Homework 2 Solutions

38. n; = (1,0,—1) and ny, = (0,1, 2). Setting = = 0, it is easy fo see that (1, 3, 0) is a point on the line of intersection of
z —z = 1andy + 22 = 3. The direction of this line 1s v; = n; x n, = {1, —2,1). A second vector parallel to the desired
plane is w2 = (1, 1, —2), since it is perpendicular fo  + y — 2z = 1. Therefore, a normal of the plane in question is
n=vixXxvya={4-11+21+2)=(3,3,3),orwecanuse (1,1,1). Taking (xq,ye, z0) = (1,3, 0), the equation we are

locking foris (x — 1)+ (y—3)+2=0 & z+y+z=4

76. Furst notice that if two lines are skew, they can be viewed as lying in two parallel planes and so the distance between the skew
lines would be the same as the distance between these paralle]l planes. The common normal vector to the planes must be

perpendicular to both vy = (1,6, 2) and v, = (2, 15, €}, the direction vectors of the two lines respectively. Thus set
n=v1xXvy=(36—30,4—6,15—12) = (6,—2,3). Setting £ = 0 and s = 0 gives the points (1,1,0) and (1,5, —2).
So in the notation of Equation 8,6 —2+0+d1i =0 = di=—4and6—-10—6+d>2=0 = dz=10.

_ . L —4— 10| 14
Then by Exercise 73, the distance between the two skew lines is given b D=|—=—_
by ’ y V3IEF4+9 T

Alternate solution (without reference to planes): We already know that the direction vectors of the two lines are
vi1={(1,6,2) and vz = (2,15,6). Then n = v1 x v2 = (6, —2, 3} is perpendicular to both lines. Pick any point on
each of the lines, say (1,1,0) and (1, 5, —2), and form the vector b = (0, 4, —2) connecting the two points. Then the
distance between the two skew lines is the absolute value of the scalar projection of b along n, that is,

In- bl 1 14
= = 0—-8—6=—=2
n] \/36—|—4—|—9| =3

46. Let P = (z, y, z) be an arbifrary point whose distance from the x-axis 1s twice its distance from the yz-plane. The distance

from P to the z-axis is \/(z — =)? + 4> + 2% = /3 + 2° and the distance from P to the yz-plane (z = 0) is |z| /1 = |z|.
Thus /32 +22 =2|z| < 3y +2° =42 & 2 = (y%/2%) + (2)/2®). So the surface is a right circular cone with
vertex the origin and axis the x-axis.

50. Any point on the curve of intersection must satisfy both 22* + 4y® — 22® + 6z = 2 and 22° + 43" — 22> — 5y = 0.
Subtracting, we get 6z + 5y = 2, which 1s linear and therefore the equation of a plane. Thus the curve of intersection lies in
this plane.
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The particles collide provided r1(t) =r2(t) < (t,°,#°) = (1 + 2¢,1+ 6t,1 + 14t). Equating components gives
t=1+2¢ * =1+ 6t andt* = 1 + 14¢_ The first equation pives ¢ — —1_ but this does not satisfy the other equations, so
the particles do not collide. For the paths to intersect, we need to find a value for ¢ and a value for s where r1(2) = r2(s) <
(t.£%,4%) = (1+2s,1+ 65,1 + 14s)_ Equating components, £ = 1 + 2s,t* = 1 4 65, and ¢* = 1 + 14s. Substituting the
first equation into the second gives (1 +25)° =1 +6s = 45°—25=0 = 25(25—1)=0 = s=0ors=1.
From the firstequation, s =0 = t¢t=1ands=21 = =2 Checking, we see that both pairs of values satisfy the

third equation. Thus the paths intersect twice, at the point (1,1,1) when s = O and ¢ = 1, and at (2,4, 8) when s = 1

2

and t = 2.

r(t) = (Int,2v%,¢), ¢'(8) = (1/¢,1/V%,2t). At (0,2,1),¢ = 1 and ¥'(1) = (1,1, 2). Thus, parametric equations of the
tangentlinearex =t,y=2+¢,z =1+ 2t

To find the pomt of intersection, we must find the values of ¢ and s which satisfy the following three equations simultaneously:
t=3—51—t=s5—23+t" =s". Solving the last two equations gives ¢t = 1, s = 2 (check these in the first equation).
Thus the pomt of intersection 1s (1, 0, 4). To find the angle @ of intersection, we proceed as in Exercise 31. The tangent
vectors to the respective curves at (1,0,4) are ri (1) = (1,—1,2) and r5(2) = (—1,1,4). So

—_ 1 11— -6 _ 1 — —1[ 1) . gEe
cosf === (-1-1+8)="==_-and @ = cos (ﬁ)”55'

Note: In Exercise 31, the curves mtersect when the value of both parameters 1s zero. However, as seen in this exercise, 1t 1s not
necessary for the parameters to be of equal value at the point of intersection.

! 4 2t
f (1+t2 itire k) dt = [4tan~¢j +In(1 +#*) k], = [4tan™?1j+ In2k] — [4tan~10j + In1Kk]
0

=4(%)j+m2k—0j—0k=nj+In2k
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