Math 121: Homework 5 solutions

1. Let a circular disk with radius a have center at point (a,0). Then the disk is rotated
about the y—axis which is one of its tangent lines. The volume is:

2a
V:2><27'c/ x\/a? — (x —a)?dx.
0

Letu = x — a, du = dx. Then we have:

a
vV = 471/ (u+a)Va?—udu

—a

a a
= 47T/ uv/ a? — u?du + 47m/ v a? — u?du
—a —a

1
= 0+ 47‘[&1(571912)
= 2ma’.

2. The region is symmetric about x = y so has the same volume of revolution about
the two coordinate axes. The volume of revolution about the y—axis is

8
V= 27r/ x(4— x?/3)3/24x,
0
Let x = 8sin® u, dx = 24 sin® u cos udu. Thus, we have
/2
V = 30727'(/ sin® u cos* udu
0
/2
= 307271/ (1 — cos? u)? cos* u sin udu.
0
Letv = cosu, dv = — sinudu. So
1
V = 30727 / (1 — v2)204do
0
1
= 30727r/ (vt — 20° + o¥)do
0
1 2 1, 81927

— 30727(= — S 4 1) = .
30727(5 — 7+ 5) = g5

3. The volume between height 0 and height z is z>. Thus,

z
z3:/ A(t)dt,
0

where A(t) is the cross-sectional area at height ¢. Differentiating the above equation
with respect to z, we get 3z2 = A(z). The cross-sectional area at height z is 32>
sq.units.



5.

(a)
Vo= 2/ 12)2dy
:8/ — )
0 r 1/ y
3
= 8%y - S)lh

= 6r° cu.units
-_ 3 . .

(b) The area of an equilateral triangle of base 2y is 3(2y)(v/3y) = V/3y>.

the solid has volume

r
V = 2/ \/§(r2—x2)dx
0
= 2\/§(r2x—%x3)|6

4 4 .
= —r’cu.units.

V3

(@) y =x%,0 < x <2,y = 2x. Sowe have

2
L:/ V' 1+ 4x2dx.
0

Let 2x = tan 6, 2dx = sec? 046.

1x=0
L = = 30
szzsec

1 _
Z(sec@tan@ +1In|secf +tan0|)|§;%
— }I(Zx\/l + 4x2 4+ In(2x + /1 + 4x2))3
::%m¢ﬁ+mm+¢ﬁ»

1
= V17 + 1 In(4 + V17)units.

b) y=In5&7q,2<x <4,

Hence,



The length of the curve is

4er
/ er —p

4 2x 1
= ), Ea

—X
= /e te —dx =1Ine" - e |3
2

ex —
1 1
= In(e* — 3_4) —In(e? — 6—2)
4
= In ¢ —; units.
e

1 1 1
S:27'c/ x| 1+de:2n/ V1 + 22dx.
0 0
Let x = tan 6, dx = sec? 046,
/4
S = 27‘(/ sec’ 0d6
0

= r(secftanf + In|secd + tan6|)|; /4

= 71[V2+In(V2 4 1)]sq.units.

7. (a) The mass of the plate is

4
m = 2/ ky+/4 — ydy,
0

letu =4 —y,du = —dy. Then we have

m = 2k/ 1/2du
B 8 30 2 5/0.4 _ 256k
= 2k(3u s o = TR

By symmetry, My—o = 0, s0 ¥ = 0.

4
My—o = 2/0 ky?\/4 — ydy,

letu =4—y,du= —dy.
4
My—q = 2k/ (1612 — 8132 + u5/2)du

_ 32 B2 16 5,0 2 7004
= Zk( 3 5 —Uu + 7u )|0
4096k

105 °
Thus, 7 = . The center of mass of the plate is (0, 12).
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(b) The mass of the ball is

mo= [ (g 2R)m(R )y

Y3
— 4nR(R%y — L)If
= gnR4kg.

By symmetry, the center of mass lies along the y-axis; we need only calculate j.

R
My—y = /Ry(y+2R)7r(R2—y2)dy

R
= 2 [ (R )y
0

4 5

Thus, 7 = %'

(c) A slice at height z has volume dV = my?dz and density kzg/cm3. Thus, the
mass of the cone is

> 3 T

The moment about z = 0 is

b
M,_g = tka®> | z%(1—2z/b)?dz = l7Tkazb3 — cm.
0 30 g

Thus, Z = %b Hence, the center of mass is on the axis of the cone at height
2b/5cm above the base.



