MATHEMATICS 200 December 2002 Final Exam Solutions

[11] 1) The position of a particle at time ¢ (measured in seconds s) is given by

r(t) = tcos (5)i + tsin (5t)j + tk

a) Show that the path of the particle lies on the cone z? = 22 + y2.
b) Find the velocity vector and the speed at time ¢.

¢) Suppose that at time ¢ = 1s the particle flies off the path on a line L in the direction tangent to the
path. Find the equation of the line L.

d) How long does it take for the particle to hit the plane x = —1 after it started moving along the
straight line L7

Solution. a) Since

2(t)? +y(t)? = t?cos? (Tt) + t?sin? (&) = >  and ()% = >

are the same, the path of the particle lies on the cone 22 = 22 + y2.
b)
velocity = r'(t) =|[cos (&) — Ztsin (Z)]e + [sin () + Zfcos (%) ][5+ k
speed = [¢/(1)] = [cos (3) = % sin ()] + [sin (%) + 5 cos ()] + 1
= [cos? (51) — 2% cos (%) sin (3) + (3)"sin® ()
1/2
+sin® (&) + 2% cos (&) sin (L) + (%) cos® (%) + }
2,2
— 2+ 7r4t

c) At t = 1, the particle is at r(1) = (0,1,1) and has velocity r'(1) = (— Z,1,1). So for ¢ > 1, the
particle is at

(x,y,z) = (0’171)+(t_1)(_ga171)

This is also a vector parametric equation for the line.
d) The question did not specify the speed of the particle after it started moving along L. I will assume
that its speed remained constant. Then the 2—coordinate of the particle at time ¢ (for ¢ > 1) is =5 (¢t —1).

This takes the value —1 when ¢t — 1 = % So the particle hits x = —1, seconds after it flew off the
cone.

[15] 2 a) Let f be an arbitrary differentiable function defined on the entire real line. Show that the function
w defined on the entire plane as

w(z,y) =e " f(z—y)

satisfies the partial differential equation:
w4+ %L+ G2 =0

2

b) The equations x = u® — 3uv?, y = 3uv — v® and 2z = u? — v? define z as a function of z and y.
9z

Determine 2 at the point (u,v) = (2,1) which corresponds to the point (z,y) = (2, 11).

Solution. a) By the product and chain rules

we(z,y)=e Vf(w—y) wylwy) =—eVfla—y)—eVf(x—y)



[12] 3)

Hence
Wt B4 B = V() 4 e (o) e (e y) e (=) = 0
as desired.
b) Applying % to both sides of x = u(z,y)3 —3u(z, y)v(z, y)? and to both sides of y = 3u(z, y)?v(x,y) —
v(z,y)? gives
1 =3u(z,y)* 34 (x,y) — 3% (z, y)v(x,y)* — 6u(z, y)v(z,y) §2(x,y)
0 = 6u(z, )gg (z,y)v(z,y) + 3u(w,y)2§; (z,y) — 3v(x, y)? a”( ,Y)

Subbing inz =2, y=11,u =2, v =1 gives

1=129%(2,11) — 3%%(2,11) — 129%(2,11) = 99%(2,11) — 125%(2,11)
0=122%(2,11) +1292(2,11) — 392(2,11) = 129%(2,11) 4+ 992 (2, 11)

(2,11). Subbing into the first equation gives 1 = 259%(2, 11)

From the second equatlon gu (2 11) = —3
— Hence

so that 2%(2,11) = & and 52(2,11) =

ou
i
75

2= (x,y) = 2u(2,y) 34 (x,y) — 20(z,y) 34 (2, y)

__ 40u ov _ 1 4 _ 20 _| 4
— %(2,11) =494(2,11) - 229(2,11) = 4L + 24 = 20 =

You are standing at a lone palm tree in the middle of the Exponential Desert. The height of the sand
dunes around you is given in meters by

h(z,y) = 100~ @ +2v%)

where x represents the number of meters east of the palm tree (west if z is negative) and y represents
the number of meters north of the palm tree (south if y is negative).

a) Suppose that you walk 3 meters east and 2 meters north. At your new location, (3,2), in what
direction is the sand dune sloping most steeply downward?

b) If you walk north from the location described in part (a), what is the instantaneous rate of change
of height of the sand dune?

¢) If you are standing at (3,2) in what direction should you walk to ensure that you remain at the
same height?

d) Find the equation of the curve through (3,2) that you should move along in order that you are
always pointing in a steepest descent direction at each point of this curve.

Solution. We have
Vh(z,y) = —2006_(12+292)(x, 2y) and, in particular, VA(3,2) = —200e~17(3, 4)

a) At (3,2) the dune slopes downward the most steeply in the direction opposite Vh(3,2), which is
(3,4)

b) The rate is D3h(3,2) = VA(3,2) - j = | —800e~27].

¢) To remain at the same height, you should walk perpendicular to VA(3,2). So you should walk in one

of the directions i(%, —%) .

d) Suppose that you are walking along a steepest descent curve. Then the direction from (z,y) to
(z + dz,y +dy), with (dz, dy) infinitesmal, must be opposite to Vh(z,y) = —200e~(*"+2v") (2, 2). Thus
(dz,dy) must be parallel to (z,2y) so that the slope

d d
2 ?yzzdxi = Iny=2Inz+C



[12] 5

We must choose C' to obey In2 = 2In3 4+ C' in order to pass through the point (3,2). Thus C = ln%

and the curve is Iny = 2lnx+ln% or |y = %x2 .

Find all the critical points of the function
fla,y) =o' +y* — day

defined in the xy—plane. Classify each critical point as a local minimum, maximum or saddle point.
Explain your reasoning.

Solution. We have

flay) =2 +y* —day  fo(z,y) =42° —dy  fou(z,y) = 1227
fy(z,y) =4° — 4z fy(z,y) = 12¢°
fry(xvy) =—4

At a critical point

3 3

felm,y) = fy(2,y) =0 <= y=2andz =9 <= z=2"andy=2> <= 2(2®-1)=0, y=2

<~ (z,y) =(0,0) or (1,1) or (—1,-1)

Here is a table giving the classification of each of the three critical points.

et frafuy — 12, fra type

(0,0) 0x0—(-4)2%<0 saddle point

(1,1) | 12x12—(=4)2>0 | 12 | local min
(—1,-1) | 12x12—(=4)2>0 | 12 | local min

a) By finding the points of tangency determine the values of ¢ for which  + y + z = ¢ is a tangent
plane to the surface 4x? + 4y? + 22 = 96.

b) Use the method of Lagrange Multipliers to determine the absolute maximum and minimum values
of the function f(z,y,z) = x + y + 2 along the surface g(z,y, z) = 422 + 4y? + 22 = 96.

¢) Why do you get the same answers in (a) and (b)?

Solution. a) A normal vector to F(x,y,2) = 42? + 4y* + 2% = 96 at (xo, yo,20) is VF (20,0, 20) =
(820,8y0,2209). (Note that this normal vector is never the zero vector because (0,0,0) is not on the
surface.) So the tangent plane to 422 + 4y? + 22 = 96 at (¢, Yo, 20) is

8xo(x — x0) + 8yo(y — yo) + 220(2 — 20) =0 or 8z + 8yoy + 2202 = 8$3 + 8y§ + 223

This plane is of the form x + y 4+ z = ¢ if and only if 8zy = 8yg = 2z9. A point (zo, Yo, z0) with
8xo = 8yo = 22 is on the surface 422 + 4y? + 22 = 96 if and only if

Axd + 4yd + 23 = dal 4+ 4al + (4w0)? = 96 = 2423 =96 = 22 =4 = 3= +2

When zy = £2, we have yp = +2 and 2o = +8 (upper signs go together and lower signs go together) so
that the tangent plane 8zox + 8yoy + 2202 = 87 + 8y2 + 222 is

8(£2)w + 8(£2)y + 2(£8)z = 8(£2)® + 8(£2)* +2(£8)> or  Faty+z=2+2+38
or r+y+z=7Fl2 = [c=+£12]



b) Set
F(x7y7za)\):x+y+2—)\(4$2+4y2+22_96>

Then
F,=1-—8xz)\ =0
F,=1-38y\ =0
F,=1-2z\ =0

Fyn=42 + 4> + 22 - 96 =0

The first three equations give
T = yzs%\ Zz= 2 with A # 0
Subbing this into the fourth equation gives

2 2 2
4(55)" +4(5) +(35) =96 = (G +i)w=9% < ¥ =55=55 < A==*p

Hence x = +£2, y = £2 and z = £8 so that the largest and smallest values of z+y+2z on 42244y +2%—96
are +£2 £ 24 8 or [£12].

¢) The level surfaces of x +y + z are planes with equation of the form 2 + y + z = ¢. To find the largest
(smallest) value of & + y + 2 on 422 + 4y + 22 = 96 we keep increasing (decreasing) ¢ until we get to
the largest (smallest) value of ¢ for which the plane x + y + z = c¢ intersects 42 + 4y* + 2% — 96. For
this value of ¢, z +y + z = c is tangent to 42? + 4y? + 22 = 96.

2 4
/ / oS (y3/2) dy dx
-2 x2

Solution. The domain of integration is —2 < z < 2, 22 < y < 4. This is sketched below. To exchange
the order of integration, we reexpress the domain as 0 <y <4, —\/y <z < /y.

[8] 6) Evaluate the following integral:

) y = x?
y=+4

Exchanging the order of integration

e 3/2 ! ve 3/2
/ / cos (y ) dy dz :/ dy/ dx cos (y )
—2 Jz? 0 -y

4
:/ dy 2+/y cos (y3/2)
0

8
:%/0 dt cost where t =y%/?, dt = %\/ﬂdy

— %Sinﬂi =|4sin8 ~ 1.319

[15] 7) Let D be the region in the zy—plane which is inside the circle 22 + (y — 1)? = 1 but outside the circle
22 + 3% = 2. Determine the mass of this region if the density is given by

2
Pay) =~ =

4



Solution. The domain is pictured below.

2t +(y—1)72 =1

The two circles intersect when z2 + 3% = 2 and
92—(2/—1)221 <— 2y—1=1<«= y=1land z = =+1

In polar coordinates 22 4+ 4% =2isr=+v2and 22 + (y —1)? =22+ 92 -2y +1=11is 72 — 2rsinf = 0

or r = 2sinf. The two curves intersect when r = v/2 andv/2 = 2sin 6 so that § = 7 or %’N. So

3n/4 2sin 6 3n/4 w/2
mass:/ d0/ dr r2 :2/ do [2sind — V2] :4/ df [2sind — V2]
/4 V2 /4 /4
=4[~ 2cos0 — v20] 7/} = [4v2 — Vor ~ 1.214]

[15] 8) Evaluate [[[,, zdV, where E is the region bounded by the planes y = 0, z = 0 4y = 2 and the cylinder

y? + 22 =1 in the first octant.

Solution. The cylinder y? + 22 = 1 is centred on the x axis and intersects the plane z = 0 in the two
lines y = £1. Viewed from above, the region F is bounded by the lines y = 0, x +y = 2 and y = 1.
This base region is pictured on the right below.

I av= [ [ /0m i -

1 2—y —
[ [ v=1
0 0
T+y=2 1 2—y T
:/O dy/o dr 3(1—y?) T+y=2

1
y = dy%(l—yQ)@—y):%/O dy (2—y—2y" +9°)

_ 1 1 2 17 113 ~
=1[2-1-2+1]=|¥ ~05417

T y+22=1




