21. /In(l:x)dx Letu =Inx

du:d—x
X
=/Inudu
U=Inu dV =du
du V = u

du = —
u

=u|nu—/du:u|nu—u+C
= (Inx)(In(Inx)) — Inx + C.



26. /(sin_lx)zdx Letx =sno
dx = coso do

=/02cosed9
U=62  dV =cosfdd
du =20do V =snb
=023in0—2/93in0d9
U=06 dV=sinodo
du =do V = —cosh
= 028ing — 2(—0 cos@+/cose do)
— 6256 + 20 cosh — 2sinf + C
= x(sin"tx)% +2v/1 — x2(sin"1x) — 2x + C.



28. By the procedure used in Example 4 of Section 7.1,

Now

/ e* cosx dx = %ex(sinx + cosx) + C;

/exsinxdx = %ex(sinx — cosx) + C.

/ xe* cosx dx

U=x dV =e*cosxdx
dU =dx V = 3eX(sinx + cosx)
= $x€*(sin+ cosx) — %/ex(sinx+cosx)dx

= $x€*(sin+ cosx)
— 2€*(sinx — cosX + sinX + cosx) + C
= $x€*(sinx + cosx) — 3€*sinx + C.



16. First divideto obtain

x34+1 37x + 85
S =X T+
X+ 7x + 12 X+4dHX+3
37X + 85 A B

X+dHX+3) - x+4+x+3
_ (A+B)x+3A+4B

X2+ 7x+ 12

A+ B =37 B o
{3A+4B=85:>A_63’ B =—26.

Now we have

/ X +1 dx—/x 7+ 63 26 dx
12+ 7x+x2 7 X+4 x+3

2
X
= 5—7x+63ln|x+4| — 26In|x + 3| + C.



26. Wehave

dt
/ (t— (2 - 1)2

3 dt
B / (t — 1)3(t + 1)2

B / du
) udu+2)72
1 A B C D E

But22 o @ e turzT wr22
_AU* + 4u® + 4u?) + B(u® + 4u? + 4u)
N ud(u + 2)2
C(u?+4u+4) + D@u*+2ud) + Eud
ud(u 4+ 2)2
A+D=0
4A+B+2D+E=0
= 14A+4B+C =0

Letu=t—-1
du = dt

4B+4C =0
41C =1
3 1 1 3 1
A:— B:—— = — D:—— E:——.
= 16’ 4’C 4’ 16’ 8

/ du
ud(u + 2)2
S 1pde it
~16) u 4) w2 4] 8
3 du 1 du

- 16) u+2 8J) wW+22
1 1

At—1) 8t-—-12

3
—Int+1
16 It |+8(t+1)

3
=—Int-1
6 | | +

+K



dx dx
7 [ o iera= | @oar teu=e

du = eX dx
_/ du
) uu =272

1 _A, B C
Uu—22 u u—2 (U—=272

_ AU?—4u+4) + B(u? —2u) + +Cu

uu — 2)2

= —4A—ZB+C=O:>A:Z,B:—Z,C:§.
4A =1

/ du _1 du 1/ du +1/ du
uu—22 4J) u 4J u-2 2J) uU-2)?2
—1In|u| 1In|u 2| 1 1 + K
4 4 2(Uu—2)
x 1 1
=——Zlnef -2 - —— + K.
4 4 | | 2(e><—2)Jr



dx
40 / m Let X = SGC@
dx = sed tand dé
B / sedtanf do / cos 9 do

se@ftamo Ssink 6
1—sinfo .
— / T cosfdd Letu=sind
du = cosh dé

1—u? 1
:/ 5 du=———-u+C
u u

1
siné

X x2 —1
= — + + C.
x2—1 X

x2—1

Fig. 3-40
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We have

Thus

dx

X(1+ x?2)3/2

sec 6 do B
tang sed6
co< 0 sing do

SirnZ e

u?du

1—u2:u

Let x = tanf
dx = se 6 do
t/co§9d0
sin@
Letu = cos#
du = —sinf do
+¥/ du
uz — 1
1 1/ 1 1
uu—1 2\u—-1 wu+1/)°
1 -1
| =u+=1In C
3 +1‘+
1 J|cost -1
= c0sH + = 1In C
+2 m%+1'
! 1
1 </ 2
— 4 Zin|XLltX +C
1+ x2 1 t1
NAEC
B 1 Hn VJ14x2 -1 c
1+x2 2 VJ1+x24+1
A/ 14x2

Fig. 3-41



do

/2
0 1+ cos6 + sind

2
(1+x2> dx

:/01+(

_2/1 dx _/1 dx
- 02+2X_01+X

=In|1l+ X]|

1—x2 N
1+ x2

1

=1In2.
0

2X
1+ x2

)




4. Asan dternative to the direct method of Example 3, we begin with the change of variable
u = Inx, or, equivalently, x = €, so that dx = " du.

I :/xz(lnx)“dx:/u“e?’“du
= (a4u4+a3u3+a2u2+a1u+ao) e +C.

We will have di
— = (4a4u3 + 3agu? + 2aou + a1> gl
du
+3 (a4u4 + agu® + apU® + a3u + ao) e3u
— u4 e3u
provided 3a4 = 1, 3az +4a4 = 0,3a + 3a3 = 0, 3a; + 2ap = 0,and 3agp + a; = 0. Thus
as=1/3,a3 = —4/9,a» = 4/9, a1 = —8/27, and ag = 8/81. We now have

1, 4, 4, 8 8
T A R Y L TR W TR
(3“ o T TVt T

/xz(lnx)4dx
4 3 2
:X3<(In><) _Alnx)®  4dnx°  8lnx 8)+C

3 9 9 27 +81



29. Since (x — 1)(x%2 = D(x3 - 1) = (x — 13X + )(x?> 4+ x + 1), and the numerator has
degree less than the denominator, we have

XX+ x3+1 A B 3 D Ex+F
2 3 - T 2 T 3T T2 '
X=-1DHxxXc—-DHx°*-1) x—-1 (-1 x=12 XxX+1 xc4+x+4+1




19. Suppose that = /e"‘2 dx = P(X) e *’ + C, whereP is a polynomial having, say,
degreem > 0.

(@)

(b)

(€)

Then we must have

dl , 2 2
d—xz(P(x)—ZxP(x))e X=X,

It follows that P’(x) — 2xP(x) = 1. The left side of this equation must be a
polynomial of degreen + 1 > 1 because 2P (x) has degreen + 1 and P’(x)
only has degreen— 1. But the right side of the equation is a polynomial of degree
0 (i.e., a constant). This contradiction shows that no swafnmial P(x) can
exist.

. d 2
Slnce& Erf(x) = — e by the Fundamental Theorem of Calculus, we have

J

/e‘x2 dx = gErf(x) +C.

Let us try the form
J= / Erf(x) dx = P(X)Erf(X) + Q(x) e +C,
whereP andQ are polynomials to be determined. Then
dJ = P/(x) Erf(x)
dx
2
+ (—ﬂ P(X) + Q'(x) - 2XQ(X)> e

NG
= Erf(x).

Hence we must have’(x) = 1 and% P(X) + Q' (X) — 2xQ(x) = 0. The first
T

of these DEs says th&(x) = x + k; without loss of generality we can take the
constank to be zero. The second DE says that

/ _ =
Q) —2xQ) = ——=.

The right side has degree 1 and so must the left side. Thusust have degree
zero. Hence&)'(x) = 0 andQ(x) = 1/+/m. Therefore

J = / Erf(x) dx = XErf(x) + % e x° + C.



/2
32. In=/ x"sinx dx
0

U=x" dV = sinxdx
dU = nx"1dx V = —cosx
/2 /2
— —x"cosx| + n/ x"~1 cosx dx
0 0

U=x"1 dV = cosx dx
dU = (n— )x"2dx V =sinx

7T/2 7-[/2
=n[x“‘1sinx —(n—l)/ x“‘zsinxdx]
0 0
T\nh-1
=n<§) —nn—1)ln_o, (n>2).
7/2 /2
Io:/ sinxdx = — cosx =1
0 0

0=(3)" o0 |4(3)"- 40 2(3) - 200

3
= 1—67t5 — 1573 + 3607 — 720.



33. In=/sin”xdx (n>2)

U=sn"1x dV = sinx dx
dU = (n—1)sin""2xcosxdx V = — cosx

= —sin"1xcosx + (n — 1)/sin“‘2xcoszxdx

= —sin"1xcosx + (N — 1)(In_2 — In)
Ny = —sin"txcosx + (N — 1)lh_2
1. n—1
In - _ﬁ Snn_lXCOSX‘i‘ In_2.
Note: [ =x+C, |1 = —cosx + C. Hence
lg = 1sin~r’xcosx+5|
6="5% 54

= 1sin5xcosx+5 1sin‘°’xcosx+3l
~ 6 6\ 4 42

= 1sin5xcosx 5sin3xcosx
6 24
+5 1sinxcostrll
g\ 2 20

1. 5 4 5
= —=8SN"XCOSX — — SN~ XCOSX — — SN X COSX
6 24 16

5
—X+C
+16 +
_ 5x cosx sin5x+53in3x+55inx P
- 16 6 24 16 '
|7 = 1sin6xcosx+6|
7=-3 >ls

= 1sin6xcosx—|-6 1sin“xcosx+4|
-7 7\"5 5

1. 6 .,
— ——sin®xcosx — — sin® x cosx
7 35
+24 1sinzxcosx+2I
3B\ 3 31!
= 1sin6xcosx 6sin”'xcosx 8sinzxcosx
7 35 35
16
— —cosx +C
35 +

—  cosx sin6x+63in4x+83in2x+16 i
o 7 35 35 35 '




