Homework 5 Solutions

34. z = f(z,y) = 1000 — 0.005z> —0.01y> = Vf(z y)=(—0.01z, —0.02y) and V (60, 40) = (—0.6, —0.8).
(a) Due south 1s in the direction of the unit vector u = —j and
Duf(€0,40) = V£ (60,40} - (0, —1) = {—0.6, —0.8) - (0, —1) = 0.8. Thus, 1f you walk due south from (€0, 40, 9€€)
you will ascend at a rate of 0.8 vertical meters per horizontal meter.
(b) Northwest is in the direction of the unit vector u =715 {(—1,1) and
Dy f(60,40) = V f (€0, 40) - 715 (—1,1) = (—0.6,—0.8) - 715 (=1,1) = =22 ~ —0.14. Thus, if you walk northwest
from (60, 40, 966) you will descend at a rate of approximately 0.14 vertical meters per horizontal meter.

(c) Vf(60,40) = (—0.6, —0.8) 1s the direction of largest slope with a rate of ascent given by

|V £(60,40)| = 1/(—0.6)% + (—0.8)> = 1. The angle above the horizontal in which the path begins is given by

tanf =1 = #=45°.
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44, Let =, y, z, be the positive numbers. Then = + y + » = 12 and we want to mininuze
P+t + =+ (12— —y) P =Fflry)for0 <,y < 12 fo =220 +2(12 — 2 —y)(—1) = 4o + 2y — 24,
fu=20+2(12 —z—y)(—1) =2z + 4y — 24, for =4, fuoy =2, fyy = 4 Then f, = 0 implies 4z + 2y = 24 or
y = 12 — 2z and substituting into f, = 0 gives 2r + 4(12 —2z) =24 = 6r=24 = zr=4andtheny=4 so
the only critical pomnt is (4, 4). D(4,4) = 16 —4 > 0 and f,.(4,4) =4 > 0,so f(4.4) is a local mimimum_ f(4. 4) is also

the absolute mininmum [compare to the values of f as =, y — 0 or 12] so the numbersarex =y =z =4

56. Any such plane must cut out a tetrahedron in the first octant. We need to numimize the volume of the tetrahedron that passes
through the pomnt (1, 2, 3). Wrniting the equation of the plane as ¥ % +I= 1, the volume of the tetrahedron 1s given by
[e} c

V= %bc.But(1,2,3)nm5t]ieontheplane,snweneedl+§+§ =1 () and thus can think of ¢ as a function of « and b.
s c

c_zg—(} =

Then V, = E(C—Fa&) and V4 = E(.:—|— b%)_Differeutiating(*)wiihrespeﬂmaweget—a_z -3 Be =
o
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de —c* . L . . 4 _, dc de  —2°
o = Q,aﬂddlﬂ'ﬂ‘enhahng(ir)mihrespectm b gives —2b™ " — 3¢ T 0 = %=

. b —c” .G —2c2 2 2 .
1-'¢=E(c+aﬁ)=0 = c=3a,and1b=E(c+bW)=0 = c=56Thu33a=5burb=2a_Puttmg

these into (+) gives £ = 1 ora = 3 and then b = €, ¢ = 9. Thus the equation of the required plane is = + & + = = 1

or 6xr + 3y + 2z = 18.
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Homework 5 Solutions

#1. We need to find the extreme values of f(x, vy, z) = z* + y* + =7 subject to the two constraints g(z, y. z) =z + y + 22z = 2
and h(z,y,z) =2 +y* —2=0. Vf=(2z, 2y, 22), \Wg = (A, A\, 2)\) and uVh = (2ux, 2uy, —u). Thus we need
2z =A+2ux (1), 2y=XA+2uy @), 2:=22—u 3), z+y+22=2 @, andz* +y* —2=0 (5).
From (1) and (2), 2{x — y) = 2u(x — y),sotf x # y, u = 1. Putting thisin (3) gives 2z = 2A —lor A=z + %,bulputting
= 1into (1) says A = 0. Hence = + 2 = 0 or z = —%_ Then (4) and (5) become = + y — 3 = O and &* + y* + 3 = 0. The
last equation cannot be true, so this case gives no solution. So we must have = = y. Then (4) and (5) become 2x 4+ 2z = 2 and
22‘2—Z=0W]]1C]]ilﬂl}lyz=1—;?:3]1{12:21‘2."”111521'2:].—IOT2I2+I—1={2I‘—1)(I+1:}=050I=%Or
x = —1. The two points to check are (3,3.3) and (—1,—1,2): f(3.1.3) =3 and f(—1,—1,2) =6. Thus (.1, 1) is
the point on the ellipse nearest the origin and (—1, —1, 2) 1s the one farthest from the origin.

§6. Inside D f, = 2ze™* ~¥'(1 — 2% — 23®) = O implies = = O or 2> + 2y®> = 1. Thenif z = 0,
fy = 2ye~= ¥ (2 — 22 — 2y®) = 0 implies y = 0 or 2 — 23> = 0 giving the critical points (0.0), (0. +1). If
z* + 2y* = 1, then f, = 0 implies y = 0 giving the critical points (1. 0). Now 7(0,0) = 0, f(+1,0) = ¢~ and
f(0,£1) = 2¢~'. On the boundary of D: 2® + 3* = 4, s0 f(x.y) = e *(4 + ¢*) and f 15 smallest when y = 0 and largest
when ° = 4. But f(+2 0) = 4e*, £(0,+2) = S8e~*. Thus on D the absolute maximum of f is (0, %1) = 2¢~! and the

absolute nunimum is f(0,0) = 0.

60. f(x,y) =1/z+1/y, g(z,y) =1/=z"+1/3" =1 = Vf={(—a"% —y2)=AVg=(-2xz"% —2\y~7). Then
—r?=-2%orz=2 and —y > = -2\y T ory =2\ Thusz = y,s0 1 /2> + 1/y* = 2/2® = | implies = = +/2
and the possible points are (++/2, +1/2 ). The absolute maximum of f subject to 2= + 3% = lis then f(v2, v2) = V2

and the absolute minimum is f(—+/2. —v/2) = —/2.
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