Solutions to Math 105 Practice Midterm1, Spring 2011

1. Short answer questions

(1) Assume G(t) is an antiderivative of v/t* 4 1, that is, G'(t) = Vt* + 1.
Then

flo) =4[5V Td = LG0E] = £GE?) - Ga)]
=G (2% (22) — G'(z) =/ (z2)*+1- (22) — Vot +1
:\/m-@az)— x4+ 1.

Thus f'(1) =v1+1-2—-V1+1=+2.
(2). According to the problem, we have

1 b
p—p ), (B0 =60+ Dde = e =30+ 20l = 0 — 39+ 2)

:b2—3b+2:(b—2)(b—1):0.
Thusb=1or b=2.

(3). First, Az = b_T“ = 4—g1 =1land xg =1, 21 =2, 29 = 3, z3 = 4. Then
by Trapezoid Rule approximation formula we have

Ty = [ (a0) + f() + S (@) + 5 (5)] - Az

2

1 s s 1 T
—[= 9. z . iy, N

[2 cos(m) + Cos(2)—|—3 cos(3)+ 5 005(4)]

1 1 2
:(5-(—1)+2-0+3-§+2-§)=1+x/§.

2. fol e(2r+e) dp = fol e?® . e dr. Let t = e* and dt = e*dz.When = = 0,

t = 1; when x = 1, t = e. Then by substitution, we have

1 e
/ 2. e dr = / teldt.
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Now we need to use integration by parts. Let u = ¢, du = dt and dv =
etdt, v = et. Thus

e e
/ te'dt = te'|$ —/ eldt =te'|S —e'|S = (e-e“ —e) — (e —e) = (e — 1)e".
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3. The average value is ﬂ/2170 fOW/Q | sin @ — cos @]df. Notice that sinf < cos6




on [0, 7] and sin@ > cos® on (7, 7]. Thus

! i in 0 6|do
7r/2—0/0 | sin @ — cos 0|

9 w/4 w/2
= —[/ (cos @ — sin0)dh + / (sin @ — cos 0)db)
0

™ w/4
2

= Z{(sinf + cos )|7* + (= cos 6 — 81n<9)\7r/2]
T

2
:;[(Sin%—i-cos%—sinO—cosO)—l—((—cosg—sinW T

4(v2-1)
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4. (1). [z(Inz)®dz. We are going to use integration by parts twice.

Let u= (Inz)? du=2Inz- %dm and dv =z - dz, v = %xQ. Thus

1 1 1 1
/:r(hﬂa:)2 dx = §x2(lnm)2 - / —z?-2-Inz-~ = 5352(11&:@2 — /xlnxdx.

T

(]

Let u=1Inx, du = idx and dv=x-dzx, v = %xQ. Thus

1 1 1 1 1 1 1
= §x2(lnx)2 - [§x2 Inx — / éxz T dx] = Emz(lnx)Q - §x2 Inx + ZxQ +C.
2). [ xéﬁf dz = [ ;Tll de = [ mdz Assume
4 _é+ B Alx+1)+Br (A+B)r+A
r(z+1) = 2z+1  2@+1) w@+l)

Compare the coefficients of term x and the constant term, we have A+ B =
0, A=4, thatis A=4, B= —4. Then

4 1 1 |z]
———dr =4 | —dr —4 | ——dr =41 C.
/:c(x—i—l) ‘ /a: v /(m—i—l) v n\x—i—l\—i_

5. Find a function f(z) whose graph goes through the point (0, 3) and whose
slope at any point (x, f(x)) is

, x 2z 3x (n—1)z x
lim [(1+ (1 +2= 1+2= 1+2—) + .+ (142—=)%)]- =
T (14 (U220 4 (14204 (142700 4+ (14 20 0y 2

Step 1 We estimate the Riemann Sum given in the problem by definite
integral. Assume the Riemann Sum is on the interval [a, b], where a = 0, b =
x, thus Ax:b_T“: Then zp, =a+k- Ax—  and 7, = KUz l)m So the
Riemann Sum can be rewritten as

Z(1+2 (k— % Zgﬂﬁkl

k=1

—)—(—cos— —sin —



where g(x) = (1 4 2x)3. So the Riemann Sum equal to the definite integral
Jo 9t)dt = [7(1+ 2t)3da.

Step 2 The slope at point (z, f(x)) is f'(z). Hence by step 1 we have
(@)= [ (142t)%dt. Letu=2t+1, du=2dt and t =0, u=1; t =, u =
14 2x. Then

, x 5 (142z) 5 1 1 A1 1 A
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Step 3 Then
flz) = /f’(x) do = / %[(1 4 2u)t — 1)de = 8%(1 o) — %(1 +2)+C.

The last equality is from substitution. Since f(0) = 3, plugging in z =
0, f(z) =3, we have C' = $. Thus

1 1 61
= (1+22)° - —(1+2 —.
fla) = g (1 +22)° — 22 (1+22) + o



