Homework 8 Solutions

4 Flz.y)=(z—y)itazj v
The length of the vector (r —y)i+xjis — t /
1
/(x — y)? + 2?. Vectors along the line y = x are / yd

- Yo

26 fz,y) =+/x2+y2 =
Viz.y)= 3" +3°) 7 20)i+ 3 (" +07) 7 (20))
x ) v ) 1
= + or
/2ty JEte Jets
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34. Attt =1 the particle 1s at (1, 3) so 1ts veloeity 1s F(1, 3) = (1, —1}. After 0.05 umits of time, the particle’s change in
location should be approximately 0.05 F(1,3) = 0.05 (1, —1) = {0.05, —0.05), so the particle should be approximately at
the point (1.05, 2.95).
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Homework 8 Solutions

-2.3) C=C1+0C2
OnCi: x =cost = dr= —sintdt, y=sint = dy=costdt, 0<¢ <.
C
’ c OnCyy r=—1—t =2 de=—dt, y=3t = dy=3dt, 0<¢t<1
\1
—10) 0 (L0 x
Then

fc sinzdr 4+ cosydy = JrCl sinx dr + cosy dy + IC; sin = dr 4 cos y dy
= [ sin(cost)(—sintdt) + cos(sint) cost dt + Jrul sin(—1 — ¢)(—dt) + cos(3¢)(3 dt)
= [—cos(cost) + sin(sin t}]: + [—cos(—1—¢) + sin(3t:}];
= — cos(cos 7) + sin(sin 7) + cos(cos 0) — sin(sin 0) — cos(—2) + sin(3) + cos(—1) — sin(0)
= —cos(—1) +sin 0+ cos(1) — sin 0 — cos(—2) + sin 3 + cos(—1)
=—cosl+cosl —cos2+sind3+cosl =cosl —cos2+sind

where we have used the identity cos(—8) = cos 8.

OnCi: z=t = do=dt y=32t =

dy—2dt. 2= —t = de——dt 0<t<1

OnCh =1+2t = dr=2dt y=2 =

dy=0dt, r=—1+t = de=dt. 0<t<1L

fc :r:zdx—l—yzdy—kzzdz:fcl xzdx+y2dy+22dz—|—fcz zlde +yldy + 22 dz
= [t dt + (2t)? - 2dt + (—)2(—dt) + [ (1 +26)% - 24t +27 -0t + (—1 +¢)%at
= [i8ttdt+ [) (9 + 6t +3)dt = [3£°]) + [3° + 387 +3¢], = &
M0 =z y=2>, —1<z<2,

W= f_zl (zsinz®,z%) - (1,2z) dx = Jr_zl(;r sinz® +22%) dz = [—5 cos 2” + %9:4]': = 1(15+ cos 1 — cos4).

Page 2
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46. Consider the base of the fence in the zy-plane, centered at the origin, with the z

height piven by z = h (x, y). The fence can be graphed using the parametric
equations = 10cosu, y = 10sinu,

z=v[440.01((10 cosu)® — (10sin u]z:}] = v(4+ cos® u — sin® u)
=v(d+ecos2u), 0<u<2r, 0<v <1

The area of the fence is [_ h(x, y) ds where C| the base of the fence, is given by @ = 10cos¢, y =10sint, 0 <t < 27
Then

Joh(z,y)ds= [J™ [4+0.01((10cost)* — (10sint)?)] \/(—10sint)? + (10cos?)? dt
= [27 (4+ cos 2t) /T00 dt = 10[4t + 1 sin 2¢]" = 10(87) = 807 m’

If we paint both sides of the fence, the total surface area to cover is 160w m”, and since 1 L of paint covers 100 m?®, we require

160 . '
“oo- = 1.67 = 5.03 L of paimnt.

48. Use the orientation pictured in the figure. Then since B 1s tangent to any circle that lies in the plane perpendicular to the wire,
B = |B| T where T is the unit tangent to the circle C: z = rcos 8, y = rsinf. Thus B = |B| (—sin#, cos8). Then
JoB-dr= fu" |B|(—sin@,cosf) - (—rsinf, rcos ) df = qu" |B|r df = 27r |B|. (Note that | B| here 1s the magnitude

of the field at a distance r from the wire’s center ) But by Ampere’s Law [_ B - dr = p,I. Hence |B| = u,I/(27r).

16. (a) fz(z.y, 2) = 22z + y* implies f(z. y, z) = 2>z + 2y + g(v, z) and so f, (=, v, z) = 22y + gy(y, z). But
fulz,y,2) = 2zys0g,(y,2) =0 = g(y,z) = h(z) Thus f(z,y,2) = =°z + =zy® + k(=) and
falz,y,2) == + h'(2). But fo(z,y,2) =2 + 327,50 k'(z) =3 = h(z) =2°+ K. Hence
flz,y.z) = 22 + 2y + 2° (taking K = 0).

(b) ¢ = 0 corresponds to the point (0,1, —1) and ¢ = 1 corresponds to (1,2, 1), so
J.F-dr=f(1.2.1)— f(0,1.—-1)=6—(—1) =T.

26. Vf(z,y) = cos(x — 2y)i— 2cos(x — 2y) j
(a) We use Theorem 2: [ F-dr = [ Vf-dr= f(r(b)) — f(r(a)) where C; startsatt = a and ends at t = b. So
because f(0,0) = sin0 = 0 and f(7, 7) = sin{7m — 27 ) = 0, one possible curve C; 1s the straight line from (0, 0) fo
(w,); thatis, r(t) = mti+mt), 0 << 1
() From (), [, F - dr = f(r(b)) — f(r(a)). So because 7(0,0) = sin0 = 0 and F(Z.0) = 1, one possible curve C> is
r(t) = Zti, 0 < ¢ < 1, the straight line from (0, 0) to (3, 0).

28. Here F(x,y, z) = yi+ = j + xry=z k. Then using the notation of Exercise 27, 8P/8z = 0 while 8 R/dx = yz. Since these
aren’t equal, F 1s not conservative. Thus by Theorem 4, the line mtegral of F 1s not independent of path.
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32. D={(z,y) |2 +¢* < lord <z” +y” <9} = the pomts on or nside the circle z° + y* = 1, together with the pomts
on or between the circles z* + y* =4 and * +3* = 9.
(a) D is not open because, for instance, no disk with center (0, 2) lies entirely within D.
(b) D is not connected because, for example, (0, 0) and (0, 2.5) lie in I but cannot be joined by a path that lies entirely in D.

(c) D is not simply-connected because, for example, * + y* = 9 is a simple closed curve in D but encloses points that are

not mn D.
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