Homework 9 Solutions

12. F(z,y) ={yzc059:._.r2+2ysh1x> and the region D enclosed by C'is given by {(=, ) |0 <2 <2 0 < y < 3z}

19.

16.

32,

C 1is traversed clockwise, so —C gives the positive orientation.
JoF-dr=—[__(y’cosz)dz+ (2* +2ysinz)dy = — [[, [% (® +2ysinzx) — a%- (v* cos:r:}} dA
=—[[,(2z + 2ycosz — 2ycosz)dA = —f; L‘?: 2z dy dx

o e O P

y=0

Let € be the arch of the cycloid from (0, 0) to (27, 0), which corresponds to 0 < ¢ < 2w, and let Cy be the segment from
(2m,0) to (0,0),s0 Cr 1sgivenby x =27 — ¢,y = 0,0 < ¢ < 27. Then € = € U C5 15 traversed clockwise, so —C' 15
oriented positively. Thus —C encloses the area under one arch of the cycloid and from (5) we have

A=—§ _yde= Jr9'1 ydxr + fﬂ'z ydr = f;w(l —cost)(l —cost)dt -|—fuh 0 (—dt)

= uzw(1—2c05f+coszt]dt—|—[]= [t—?sint+%t—i—%sin%ﬁ]zTr =37

. By Green’s Theorem, ﬁfcx:’ dy = ﬁffﬂ2xd;—i = %ffﬂxd.—l = T and

s fovidr=—35 [[p(-W)dA=% [[,ydA=T.

i j Kk

curlF=V xF=|8/8xz 8/dy 8/8z|=(0—0)i—(e®—e*)j+ (0—0)k = 0 and F is defined on all of R* with
e” 1 xre®

component functions that have continuous partial deniatives, so F 1s conservative. Thus there exusts a function f such that

Vf =TF.Then fz(x,y, z) = e” mmplies f(z,y.2) = ze* +g(y.2) = fy(z.v.2) =gy(v.z). But fy(x,y.2z) = 1,50

gly,z) =y +h(z)and f(x,y,z) = xe® + y + h(z). Thus f.(x,y, z) = ze® + K (z) but f.(x, y, z) = ze®, 50 h(z) = K,

a constant. Hence a potential function for Fis f(z,y.z) = xe* + y + K.

. No. Assume there is such a G. Then div(curl G) = yz — 2yz + 2yz = yz #* 0 which contradicts Theorem 11.

r=zityjt+tzk = r=|r|=+/22+y?+2% 50

_r _ & - y . 2
F=5= (x? + 32 + 22)»/2 1+ (@2 + 2 1 22)P/2 J+ @ 12 1 2P0 k
a x B (Iﬂ_'_y?_'_zﬂ} —pxz B ?'z—pxz Sirnilart
%(xiﬁ_yz_kzz}pfz - (x2+y2+22:}1+p;2 = Ttz - A
= Y =Tz_py2 and 2 = ="":l!_ng Thus
ol P DER L R
dij=v‘F=r2_pI2 Tz—Pyz TQ—PZE_:}TQ—pxz—pyg—pzz

re+2 re+2 ret+2 re+2

_ 3r® —p(2® +y* + 2%) _ 3 —pr? _3—p
= P+ 2 T eE+2 T pp

Consequently, if p = 3 we have divF = 0.
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Homework 9 Solutions

33. By (13), §,, f(Vg) -nds = [[, div(fVg)dA = [[,[fdiv(Vg) + Vg - Vf] dA by Exercise 25. But div(Vg) =

Hence [[, fVgdA = §_ f(Vg)-nds— [[,Vg-VfdA.

4. r(w,v) =2sinui+ 3cosuj+ vk, so the corresponding parametric equations for the surface are x = 2sinu, y = 3cosu,
z = v. For any point (x, y, z) on the surface, we have (z/2)* + (y/3)® = sin® u + cos® u = 1, so cross-sections parallel to
the yz-plane are all ellipses. Since z = v with 0 < v < 2, the surface is the portion of the elliptical cylinder z* /4 + /9 = 1
for0 < z < 2.

6. r(s,t) = ssin2ti+ s° j + s cos 2t k, so the corresponding parametric equations for the surface are = = ssin2t, y = s°,
z = s cos 2t. For any point (. y, z) on the surface, we have z* + z* = s sin® 2t + s cos® 2t = s = y_Since no
restrictions are placed on the parameters, the surface is y = =* + =”, which we recognize as a circular paraboloid whose axis
is the y-axis.

42 2= f(z.y)=1+3z+2y° with0 < = < 2y, 0 < y < 1. Thus, by Formula 9,

A(S) = [[o VI+F + (@) dA= [} [ /10 + 1602 dzdy = [ 2y /10 + 162 dy

1
—L.2(10+ 16y2}3“]ﬂ = 1(26° - 10°?)

44. A parametric representation of the surface is z = y* + 2>, y =y, z =z with0 < * + 2% < 0.
Hencer, xr. = (2yi+j) x (2zi+k)=1—2yj— 2=k

Nme:lugeneral,if;::f(y,z)thenrysz_i—a—f —a—fk,and A(8) = ff \/1+ afy’ (a_f) dA Then

AS)= [ T+ a2 +42adA= [T [2VI+arrdrds

D=y 4=z2<g

= [ do f§ VT E dr =27 [ (1447 )3f2] = Z(37VIT— 1)
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