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Math 300 Homework 7 Solution

. (Section 4.5 Q3(a)) Integral equals

97 sin (3%) .

. (Section 4.5 Q3(e)) Integral equals
2m'£e_z L = —2rei.
. (Section 4.5 Q3(f)) Integral equals
- d sinz e
Ti— =——
dzz—4|,_, 2

. (Section 4.5 Q5) Let g(¢{) = ¢* — ( + 2. Then
G(1) = 2mig(1) = 4mi.
G'(i) = 2mig' (i) = —47 — 2mi.
G" (i) = 2mig"(—i) = 4mi.

. (Section 4.5 Q6) For r < 2, the integral equals

e?/(z +1)? ]{ e /(z—1
— 5 dz+ —
j{z—ﬂr (2 —1)? : srier (2 41)?

_1~
—ori <—%) +2mi(0) = .

(&

. (Section 4.5 Q7) Integral equals
5 . d cosz 2mi
i— = ——.
S - 2=0 9

i)?

dz
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(Section 4.5 Q11) 8_1; is the real part of the analytic function f”(z)
T

(Theorem 16), so it is harmonic (Theorem 7, Section 2.5).

(Section 4.6 Q3) Fix z. The circle |( — z| = r — |z| lies inside the disk
I¢| < 7, so maX ]f( )] < M (Theorem 24). Applying Theorem 20

I¢—=
to the circle of radlus r — |z| centered at z yields
n!M
FPR)) < —m
IO 6

. (Section 4.6 Q4) Applying Theorem 20,

kM
[p9(0)] = [kag] <

Hence |ax| < M.

(Section 4.6 Q6) By Liouville’s theorem, f©® is a constant function.
One can anti-differentiate five times to obtain f equal to a polynomial
of degree at most five. (Theorem 6, Sec. 2.4 guarantees that each
antiderivative is unique up to a constant of integration.)

(Section 4.6 Q11) Suppose f(z9) = 0 for some zy inside C. Let g(z) =
f(z) = 1. Then |g(2)| = 1. By Theorem 23, g(z) = —1. This con-
tradicts |g(z)| < 1 for all z on C. Thus f can have no zeros inside

C.
(Section 5.1 Q2(b))

3—1—2’““ k‘

n (v) -
=lm |——| =-.
koo \ k+1 e

(Section 5.1 Q7(d)) By ratio test, it diverges because

(j+ )5
5i+1 F

= lim

k—00

(Section 5.1 Q2(d))

(k+1)! K
(k + 1)k+1 k!

k—o00

lim '

J
= = = +00.
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Jj—00




15. (Section 5.1 Q7(e)) By ratio test, it converges because

. (—D)"Hk+1)° (1440)"
koo | (L4d)kH1 (—1)Fk3

S (k+1)3 1 o
=Im-—={—1] =—% .

16. (Section 5.1 Q11(a))

(j+1)z7*

| =1l

lim ‘

Jj—00

The series converges when |z| < 1.
17. (Section 5.1 Q11(b))

(z — i)+l 2k
L (z — )k

lim
k—o00

The series converges when |z — 1| < 2.

R+3
18. (Section 5.1 Q12) Choose £ > 0 and suppose |z| < R. For n > ;,
5
3 _
Fo(z) — 2] = |[—— + 2 — ': 23 §M+§§R+3<e
n+l n n+l n n o n n

Thus F,(z) converges uniformly to F'(z) = z on |z| < R.

19. (Section 5.2 Ql(e))

for j > 1, so

for j > 1.
20. (Section 5.2 Q5(d)) For all z,

2= N e~ (i) =i
D D DD D <j!) -

k=0 =0 j=0

[e.9]



21. (Section 5.2 Q5(g)) For all |z] < 1,

B 0 (_Z'>2i22k: o (_Z-)2k+122k+1
RPN T Ty
00 (_1>k22k: ‘ o0 (_1>kz2k+1
RPN Py

23. (Section 5.2 Ql1(a))

1 1 1 1
e“cosz = (1+z+522+623+~~) (1_522+ﬂ24_"')

1
=1 EEIY: ST
+ z 32—|—

24. (Section 5.2 Q11(b))

1 1, 1
—e2<1_z) = (1+z+§z2+6z3+---)(1+z+22+z3+---)

5)
= 1 —92y— 2,24 ...
z 22+

25. (Section 5.2 Q12) Suppose there is another such polynomial g,. Then
F = p, — @y is a polynomial of degree at most n for which F'0)(z) =
pg)(zo) — qff)(zo) = 0 as long as 0 < 57 < n. Examining the Taylor

series for F reveals that F' =0 and p, = ¢,.



