Math 121: Midterm solutions

1. (a) Sincelimy_ o e~ ¥/2x0=1 — () thereexits T > Osuch thate */2x¢~1 < 1ifx > T.
Thus,
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0< / e Xx iy < / e 20y = 20 T/2
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and |. ;o e~ *x*~ldx converges by the comparison theorem. If & > 0, then
T T
0< / e *x*ldy < / x*dx
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converges by Theorem 2(b). Thus the integral defining I, converges.
(b) .
I, = / e *x* ldxy =  lim / e Xx* 1y,
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LetU = x*1,dV = e ¥dx,dU = (« — 1)x* 2dx,and V = —e7%,

R
I, = lim  (—e xR 4 (a - 1)/ e ¥ x* 2dx)
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= 0+ (a—1) / e x" 2dx = (a0 — 1) 1.
0

2. Letx =tan§,do = lJr%dx, cosf = L‘L—ﬁ, sinf = 11’;2. So
do . (1_Sx2)dx
. - —x2
1+ sin 6 + cos 6 1+(%+§2)+(1i’;2)
dx

0
= 1+x:ln|1—i—x|—i—C:1n|1—i—tan§|+C.

3. The arc length element for the parabola y = x? is ds = v/1 + 4x2dx, so the required

surface area is )
S = 271/ xV 1+ 4x2dx,
0

let u = 1+ 4x?% and du = 8xdx, so

5
S = %/1 ul2du

T 3/2)5
= 23
— %(5\/5 — 1)squareunits.



4. Pick points (—2,0), (}¢,0) and (0, %) to construct the right triangle, the hypotenuse
lies on the x-axis. A horizontal strip has area

_ 25,12
therefore, the mass of the plate is
¥ 25 12
5 —vydy.

And we have
¥ 25
My—o = 2/ ———y 2ydy,

¥ 25 12
My=0 _/0 nls vy,
Thus, the center of mass of plate can be expressed as: (= Mgfo ).

X X

g(x) = /16 cos(x) sec((In t)?)dt = cos(x) /16 sec((Int)?)dt.

X

¢'(x) = —sin(x) /18 sec((Int)?)dt + cos(x) sec((Ine¥)?)e”
= —sin(x) /;x sec((Int)?)dt + cos(x) sec(x?)e*,

so we have



