Math 300 Homework 5 Solution

. (Section 3.2 Q5d) By definition,
1

cos(l —i) = 5(61(1_0 + e7i170)
= %(e(cos(l) +isin(1)) 4+ e (cos(—1) 4 isin(—1))
1 . 1 1
= 5(6 +e " )cos(l) + 5(6 — e )sin(1)

= cosh(1) cos(1) + isinh(1) sin(1).

. (Section 3.2 Q11) As €* is never zero, the function “%* is entire. Thus

the real part of this function is harmonic in the whole plane.

. (Section 3.2 Q18)
(a)
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. (Section 3.2 Q19) Let 21, 29 lie in an open disk of radius 7. Then,
el =e? —= T2 =1 = 2z — 29 = 2k

for some integer k. But |23 — 23| < 2r = k = 0. Hence, 23 = 25.

. (Section 3.2 Q21)

(a) If sin(zp) = sin(z), then 2cos(#2£22)sin(252) = 0. So either
29 = —z1 4 (2k + 1) or 25 = 2z + 2kw where k is an integer.
If zg = —2z1 + (2k + 1), then yo = —y;. This implies that z; and
29 cannot be both in the semi-infinite strip.
If 29 = 21 + 2km, both z; and zy are in the semi-infinite strip only
when k£ = 0. So 2z, = z; and the mapping is one-to one.
Note that w = sinz = sin(z + iy) = sinz coshy + i cos x sinh y.
The image of this strip is C\{(z,y)|z = 0,y < 0}\{(z,y)] — 1 <
r<1y=0}
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(b) The image is {(x,y)|y > 0}, i.e. the upper half plane.
(Section 3.3 Q1(d))

Log (V3 + i) = Log [V/3 +i| + iArg (V3 + i)
Log2 + i~

e 71—

S

(Section 3.3 Q5(b))

Log (2> —1) = %r

2—1=i

22 =141i=+2e"4
y = 21/4ei7r/8 or 21/469i7r/8

(Section 3.3 Q8) Log |z| is harmonic on C\{z < 0,y = 0} since it is the
real part of Logz. Similarly, Log |z| is harmonic on C\{z > 0,y = 0}
because it is the real part of Lo(z). Putting these together, Log |z| is
harmonic on C\{0}.

(Section 3.3 Q9) Domain of analyticity is C\{z >4,y = 1}.

By chain rule, f'(z) = 4+_1.1_Z.

(Section 3.3 Q11) Choose the principal branch.

d 22+ 2
—L 242 3 = =0
dz 0g (s + 22 +3) 2242243 __,

z=—1

ection 3. w = =Logz.
Section 3.3 Q15 71rL

(Section 3.5 Q4) No. 1% = evlogl = e29kmi where k = 0, £1, ...
For example, take k =1,a = % Then, 1% = ™ = —1.

(Section 3.5 Q7) (14 4)i* = (1 +i)e ™2

(Section 3.5 Q15)

(b) zexp BLog(l + %)}



(d) zexp ELog(l - %)}

15. (Section 3.5 Q19) w = 2¢* + €% if and only if €?* + 2¢* — w = 0.
ef=—-1xv1l+w
z=log(—1£v1+w)
When w = 3, z = i27k or z = Log (3) + im(2k + 1).



