Theorem. If X is a metrizable, locally compact space that is o-compact, show
that Co(X) is separable.

Proof. The theorem will be proved using the following sequence of lemmas.

Lemma 1. Given any locally compact metric space Y, and y € Y, there exists
0y > 0 such that B(y;d,) has compact closure.

Proof. By the definition of local compactness, every y € Y has a compact neigh-
borhood, which (by definition of a neighborhood) contains an open ball centered
at y. (Il

Lemma 2. There exists a countable collection L = {L,, : m € N} of compact sets
in X with the following property. For any compact set K C X, there exists L, € L
such that K C L,,.

Proof. Since X is o-compact (i.e. a countable union of compact sets), every open
cover of X must have a countable subcover. Since the family of balls {B(x;d,) :
x € X}, where §, is as in Lemma 1, is an open cover for X, there exists a countable
subcollection {z; : ¢ > 1} C X such that

(o)
X C U B(Ii;émt).

i=1
Let £ denote the collection of sets consisting of all possible finite unions of the
closed balls B(z;;d,,). By Lemma 1, each element of £ is a compact subset of X
(recall that a finite union of compact sets is compact). Moreover, £ is countable,
since the collection of finite subsets of a countable set is countable. Finally, every
compact K C X is contained in a finite union of the {B(x;;d,,) : ¢ > 1}, and hence

is contained in some member of L. |

CONSTRUCTION OF A COUNTABLE DENSE SUBSET OF Cj(X)

Lemma 3. For anyn € N, there exists a countable covering U™ of X by relatively
compact open balls with diameter bounded above by %

Proof. Since {B(z;min{d,, }) : # € X} forms an open cover of X, by o-compactness
we can extract a countable subcover with the desired properties. O

For every n,m € N, let Y™™ = {B§n’m), Bgn’m), e ,B‘(,:’:)} C U™ be a finite
subcover of L,,, where L,, is as in Lemma 2. While there may be many choices for
U™ we fix one for every choice of (n,m), and only work with these in the sequel.
Applying the partition of unity lemma, there exists a finite collection of functions

(n,m)
{Xj

(i) the function Xjn’m) : X — [0,1] is continuous,
(i) supp(Xgn’m)) C Eg-n’m), and
(iii) 3=, xj"’m) (z)=1forall x € L,,.

We now define

Jn,m
Xpm = {Z anyL,m) ta; €Q Vj} and X = U Xnm-
j=1

n,m

11 < j < Jpm} with the following properties: for every 1 < j < J, .,

1



By construction, X,, ,, is countable for every n, m € N, therefore so is X. Further ev-

ery function in X, ,,, is continuous and has support in the compact set U I m B B™ m)

which implies that X C Cy(X).
It therefore remains to prove the following.
Lemma 4. X is dense in Cy(X).

Proof. Fix f € Cyp(X) and € > 0. Since f is uniformly continuous (why?), there
exists § > 0 such that

(1) If(z) — fy)] < i whenever d(z,y) < 6.
Let Fe = {z € X : |f(z)| > €}, so that F, is open in X with compact closure. Then
F< C Fe, which implies that F'¢ and F' ; are disjoint closed sets. Since the map

x — d(z, F;) is continuous on X and strictly positive on Fs, and F; is compact,
therefore

(2) d = dist(F¢, F2) > 0. Similarly d' = dist(Fs, F¢) > 0

Choose n large enough to that 1/n < min(d,d, d’), where § and (d,d’) have been
defined in (1) and (2) respectively. By Lemma 2, we can pick an integer m such
that F e C L,,. Set

Jn,m i
C-)|<S a-GQ if c; € Fe
3 = E a;x™™ | where | a; = Fley e ’ *
(3) 9= p 31X =0 otherwise.

Here c; denotes the center of the ball Bj(n’m). Then
(4) supp(g) C Fle.

This is because for = € Bj(-n’m) \ Fe, our choice of n implies ¢; ¢ F <, so that a; = 0
by (3). Therefore g = 0 on Fe.

We claim that sup,¢ x |f(2) — g(z)| < €. To see this, suppose first that = ¢ F-.
Then by the support property (4) of g, [f(z) — g(z)| = |f(2)] < § <e Ifx € Fe,
by (iii) on page 1,

|f() |—|Z z) — a;)x""™ ()|
gzu z) = ajx{"" (x)
< 3 (@) = Flepl+ 1F(e) = asDx™™ ()

jZC]‘GFi
+ > @ @)
JCJQFZ
€ € €
< (Z + Z) + 5 =€

In the last two steps of the above calculation we have used the description of a;-s
from (3), Lemma 3 and (1). The last step also uses the fact that if ¢; ¢ F< and

1/n < d, then (by (2)) for any z € B("m ,x ¢ Fe, so that |f(z)| < §. O



