1, we have

1€ O] . < CasCn?|x(t) (3.22)
for some explicit constant C 3.

(2) 5&3) . We have

167 @ < Caalleolly )72, (3.23)

for some explicit constant C; 4 by the L?’? estimate of e "o in Lemma 2.2.

(3) E(23). By the linear estimate (2.39) in Lemma 2.2 we have, for some con-

stant C; 5,
1€ )2 < CasnPlxol(t) /2. (3.24)
(4) 53 To estimate £3 f e tHo(t=5) P _G,ds with G4 defined in (2.36), we

need estimates (3.11) for vt and v and the linear estimate (2.39) in Lemma 3.2. Hence

t
[l < | Jle ™ot Petal], as
0oC O oc

t
< CJ (t—s) 3/ (n?|i| + n|xv|) ds using (2.39)
0

IN

t
CJ (t—s)32(n?||Gl|4/s +n*Ix]) ds using (3.11)
0

< Cr(t — )2 (0| + C(C2)n*||&ol| (s) */?) ds using (3.12)
0

< Cogn [x(t)] + C(Ca)n? ol |y (1) /2.
(3.25)

(5) &) + €. We write £ + &) = [ emtHo(=9) P G, 5(s)ds, where Gg 5(s) :=
(Gg¢ —i17'G3)(s). By Lemmas 3.2 and 2.2, we have for t > 1
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(e +e8) 0] 2.

t—1 t
< J ||eiiH°(tis)PCGgy5(S)||L3 dS-‘rJ ||€7iH°(tis)PCG&5(S)HL4 ds
0 t—1

t—1 t
< cJ Clt — s-3/2(Ge5(5)] 5 ds—l—J Clt — s34 Ge s(5)]] 5 ds
0 t—1

t—1 t
C(J \t—s\_3/2+J t—s_3/4>
0 t—1

x (Can”/?|x(s)| + C(C2)n?||&ol|(s) >/%) ds

26)

IN

< Con/2x(0)] + C(Co)n? &l ()7,

for some explicit constant C, 7. If t < 1, we can bound the leoc—norm by the [*-norm.
Hence, the last estimate for t < 1 follows from the estimate in Step 1.

We have obtained estimates on ¢ involving explicit constants C,1,...,C2 7 and
C(C2). We now define the constant C; in (3.6) to be

Co=Coq+---+Co7. (3.27)

Since all terms involving C(C,) have some extra n factor, & satisfies the estimates in (3.6)
provided that n is sufficiently small.

Summarizing, we have proved the following lemma.

Lemma 3.3. If n is sufficiently small, there is an explicit constant C, such that, if (3.10)
holds in [0, ] for some t < C3n~4~1/4  then the estimates (3.6) of £(t) in Proposition 3.1
also hold in [0, t]. O

Note that, in the proof, we only used (3.1), (3.10), and Lemmas 2.2 and 3.2. The
information we need on the size of bound states is in (3.1) and the first estimate of (3.10).

Since (3.1) is always true, we only need to ensure that the first estimate in (3.10) holds.

3.2 Normal form for equations of bound states

We now compute the Poincaré normal form for the bound states. This normal form will
be used to estimate the bound states components x and y in Section 3.3.
Recall that

x(t) = e teoty(t), y(t) = e erty(t). (3.28)
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Lemma 3.4. Suppose that (3.10) holds. There are perturbations p of u and v of v, to be
defined in (3.74), satisfying

[u(t) — n(t)| + [v(t) —v(t)| < Cen?|x(t)], (3.29)

such that

= (crlul® + oV p+ (calul* + calpl V2 + cshv* )+ gu,

V = (celul® + c7vI*)v + (cslul® + colul*vI* + crobv*)v + gy. (330
Here g,, and g, are error terms to be defined in (3.76). All coefficients cy,...,c1o are of
order one and, except ¢5 and co, purely imaginary. We have

Recs =y, Reco = —2vo, (3.31)
where yo > 0 is defined in (1.9). Moreover, we can write g, as

gv = —iE®@ (jy)v + gy, (3.32)
where E© (jy|) = O(Jy|®) is defined in (2.4), and

lgu(t)] + [gv(1)] < Cen/2|x(t)| + Cen?||&ol|, (1) /2, (3.33)
for some explicit constant Ce. O

Proof. Recall (2.14) and (2.15) for u and v, i = —ie'°*(¢po, G+ Ax), v = —ie* Y[(E; (m) —
e1)y + (¢1,G)]. Using the decompositions (2.29) for A, and (2.4) for E;(m), we can de-

compose the equations for u and v according to orders in n:

= —ie'®"(¢o, G3) — 1" (do, G5 + An,5) — i€t (do, G7 + Ar,7)
=Ru3+Rus+ Ruz,
v=—ie""[($1,G3) + Eq 2lylfy] —ie* t[(db1, Gs) + By alylty]
_jetert [(cp] ,G7) +E® (Iyl)y} (3.35)

= Rv,3 + Rv,S + Rv‘7~

(3.34)
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Using (2.30) and Lemma 3.2, which assumes (3.10), we have

Rus| S 1G5l + [Ansllr S nihd 400y (822, (3.36)
Rurl S UGl + [Anrlle S 172+ n2 ol ()32, (337)
Ros| S 1G5, + P S n° +n2elly /2, (3.38)

(3.39)

Ruzl 67l + 17 £ 1272 4ol (07
We first integrate R, 3 and R, 3 in Step 1, and then R, 5 and R, 5 in Step 2.

Step 1 (integration of terms of order n3). In equation (3.34) of u, terms of order n® are
contained in R,, 3 = —ie'®°*(¢po, G3). The resonant terms from G are ly|*x and |x|2x, whose
phases cancel out the factor e'°t. The other three terms of order n? in G have different

frequencies and can be removed using integration by parts. By (2.20) we have

u=—ie**"(¢po, G3) + Ru5 + Ru 7

. (3.40)
= crfulfu+ covPu+ 2t (W) 9wt +Rus + Rz,
where
c1 = —N(d5,5), 2 = —i2\(d3, b1),
ei(Zeofzel)t vzﬁ ei(eofel 't 2|u\2\)
N S Vit o etleomentay2y
Wy < bo, 2eo — 2e; bod7 + o — e bodr
ei(feo+e1 )tuz\—}
—eo + €1
elZeo—2e)t i(vzﬂ ei(eo—en)t E(Z\ulzv) (3.41)
Gu,1 = | Ado, 7 dt dodT + dt b5 b1
eo — 2eq €0 — €
ei(feo +eq )t i (uz\*))
+ At~ p3d
—eo t+ e
In the equation of v, (3.35), the terms of order n? are in R, 3 = —ie*®'*[($p1, G3) +

Ey, 2lyl?y]. There is only one resonant term in G3, namely, [x|?y. Another resonant term of
order n is from the term E; >[y|?y. The other four terms of order n® in G; have different

frequencies and can be integrated. We thus have

v =—ie'*"[($p1,G3) + E12lyl*y] + Rus + Ry 7
(3.42)

d, _
= cglul?v + cov[*v + 1) T o FRus F Ry 7,
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where

Ce = —iZ?\(d)é, (1)%), c7 = —iky 2,

ei.(fe]+20)tv2 ei(€1feo)t 2|v‘2u

_ u
vy =— <7\d>1 o] + dod7
—e1 + eop e1 —eop
ei(2€17260)tu2\—) 2 ei(217€o)t|u|2u 3
e ),
ei(feﬂreo)t di(VZﬂ ei(e1feo)t d£(2|v‘2u) (343)
— A , t 2 t 2
9v,1 ¢1 p—— o7 + pa— $od1
ei(2e1 —2ep)t i ul\—) ei(e1 —ep)t E (|U.|2LL)
dt d)z(b1 + dt d)3
261 — 260 0 €1 — €p 0
We now define
u =u—uy, Vi =v—v;. (3.44)
The equations for u; and vy are
W =cruPu+ c2vPu+ gut +Rus + Ruz
= cilwPur + cavilPur 4 gu2 + guyt + Rus + Ruz,
Ju,2 =C1 (Iu\zu — g |2U—1) ) (IV\zu — vil*wy )
(3.45)

. 2 2
V1 = cslul*v+csv[*v+gu 1 +Ry 5+ R, 7

2 2
= celurl“vi +c7vilvi +gv 2 + gv,1 + Ry 5 + Ry 7,
gv,2 =C¢ (|U|ZV —luy |2V1) +c7 (|V\2V — [v1]?vy )

We have finished the integration of order n3 terms. Note that both u; and v; enter
the equations of u; and v;. This is the reason we compute their normal form together.

Observe that
uy [+ vy | S nPhul. (3.46)

We now decompose gy 1, gv,1, 9u,2, and g, according to their orders in n. We
want to write them as sum of order n® and order n” terms. We first claim that gu,1 and

gv,1 are of the form

gu,1 =€°'gu 15+ w17, gv1 =¢e“"g, 15+ gv17, (3.47)
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where gy, 1,7 and g,,1,7 are order n” terms, and g,,,1 5 and g, 1 5 are explicit homogeneous
polynomials of degree 5 in x, X, y,§ with purely imaginary coefficients. Moreover, every
term in g,,1 5 has a factor x or Xx. For example, the first term in g,, ; is

Cei(2€07261 )t % (Vzﬁ)

_ Cei(Ze()me)t (211\)\) +vza) _ Ceieot(ziyefimt\') +yleieotﬁ) (348)

= CeieOt (2)_(967121 ¢ [RV,3 + Rv,5 + Rv,7] + UzeieOt [ Ru,3 + Ru,5 + Ru,7 ] )a
where C = (Ado, (2e0 — 2e1) "' poPp?) is real. The leading terms of order n® are

Celeot (ZXye*ie‘ th‘s + yZeieotm)

ieot s 2 2. (3.49)
= Ce'*°*[ = 2xyi[(d1, G3) + Eq1 2lyl*y] + [ul*i(do, G3)].

They are e'®°! times a polynomial of degree 5 in x, X, y, Y with purely imaginary coef-
ficients. The rest belongs to g, 1,7. Repeating the same calculation for all terms in g,
and collecting terms of order n°, we obtain g, 15. The rest is g, 1 7.

From the estimates of (3.36), (3.37), (3.38), and (3.39), we can bound g,,,1,7 by

lgu,1,7()| +|gv1,7(H)] S n®u| +n4H<EoHY(t>_3/2. (3.50)
Similarly, we can write gy, > and g, > as

iept iert

Ou,2 =€"°"gy 25 + gu.2,7, gv2 =¢€"""gv25+0v,2,7, (3.51)

where g, 1 5 and g, 1 5 are explicit homogeneous polynomials of degree 5 in x, X, y, § with

purely imaginary coefficients, and g, »,7 and g, 2,7 are order n’ terms satisfying

|gu,2,7(t)] + |gv,2,7()] S nChul. (3.52)

Here we have used (3.46). Moreover, every term in g, ;5 and g, 5 has a factor x or .

We consider the first term in g, > as an example. Using u —u; =uj,
e — g Pu = v — (u— uf)2 (11 — f)
27—\ 2 12
=u’(uy) + 2Mul*u; + O(u|u1 | ) (3.53)
= etot[x? (eteotuy) + 2x[2e 0 uy ] + O (u’uf |2)
The terms in the bracket belong to gy, > 5. Since e **°*u; is a polynomial of degree 3 in x,

X, Y, and y with real coefficients and c; in gy, > is purely imaginary, the above expression

is of the desired form.
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Summarizing, we can write

i1 + Guz = € Ry 5 + gu 3,
s (3.54)
Ov,1 + Ov,2 = et Rv‘S + gv,3,

where ﬁuﬁ = gu,1,5+0u,2,5 and ﬁvﬁ = gu,1,5+0u,2,5 are explicit homogeneous polynomi-
als of degree 5 in x, X, y, and g with purely imaginary coefficients. Moreover, every term
in ﬁuﬁ and ﬁ\,ﬁ has a factor x or x. Also, gu,3 = gu,1,7 + du,2,7 and gy 3 = gv,1,5 + gv,2,5.

From assumption (3.10), we have

Rus| + [Rus| S, :
[Rus|+ [Rus| S ntix| (3.55)

lgws|+ |gv,s| S nlixl+n?| &l (1) /2 (3.56)

The final equations for u; and v, are

= crhw P+ calvilPur + (Rus + €0 'Ry s5) + (Ru7 + 9w 3), (3.57)

V1 = cglur*vi + czvil*vi + (Ry 5 + eie‘tﬁv,s) + (Ry,7 + 9v3). (3.58)

Step 2 (integration of terms of order n®). We now integrate terms of order n°. In u;-
equation (3.57) we have Ry, 5 -l—eieotﬁu‘g,, where Ry, 5 is from the decomposition of original
equation (3.34) and ﬁu‘5 is from the error terms g,, 1 + gy, ,2. Similarly, terms of order n°
in vi-equation (3.58) is R, 5 + eie]tﬁvﬁ. Observe that they are either of the form x*yP
with || +|B] = 5, or of the form xyé&. Also note that there are two sources in Ry, 5: G5 and
Ar 5. Among all these terms the main term is Gs.

We have already studied ﬁu‘5 and ﬁ\,)s. We next consider A,. Recall (2.29) and
(2.28) that are Ar = Axs + Arz and Ars = —2q3(d1, Gslyl? + G3y?). Thus Ays is a
homogeneous polynomial in x, X, y, and y of degree 5 with purely real functions as coef-
ficients. Therefore the term —ie*®°*(¢o, Ax 5) in -equation (3.34) gives only polynomials
with purely imaginary coefficients and a phase et¢°t.

We now consider Gs, which is given by

Gs = A2y’ yx + 4lyl*x) bod1as + A(2xI*y*y + x*yy?) dias

S , (3.59)
+ A(xpo +yd1) &+ 2A| (xdo + ud1)|"E.

Recall the decomposition & = £(2) 4+ £(3) where

E@ (1) = y2x @7 + [ylPx Dy + [Py D3 + x25D4 + [x|*xDs, (3.60)
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with @, the only function with nonzero imaginary part, see (2.32), (2.33), (2.34), and
(2.35). Write

O =01 r+1Dy 1, (3.61)
with both @ g and @ ; real. Denote the part of £(?) (t) with real coefficients by

£Q) (1) = y2x D1 g + XD, + X2y D3 + X2 Dy + [x2xDs. (3.62)
We can write & = y?xi®q 1 + Eg) + &B3) . Thus we can further decompose Gs as

Gs = Gs5,1 + G52+ Gs.3, (3.63)
where

2_ . 2 5.
Gs,1 = (xdbo +ud1) Y2x(—1) @11 + 2| (xdo +yd1) | y*xidy 1,
Gs,2 = M2y ux + 4ly|*x) bod1 43 + A (2xIy*y + x*yy?) bgas
__ (3.64)
2 2
+ A (xo +yd1) ER + 2| (xbo + ydr ) €S,
27 2

Gs,3 = A(xbo +yd1) EC) + 2| (xdo +yd1)| €.

The term Gs 3 will be shown to be smaller than Gs; and Gs,. Although G5 ;
and G5, are of the same size, G5, consists of monomials in x, X, y, and § with real
functions as coefficients, while Gs ; with purely imaginary coefficients. The reason that
Gs,1 has purely imaginary coefficients is due to the resonance of some linear com-
bination of eigenvalues with the continuum spectrum of Hy appearing in the form
(Ho — 0i—2ey + 60)71 .

The only resonant term in u-equation from Gs i is |y|*x (from y2&):

—ietot (o, (ydn)ZQZX(fi)CDm) = —(dod3, O; D, (3.65)

and the only resonant term in v-equation from Gs ; is x|?[y|?y (from xyé&):

—ie' ™t (P1,2(xdo) (UP1)y?xiD1 1) = 2(dodT, 1 1) [ul*[v[*v. (3.66)
Note that their coefficients only differ by a factor —2. By (2.32) and (1.9),

1
—0i—2eq; +ep

—(¢pod7, @11) =Im (7\490(1)%, o PC?\d)odJ%) =vo > 0. (3.67)
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Together with the definitions of Ry 5 and R, 5 in (3.34), we can rewrite

Rus + ety 5 = eteot [ﬁu,S —i(do, G5, + G52 + Arys)| —ie** (do, Gs 3),

Ry 5 +el®1tR, 5 = etert [ﬁv,S —1(¢1,Gs,1 + Gs,2 + B alyl'y)] —ie* (b1, Gs3).
(3.68)

As in Step 1, we now integrate by parts the nonresonant terms inside the square
brackets. The resonant terms cannot be integrated and we shall only collect them. This

procedure is the same as in Step 1 and we only summarize the conclusion: we can write
ieot] 4 21,12 4
Rus5 + €' Ry 5 = (ealul® + calul*vl® + esv*)u

d ‘
+ a(uZ) + gu,a — 1€ (o, G5 3),

o (3.69)
Rus + e 'Ry 5 = (calul* + colul*v[* + crolv[*)v

d )
— s et
+a(vz)+9v,4—le (1, Gs,3).
Here c3, c4, cs5, €3, Co, C1o are constants of order one; u, and v, are two homogeneous

polynomials in u and v of degree 5; and g,, 4 and g, 4 are the integration remainders

satisfying
[uy [+ |uy | = 0w’ +uv?), (3.70)
gua| +[gv,a] <l +nt{|Eol[(t) 32, (3.71)

Furthermore, except cs5 and co, all other constants are purely imaginary. The real parts

of ¢5 and co are from Gs ; and they are given explicitly by
Recs =1y, Reco = —2vp. (3.72)
We can now write the equations for u and v as
Uy = crfur[Pug + cavilPug + (caful® + calul?vl® + espv*)u

d .
+ a(uf) + gu4 — 1€ (do, Gs5,3) + gu,3 + Ru,7,

V1 = celurPvi + c7hvi vy + (eshul* + colul? vl + crobvl*)v (3.73)
+ %(Vg) + gva — i€ (Pp1,Gs53) + gv,3 + Ry 7.
We now define
L=U—U, =u—Uu; —u,,
(3.74)

V=V —V, =V—V; —V,.
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We have

= crlurPug + cavilPus + (eshul® + calul2vi* + csv*)u
+ gua — 1€ (o, G5.3) + gu,3 + Rz
= crlul e+ cabvP e+ (ealul® + calul?vI* + eshv)p + gu, ,
v = celwrPvi + czlvil?vi + (cshul* + colul?vi* + crolvl*)v (3.79)

+ gv,a— ieie’t(d)l ) G5,3) +9gv3+Ry7

= cqlul®v + c7vI*v + (cslul* + colul2vI* + crolv*)v + gy,
where

Ou = G9u,4 + gu,5 + gu,3 + Ru,7 - ieieOt(d)O» G5,3)a (3 6)
. 7
9v = gva + Gv5 + Gv 3 + Ry 7 — 1" (d1,Gs 3),

gu,s = c1 (fJurlPur — [uPp) + c2 (v Pug — vI*)

+ ez (ultu — () + ca (ulPviPu — [P vPp) + cs (v u — vi*p), 577)
9v.5 = c6 ([url?vi — u2v) + 7 (jvi Pvr — vi2v) '
+ cs (™ — [*v) + co (Jul2v*v — [P VI2v) + cro (W' — vI*v).

By (3.46) and (3.70), we have

|gw,s| + |gv,5| < Cn®lx|. (3.78)

We also have, forj =1,2,

_ (3.10)
€1 (95, Gs,3)[ < C[JEP |, < Cn2d + Cn|Eo |y 1) 72, (3.79)

Finally we recall the estimates (3.37) and (3.39) for R, 7 and R, ;. Observe that, in fact,
—ietetE® (lyy = —ietetE® (ly[)v + O(n®|x|) is the only term in R, which does not
satisfy the same estimate of R, ;. Together with the estimates (3.56), (3.71), (3.78),

and (3.79), we conclude estimates (3.33) for g,, and g,. The lemma is proved. [ |

Note that the error terms g, and g, = g, + ie'® tEg6) (lyl)v are of the form
9w, Gy ~ (X7 +xu°) + 2R 4 nte e+ (83), +-- (3.80)

where (&3)1,; denotes the L -norm of &3.
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3.3 Estimates for bound states

We conclude the estimates for x and y stated in Proposition 3.1. Recall that under (3.1)
and assumption (3.10), we have proved Lemmas 3.2, 3.3, and 3.4 which contain estimates
for &, gy and g,. We now derive some preliminary estimates.

Let f = 2|y and g = [v|>. We have, by (3.29),

[f(t) — 2Ix]| <5Cen?Ix?,  [g(t) — y*| < 5Cen”. (3.81)
We also have from (3.30) that

f = Re4fijt = 2vog’f + Redfigy, (3.82)
g = Re2vv = —2yofg®? + Re 2vg,,. (3.83)

By (3.32) and (3.33), we have
|[f+ 9| = | Redfigy + Redvg,| < 4Cen® /2 +4Cen?||&o ||, (1) /2. (3.84)

Recall that n? = [x(0)|? + (1/2)[y(0)|*>. By (3.81) we have |(f+ g)(0) —2n?| < 10Cgn?. Thus,
fort < Cyn—4-1/4

t
|(f + g)(t) — 2n7| < 10Cen* +J 4Cen® /2 4 4Cen3 || &ol|, (s) /2 ds
0 (3.85)

< 5C3C6T13+1/4.

We now prove Proposition 3.1 in three steps.

(1) Initial layer regime. In this period the dispersive part disperses away so
much that it becomes negligible locally. The time it takes for this to happen is of order
to = e3n~*. We first prove that (1/2)xo| < [x(t)] < (3/2)|xo| for t € [0,t0]. The main
ingredients of the proof are the normal form equation of x from Section 3.2 and the
following observation. The £-dependent terms are of the form n?& or of higher orders.
Because of our assumption ||&]ly < ealxon~? and the decay of £(t), these terms will
not change x(t) very much. More precisely, for t € [0,to], to = e3n~*, we have by (3.82),
(3.33), (3.81), the assumptions ||&o]|y < e2/xo/n~2 and (3.10),

t

[7(t) — £(0)| < j 4y60%6(s) + 5ol gu(s)| ds

< (8yon* + Cn671/2)|xo|2to + 10|X0|n2HEOHY (3.86)

(
< (10vo + 1) ealxol* + 10e3/x0l*
1

IN

f(0),
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provided that n, ¢, and ¢3 are sufficiently small. By (3.81), we have [|x(t)|? — [xo|*| <
(1/4)|xo]2. Hence we have (1/2)[xo| < [x(t)| < (3/2)|xo| for t € [0, to].

Similarly, we can show that |g(t) —g(0)| < ((10yo +1)e2 +10e3)n?. Hence we have
lly(t)l — [yoll <0.0Tlyol fort € [0, to] if ¢, and e3 are small. The smallness of ¢, and €3 can

be guaranteed if we define

1 1

I — L 3.87
2000(vo + 1) 3= 2000 (3.87)

€2

(2) Transition regime (i). In this period most mass of the disperse wave is far-

away and has no effect on the local dynamics; the ground state begins to grow exponen-

tially until it has the order n/100. The time it takes is of order n=% to n=4-1/4,
Define
t = tigtf; {t: |x(t)‘ >0.0In}. (3.88)

We want to show that

1.01 n
0<t1 <t], ti=to+—1lo () 3.89
= 1T yond & [xol (3:89)

Suppose that (3.89) fails, that is, [x(t)| < 0.0In for all t < t{. By (3.29) and (3.81),
we have f(t) < 0.0004n? and g(t) > 0.9995n? for t < t{. Hence

f(t) > 2v0(0.9995n2)*f + O (n'1/2)f > %Yon“ﬂ (3.90)

if n is sufficiently small. Hence

f(t) > f(0) exp {Lé]yon‘lt}, (3.91)

for t <tj. We have

2 .
£(t]) > £(0) exp {men“y‘o‘i log (b::') } — f(O)n?xol 2> 0.99n2,  (3.92)

which is a contradiction to the assumption that [x|(t]) < 0.0In. This shows that t;
satisfies (3.89). We also have that (3.91) holds for all t < t1, and that f(t;) > 5-10"°n?.
By (3.85), lg(t1) — g(0)| < n?/1000.
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Note that, if x(0) is already of order n, say [x(0)| > n/200, we can let t; = to and
the argument goes through.

(3) Transition regime (ii). In this period x keeps growing while y begins to decay
until it reaches the order en. The time it takes is of order e ?n—*. Recall the definition
of ¢ (3.3). Define

to =inf {t: g(t) < (en)?}. (3.93)
We want to show that
tr <t <th, th=t;+10100(yon'e?) . (3.94)

Suppose the contrary, then g(t) > (en)? for all t < t;. Then f > 0 by (3.82)
and (3.33), and hence f(t) > 5-1075n? for t; < t < t;. Hence, by (3.32) and (3.33),

g < —(1.99)yofg? + O(n'3/2) < —9.95-10>yon?g”. (3.95)
Therefore
-1
g(t) < [g(t])*1 +9.95- 10 yon? (t — t1)} , ot <t <t (3.96)

which implies that g(t;) < (en)? by the definition of t; and is a contradiction. This
contradiction shows the existence of t, satisfying (3.94). Estimate (3.85) for f + g then
shows the estimate for f(t,). Because g > —(2.01)fg? and |y(t;)| > 2en, similar argument
shows that t, —t; > Ce~?n~*. By (3.81), these estimates of f and g can be translated
into estimates of x(t2) and y(t,) stated in Proposition 3.1.

We have proved (3.4), (3.5), (3.7), and (3.8) in Proposition 3.1, using (1.18), (3.1),
and the assumption (3.10). Since (3.10) holds fort = 0, by continuity it holds forall t < t,.

From Lemmas 3.2, 3.3, and 3.4 and the above estimates, Proposition 3.1 is proved.

4 Stabilization regime

We study the solution 1 (t) in the third time regime, after the solution has become near
some nonlinear ground state. In this regime, it is natural to use the decomposition (4.3)
for the solution 1 (t) which emphasizes nonlinear ground states. The setup and proof
here are similar to those in [16] except a new idea to prove that the main dispersive wave
is out-going. We now briefly recall the setup in [16]. We refer the reader to [16] for more
details.
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For a nonlinear ground state Qg with frequency E, let L be the linearized oper-

ator around Qg:
Lh=—i{(—A+V—E+2Q2)h+AQEh}. (4.1)

With respect to Lg, we can decompose L2(R3, C), as a real vector space, as the direct sum

of three invariant subspaces:
LZ(R3,C) ZS(LE) e E,q (LE) @HC(LE), (4.2)

where S(Lg) and E(Lg) are generalized eigenspaces, obtained from perturbation of
¢o and ¢4, respectively, and H.(Lg) corresponds to the continuous spectrum of L.
Notice that this decomposition is not orthogonal. Also, S(Lg) = spang(iQg, Re), where
Re = 0eQE.

For each 1 sufficiently close to Q¢, we can decompose \J as

V= [Qe + agRe + Ce +nelet®r. (4.3)

Here ag,0Or € R, (¢ € E1(L) and neg € H(L). The direction iQ¢ is implicitly given
in Qg (e'® — 1). Moreover, for this 1 there is a unique frequency E’ such that in the
decomposition (4.3) with respect to E’ the coefficient a vanishes. In some sense it means
that Qg is the closest nonlinear ground state to 1.

The main result in [16, Theorem 3], asserts the asymptotic stability of the non-
linear bound states under the following conditions: suppose that the initial data () is
close to Qg+ with E’ so chosen that the coefficient a in (4.3) with respect to E’ vanishes.

For all E close to E’ with |E — E’| < ||Ce/||?, the excited state component satisfies
Ice]| < eom, (4.4)

and the dispersive part satisfies

e (t2)]l, < Cllee]” (4.5)

Here the Y-norm is defined in (1.8).

By Proposition 3.1, we can show that {(t,) is close to a nonlinear ground state
Qe,€*®° in Lf, -norm, that is, [|Qe, [z = e, < Mo, [W(t2) — Qeoe'®°|lLz < eony,, where
Ny, ~ 1 ~ n with ny defined in (1.19) and n defined in (1.18). Thus the condition (4.4)
is satisfied. The dispersive part, however, is no longer localized and there is no way to

satisfy (4.5). In fact, even its L>-norm is not small enough.
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The condition (4.5), however, is used in [16] only to guarantee the decay estimates
(4.6) and (4.7) stated in the following Theorem 4.1. These bounds are used to estimate
the contribution of e$“ng(t2) in the proofs for the L* and L bounds for ne(t) in [16,
Lemmas 5.2 and 5.3]. In other words, we can view (4.6) and (4.7) as a measure of an out-
going norm of the dispersive wave. We now state this stronger version in the following
Theorem 4.1.

Theorem 4.1. There are small constants ng, ¢o > 0 such that the following hold. Suppose
that {(t,) is near a nonlinear ground state Qg,e'®° in L2 -norm such that ||Qe, |2 =

2

nt, ~ n < ng and, in the decomposition (4.3) with E = Eo, |a| + ||nE0||le < ¢’n? and

[[Ce, || < en for some ¢ € (0, €p).
If for all E close to Eo with [E — Eo| < e3n?, the dispersive part ng(t2) in the

decomposition (4.3) satisfies

lene (t2) (|0 < {51747, e ne(ta) ], <n™(s)7', s >0, (4.6)

Hes’r”ng(tz)||le0C < nfs)7', s> 6, (4.7)
where 0 = 1/100, 5t =n~! and

(s} = (en) ™2 + 2A%yon?s, (4.8)
then the conclusion of [16, Theorem 1] remains valid. In particular, there is a fre-

quency Eo, with [Eo, — Eol < Cegn? and a function O(t) = —E,t + O(log(t)) for t € [t2, 00)

such that, for some constant C»,

[0 = Qe €@ |12 < Ca((en) 2 +yon?(t—t2)) /7. (4.9)

Suppose, furthermore, that ||Cg,(t2)|| = en. Then the following lower bound
holds:

Cr((en) 2 +yon? (t—12)) 7 < [[(t) ~ Qe €®V | (4.10)
for some constant C; > 0. Il

As mentioned previously, condition (4.4) follows from Proposition 3.1. Since t, <
Csn~4~1/4 the estimates (4.12) implies (4.6) and (4.7).
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Lemma 4.2. (1) The following estimates for &(t;) hold for all s > 0:

[&(t2) ]| <1,
le= Mg (ta) |4 < CnPta(ta +5) 77, (4.11)

e tHog (), < o’ —2—(1+5) 172

)+
(2) For all E with ||Qg|| < no, let L = L¢ and ne(t2) be the dispersive component
of P (t2) with respect to E in the decomposition (4.3). For all s > 0,

e ne (t2)]| 0 < Cr’ta(ta +5)

)

t _ (4.12)
HeSLﬂE(tz)Hleoc < Cn3tzﬁ(1 )12, )

As we will see in the proof, |x(t2) + [y(t2)] < Cn and (4.11) are the only infor-
mation we need to prove (4.12). Therefore we have a theorem similar to Theorem 4.1 in

terms of Hp, which we state as a separate theorem for future reference.

Theorem 4.3. There are small constants ng,eo > 0 such that, if P(t2) = x(t2)do +
Q1 (u(t2)) + &(t2) with

‘x(tz)’ =n < nyg, ‘y(tzﬂ < gom, (4.13)

and that £(t;) satisfies (4.11) for some t, € [1,n~#~'/4] then the solution {(t) of (1.1)

converges to some nonlinear ground state with corresponding estimates ast — co. O

Proof of Lemma 4.2
Part 1. By & of (2.16) we have

. . t2 .
e tsHog (1)) = e HtatMog, 4 J e ttats=Ho p G, (1) dr. (4.14)
0

Hence

le Mo g (t2) ] < Clta+5) o]l
(4.15)

t2
~3/4
+] el s = Ge) s a
0
Since ||&o]ly < n and ||Gg(T)|[14/s < Cn3, the L* estimate is obtained after we show that

t2
J o +s—r| V*dr< cty(ta+5) (4.16)

0
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If s > t,, the integral is bounded by f;z [ta+s/73/4dt = Cty(ta+s) /4. If s < ta, (ta+s) ~ t2

and the integral is bounded by J";z [t, —1|=3/4dT = Ct;/4 < Cty(ta +5)73/4

We now estimate L3 norm. Let t = t, +s. The L norm of the integrand of (4.14)

can be bounded by the minimum of L* -norm and L*-norm. Hence

)73/2

le™*ee(t)fl = Clt2+s) &l

+ Jtz Cmin {(t —1) %2, (t =) *}|Ge (D)1 5p4,5 dT.
0
(4.17)

Since ||&olly < nand ||Gg(1)|[ a3 < Cn®, the L estimate is obtained after we show
that

o —3/2 —3/4 t2 -1/2
min {(t —1)7>/%, (t — 1) }dTSCT<t—t2> : (4.18)
0

If t <t,+1, the left side is bounded by a constant, and hence bounded by the right side.
If t > t, + 1, that is, s > 1, the integral is bounded by

t2 ~1/2
J (t—1) 3 2dr=2(t—t) T —2t71/?
0

22[(t*tz)71/2+t*‘/2}7] [(t7t2)71 —t’q (4.19)

<2(t-— tz)]/2 [(t — tz)qt’]tz}.

Part 2. Since E will be fixed for the rest of this proof, we shall drop most subscripts E.

We have two decompositions of 1(t):

() =x(t)bo + Q1 (y(t)) + &(t) = [Qe + a(t)Re + &(t) +n(t)] ™. (4.20)
Hence

o) +n(t) = [x()doe M — Q] + [Q1(y(t)) + &(t)] e CM — a(t)Re. (4.21)

Thus, at t = t,, we have

n(t2) = PE{ [e(t2)doe 192 — Qe] +[Qu (v (t2)) +(t2)]e 1)}

=To,1 +Mo,2,

(4.22)
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where

no,1 = PE{E(ta)e 1O ]

. _ 4.23
no,2 = Pg{[x(t2) doe ") — Q] + Q1 (y(t2))e €2 1. (2

Note that, since [x(t2) + [y(t2)] < Cn, no2 is a local H' function of order n3, that is,

[no.2lly < Cn3. Therefore we have
€%M0,2]| 4 < Cnis™3/4, le¥*no.2ll, > < Cn3(s)—3/2. (4.24)

Hence e*“n , satisfies (4.12).

We now focus on the nonlocal term 1o 1 = P5{&(t2)e *©(t2)}, Note that

le*n0.1]l2 < Cllmoa ]l < CllEt) ]2 <1, (4.25)

by [16, Lemmas 2.6 and 2.9] and by the first inequality of (4.11). For convenience of

notation, we write
L =—iHo + W, (4.26)
where Wu = —iAQZ (2u + 1) is a local operator of order n?. By Duhamel'’s principle,

eFno1 = Prest{E(tr)e M) 1 = 0y 4+ Q,,

Q= Pfe—isHo a(tz)e—i(a(tz) ,

(4.27)
Q; = J eTIEPEWe o g (1) e 1O g,
0
For Qq, by (4.11) we have
_ t

[0l < Cn¥ta(ta+9) >, o]l < Cnd (T s) 2 (4.28)
For Q,, since W is a local operator of order n?, by (4.11),

S
[Qalle <€ (=0 ¥ nfle e (), ar

° . ” (4.29)

_ t2 _
<Cn5J s—1) /P ——=_(1+1)"?%4dr.
<on’ | (s=0 (4

If s < t,, the integral is bounded by

s t 1/2
(s—1) 34V 2ar=Ccs V4 < —2) sV (4.30)
0 ta+s
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The equality is by scaling. If s > t;, the integral is bounded by

t2/2 t/2
J s 3/4=1/2 d’t—l-J

t
s 3/ 32 dr 4 J (s —1) 3/ *tyr 32 dr. (4.31)
0 t2/2

t/2

They are bounded by s —3/4t}/*+s3/4t,t; "/ * 41,5 5/4 < Ct)/2s73/4 < (t2/(ta+s)) /25174,

Combining both cases, we have

1/2

t

o[, <O —2— s /4, ]

[Qalf s < Cn (t +S) 1 (4.32)
2

The L2 ,-norm of the integrand of Q, can be bounded by either its L -norm (for t

small) or its L*-norm (for 7 near s). Thus we have,

S
02l < [ Cmin {is =12, s =4 e o (1), an
loc loc
° . (4.33)
< Cn5J min {|s — 1|32 |s — T|_3/4}72(] +1)7 2 dr.
0 to+7T
If s < t;, the integral is bounded by
S
t
CJ (s—1) 32 1/ 2dqr4 Cs /2 < s/ < C—2 s 1/2, (4.34)
0 t) +s
If s > t;, the integral is bounded by
N
t
J (s — 1) 32ty (1)3/2 AT + Cta(s) 3/? < Cta(s) 32 < c—2 s 1/2, (4.35)
0 t) +s

Combining both cases, we have

Qa2 < Cn57t2 s71/2, (4.36)

Lloc - tz + S
Since |[e5*10 1]| < ||Q1|| + [|Qz2]|, we have proven Lemma 4.2. [ |
, b

Appendix

In this appendix we prove Theorem 4.1. The proofis similar to that in [16] and we remark

only the main difference. In this proof, we shall set t, = 0.

Step 1. For each time T > 0, choose E(T) so that Qg () is the best approximation of {(T).
With respect to E = E(T), we write the solution \(t) as

Y(t) = [Qr + a(t)Ry + {(t) +n(t)] e *ETHTOM), (A.1)
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where Rt = 0 Qele—g (), C(t) € E1(L) is the excited state component, n(t) € H¢(L) is the

dispersive component. We can write

C(t) = z(thuy +Z(hu-,  z(t) = e (1), (A.2)
where u; = O(1) and u_ = O(n?) are local functions. We derive the following system
for p, a, and n:

te ' = (uy,F) + (u_, F) + [(us, h) + (u_,h) + (u,R)a]6,
a=(c1Q,Im(F+6h)), ¢ =(QR)", (A.3)
o =Ln+ P (F+8(aR +h)),

whereu=u, +u_,h={_{+n,

F=2AQ(2lh? 4+ h?) + 2AQRa(2h + h) + 3AQR?a” + A(aR + h)*(aR + h),

. ) (A.4)
6 =—[a+ (1R, ReF)] - [T + a(c1R,R) + (1R, Reh)] .

Note that 6 enters (A.3) only via 8. We have z ~ (]z(0)| 2 +n?t)~'/2 and
Q~n, R~n', C~z a<z?, 7nSnz?+e*n(0). (A.5)

Step 2. We can decompose F and 6 according to their order in z, as in [16]. We also

decompose a and n

a=ax(Z+2°)+b,  n=n® 4+, (A.6)
where a0 = O(n?),b = 0(z?),n? = 0(nz?), andn® is smaller thann(?) for t large. They

are defined in [16] and the decompositionn =1 +1©) is similar to that of & = £(2) 4-£(3)

Moreover, b satisfies
b= (c;Q,Im [F—F? +0h]) —4ar0 Ree **'pp. (A7)

We have the following normal form for z and a.

Lemma A.1. Assume that 0 <n < ng and

Izl <mn, bl <Clzl?, Inll s < cn’/4, HnHLﬁ,C < cnd. (A.8)
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Then there are perturbations q(t), b(t) of p(t) and b(t) satisfying the estimates

la(t) —p()| < Cnlz()|* + C[b(®)||2(1)], (A.9)

B(t) = b(t)| < Cn|z(t)|* + Cn[b(®)||2(t)], (A.10)

and the normal form equations

4 =821lql*q + dibqg + f(t)q + g(t), (A.11)
d -~

—b=B 41 B-. A.12
n 221z[" + Bs ( )

Here 6,7 and d; are order one constant, Red; = 0, Redy; ~ —2A%yon?, f(t) < n? is
a purely imaginary function and B,, ~ A?yon?/(Q, R). The error terms g(t) and Bs(t) are
bounded by

lg| < n|z‘4 + n4|z‘3 + TL|Z‘||n(3) HLIZ + {|Z‘2 + n”n”leoc + ||n||%4}HnHleoc, (A.13)
B < mleff 4 et 4 iz [0 [+l + il il (a19)
oc oc D

Note that (Re 521)|q|*q is the main damping term in (A.11). Although this normal
form is valid for all t > 0, g(t) may not be sufficiently small, that is, it is not an error,
for t € [0, 6t].

Proof. The equations for p and b are of the form

+n2/z3 +nzt + 123+ nn® 4220 +n? + (113) ey

loc

an{#+9/z+ (%+§Z+) +n%n+z27{(z) + 22 +nn2+(n3)loc+---}

24
+n2z{n/éz +z/4 +k/z+ O<n) +nzn + 22N +nn? + (n3)loc+~~}.

(A.15)

Here (n%)o. means terms with same bound as ||T]3||]_lloc. We shall calculate the normal
form for p and b by integrating by parts those terms with orders which were crossed
out. Notice that there are resonant terms with crossed-out orders, for example, terms of
the form (|z]* + b + n?|z|?)z in the p equation. These terms cannot be integrated by parts

and will remain on the right-hand side. The final normal form equations are of the form
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(A.11) and (A.12). This procedure is routine and was carried out in details in [16] and
Section 3 of this article. We shall not repeat it in details but point out a few key steps.

We used in [16] the normal form to remove terms of the form

nz?, 23, bz, n?z3, nzn(i)z, (A.16)

where n@z is part of n®). Here we will not remove nznﬁ)z, but the terms of the orders
24 /m+2°/m242%/n3+- .. If these terms are treated as error terms, we need n?z3 > z*/n.
Hence we need |z| < n3 which is stronger than the assumptions in Lemma A.1. The term
nzn@z will not be treated by normal form. It will be handled by a robust initial layer
argument in Step 3. We now identify terms of orders z*/n + z°/n? +2z°/n3 + ...

Recall the first equation for p in (A.3). Since u_ = O(n?) is small, (u_,F) does

not contain such terms. In (u;, F) we have (uy,Fy), with
F1 = 3AQR%a? + A(aR + ¢)*(aR + ¢) — A2 (A.17)

Since a = O(z?) and u; = O(1), (u;,Fy) is of order z*/n + z%/n? + 28 /n3. Also, the main

term in 0 is

6 — —[a+ (c1R,ReF)] - [1 + a(c1R,R) + (clR,Reh)]ﬂ

(A.18)
=—[a+ (c1R,ReF2)] - [T+ b(c1R,R) + (c1R, uy) Rez]fl + (error),
where F;, is the part of F without n:
F2 =AQ(2I¢)* + ¢*) + 2AQRa(2¢ + ¢) + 3AQR%*a” + A(aR + ¢)* (aR + ). (A.19)

Since h = {+1 = zu, +n+ O(n?z) and a = b + O(n?z?), the last part of p-equation

[(ws,h) + (u_ ) + (u,R)a)@
. (A.20)
= [(u4,¢) + (u—,zuy) + (u,R)b]6 + (error) = P + (error),

where
—[a+ (c1R,ReF,)]

T+ b(ciR R) + 3 (1R,u,) (2 +2)

P=[(us,¢) + (u_,zuy) + (u,R)b] - (A.21)

Hence in the equation of p, the terms of order z*/n + z°/n? + - - - are collected in

—ie**[(uy, Fr) +P]. (A.22)
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Observe that there is no 1 in the above expression. Focus on —ie'**P. The denominator
of P is of the form 1+ c1b/n? + coz/n + ¢2Z/n with real coefficients ¢; and c, of order
one. The numerator can be written as z3f; + z2zf, 4 zz%f3 + 234 + bzfs 4+ bzfg + n~'b?f5,
where fj,j =1,...,7, are polynomials of z/n, z/n and b/n? with real coefficients of order

one. We can now rewrite —ie'*‘[(u;,Fy) + P] as a series,

oo
—ie™ [(u, F1) +P] = > cxuyettiziz'b

k,1,j=0

k+1+2j>3
oo

_ Z Ck‘l)jei(1fk+l)|<tpk}—)lb)',
k,1,j=0

k+1+2j>3

(A.23)

with purely imaginary cy 1 ; satisfying |cy 1 ;| < Cn37%"1=2), Those terms with 1—k+1 # 0

are nonresonant and we can integrate them:

. . d 1 . .
i(1—k+1)kt k—lb) _ = i(1—k+1)kt k—lb]
¢ PP dt(i(]—k—l—l)Ke PP )
1 . (A.24)
B i—k+et 4 kslyi
TR P a (PP

The error term (d/dt)(p*p'b’) increases an order nz +nX/z? where X = nzn+z?n+nn? +

(M®)10c- Hence

—ie™ [(uy,F1) + Pl =fp+ %D+ +9+, (A.25)

with

214
f= )  cuinplY,

1,j=0,..., 0
_ Cx,1,j 1(1-k+Dkt kgl
P Z 0—k+)k- L (A.26)
1—k+1+#£0,j=0,...,00
_ Ck,L,j ikt 4 k5lpi
9+ 2 0—k+1)K© 4t (PP

1—k+1£0,j=0,...,00

This series converge since [ck 1 ;| < Cn3 %"=, Moreover, f = f(t) is purely imaginary.
This shows that all the terms contributing to z*/n + z°/n? + z°/n3 + --- can either be
integrated by parts or are of the correct forms.

Finally, we collect all the integrations by parts and obtain the normal form. We

can check that q is of the form

4 ZS Z6

z
q:p+nzz+z3+bz+nzz3+;+§+5+-~- (A.27)
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and thus satisfies the estimate (A.9). Similarly, we can obtain the normal form of b and
the estimate for b. The only new terms in b are of order n(z*/n+2z°/m? +---), which can
be integrated as those O(z*/n) terms in p equation. Also, terms of the form nz?n®®) in
the b equation are not integrated (but will be treated in Step 3). We conclude the lemma.

|

Step 3 (initial layer). We first recall the continuity argument in [16]: with respect to a
fixed E, define

M(T) = sup {(0"/2[z(0] + (07~ In(®)] o + (o))
Sts . (A.28)

+ e (en) S P50,

where o = 1/100, {t} is defined in (4.8) and n(3325 is defined in [16, (4.8)]. Since this term
is of lower order, it can be estimated in a rather simple way as in [16] and we shall not
repeat it here.

Let D = 4(Q,R)~'. We shall assume that a(T) = 0 (i.e., we fix E = E(T)) and

M(T) <2, |a(t)] <D{t) ", t<T (A.29)
Under this assumption, we shall derive in steps 3 and 4 that

M(T) < Ay, t<T (A.30)

| D

,la) <

YR

From the standard continuity argument, we then conclude that (A.29) holds for all time
provided that it holds for T = 0. At T =0, (A.29) is just the assumption of Theorem 4.1.
Notice that the main term in M(T) is sup{t}'/?|z(t)| ~ 1. The others are of order o(1).

We first show that, for t < ot, the sizes of z(t) and a(t) do not change much so
that (A.30) still holds. Under the assumption (A.30), we can check that the assumption
for Lemma A.1 holds and thus we can use its conclusions. Using (A.13) and (A.29), we
have forall t > 0,

0 S (' )22 nfty ™ 2 (i |+ I |, + s )-
(A.31)

By the explicit form of n(23) (see [16, pages 174, 181]), we have

Hn(23) |2 <Ce®n(1+1) 78 (A.32)
loc
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: R —1/2 (3) —0 (o212
For t € [0,5t] with 6t =n—", {t} < Cenand [ny” ||z < Cn~7(e"n?) by (4.6).
Together with (A.31) and (A.32),

lg(®)] S (" +n?)e*n® + en?[n 9 (e?n?) + 2P (1+1) 78] Sn* 0. (A33)

Since

d _re (39 _ 3 9a
T q(t)| =Re <|q|> = (Red21)q” +Re (q> (A.34)

with Re 8,7 = O(n?), we have

5t
[la(t)| — [a(0)|] < Jo Ce*n*odr < Ce’n* n ! «en. (A.35)

Hence ||z(t)| — [z(0)|] < en ~ |z(0)|. Similarly,

_ _ ot
160 - [6(0)]| gCJ [Baa 2l + [Bs| dr
0

< CJM n?(en)? + (en)? [nfc(eznz) +e2n3(1 + ’t)*9/8] dt (A.36)
0

< Ce*nn '+ Ce'Mnton ! + Ce'n® < £2nl
Hence ||a(t)| — |a(0)|| < e2n?. Therefore (A.30) holds for t < 5t.

Step 4 (after initial layer). For t > 6t = n~', both (4.6) and (4.7) hold. We also have
S 2, < Ce?n3(1 4978 < nft}~". Let p(t) = {t}~1/2. By (A.31),

lg(t)| < n?p3(t), (t>5t). (A.37)

Thus we have |q(5t)| < p(dt) and

d d
aquS(Reém)qung\, apZ(Reém)\pIng\, t > 5t. (A.38)

By comparison principle, we have |q(t)| < p(t). Hence (A.30) holds.

We have handled the term nzn(f_)z in the p equation very differently from [16].

Since 1 always has contribution from the bound states, this term is comparable to the

resonance term n?|z|?z. Our key observation is that the decay property (4.6) and an initial

layer argument control the dynamics in this initial layer. After the initial layer, n@z

becomes negligibly small.
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