Math 121: Homework 2 solutions

1.
2f(x)+1 = 3/ £()
2f'(x) = —3f(x)
fla) = cod
since 2f(x) +1 =0, f(1) = —1 = Ce™%/2,C = — 132
Flx) = _%e(mx )

2. (a) The curvesy = % and y = 5 — x? intersect where x* — 5x2 + 4 = 0. Thus the
intersections are at x = £1 and x = 32. And the region is symmetric about
y—axis. We have
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3 4 2
= 2(5x—%+;)1:—sq.umts

(b) .
Looparea = 2/ V2 +x,
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Let u? = 2 + x, 2udu = dx. Thus we have

Area = 2/ u? — 2)%u(2u)du

= 4/ (u® — 4u* + 4u?)du
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(b)

(d)

(e)

/ cos* xdx

letu=14+e¢%,du=—

/cosz(é)sinz(é)dt
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L—L/sin2 —t )dt
8/ 1—cos dt
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[1 + cos(2x)]?

1 dx
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t——sin(5))+C.

/ 1+ 2 cos(2x) + cos?(2x)]dx

4
x  sin(2x)

= 4 T §/1+COS(4X)dx
x sin(2x) x  sin(4x)
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e *dx. Thus we have

du

u
—In|u|+C
—In(1+e*)+C.

Let u = x2, du = 2xdx. Thus, we have
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(f)

/2 /2
I—/ \/1—sin(6 dG—/ \/1—cos (rt/2 — x)dx

Letu=mn/2—x,du = —dx

0
I = —// v1 — cosudu
/2

/2 u /2
= / \/2sin? —du— 2cos—)‘
2710

= —2+2\/'—2 —1).

4. We want to prove that for each positive integer k,

n " nk-i—l k

where Py_q is a polynomial of degree at most k — 1. First check the case k = 1:

“oonn+1)  atlon
= = — P,

j=1

where Py(n) = 0 has degree < 0. Now assume that the formula above holds for
k=1,2,3,---,m, we will show that it also holds for k = m + 1. TO this end, sum
the formula

(j+1)m+2 _jm+2 — (m+2)jm+1 + (m+2)2(m+ 1)]m 41,
forj=1,2,---,n. The left side telescopes, we get
n
(n+1)m+2 -1 = (m_|_2) Z]-m—i—l
j=1
n n
(m+2(m+1 Y YL
j=1 j=1

Expanding the binomial power on the left and using the induction hypothesis on
the other terms we get

n

nm+2+(m+2)nm+1_,r_”_ — (m+2)zjm+1

(m+2)(m+1) n"+1
2 m+1




6.

where the - - - represent terms of degree m or lower in the variable n. Solving for the
remain sum, we get

& 1 m+2 .1

Z]'m-‘rl — m_-l_z(nm+2+(m+2)nm+1+..._Tn _)
j=1

B nm+2+nm+1

T mi2 2

so that the formula is also correct for k = m + 1. Hence it is true for all positive
integer k by induction.

2x—x2 1
F(x) = /0 cos( 3 )t

< 1 for all t, and hence

Note that 0 < 5 - t2

0 <cos(l) < cos(1 —i—t2) <1
The integrand is continuous for all £, so F(x) is defined and differentiable for all x.
Since limy_, +0(2x — x%) = —o0, therefore limy_; +o F(x) = —oco. Now
1

=0

F(x) = (2 —2x) cos(1 Yy x2)2)

only at x = 1. Therefore F must have a maximum value at x = 1, and no minimum
value.

(a) If m and n are integers, and m # n, then

/n cos(mx) cos(nx)dx = %/Z(cos(m —n)x + cos(m + n)x)dx

—7T

1 (sin(m —n)x N sin(m—l—n)x) &
2 m—n m+n .
= 0,

T 1

/ sin(mx) sin(nx)dx = E/ cos(m —n)x — cos(m + n)x)dx

—7T
B 1( ( )x _sin(m +n)x )”
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/n sin(mx) cos(nx)dx = %/n (sin(m + n)x + sin(m — n)x)dx

-
B _1 (cos(m—i—n) n cos(m—n)x)
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If m = n # 0 then

/7r sin(mx) cos(mx)dx = %/n (sin(2mx))dx

—T7T

1
= ~Im (cos(2mx)) o

‘ 7T

(b) If1 < m < k, we have

/jrf(x) cos(mx)dx =

70/ cos(mx)dx
Yo
"
L

cos nx) cos(mx)dx

/ sin(nx) cos(mx)dx.

_|_

By the previous part, all the integrals on the right side are zero except the one
in the first sum having n = m. Thus the whole right side reduces to

T s
am/ Cosz(mx)dx = am/ de

—7T —7T 2

= a7m(27(+0) = Tlay.

Thus |
Ay = —/ f(x) cos(mx)dx.
TJ—m

Similarly, we have

m = %/if(x) sin(mx)dx.

/jrf(x) cos(mx)dx = /jrf(x)dx

= a7,

For m = 0 we have

so the formula for a,, also holds for m = 0.



