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ASYMPTOTICS OF INPUT-CONSTRAINED BINARY
SYMMETRIC CHANNEL CAPACITY

By GUANGYUE HAN, BRIAN MARCUS

University of Hong Kong, University of British Columbia

We study the classical problem of noisy constrained capacity in
the case of the binary symmetric channel (BSC), namely, the capacity
of a BSC whose inputs are sequences chosen from a constrained set.
Motivated by a result of Ordentlich and Weissman in [28], we derive
an asymptotic formula (when the noise parameter is small) for the
entropy rate of a hidden Markov chain, observed when a Markov chain
passes through a BSC. Using this result we establish an asymptotic
formula for the capacity of a BSC with input process supported on
an irreducible finite type constraint, as the noise parameter tends to
zero.

1. Introduction and Background. Let X,Y be discrete random vari-
ables with alphabet X',) and joint probability mass function px y (z,y) =
P(X =xz,Y =vy), z € X,y € Y (for notational simplicity, we will write
p(x,y) rather than px y (x,y), similarly p(x), p(y) rather than px (z), py (v),
respectively, when it is clear from the context). The entropy H(X) of the
discrete random variable X, which measures the level of uncertainty of X,
is defined as (in this paper log is taken to mean the natural logarithm)

- p(x)logp(z).

reX

The conditional entropy H(Y|X), which measures the level of uncertainty
of Y given X, is defined as

HY|X)= > p@)HY|X =)

zeX
A
== plx) Y pyle)logpyle) =~ > plx,y)logp(ylz).
zeX yey zeEX,yey
The definitions above naturally include the case when X, Y are vector-valued
variables, e.g., X = Xﬁ = (Xky, Xkt1,- -+, Xy), asequence of discrete random
variables.

AMS 2000 subject classifications: Primary 60K99, 94A15; secondary 60J10
Keywords and phrases: hidden Markov chain, entropy, constrained capacity

1
imsart-aap ver. 2007/12/10 file: capacity_asymptotics_20.tex date: September 22, 2008



2 G. HAN, B. MARCUS

. . . . . A
For a left-infinite discrete stationary stochastic process X = X% = {X; :
i=0,—1,-2,---} the entropy rate of X is defined to be

(1.1) H(X) = lim 1H(X9n),

where H(XY,) denotes the entropy of the vector-valued random variable
X9 . Given another stationary process Y = Y . we similarly define the

oY
Condltlonal entropy rate
0 |v0
(1.2 H(YIX) =l O, X0,).
A simple monotonicity argument in page 64 of [10] shows the existence of

the limit in (1.1). Using the chain rule for entropy (see page 21 of [10]), we
obtain
H(Y,x°,)=H(X°

0 Y0) — H(X2,),
and so we can apply the same argument to the processes (X,Y) and X to
obtain the limit in (1.2).

If Y = Y°_ is a stationary finite-state Markov chain, then H(Y) has a
simple analytic form. Specifically, denoting by A the transition probability

matrix of Y, we have

(1.3) H(Y)=H(Y|Y_1) ZP (Yo = i)A(4, j) log A(3, 7).

A function Z = Z2 _ of the stationary Markov chain Y with the form
Z; = ®(Y;) is called a hidden Markov chain; here ® is a function defined
on the alphabet of Y;, taking values in the alphabet of Z;. We often write
Z = ®(Y). Hidden Markov chains are typically not Markov.

For a hidden Markov chain Z, the entropy rate H(Z) was studied by
Blackwell [6] as early as 1957, where the analysis suggested the intrinsic
complexity of H(Z) as a function of the process parameters. He gave an
expression for H(Z) in terms of a measure ) on a simplex, obtained by
solving an integral equation dependent on the parameters of the process.
However, the measure is difficult to extract from the equation in any explicit
way, and the entropy rate is difficult to compute.

Recently, the problem of computing the entropy rate of a hidden Markov
chain has drawn much interest, and many approaches have been adopted
to tackle this problem. These include asymptotic expansions as Markov
chain parameters tend to extremes [17, 21, 22, 27, , 1], analytic-
ity results [10], variations on a classical bound [I1], efﬁment Monte Carlo
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INPUT-CONSTRAINED CHANNEL CAPACITY 3

methods [1, 33, 36]; and connections with the top Lyapunov exponent of a
random matrix product have been observed [14, 19-21], relating to earlier
work on Lyapunov exponents [1, 31, 32, 34].

Of particular interest are hidden Markov chains which arise as output
processes of noisy channels. For example, the binary symmetric channel with
crossover probability € (denoted BSC(g)) is an object which transforms input
processes to output processes by means of a fixed i.i.d. binary noise process
E = {E,} with pg,(0) = 1 — ¢ and pg, (1) = e. Specifically, given an
arbitrary binary input process X = {X,,}, which is independent of E, define
at time n,

Zn(e) = X, @ B,

where @ denotes binary addition modulo 2; then Z. = {Z,,(¢)} is the output
process corresponding to X.

When the input X is a stationary Markov chain, the output Z. can be
viewed as a hidden Markov chain by appropriately augmenting the state
space of X [12]; specifically, in the case that X is a first order binary Markov
chain with transition probability matrix

T ™
o= 00 01 ’
To 711

then Y. = {Y,,(e)} = {(X,, En)} is jointly Markov with transition probabil-
ity matrix

y | (0,0 (01 (1,0 (1,1
(O, 0) 7'(‘00(1 — E) T00E 71'01(1 — E) T01€
A = (O, 1) 7['()0(1 —6) T00E 7'('01(1—6) To1E s
(1,0) 7'(‘10(1 —6) T10€ 71'11(1—6) T11€
(1,1) 7['10(1 —E) T10€ 7'('11(1—6) T11€

and Z. = {Z,(¢)} is a hidden Markov chain with Z,(¢) = ®(Y,,(¢)), where
® maps states (0,0) and (1,1) to 0 and maps states (0,1) and (1,0) to 1.

In section 2 we give asymptotics for the entropy rate of a hidden Markov
chain, obtained by passing a binary Markov chain, of arbitrary order, through
BSC(e) as the noise € tends to zero. In section 2.1, we review, from [22], the
result when the transition probabilities are strictly positive. In section 2.2,
we develop the formula when some transition probabilities are zero (which
is our main focus), thereby generalizing a specific result from [28].

The remainder of the paper is devoted to asymptotics for noisy con-
strained channel capacity. The capacity of the (unconstrained) BSC(e) is
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4 G. HAN, B. MARCUS

defined

1.4 Ce) = 1l
1) OE = s

(H(Z2,(e) — H(Z%,(e)|X%,.));

here X°, is a finite-length input process from time —n to 0 and 29, (¢) is
the corresponding output process. Seminal results of information theory, due
to Shannon [35], include: 1) the capacity is the optimal rate of transmission
possible with arbitrarily small probability of error, and 2) the capacity can
be explicitly computed: C(e) = 1 — H(g), where H(g) is the binary entropy
function defined as

H(e)=clogl/e+ (1 —¢)logl/(1—e¢).

We are interested in input-constrained channel capacity, i.e., the capacity
of BSC(e), where the possible inputs are constrained, described as follows.

Let X = {0,1}, X* denote all the finite length binary words, and X" de-
note all the binary words with length n. A binary finite type constraint [24,

] S is a subset of X* defined by a finite set (denoted by F) of forbidden
words; in other words, any element in S does not contain any element in F
as a contiguous subsequence. A prominent example is the (d, k)-RLL con-
straint S(d, k), which forbids any sequence with fewer than d or more than
k consecutive zeros in between two 1’s. So for S(d, k), a possible forbidden
set F can be .

1
}":{10-;‘01:0§l<d}u{0 .

when d = 1,k = oo, F can be chosen to be {11}. These constraints on
input sequences arise in magnetic recording in order to eliminate the most
damaging error events [20].

We will use S, to denote the subset of S consisting of words with length
n. A finite type constraint S is irreducible if for any u,v € S, there is a
w € § such that uwv € S.

For a finite binary stochastic (not necessarily stationary) process X =
XY define the set of allowed words with respect to X as

s
AX?) = {w’, e x" . P(X°, =w",) > 0}.

For a left-infinite binary stochastic (again not necessarily stationary) process
X = XO_ | define the set of allowed words with respect to X as

—00?

AX)={uw®,, e X* :m>0,P(X°, =u",,) > 0}.
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INPUT-CONSTRAINED CHANNEL CAPACITY 5

For a constrained BSC(g) with input sequences in S, the noisy constrained
capacity C(S,¢) is defined as

1
C(S,e) = lim  sup

e gx0,es 1 (H(Z2,(2) = H(Z2,(e)| X2,)),

where again Z°, (¢) is the output process corresponding to the input process
X0 . Let P (resp. P,,) denote the set of all left-infinite (resp. length n)
stationary processes over the alphabet X. Using the approach in Section
12.4 of [15], one can show that

(1.5)

1
C(S,e) = lim sup
N0 N0 e, g, AXO ycs

(H(Z22,(e)) — H(Z2,(e)|X2,))

= sup H(Z.) — H(Z:|X),
XeP, A(X)CS
where, Z°, (¢), Z. are the output process corresponding to the input pro-
cesses XY, X, respectively.

In section 3, we apply the results of section 2 to derive an asymptotic
formula for capacity of the input-constrained BSC(e)(again as ¢ tends to
zero) for any irreducible finite type input constraint. In section 4, we consider
the special case of the (d, k)-RLL constraint, and compute the coefficients
of the asymptotic formulas.

Regarding prior work on C(S,¢), the best results in the literature have
been in the form of bounds and numerical simulations based on producing
random (and, hopefully, typical) channel output sequences (see, e.g., [39],
[37], [2] and references therein). These methods allow for fairly precise nu-
merical approximations of the capacity for given constraints and channel
parameters.

For a more detailed introduction to entropy, capacity and related concepts
in information theory, we refer to standard textbooks such as [10, 15].

2. Asymptotics of Entropy Rate. Consider a BSC(e) and suppose
the input is an m-th order irreducible Markov chain X defined by the tran-
sition probabilities P(X; = ag|X{=} = a=l), a°,, € X™F!, here again

X = {0, 1}, and the output hidden Markov chain will be denoted by Z..

2.1. When transition probabilities of X are all positive. This case is
treated in [22]:
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6 G. HAN, B. MARCUS

THEOREM 2.1.  ([22] (Theorem 3)) If P(X; = ao| X!~} = a=),) > 0 for
all a°,, € XY the entropy rate of Z. for small ¢ is

(2.1) H(Z:) = H(X) + g(X)e + O(€?),

where, denoting by z; the Boolean complement of z;, and

22m+1:2’1 e Zm2m+lzm+2 ct 22m+]"
we have
Py (zm
(2.2) 9(X) = > Px(x")log P(éém“;
zferlGXQm-ﬁ-l o

]

We remark that the expression here for g(X) is a familiar quantity in infor-
mation theory, known as the Kullback-Liebler divergence; specifically g(X)
is the divergence between the two distributions Py (22™7) and Py (z2™11).

In [22] a complete proof is given for first-order Markov chains, as well
as the sketch for the generalization to higher order Markov chains. Alter-
natively, after appropriately enlarging the state space of X to convert the
m-th order Markov chain to a first order Markov chain, we can use Theorem
1.1 of [16] to show H(Z.) is analytic with respect to ¢ at ¢ = 0, and The-
orem 2.5 of [17] to show that all the derivatives of H(Z.) at € = 0 can be
computed explicitly (in principle) without taking limits. Theorem 2.1 does
this explicitly (in fact) for the first derivative.

2.2. When transition probabilities of X are not necessarily all positive.
First consider the case when X is a binary first order Markov chain with
the transition probability matrix

(2.3) [IIP g]

where 0 < p < 1. This process generates sequences satisfying the (d, k) =
(1, 00)-RLL constraint, which simply means that the string 11 is forbidden.
Sequences generated by the output process Z., however, will generally not
satisfy the constraint. The probability of the constraint-violating sequences
at the output of the channel is polynomial in ¢, which will generally con-
tribute a term O(e log ¢) to the entropy rate H(Z.) when ¢ is small. This was
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already observed for the probability transition matrix (2.3) in [28], where it
is shown that

(2.4) H(Z.) = H(X) + p(2;)£log 1/e + O(e)

ase — 0.

In the following, we shall generalize Formulas (2.1), (2.4) and derive a
formula for entropy rate of any hidden Markov chain Z., obtained when
passing a Markov chain X of any order m through a BSC(e). We will apply
the Birch bounds [5], for n > m, which yield:

(2.5)
H(Zo(e)| Z =4 (€), XT3 B Y) < H(Ze) < H(Zo(€)| Z275(e)).-

Note that the lower bound is really just

—-n

H( ( )’Z—n—f—m( ) X_TH—m_l)a

n+m—1

since Z°, .., (), if conditioned on X! nm=1

, is independent of E_

LEMMA 2.2.  For a stationary input process X°, and the corresponding
output process Z°,(¢) through BSC(e) and 0 < k < n,

0()| 22044 (€), XTHETY) = H(Xo| XZ0)+ i (X2,)e log(1/e) g5 (X2, )e+0(e? loge),

where f¥(X°,) and gk (X°,) are given by (2.8) and (2.9) below, respectively.

PROOF. In this proof, w = w,n, where w_j is a single binary bit, and we
let v denote a single binary bit. And we use the notation for probability:

pXZ(w) :P(X:ngk ! w73+k ! Z_71L+k( )_ —111+k)

pxz(wv) = P(XTH 7 = w7 270 (e) = wly 4y Zo(e) = v),

and

pxz(vlw) = P(Zy(e) = 0|22, 4, () = wiyy, X3 = w00,

We remark that the definition of px 7 does depend on € and how we partition
w:}L according to k, however we keep the dependence implicit for notational
simplicity.
We split H(Zo(e)|Z-, . 1(e), X1 into five terms:
(2.6) H(Zo(e)|Z2,,4(e), X ) = 37 —pxz(wv)log(pxz(v|w))
wvEA(X)
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8 G. HAN, B. MARCUS

+ > —pxz(wv)log(px z(v|w))+ > —pxz(wv)log(px z(v|w))
weA(X)wug A(X) px2(w)=6(e) px z(wv)=6)(c)

+ > —pxz(wo)log(pxz(vlw))+ Y —pxz(wo)log(pxz(vlw)),
pxz(w)=06(e),px z(wv)=0(e2) px z(w)=0(g?)

here by a = ©(f3), we mean, as usual, there exist positive constants C1, Cs
such that C1|5] < |a] < Cs|B|, while by a = O(3), we mean there exists a
positive constant C' such that |«| < C|S]; note that from

-1
pxz(w) = > (P(X:::*’H —wp XD o=l ) I ey e w») :
CAX™)

u ! —ntk—1, —1 j=—n+k

—n+k W_p —n+k

we see that px z(w) = ©(e) is equivalent to the statement that w ¢ A(X_,}),
and by flipping exactly one of the bits in w:}L 45> one obtains, from w, a
sequence in A(X}).

For the fourth term, we have

>, —pxz(wv)log(pxz(v|w)) = O(* loge).
pxz(w)=0(e),px z(wv)=0(e?)
For the fifth term, we have

> —pxz(wo)log(pxz(vlw)) = Y. —pxz(w) ) pxz(v|w)log(pxz(v|w))
px z(w)=0(g2) px z(w)=0(e?) v

< (log2) > pxz(w) = O(e?),

pxz(w)=0(?)

where we use the fact that — >, pxz(v|w)log(pxz(v|w)) < log?2 for any w.
We conclude that the sum of the fourth term and the fifth term is O (2 log e).

For a binary sequence u_},, define h(uZ}) to be:

n—k
koo —1 1o -1
(27) hn(u—n) = Z pX(u—"Zl U’—ju—j—f—l) - (n - k)pX(u—n)'
j=1
Note that with this notation, h%(w) and hE,,(wv) can be expressed as
derivatives with respect to € at € = 0:
h(w) = px g (W)le=0,  Typ 1 (w0) = Plyz(w0)|o.
Then for the first term, we have

Y. —pxz(w)log(pxz(v|w))
wvEA(X)
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INPUT-CONSTRAINED CHANNEL CAPACITY 9

hep1 (wo w) — hE(w WU
== 2 (pX(w”)+hfz+1(wv)5+O(52))10g(px(v|w)+h"+1( )px (w) — i (w)px (wv)

2
5 e+0(e?))
wveA(X) Px (w)

= H(Xo|X"0)— > (hfz+1(wv)10gpx(v|w)+

ER L ()
wveA(X)

px(w)

For the second term, it is easy to check that for w € A(X) and wv ¢ A(X),
pxz(v|w) = O(e) and so

pxz(wv) = th_l(wv)s + 0(62);

we then obtain

ko (wv)e g2
Z —pxz(wv)log(pxz(vlw)) = — Z h’flﬂ(wv)alog fin 1 (wo)e + O )+O(€2)log O(e)

weA(X)wog A(X) weA(X),wvg A(X) px(w)

k

= Z hE 1 (wv)elog(1/e)— ( Z k. (wv)log hTLH(wU)) e+0(e%loge).

weA(X),wvg A(X) wEA(X),wvg A(X) px(w)
For the third term, we have

> —pxz(wv)log(px z(viw))
pxz(w)=06(e),px z(wv)=0(¢)

_ k 2 hy 1 (wv)
Z (hyy1(wv)e + O(e7)) log + O(e)

7
px 2 (w)=6(e),px 7 (wv)=6(c) hy (w)

k wv
- (pxz(w)—e( Z hﬁ“(wv) log (%)) £+ 0(e?).

€),px z(wv)=6(e)

In summary, H(Z0(5)|Z:}L+k(s), X~"1) can be rewritten as

H(Zo()|Z2Z,1,(e), X2 1) = H(Xo| XZ0)+ /5 (X2,)e log(1/)+gp (X2, )e+0(* logee),

—n

where (see (2.7) for the definition of k¥ (-))

(2.8) fa(X2,) = > hip 41 (wv)

weA(X),wvg A(X)

n—k
(X),wo g A(X) (zjlpijl_lw_jwjﬂv) wX(w:}l)) ’
weA(X),wv X j=
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10 G. HAN, B. MARCUS

and
hfz wv)px(w) — hﬁ w)px (wv
amX%) == > (hfLJrl(wv) log px (v|w) + 11 (wo)px ( )(w) (w)px (wv)
wrEA(X) Px
(2.9)
hyy 1 (wv RE | (wov
- 2 P () 1Ogﬂ((w)) - > hye 1 (wo) log (W) ,

weA(X),wvg A(X) bx P2 (1) =0 (&) pac 7 (w0)=O(e) k

O]

REMARK 2.3. For any § > 0 and fixed n, the constant in O(g%loge) in
Lemma 2.2 can be chosen uniformly on P4 5, where P, 11 5 denotes the set
of binary stationary processes X = X° . such that for all w’, € A(X), we
have px(w) > 9.

THEOREM 2.4. For an m-th order Markov chain X passing through a
BSC(e), with Z. as the output hidden Markov chain,

H(Z.) = H(X) + f(X)elog(1/e) 4+ g(X)e + O(%loge),

PrROOF. We apply Lemma 2.2 to the Birch upper and lower bounds (eqn.
(2.5)) of H(Z.). For the upper bound, k = 0, we have, for all n,

H(Zo(€)|Z2a(¢)) = H(Xo| X )+ fn(X2,)elog(1/e)+9n(X2,)e+O( loge).
And for the lower bound, &k = m, we have, for n > m,
H(Zo(e)|ZZpm(€), X237 = H(Xo| X o)+ /7 (X2, )e log(1 /)49, (X2,,)e+0(e loge).

The first term always coincides for the upper and lower bounds. When
n > m, since X is an m-th order Markov chain,

H(Xo|X2)) = H(Xo|XZ)) = H(X).

Let w = w:,ll, where w_; is a single bit, and v denotes a single bit. If
w € A(X) and wv ¢ A(X), then px(w™}v) = 0. It then follows that for an

m-th order Markov chain, when n > 2m,
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INPUT-CONSTRAINED CHANNEL CAPACITY 11

Now consider ¢g¥(X?,). When 0 < k < m, we have the following facts (for
a detailed derivation of (2.11)-(2.13), see the Appendix).

(2.11) if wv € A(X), px(vjw) = px(vjw=)), for n > m,
(2.12)
. th_l(wv) . .
if we A(X),wv ¢ A(X), Tox(w) is constant (as function of n and k) for n > 2m,0 < k < m,
X
(2.13)
: h’nJrl(wv) .
if pxz(w) = O(e), pxz(wv) = O(e), ThE(w) is constant for n > 3m,0 < k < m.
k(w
It then follows (see the derivations of (2.14)-(2.16) in the Appendix) that
(2.14)
hk — Rk
Z ne (W0)Px (W) n(w)px (wv) is constant (as a function of n) for n > 2m,0 < k < m,
wveA(X) px (w)
(2.15)
hk:
hE L (wo) log P41 (w0) is constant for n > 2m,0 < k < m,
weA(X),wvg A(X) Px w)
and
(2.16)
k k h£+1(wv) .
Z gy 1 (wv) log px (v|w)+ Z hyy 1 (wv) log “hE(w) is constant for n > 3m,0 < k < m.
woeA(X) pxz(w)=0(e),px z(wv)=O(c) "
Consequently, we have
(2.17) g (X)) = gn(XY,) = 65,0 (X03,,) = 955, (X5,,)-
Let f(X) = f3..(X%,,) and g(X) = ¢%..(X%5,,), then the theorem follows.

O]

REMARK 2.5. Note that this result applies in particular to the case
when the transition probabilities of X are all positive; thus in this case the
formula should reduce to that of Theorem 2.1. Indeed when all transition
probabilities of X are positive, f(X) vanishes since the summation in (2.8)
is taken over an empty set; on the other hand, again from (2.8), if some of
the transition probabilities of X are zero, then f(X) does not vanish (to
see this, note that when w € A(X),wv ¢ A(X), necessarily we will have
wv € A(X)). The agreement of g(X) with expression in Theorem 2.1 is a
straightforward, but tedious, computation.
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12 G. HAN, B. MARCUS

REMARK 2.6. Together with Remark 2.3, the proof of Theorem 2.4 im-
plies that for any § > 0 and fixed m, the constant in O(c?loge) in The-
orem 2.4 can be chosen uniformly on Q,, s, where Q,, s denotes the set of
all m-th order Markov chains X such that whenever w = w®, € A(X), we
have px(w) > 9.

REMARK 2.7. The error term in the formula of Theorem 2.4 can not be
improved, in the sense that, in some cases, the error term is dominated by
a strictly positive constant times €2 loge.

As we showed in Theorem 2.4, the Birch upper bound with n = 3m yields:

H(Zo(e)|Z=L(e)) = H(X) + f(X)elog(1/e) + g(X)e + O(e? loge).

Together with (2.6), one checks that the ©(¢2loge) term in the error term
O(e?loge), is contributed by (see the second term in (2.6) with k& = 0)

> —pz(wv)log(pz(v|w))

weA(X),wvg A(X)

and (see the fourth term in (2.6) with &k = 0)

> —pz(wv) log(pz(v|w)),

pz(w)=0(e),pz (wv)=0(?)

and this ©(e%loge) term does not vanish at least for certain cases. For
instance, consider the input Markov chain X with the following transition

probability matrix
I—=p p
1 0|’

where 0 < p < 1. Then one checks that for this case, m = 1,n = 3, and the
coefficient of the above-mentioned ©(s? loge) term takes the form of

p® —Tp* +6p—1
1+p

9

which is strictly positive for p = 1/2.

3. Asymptotics of Capacity. Consider a binary irreducible finite type
constraint S defined by F, which consists of forbidden words with length
m + 1. In general, there are many such F’s corresponding to the same S
with different lengths; here we may choose F to be the one with the smallest
length m + 1. And m = 1m(S) is defined to be the topological order of the
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INPUT-CONSTRAINED CHANNEL CAPACITY 13

constraint S. For example, the order of S(d, k), discussed in the introduc-
tion, is k [24]. The topological order of a finite type constraint is analogous
to the order of a Markov chain.

Recall from (1.5) that For an input-constrained BSC(g) with input se-
quences X°  in S and with the corresponding output Z°, (), the capacity
can be written as:

C(S,¢e) = lim sup (1/(n+1)(H(Z2,,(e)) = H(Z2, ()| X2,,))
X0 €ePny1, A(X?,)CS

Since the noise distribution is symmetric and the noise process F is i.i.d.
and independent of X, this can be simplified to:

C(S,e) = lim sup H(Z°,())/(n+1) — H(e),
TTOX0 P, AXD,)CS

which can be rewritten as:

C(S,e) = lim sup H(Zo(e)|Z=)(e)) — H(e),
NTOX0 Py, AX?,)CS

where we used the chain rule for entropy (see page 21 of [10])

H(Z2,(e)) = > H(Zo()|Z2Z}(¢)),
j=0
and the fact that (further) conditioning reduces entropy (see page 27 of [10])
H(Zo(e)| 225, (e)) = H(Zo(¢)| 22}, (¢)) for ji < ja.

Recall from (1.5) that

C(S,e) = sup H(Z.) — H(Z|X).
XeP, A(X)CS
Now let
Hn(S,E) = sup H(Z0(5)|Z:71L(6))7
X0 €ePni1,AX?,)CS
and
hm(S,¢e) = sup H(Z.),

XEMum, AX)CS

where M,, denotes the set of all m-th order binary irreducible Markov
chains, we then have the bounds for C(S,¢):

(3.1) him(S,e) — H(e) < C(S,e) < Hn(S,e) — H(e).
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14 G. HAN, B. MARCUS
Noting that

sup H(Xo|X~)) < sup H(Xo| X))
XgnEPn+1,A(X9n)§Sn+1 XgnEPn+1,A(X9n):Sn+1

(here C means “proper subset of”), and H(Zy(¢)|Z=}(¢)) are continuous at
e = 0, we conclude that for e sufficiently small (¢ < gp), one may choose
9 > 0 (here, ¢ depends on n and m) such that

H,(S,¢e) = sup H(Zo(s)\Z:rlL(a)).
Xgnepn+1,§7A(X9n):Sn+17

So from now on we only consider stationary processes X = X°  with
A(Xgn) = Sn+1'

Now for a stationary process X = X, define p,, as the following proba-
bility vector indexed by all the elements in Sy,41,

To emphasize the dependence of X°  on f,, in the following, we shall rewrite
X9, as X9 (pn). For an m-th order binary irreducible Markov chain X =
X0 __, slightly abusing the notation, define p,, as the following probability
vector indexed by all the elements in Sp,41,

—00?

Pm = ﬁm(Xgoo) = (P(Xgm = wgm) : wo—m € Smt1)-

Similarly, to emphasize the dependence of X = X° __ on f,, in the following,
we shall rewrite X as X . And we shall use Z°, (5, €) to denote the output
process obtained by passing X% (p,) through BSC(g), and use Zj, . to
denote the output process obtained by passing Xz through BSC(e).

LeEMMA 3.1.  For any stationary process X°,(pn) with A(X°,, (pn)) =
Sni1, H(Xo(Pn)| X2 (7)), as a function of p,, has a negative definite Hes-
sian matric.

PRrOOF. Note that

H(Xo(0,)| X p(Bn) = — > pla®,)logp(zolz™}).
20 €8

For two different probability vectors p,, and ¢, consider the convex combi-
nation
Fn(t) = tpn + (1 - t)dm
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where 0 < ¢t < 1. It suffices to prove that H(Xo(7,(t))|X_}(7(t))) has a
strictly negative second derivative with respect to t. Now consider a single
term in H(Xo(5,)| X 1 (5n)):

—(tpn (2 — o tPn
(102, + (1= (e, log B = T

Note that for two formal symbols « and 3, if we assume o” = 0 and 5" = 0,
the second order formal derivative of ozlog% can be computed as:

a\” o ﬂ/ 2
alog ) = ( - \/a>
< g Va g
It then follows that the second derivative of this term (with respect to t)
can be calculated as:

_’( O(n 1))

ﬁn(x9 ) - Qn _ \/tpn 1 _ t) ( ) ﬁn( (i(nfl)) -

\/tﬁn(xgn) (1-— t) tpn(x (n,l)) +(1

That is, the expression above is always non-positive, and is equal to 0 only
if
ﬁ”(‘rgn) B q_'n(xgn) _ ﬁn(x(l(nfl)) - Jn($g(n,1))
tﬁn(xgn) + (1 - t)@n(an) tﬁn(x(i(n_l)) + (1 - t)qn($g(n_1))’

which is equivalent to
(3:2) P(Xo(Bn) = w0l X5 (Bn) = 225) = P(Xo(dn) = 0| X5 () = 273).

Since S is an irreducible finite type constraint and A(XY,, (p,)) = A(X°,,(3))
Sn+1, the expression (3.2) can not be true for every 2%, unless p, = @,. So
we conclude that the second derivative of H(Xo(7, ()| X1 (7u(t))) (with
respect to t) is strictly negative. Thus H(Xo(p,)|X (), as a function of

Dn, has a strictly negative definite Hessian .

0
For m > 1, over all m-th order Markov chains X with A(Xj ) =S,
H(Xp,,) is maximized at some unique Markov chain Xpmae (see [24, 29]).

Moreover Xjmae doesn’t depend on m and is an m-th order Markov chain, so
we will drop the subscript m and use Xjpmas instead to denote Xjmas for any
m > 1. The same idea shows that over all stationary distributions X°, (p},)
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16 G. HAN, B. MARCUS

(n > m) with AXY, (5,)) = Spi1, H(Xo(7,)| X} (5,)) is maximized at
Pp'®®, which corresponds to the above unique Xpmaz as well.

Note that C(S) = C(S,0) is equal to the noiseless capacity of the con-
straint S§. This quantity has been extensively studied, and several interpre-

tations and methods for its explicit derivation are known (see, e.g., [20] and
extensive bibliography therein). It is well known that C(S) = H(Xpmas)
(see [24, 29]).

THEOREM 3.2. 1. If n > 3m(S),

Hu(S ) = C(S) + f(Xpmaz)elog(1/e) + g(Xpmas)e + O(e? log? e).
2. If m > 1m(S),

hin(S,€) = C(S) + f(Xpmaz )elog(1/e) + g(Xpmas)e + O(e? log? €).

Here, as defined in Theorem 2./, f(Xpmaz) = f9: (X%, (p™*)) and
9(Xjmas) = g8, (X 55, (577)).

PROOF. We first prove the statement for H,, (S, ). As mentioned before,
for ¢ sufficiently small (e < g¢), H, (S, €) is achieved by X9, with A(X?,,) =
Sn+1; and one may choose § such that

Hn(S,e) = sup H(Zo(Pn,e)| 2= (B, €)).
PX0 (Pn)€Ppy1,6,AX, (Fn))=Sn+1

Below, we assume € < g9, X%, () € Ppy1, AX2,(5n)) = Snt1; and for
notational convenience, we rewrite fO(X°, (p,)) as fu(Pn), g2(X°,. (D)) as

In Lemma 2.2, we have proved that

H(Zo(pn, 5)‘Z:%(ﬁm £)) = H(Xo(ﬁn)’X:%(ﬁn))‘i‘fn(ﬁn)g IOg(1/5)+gn(ﬁn)5+O(52 loge).

Moreover, by Remark 2.3, for any § > 0, O(?loge) is uniform on P, g,
i.e., there is a constant C' (depending on n) such that for all X°  with
Xgn(m S ]P)n+1,5 and 'A(Xgn) = Sn+17

| H (Zo (P, €)| 273 (P, €)) —H(Xo(5) | X 3 (7)) — fr(Fa)e 10g(1/€) —gn (B )e| < Cc® loge.

max

Let §, = Py, — pm*®. Since H(Xo(Pn)| X1 (Pn)) is maximized at

max.

can expand H(Xo(7,)| X} (7,)) around p7!

, We

H(Xo(Pn)| X 25 (Fn)) = H(Xo(B )| X Zq (7)) +dn' K1 G+ O(|0al*) = H(Xpmae )+, K13, +0(|0a]),
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INPUT-CONSTRAINED CHANNEL CAPACITY 17

where K is a negative definite matrix by Lemma 3.1 (the second equality
follows from the fact that Xymas is an m-th order Markov chain). So for |, |
sufficiently small, we have

H (Xo(pn)| X g (D)) < H(Xpmea) + (1/2)3, K1

max.
bn

Now we expand f,(p,) and g, (p,) around
fn(ﬁn) = fn(ﬁsam) + Ky - (Tn + O(|§n|2)a

gn(ﬁn) = gn(ﬁ;naa:) + K3 ' ‘jn + O(‘(Tn’z):

(here, Ky and K3 are vectors of first order partial derivatives). Then, for
|gr| sufficiently small, we have

fn(Dn) < fu(PR ) + 22 |K2,j||‘In,j
J

gn(ﬁ) < gn(ﬁ;naa:) + 22 |K3,j||Qn,j|,
J

)

where K> ;, K3 j,qn,; are the j-th coordinates of Ko, K3, gy, respectively.

With a change of coordinates, if necessary, we may assume K is a diagonal
matrix with strictly negative diagonal elements K ;. In the following we
assume 0 < € < €p. And we may further assume that for some ¢ > 1,
|an,;| > 4Kz 5/ K1 jlelog(1/e) + 4|k 5/ Ki 4l for j < £ — 1, and |gn,j| <
41Ky /K1 jlelog(1/e) + 4|K3 ;/ K1 j]e for j > £. Then for each j <1 —1, we
have (1/2)K1 ;g5 ; + 2| K2 5llqn.jle log(1/€) + 2| K3 j||gn, ;le < 0. Thus,

H(Zo(Bn, €)| 2= (B €)) < H(Xpypar) + fu(B“")e log(1/€) + g (" )e

(/2 K12 5 + 2| Kz l|n 12 og(1/€) + 2Kl gngle) + Celog e
J

< H(Xpmaz )+ fn (5" )€ 1og(1/€)+gn (D" e+ (1/2) K1 (4] K2 5/ K1 jlelog(1/e)+4| K3 5/ K1 je)?
>l

+2|Koj|(41 K2,/ Ky jlelog(1/e) + 4| K3 5/ K1 jle)e log(1/e)

Jzl

+ ) 2|Ks | (4]K2 /K1

j=l

elog(1/e) + 4|K3 j/ K1 jle)e + Ce?loge.

Collecting terms, we eventually reach:
H(Zo (P )| 24Py €)) < H(Xpmaz )+ fu (5% ) Log(1/€)+gn (5 *)e+0(* log? ),
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18 G. HAN, B. MARCUS

and since H,, (S, €) is the sup of the left hand side expression, together with
H(Xpmaz) = C(S), we have

Hn(S.€) < C(S) + fulB")elog(1/2) + gu(Bl**)e + O(c* log? ).

As discussed in Theorem 2.4, we have

(33) fn(ﬁnnal‘> = f()(ﬁ‘rnaz)7 n Z 27’7’L,
and
(3.4) (P ™) = g(Xpmaz), n > 3.

So eventually we reach
Hu(S,e) < O(S) + f(Xpmas)elog(1/e) + g(Xpmas)e + O(e? log? €).

The reverse inequality follows trivially from the definition of H,(¢).
We now prove the statement for h,,(S,¢). First, observe that

Hgm(s,e) 2 hm(S,ﬁ) Z hm(s,g) Z _E[(Zﬁ‘maac,e)7

where Zgmaz . is the output process corresponding to input process Xjmaz.
By part 1, H3,, (S, €) is of the form C(S) + f(Xpmaz )e log(1/e) 4+ g(Xpmaz ) +
O(e%log? €). By Theorem 2.4, H(Zgmas ) is of the same form. Thus, (S, €)
is also of the same form, as desired. O

COROLLARY 3.3.
O(S,e) = O(S) + (f(Xpmaz ) — 1)elog(1/e) + (g(Xpmaz) — 1) + O(e* log? €).
In fact, for each m > m(S), hm(S,e) — H(e) is of this form.

PROOF. This follows from Theorem 3.2, inequality (3.1), and the fact
that

H(e)=clogl/e+ (1 —¢)logl/(1 —¢) =clogl/e + ¢+ O(e%).
O

REMARK 3.4. Note that the error term here for noisy constrained capac-
ity is O(g%log? €), which is larger than the error term, O(e? log ¢), for entropy
rate in Theorem 2.4. At least in some cases, this cannot be improved, as
we show at the end of the next section.
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INPUT-CONSTRAINED CHANNEL CAPACITY 19

4. Binary Symmetric Channel with (d, k)-RLL Constrained In-
put. We now apply the results of the preceding section to compute asypm-
totics for the the noisy constrained BSC channel with inputs restricted to
the (d, k)-RLL constraint S(d, k). Expressions (2.8) and (2.9) allow us to
explicitly compute f(Xpmar) and g(Xpmaez). In this section, as an example,
we derive the explicit expression for f(Xpmaz), omitting the computation
of g(Xpma=z) due to tedious derivation. We remark that for a BSC(e) for
some cases, the (d, k)-RLL constrained input, similar expressions have been
independently obtained in [23].

It is first shown in [23] that in the case k < 2d, for any binary stationary
Markov chain X, of any order, with A(X) C S(d,k), f(X) = 1, and so,
in this case, C(S(d, k),e) = C(S(d, k),0) + O(e), i.e., the noisy constrained
capacity differs from the noiseless capacity by O(e), rather than O(eloge).
In the following, we take a look at this using different approach. For this,
first note that for any d, k, f(X) takes the form:

(4.1)

fX) = > px (100 N py(10t102)+ Y px(10Y).
l1+12<k—1,0<lp<d-1,li >d lLit+lo=k,l1>d 1<i<d

Now, when k < 2d,

> px(10110%) = > px(1011) = p(1),

li+lo=k,l1>d d<l1 <k

and

px (101T2H1) = oy (107 ) 4px (10T2) 4+ - 4px (10%).
li+l2<k—1,0<l2<d-1,l1 >d

So
F(X) = px (1) + px(10) + -+ + px (10%) + px (107) + -+ + px (107) = 1,

as desired.

Now we consider the general RLL constraint S(d, k). By Corollary 3.3,
we have
(4.2)
C(S(d,k),e) = C(S(d, k))+(f (X5

) —L)Elog 1/e4(g( X5, )—1)e4+0(e%log?e).

Pmax

For any irreducible finite type constraint, the noiseless capacity and Markov
process of maximal entropy rate can be computed in various ways (which
all go back to Shannon; see [26] or [24] (p. 444)). Let A denote the ad-
jacency matrix of the standard graph presentation, with k + 1 states, of
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20 G. HAN, B. MARCUS

S(d, k). Let p denote the reciprocal of the largest eigenvalue. One can write
C(S(d,k)) = —log po, and in this case pg is the real root of

k
(4.3) dopptt=1.
{=d

In the following we compute f(Xp, ) explicitly in terms of pg. Let @ =
(wo, w1, -+ ,wg) and ¥ = (vg,v1, - ,vk) denote the left and right eigenvec-
tors of A. Assume that @ and v are scaled such that @ - ¥ = 1. Then one
checks that with X = Xzmaz,

1
—d—1 , 1—j°
(k+1) = XFan Ximg 1o

px (1) = wovg =

px (10N T2T11) = py(1)ph T2 px (10F1) = px (1)ph ™,

px (10"10%2) = px(101021) + px (10"102711) + - - + px (10"10%1)

1 _ ph—le+l
Iy 41 k—1 1+l P
= px(UA R o+ ) = (DR
and
px(101) = px (10'1) + px (10711) + - - - + px (10¥1)
! k-1 1l —pp
=px(Dpe" A+ po+ -+ +p5") = px(l)/)oﬂl_iopo'
So we obtain an explicit expression:
F(Xpmaz) = 3 px (10 N 4 > )px (101102)+ Y px(10°)
l14+12<k—1,0<l2<d—1,l1 >d l1=k,l2=0 l1+le=k,k—12>11>d 1<I<d
=px(pg™ + > px(1)pg T2
l1+12<k—1,0<l2<d-1,l1>d
1_ ph—le+l 1 _ =i+l
+ 3 px(l)pél+l2+21p+ + Y px(l)pé“liio
Litlo=k k—1>11>d Po 1<1<d Po

The coefficient g can also be computed explicitly but takes a more compli-
cated form.
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INPUT-CONSTRAINED CHANNEL CAPACITY 21

ExAMPLE 4.1. Consider a first order stationary Markov chain X with
A(X) C 8(1,00), transmitted over BSC(g) with the corresponding output
Z, a hidden Markov chain. In this case, X can be characterized by the
following probability vector:

p1 = (px(00),px(01), px(10)).

Note that m(S) = 1, and the only sequence w_sw_jv, which satisfies the
requirement that w_ow_1 is in S and w_sw_qv is not allowable in &, is 011.
It then follows that

(4.4) f(Xp‘l) = p(01i) —f—p(OIl) +p((_)11) = 7T()1(2 — 7'('01)/(1 =+ 7T01),

where mp; denotes the transition probability from 0 to 1 in X. Straightfor-
ward, but tedious, computation also leads to

9(Xp,) = (I+m01) ™! (2mo1 =7y —2mg1 +3mg1 — 701 +(—2mo1 +47y — 25y ) log(2)

+(—143m1 —ma; — 275y +5ma; — 37 ) log (o1 ) +(2—6m01 + 77, —8ma, +378 ) log(1—o1)
+(2m01 + 751 — 3mgy + moy) log(2 — 7o)

Thus,

H(Zp, 0) = H(Xp,)+(mo1(2=m01)/ (14+701) e log (1 /) +(g(X,) —1)e+0(e* log e).

This asymptotic formula was originally proven in [28], with the less precise
result that replaces (g(Xz,) — 1) + O(c?log?(1/€)) by O(e).

The maximum entropy Markov chain Xjme= on §(1,00) is defined by the
transition probability matrix:

[ 1/X 1/A2 ]
1 0

and
C(S) - H(Xﬁ*maz) = log )\,

where ) is the golden mean. Thus, in this case mg; = 1/A\? and so by Corol-
lary 3.3, we obtain:

C(S,¢) = log A= ((2A+2) /(41 +3))e log(1/€)+(9( X3 ) gy =1 /22— 1)e+0(e” log? (1 /).
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22 G. HAN, B. MARCUS

We now show that the error term in the above formula cannot be im-
proved, in the sense that the error term is of size at least a positive constant
times £2log?(1/¢). First observe that if we parameterize 7, = pi(e) in any
way, we obtain

(45) C(S,2) 2 H(Zp(0)c) — H(e).

Since p; is uniquely determined by the transition probability mg;, we shall
re-write 71 (¢) as mo1(g). We shall also re-write the value of mp; = 1/A\? at
the maximum entropy Markov chain as pyqz-

Choose the parametrization my1(€) = pmaz + aclog(1l/e) where « is se-
lected as follows. Let K denote the value of the second derivative of H(Xr,,)
at Tl = Pmae (the first derivative at mp1 = pmaz is 0). Let Ko denote the
value of the first derivative of f(Xp,,) at 01 = Pmaz- These values can be
computed explicitly: Ky from the formula for entropy rate of a first order
Markov chain (1.3) and K from (4.4) above. A computation shows that
K; = —3.065 and K9 ~ .571 (all that really matters is that neither constant
is 0). Let a be any number such that 0 < a < Ka/| K.

From Theorem 2.4 and Remark 2.6, we have
(4.6)

H(Zryy(e).e) = H( Xy (0) + f( Xy (e))e 108(1/8) + 9( Xy, (e + Cre* logee,

for some constant C; (independent of ¢ sufficiently small). We also have

) + K1 (aglog(1/e))* + Ca(aclog(1/e))?

Pmax

(4.7) H(Xﬂm(s)) > H(X
for some constant Cy. And

48)  [(Xrp(e) = [ (Xppaa) + Ka(aclog(1/e)) + C(aclog(1/e))?,

(4.9) 9(Xro1(e) Z 9(Xppao) + Caaelog(1/e))
for constants Cs, Cy. And recall that
(4.10)  H(e) =clogl/e + (1 —e)log1/(1 —¢) = elog1/e + ¢ + Cse>.

for some constant Cs.
Recalling that H (X,

Pmax

) = C(S) and combining (4.5 — 4.10), we see that
O(S,€) 2 C(S)H(f(Xpus)—1)e108(1/€)+(9( X, )~ 1)+ K1 (ac log(1/€))*+ K2 (ac? log?(1/¢))
plus “error terms” which add up to

C1e?loge + Cy(aclog(1/e))® 4+ C3a’(elog(1/e))® + Cyac?log(1/e)) + Cse?,
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INPUT-CONSTRAINED CHANNEL CAPACITY 23

which is lower bounded by a constant M times £2log(1/¢)). Thus, we see
that the difference between C(S,¢) and C(S) + (f(Xp,...) — 1)elog(1/e) +
(9(Xppae) — 1)e is lower bounded by

(4.11) oK o+ Ko)e?log?(1/e) + Me?log(1/¢))

Since a > 0 and Kja + Ko > 0, for sufficiently small e, (4.11) is lower
bounded by a positive constant times £2log?(1/¢), as desired.

Acknowledgements: We are grateful to Wojciech Szpankowski, who
raised the problem addressed in this paper and suggested a version of the
result in Corollary 3.3. We also thank the anonymous reviewer for helpful
comments.

Appendix. We first prove (2.11)-(2.13).

. (2.11) follows trivially from the fact that X is an m-th order Markov
chain.

o Now consider (2.12). For w € A(X) and wv ¢ A(X),

-1 _ -1 _ — —1—
Ry 1 (wo) pr W jwj,,0)+px (w pr 2w v)+px (w3o).
SO —j5—1 1 1
hlﬁH_l( ) _ Zgnzl pX(w—ZL w—jw_j+1v) +pX(w:n®)
px(w) px(w>))
S _
_ (Zfpx(woy, o jwC TinvlwTEi ) + px (w2 vlw =g ) px (w2 )
px (W w g Hpx (w2 )

S _ _ 3
_ 251 px (W, W—_jw_ -+1v) —i—px(w,%mv)
px (w3,

o For (2.13), there are two cases. If px (w=""1) =0,

—k 1 -1 —k —j—1 _ —1
g (wv) _ Yot p (w W_jw_j4v) 3 px (Wl wowsi ) (v|w=},)
hE(w) -1 1 \  §wnk 1 = px(wwzy).
n -1 p ( —n 7]w,j+1) Zj=m+1 pX(wfn w*wajJrl)
If px(w_))"™ 1) >0,

—j—1_ 2 1 1 2 —j=1_ 1
W W_jw_ 3+1U) . it px (w2 w*jw—j+1v) _ >t px(wi, wfjw—jﬂv)

hflﬂ(wv) . Z =1 px( _

% = k B . 2 T — 2 s R
hik (w) S lpx(w wow ) S px(wS wow i) i px (w T, wojw )
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Using (2.11)-(2.13), we now proceed to prove (2.14)-(2.16).
o For (2.14), we have
hE | (wov w) — hE(w wv
3 Ml SRR g e Y rbwaluch)
woeA(X) px woe A(X) woeA(X)
= 2 pr W0 0)px (WS0) = (i 1-k) 3D px(wv)
wve A(X) J wveA(X)

- > pr S jwZl Opx(wlwT)) + (n—k) Y px(wv)

wvEA(X) Jj= woeA(X)
-1 _ -1 _
= 2 ZPX T jav) = Y pr wojwiig)t Y px(wio
wve A(X) j= wEA(X) j= wrEA(X)
n—=k -
- Z Zp w—jw:]l‘+1”)_ Z (ZPX(U/_% w—jw:j+10)
wveA(X) j= weA(X) j=1
n—=k -
+Y px oIl )+ S px(wTho) -1
g=1 w=l veA(X)
= 2 ZP T RUEEDY ZP oo jwI )
wveA(X) j= wu€A(X) j=

n—k
- > Yoox(wl oguTio) + Y px(wiye) -1

weEA(X),wvg A(X) j=1 w:inUEA(X)
T > Sopx(w o wiiav)+ > px(wshv)-1
w5, EAX) w5, vEA(X) =1 w=! veA(X)
o For (2.15), we have
hyy 1 (wo) a1 (WZ5,,,0)
> hy 1 (wv) log % = > hE 1 (wo) log 2 ——2m 2
weA(X) wog A(X) px weA(X) wvg A(X) px(w2y,,)
n—k 0 —1
e P s (0 0)
- > > px(w, 1w—jw—]l‘+1”) log %
weA(X),wvg A(X) j=1 px(wZy,
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m 1
E j RS, . 1 (w=3, v)
—j—1 - -1 2m+1\W_2
= DX (w_%m w*jwfjJrlv) log %

o For (2.16), we have

RO . (wv)
. Mhalw)lospxloyr 3 P ) log =
wve A(X) px z(w)=0(g),px z(Wv)=0O(¢) n

n—k
= 3 (e o gus o) (w50) = (1= k)px (wo)) log px (vfw=,)
wveA(X) j=1

hE | (wo)
k n+1
: 2 e (o) log =y

pxz(w)=6(e),px z(wv)=0(e),px (w7~ )=0

hE | (wv)
k n+1
i 3 ) g "2

px z(w)=0(e),px z(wv)=0O(¢),px (w:;"—l)>0

n—k
S 2 ) px (w2 oojw ], ) +px (w20)) log px (v]wy,)
wveA(X) PXZ(w):@(e),pxz(wv):@(g)’px(w:;nfl)zo j=1

—(n+1-k) Z Px (w:}nv) log px (U|w:71n)
w=l veA(X)

hO
T > 19,41 (wv) log M
s -3 —m—l hSm(w)
pxz(w_3,)=0(),pxz(w_s,,v)=0(e),px (w g, ~)>0
=(n—-k—m) Z px(w=kv)logpx (v|w=l)
w” ! veA(X)
+ Y O pw  wojwIl, v) + px (wIho)) log px (v]w ™)
wveA(X) j=1
—(n+1-k) Y px(wihov)logpx(vjw},)
w”} ve A(X)
hO
. > ) g 1)
3 - - P (w)
pxz(w_3,,)=0(),pxz(w_3,,v)=0(e),px (w g, ~)>0
=(-m—-1) Y px(wi,v)logpx(vlwy,)
w”l veA(X)
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m
i1 _ 1 _ _
+ Y Qo px(wih, v ) + px (WD, 0)) log px (viw™,,)
w:%mveA(X) Jj=1

hngrl (wv)

0
+ Z R 41 (wv) log hgm(w)

pxz(w”3, )=0(e).pxz (w3, v)=0(c),px (w5 1)>0
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