Review Sheet 2 Solutions

2 2 2 2
% = 1. The equation of the ellipsoid 1s % + % + z_z = 1, since the horizontal trace i the
[

plane =z = 0 must be the original ellipse. The traces of the ellipsoid in the yz-plane must be circles since the surface is obtained
2 2 2

by rotation about the z-axis. Therefore, ¢* = 16 and the equation of the ellipsoid 1is % + !;_6 + T 1 &

2
W4+ =16 < %Jr

4z® +y* +2° = 16

44. (1,0,0) corresponds to t = 0. r(t) = (cost,sint, In cost), and m Exercise 4 we found that r'(t) = (—sint, cost, —tant)

and |r'(t)| = |sect| Here we canassume —Z < ¢ < I andthensect >0 = |r'(t)| = sect.

r'(t)  (—sint cost,—tant)
[ ()] sect

T(t) = = (—sintcost,cos’ t,—sint) and T (0) = (0,1,0).
T'(t) = (—[(sint)(—sint) + (cost)(cost)], 2(cost)(—sint), —cost) = (sin® ¢t — cos” t, —2sintcost, — cost), 50

T(O)  (-L0-1) 1 o 4
O]~ Vst~ va ' ho U= (a0 )

N(0) =

Finally, B (0) = T (0) x N (0) = (0, 1,0) x (—%,0,—%) - (—;1,5101 %)

46. t=1at(1,1,1). r'(t)=(1,2¢,3¢%). r'(1) = (1,2,3} is normal to the normal plane, so an equation for this plane
s5l(z—1)+2(y—1)+3(z—1)=0,0rz+ 2y + 3z =6.

r'(t) _ 1

lr(t)] 1+ 482 02

1
(1 + 482 + 083)3/2

T(t) =

(1,2t,3¢%)_ Using the product rule on each term of T(¢) gives

T'(t) (—2(8t +36t%),2(1 + 4t + 9¢*) — (8¢ + 36¢)2t,

2 4 3 2
6t(1 + 4¢° + 9t*) — 2 (8t + 36t7)3t”)

—2
(—4t —18£%,2 — 18¢* 6t + 12¢%) = G (11,8, —9) whent = 1.

1
T (14482 4 9t)3/2

N(1) || T/(1) || {11,8, —9) and T(1) || "(1) = {1,2,3) = anormal vector to the osculating plane is
(11,8, —9) x (1,2,3) = (42, —42_14) or equivalently (3, —3,1).

An equation for the plane 1s 3(z — 1) —3(y — 1)+ (z—1) =00r3z —3y+ 2= L.

18. Let f(z.y) = /vy + cos® z. Then f;(z.y) = 3 (v + cos” x) 1 /?(2cos x)(—sinz) = — cosxsinz//y + cos? x and
fulz.y) = 3(y+cos® 2)~/3(1) =1/ (2 y + cos? :c) Both f, and £, are continuous functions for y > — cos” z, so f
15 differentiable at (0, 0) by Theorem 8. We have f..(0.0) = 0 and £, (0. 0) = 1, so the linear approximation of f at (0,0) 1s
Flz,v) = £(0,0) + £z(0,0)(z — 0) + 7, (0,0)(y —0) = 1+ 0z + 2y =1 + 2y.

32 zyz=vcos(z+y+z). Let Fx,y,z) = xyz —cos(z +y+2) =0, 50

&__&__yz—l—sin(x—l—y—kz] and ﬁ__ﬂ__xz—l—sin(x—l—y—kz]
dr  F.  zy+sin(fz+y+z) dy  F.  zy+sin(fz+y+z)
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49. Let the dimensions be x, y, and z; then 4x + 4y + 4z = ¢ and the volume 15
V = zyz =Iy[:%c—:r—y_} =%c.ry—.r2y—.ry2,x}ﬂ,y}[]_T]lenl;g=icy—2.ry—y2and1;.=_—;c.r—xz—Q.ry,
so Vz =U=l§,when2x+y=_—icandx+2y —c Solving, we get = = 12-:‘ y=lcaﬂd =ic—x—y=1—12c.]:r0ﬂ1

the geometrical nature of the problem, this critical point must give an absolute maximum  Thus the box is a cube with edge
length Lc

40. The region of integration is the solid hemisphere z* + 3* + 2% <4 = > 0.

\f‘l y? \{{4—:2—;;
f f f 2\{x3+y2+zzdzdxdy
_z2Jo

-‘l—m —y

2 . . . 2 . . 2
j-i,’z Iu Jru (p51nosm5]2(wp2)pzsmodpdodﬂz _Trq{ﬁsmzﬁdﬁ fﬂismsodo Jru p° dp

= (36— 3sin20] 7 [-5(2+sin’ 0) cos )T [0 = (5) 3 +3)($) =%

B

46. ¥ z z
=y
4 4
D, H= 2l
2
D
=y 2
0 g x 0 2 ¥ 0 g X

SR ¥ f(z.y.2)dzdedy = [[[, f(z,y.z)dV where E = {(z,.2) [0Sy 2,0 <z <3°,0< 2 <97}
If Dy, D5, and Dj are the projections of E on the xy-, y2-, and =z-planes, then
={(z,y) |0<y<2,0<a<*} ={(z,y) |0< 2 <8, Jx <y <2},
De={(y.2) |0<2<4,z<y<2}={(1.2) |0y <2,0<2<y*}, Ds={(2.2) |0< < 8,0< 2 <4}
Therefore we have
2 py” o’ _rep2 ot _papz . .
fufu fu flz,y, z) d= dxdy—fu I%fu S, y,z}dzdydx—fu fﬁfu fle,y, z)de dy dz
] I
= fuz.fuy fﬂi" fle,y, z)dedzdy
z2/7
_Jrﬂ

-y
= f;.fu ’ :fj.z flz,y,2)dydrdz + f;f_:?” f_%,; flz,y, z)dydxdz

Joz flev.2)dydzde+ [ [5)s [0z flz.y.2) dydzdo

19. If we assume there is such a vector field G, then div(ecurl G) = 2 + 3z — 2xz. But div(curl F) = 0 for all vector fields F.

Thus such a G cannot exist.
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28 z=f(z.y)=4+z+ywith0 < z2* +3* <4sor, xr, = —i—j+k Then

[[(e?z+y*z)ds=[[ (2 +2) 4+ = +y)V3dA

=4yl <4
zfuz uhvﬁrs[4+rc059+rsin9}dﬂdr=f028;-l—\/§,-3dr232??\.@

32, ffgcu.rlF-dS =§GF-drwhereC': r(t) =2costi+2sintj+k 0 <t < 27 sor'(t) = —2sinti+ 2cost],

F(r(t)) = 8cos®t sinti+ 2sintj + e*=***=* k and F(r(t)) - v'(t) = —16 cos® tsin® t + 4 sint cos . Thus

i

§ F-dr= fuh(—lﬁcnszt sin®t +4sint cost)dt = [—16(— sint cos™ ¢ + = sin2t + 5t) +2sin’ i']zgT =—4

U [[LF-dS= [[[ 3+ +22)aV = [07[) [2(3r® +32") rdzdrd = 2r [ (6r° +8r)dr = 11x
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