Homework 3 Solutions

12. Let C be the curve of intersection. The projection of C onto the xy-plane is the ellipse 4z + 3> =4 orz® +¢*/4 =1,
z = 0. Then we can write = = cost, y = 2sint, 0 < ¢ < 27 Since C also lies on the plane = + y + =z = 2, we have
z=2—x—y=2—cost — 2sint. Then parametric equations for C' are x = cost, y = 2sint, 2 = 2 — cost — 2sin ¥,
0 < t < 27, and the corresponding vector equation 1s r(t) = (cost, 2sint, 2 — cost — 2sin £). Differentiating gives

r'(t) = (—sint,2cost, sint — 2cost) =

|e'(t)] = \/(—sint)® + (2cost)? + (sint — 2cost)? = \/2sin®t + 8 cos? t — 4sint cost. The length of C is

L= [7|¢'(t)|dt = [" /2sin’ ¢ + Scos?t — 4sint costdt ~ 13.5191.

24. r(t) = (e’ cost,e’sint,t) = r'(t) = (e’cost —e'sint,e’cost+e'sint,1). The point (1,0,0) corresponds to
t=0andr'(0)=(1,1,1) = [¢'(0))=vIEF1Z+12 =3
() = <e.£ cost —e’sint — e’ cost — e’ sint, ef cost — e sint + e cost + e’ sint, (}} = {—2(-3t sint, 2e® cost, [.'I) =
r"(0) = (0,2,0). r'(0) x¥"(0) =(-2,0,2).  ['(0) x r"(0)| = /(—2)7 + 02 + 22 = /B =212

(O xe"(O) _ 2vZ 23 26
FOF T (V3)F 3v3 9

Then x(0) =

28. Here wp = 115 fi/s, the angle of elevation 1s o = 50°, and 1f we place the origin at home plate, then r(0) = 3j.
As in Example 5, we have r () = —%gtzj +{twvg + D where D =r(0) = 3jand vo = v cosal+ vgsinaj,
50 r(t) = (vo cos a)ti+ [(vo sina)t — 1gt* + 3] j. Thus, parametric equations for the trajectory of the ball are
x = (vo cos a)t, y = (vosina)t — 3gt” + 3. The ball reaches the fence when = = 400 =
400 400

Vg COS & ~ 115 cos 50°

(vocosa)t =400 = t= ~ 5.41 s. At this time, the height of the ball is

y = (vosina)t — 2gt* + 3 &~ (115sin 50°)(5.41) — 2(32)(5.41)* + 3 =~ 11.2 ft. Since the fence is 10 ft high, the ball

clears the fence.
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32. As in Exercise 31(b), let o be the angle north of east that the boat heads, so the velocity of the boat in still water 1s given by
5(cos @)1+ 3(sina) j. At £ seconds, the boat is 5(cos )¢ meters from the west bank, at which point the velocity of the water
is 3 sin(7z/40) j = 3sin[w - 5(cos a)t/40] j = 3sin(Zt cos a) j. The resultant velocity of the boat then is given by

v(t) = d(cosa)i+ [5 sine + 3 sin(%t cos a}] J- Inteprating,

- . 24 - .
r(t) = (5tcosa)i+ |:5t5ma Er— cus{gtcosaj} ji+cC.
If we place the origin at A thenr(0) =0 = -— 2 i+C=0 = C= 24 j and
p : o ?TCOSCI:J o o 'JTQDSQJ
24 24
r(t) = (Stcosa)i+ [St sino — cos(Ztcosa) + ]j_
T COS O T COS
The boat will reach the east bank when 5tcosa =40 = t= 5 :
COSs &
. . 24 24
In order to land at point B(40,0) we need 5t sina — cos(Ztcosa) + =0 =

W COS mCos

8 . 24 T 8 24 1 . 24 24
5 sin o — cos | — cosex| + =0 = 40sine — —cosw+ — | =0
COS ¢ T COS o 8\ cosa T COS & COS & T 'y

40 sin e + 2 =0 = sina= —53_ Thus & = sin™" (—5£) 7= —22 5% so the boat should head 22 5% south of east.
m m ¥}

38. r(t) =ti+cos’tj+sin®tk = r'(t)=i—2costsintj+ 2sintcostk =i—sin2tj+ sin2tk,

|¥' ()| = /14 2sin® 2t, ¢ (t) = 2(sin®* t — cos®t) j + 2(cos® t — sin’ t) k = —2cos2tj + 2 cos 2t k. So

_ 2sin2tcos2t + 2sin2tcos2t  4sin2fcos2t _ | —2cos2tj —2cos2tk| 2 /2 |cos 2¢|

ar = = ]
v/ 1+ 2sin? 2t /14 2sin®2¢ v/ 1+ 2sin? 2t 14+ 2sin¢

6. (a) C intersects the zz-plane wherey =0 = 2t —1=0 = t=%,snthepoi11t

an

is (2— (3)°,0,n3) = (2,0, 1n2).

(b) The curve is given by r(t) = (2 —¢°,2¢t — 1,Int), sor'(t) = (—3¢*,2,1/t). The pomnt (1, 1,0) corresponds to ¢ = 1, so
the tangent vector there is r'(1) = (—3,2, 1}. Then the tangent line has direction vector {(—3, 2, 1) and includes the point
(1,1,0), so parametric equations arex = 1 — 3,y =142, z = ¢

(c) The normal plane has normal vector ' (1) = (—3,2, 1) and equation —3(z — 1)+ 2(y — 1) +2z2=0o0r3x — 2y —z = L.

10. The parametric value corresponding to the point (1,0, 1) is¢ = 0.

r'(t) = e'i+ e*(cost +sint) j + ef(cost —sint) k = |r'(t)| =€ \/1 + (cost +sint)? + (cost —sint)? = /3 e’
ands(t) = [fe*VFdu=+3('—1) = t= 1,1(1 +%3)_

Therefore, r(t(s)) = (1 + %3) i+ (1 + %3) sinln(l + LS)J + (1 + %3) cos ln(] + %3) k
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