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OPERATOR ON R"
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ABSTRACT. Lacey and Thiele have recently obtained a new proof of
Carleson’s theorem on almost everywhere convergence of Fourier series.
This paper is a generalization of their techniques (known broadly as
time-frequency analysis) to higher dimensions. In particular, a weak-
type (2,2) estimate is derived for a maximal dyadic sum operator on R",
n > 1. As an application one obtains a new proof of Sjolin’s theorem
on weak L2 estimates for the maximal conjugated Calderén-Zygmund
operator on R™.

1. INTRODUCTION

In 1966, Carleson [1] proved his celebrated theorem on almost everywhere
convergence of Fourier series of square integrable functions on R. This was
followed by a new proof given by C. Fefferman [2] in 1973. The techniques
used by C. Fefferman have become known as time-frequency analysis and
have found wide application in harmonic analysis in recent years. In partic-
ular, Lacey and Thiele [3], [4] have refined and extended these ideas in their
pioneering work on the bilinear Hilbert transform on R. In 2000, they ob-
tained a new proof of Carleson’s theorem [5] in which these techniques play
a crucial role. These powerful techniques stem from interaction of extremely
deep ideas which include delicate orthogonality estimates, combinatorics, and
quasi-orthogonal decompositions well-localized in both time and space. It is
the goal of this paper to extend the techniques of time-frequency analysis of
[5] to higher dimensions.

The main result of this paper is a weak-type L? estimate for a maximal
dyadic sum operator in R™, n > 1. In dimension one, this operator may be
thought of as a linearized and discretized version of the Carleson operator C,

N ~ B
Cf(z) == sup / Fl©)em € e
N —00

Date: November 5, 2004.
1991 Mathematics Subject Classification. Primary 42B20, 42B25; Secondary 42B10,
47B38 .



2 MALABIKA PRAMANIK AND ERIN TERWILLEGER

The main point of Lacey and Thiele’s proof [5] is to show that the discretized
operator satisfies a weak-type (2,2) estimate. This in turn implies a similar
estimate for C, which is a key ingredient in proving that the Fourier series of
a square-integrable function on the circle converges almost everywhere.

We introduce a higher dimensional analogue of the linearized and dis-
cretized Carleson operator and adapt the methodology of Lacey and Thiele to
prove that this operator maps L?(R") to L*°°(R™). One of the distinguishing
aspects of our proof is the introduction of an ordering of points in R™ which
allows us to organize the higher dimensional rectangles and thus control the
large sums that appear in the operator. Unlike the situation in dimension one,
the mapping property above does not lead to an almost everywhere conver-
gence result in higher dimensions. However, it gives as a corollary a result of
Sjolin [6] on the weak L? boundedness of the maximal conjugated Calderén-
Zygmund operator on R"™.

The proof is divided into seven sections. The first section explains the
notation and terminology and gives the statement of the main theorem. The
second section lists the main ingredients of the proof and the argument that
binds them together. The subsequent four sections are devoted to proving the
different lemmas needed in the main argument. The final section provides a
new proof of Sjolin’s theorem as an application of our main result.

2. MAIN THEOREM

Time-frequency analysis provides the crucial set of ideas in the recent
progress made in the understanding of Carleson’s theorem. In this type of
analysis one heavily uses the structure of dyadic intervals. A dyadic interval
has the form [m2*, (m + 1)2%) where k and m are integers and k is called the
scale. A dyadic cube I C R" is of the form

n

17 =11 ms2", (m; + 1)2%),
j=1

j=1
where k and m; are integers for all j = 1,2,--- ,n. We easily see that the
n-dimensional volume is given by |I| = 2"%. Let c(I) = (c(I),---,c(I™))

denote the center of I, and for a > 0, al will denote the cube with the same
center as I and whose volume is a™|].

Consider the time-frequency plane in 2n dimensional space with points
(x,€), where x denotes the time coordinate in R” and £ denotes the frequency
coordinate in R™. A “rectangle” in the time-frequency plane is the cross
product of a dyadic cube from the time plane and a dyadic cube from the
frequency plane. To be more precise, for a rectangle, p, the projection onto
the time plane will be denoted by I,,, and its projection onto the frequency
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plane will be denoted by w,. We will denote by D the set of rectangles
p = I, X wp such that |I|lwp| = 1. An element of D will be called a tile.

As mentioned earlier, it is important for the higher dimensional version of
our time-frequency analysis to introduce an ordering in R™ that will play a
role analogous to the linear ordering on R. This is especially relevant in a
certain selection scheme used in Section 5 in analogy with the work of Lacey
and Thiele. Although the choice of ordering is not unique (we will mention an
alternative in Section 5), we find it convenient to work with the lexicographical
order defined as follows. Given a = (a1,a2,- -+ ,a,),b = (b1,ba,- -+ ,b,) € R™,

a1 < by

Cll:bl,a2<bg
a<b <— )

a1:b17a2:b27"'7a’n71:bn717an<bn7

where the right hand side above is to be read with Boolean “or” standard.

For a tile p with w, = w; X wg X...Xw,, we can divide each dyadic interval

wg into two parts. In other words, for j = 1,2,...,n, we get
wg = (wg N (—oqc(wzj;)) U (wi N [c(wg), 00)).

Then w, can be decomposed into 2" subcubes formed from all combinations
of cross products of these half intervals. We number these subcubes using
the lexicographical order on the centers and denote the subcubes by wy;
for ¢+ = 1,2,...,2". A tile p is then the union of 2™ semi-tiles given by
p(i) = Ip X wy(y fori=1,2,...,2".

Let us define translation, modulation, and dilation operators by

Ty f(x) = f(x—y)
My f(x) = f(x)emm
DIf(x):== A""9f(A"1x), A > 0.

Note that if we set ¢ = 2, these operators are isometries on L*(R"™). We fix a

Schwartz function ¢ such that QAS is real, nonnegative, supported in the cube
[-1/10,1/10]™ and equal to 1 on the cube [-9/100,9/100]™. For a tile p € D
and x € R"™ we define

(2.1) bp(x) = MC(%(I))TC(IP)D‘QIPP Jnd(X).

Using the following definition of the Fourier transform

F© = | fla)e ™=t ax,

R
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one easily can see that

(22) &;(6) = TC(Wp(l))M_C(Ip)D\zwp\l/”a(g)'

Equation (2.1) tells us that for each p the function ¢, is well localized in time

with most of its mass in I, while equation (2.2) tells us that g/b; is supported
in tw,). Note also that the ¢, have the same L*(R") norm.

Let m be a multiplier in C*°(R™\ {0}) which is homogeneous of degree 0,
and define

(¥6)(&) = m(e = ©)3,(©).

where ¢ is contained in w,(y for some fixed r € {2,3,...,2"}. Note that we
have the following fact for all { € wy(,y:

¢ < —1/2 x —c(Lp) [\
U561 < Culty 2 (1 E )

where v is a large integer whose value may vary at different places in the
proof. To see this fact we write

v = [ G e mie ) dg
= /n eg’rig'xTc(%(l))Mfc(lp)wapp/nQAﬁ('f)m(f —¢)d¢

—epriety) o) [ e e |, G (11,1 € ey ml€ - €) .
Making the change of variable
& = 1,[V/"(€ — clwpn)))
in the above integral, we obtain

’(/};g(x) :eQTric(Ip)c(wp(l)) / 6271-1' (€'|[p|71/”+c(wp(1))) {(x—c(Ip)) |Ip|—1/2$(61) «

m(glup‘il/n + c(wp(n)) —¢) d€’
Tix-c(wy(1 mi€ (x—c —1/n _ ~
_e2mixcluy >>/ 2 CeeU I |~ /™ 111723 g1y
m(€ + |1,V (c(wpry) — Q) dE,

where the second equality is obtained using the fact that m is homogeneous
of degree 0. Since ¢ € wy(,) and £ € %wp(l), we have

€ — €l 2 lwp|™,
from which it follows that

g+ LY (elwpy) =€) 2 1.
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Thus all the derivatives of m(&" + |Ip|1/"(c(wp(1)) —()) are bounded. A stan-
dard integration by parts argument finishes the proof.
Using the following definition for the inner product

(fg)= [ FGg()dx,
given ¢ € R and f € L?(R"), we define an operator
BEF() = D (fr )0 ( )y, (O)-

peED

Theorem 1. There exists a constant C, depending only on dimension, so that
for all f € L>(R™) and r € {2,3,...,2"}

(2.3) | sup [B¢ flllL2.00 (rn) < Ol fllL2(®n)-
CeRn

To prove the theorem, we will work with a linearized version of the operator.
Consider a measurable function x — N(x) = (N1 (x), N2(x), ..., Np(x)) from
R™ to R™ and define a linear operator

B (%) := B (%) = Y (fs &) % (%) (L, © N) ().
peD

To prove (2.3) it will suffice to show that there exists a constant C' > 0 such
that for all f € L?(R")

(2.4) sup || By fllzzoe@n) < Cllfllz2@ny,
N:R” —R"”

where the supremum is taken over all measurable functions N on R".
By duality we will show that the adjoint operator

9= Z wpiry © Ny b 9P
peD

maps L>!(R") into L?(R™) with bounds independent of the measurable func-
tion N. Since L?!(R™) is a Lorentz space, it suffices to show that the dual op-
erator maps L>1(R") N {1g : E C R", F measurable ,|E| < oo} into L2(R™).
Hence, we need to show

(2.5) 1> Ly 0 NN, 1)yl L2y < CIE[M2.
peD

By duality, (2.5) is equivalent to

(26) | Z Wp(r) ON 7/} 71E><¢p7f>‘ S C|E‘1/27
peD

for all Schwartz functions f with L? norm one. We will further restrict the
sum to an arbitrary finite subset P of D.
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Now for all integers j we have the identity

Z| Wp(r) ON1r/)pa ><¢;07f>|:

peP

277 Z |<(1Wu(7‘) o Nj)wuNjﬂ 12j®E><¢ua _%f@_](')))lv
ueP(j)
where for any set A we define 2/ ® A = {27y = (27y1, 2 ya,...,20y,) 1 y € A},
N;(x) =27/N(277x), and P(j) = {(2?®1,) x (277 ®w,) : p € P}. By picking
j so that 1 < 2/"|E| < 2, we can absorb |E| into the constant on the right
hand side of (2.6). Finally we note that the left hand side of (2.6) can be
rewritten so that the estimate we need to show now becomes

(2.7) D ANty ) Up ) (0p, )] < C,

peP

for all Schwartz functions f with L? norm one, measurable functions N, mea-
surable sets F with |E| < 1, and all finite subsets P of D. For the rest
of the paper we fix f, N, and E in this manner. By Nfl[wp(,.)] we mean

{X : N(X) S wp(,.)}.

3. MAIN ARGUMENT

We now set up some tools that we will use throughout the rest of the paper.

Define a partial order < on the set of tiles D by setting

p<p = I,CIy and wy Cwp.

We have the property that if two tiles p, p’ € D intersect, then either p < p’
or p’ < p. To see this, observe that dyadic cubes have the property that if
two of them intersect, then one is contained in the other. This extends from
the same property for dyadic intervals in dimension one. Now, suppose two
tiles p and p’ in D intersect, and without loss of generality let |I,| < |I,/|.
Then p and p’ intersect in both the time and frequency components, i.e.
I,NIy #0, w,Nwy # 0. From size considerations, one obtains that I, C I,
and wy C wy, hence p < p’. A consequence of this property is that for a finite
set of tiles P, all maximal elements of P under < must be disjoint sets.

A finite set of tiles T is called a tree if there exits a tile t € D such that p < ¢
for all p € T. We call ¢ the top of the tree T and denote it by pt = IT X wr.
Note that the top is unique but not necessarily an element of the tree. Another
useful observation is that any finite set of tiles P can be written as a union
of trees. Consider all maximal elements of P under <. Then a nonmaximal
element p € P must be less than, under “<”, some maximal element ¢t € P
which places p in the tree with top ¢. For i € {1,2,...,2"}, we call a tree an
i-tree denoted by T? if

wr(i) C Wp(d)
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for all p € T?. Observe that any tree can be written as the disjoint union
of i-trees. Also for fixed iy, and p,p’ € T the subcubes wp(s) and wy ;) are
pairwise disjoint and disjoint from wr(;) for all i € {1,2,...,2"} \ {io}.

For p € D, define the mass of {p} as

ueD
p<u ENN~1[w,]

[,
M) =suw [ ey

‘We can then define the mass of a finite set of tiles P to be
M(P) = sup M({p}).
peP

Note that the mass of any set of tiles is at most one since by a change of

variables
1

P) < —  dx <.
M )—/w T o =

The energy, depending on r, of a finite set of tiles P is defined

1/2
e®) = sup (117 Y [(r.0?)
TreP s
Recall that r € {2,3,...,2"} is fixed and f is a fixed Schwartz function of
L?(R™) norm one. The following three lemmata will provide the main steps in
proving the theorem, and their proofs will be shown in the next four sections
of the paper.

Lemma 1. There exists a constant Cy such that for any finite set of tiles P
there is a subset P’ of P such that

(3.1) M(P\P)) < -~ M(P)

|

and P’ is the union of trees T; satisfying

&

J

Lemma 2. There exists a constant Cy such that for any finite set of tiles P
there is a subset P of P such that

(3-3) EP\P") < E(P)

|~

and P is the union of trees T; satisfying

Co
(3.4) zj: |IT_7| < 8(P)2'
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Lemma 3. (The Tree Inequality) There exists a constant Cs such that for all
trees T

(3.5) D U EaN- (s U5 Hp, f)] < Cs|Ir|E(T)M(T).
p€eT

We will now prove (2.7), and hence Theorem 1, assuming the three lem-
mata. In the argument below set

Co=C1+ Cs.

Given a finite set of tiles P, find a very large integer mg such that £(P) < 2mon
and M(P) < 22m0" We construct by decreasing induction a sequence of
pairwise disjoint sets Py, Pmg—1; Pmg—2, Pmg—3, ... such that

Cj P, =P

j=—o00
and such that the following properties are satisfied
1) E(P;) < 20D for all j < my.

(
(
(3 5(P\(Pm0 U-~-UPj)) < 29" for all j < my.
(
(

J < mo.
Assume momentarily that we have constructed a sequence P; as above.
Then to obtain estimate (2.7) we use (1), (2), (5), the observation that the
mass is always bounded by 1, and Lemma 3 to obtain

Z |<1EON*1[WP(T)]3 7/}11;\I><fa ¢;D>|

seP

SZ Z ‘<1EON*1[wp(T)]apr><f’ ¢p>|

Jj peEP;

SZZ Z ’<1E0N*1[wp<,.)]a1/111)\I><f7¢P>|

i k pET;k

<C3 ) Y 1y, E(Tye) M(T)
ik

<Cj Z Z |ITjk ‘ 9+hn min(l, 2(2j+2)n)
i ok

<Cs Z C0272jn2(j+1)n min(l, 2(2j+2)n)
J
<2%'CyC3 Y min(2",279") < C,,

J
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This proves estimate (2.7).

It remains to construct a sequence of disjoint sets P; satistying (1)-(5). We
start our induction at j = myg by setting P,,, = 0. Then (1), (2), and (5) are
clearly satisfied, while

EP\Py,) =E(P) <2mon
M(P\P,,,) = M(P) < 2270
hence (3) and (4) are also satisfied for P, .

Suppose we have selected pairwise disjoint sets Py, Pmo—1,...,Pm for
some m < myg such that (1)-(5) are satisfied for all j € {mg,mg — 1,...,m}.
We will construct a set of tiles P,,,—1 disjoint from all the sets already con-
structed such that (1)-(5) are satisfied for all j = m — 1. This procedure is

given by decreasing induction. We will need to consider the following four
cases.

Case 1. £(P\ (P, U---UP,,)) <20m=Dm and M(P\ (P, U---UP,,)) <
22(m71)n.

In this case set P,,—1 = 0 and observe that (1)-(5) trivially hold.

Case 2. S(P \ (Pmo U--- UPm)) > 2(m—1)n and M(P \ (P'rno U--- UP?n)) <
22(m71)n.

Use Lemma 2 to find a subset P,,,_1 of P\ (P, U---UP,,) such that
1 1
(3.6) E(P\ (P U---UP, UP,,_1)) < 55(P \ (P U---UPy,)) < 52’”"
and P,,_1 is a union of trees (whose set of tops we denote by P _;) such
that

(3.7) Z ;| < C26(P\ (P, U--- U Pm))_2 < 2 20m=1)n
teP~

Then (3.6) gives (3) and (3.7) gives (5) for j = m—1. Since
EPp_1) SEP\ (P, U---UP,,)) < 2mn = 2(m=1+hn,

estimate (1) is satisfied for j = m—1. Also by our induction hypothesis we
have

M(P\ (PpyU-—UP,UP, 1)) < M(P\ (P, U---UP,,)) < 22m=bn,

hence (4) is satisfied for j = m—1. Finally P,,_; is contained in P\ (P,,, U
-+-UP,;,) and hence its mass is at most the mass of the latter which is trivially
bounded by 22(m=D+2)n thus (2) is also satified for j = m—1.

Case 3. £(P\ (P, U---UP,,)) <20m=Ym and M(P\ (P, U---UP,,)) >
22(m—1)n.
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In this case we repeat the argument in case 2 with the roles of the mass
and energy reversed. Precisely, use Lemma 1 to find a subset P,,_1 of the set
P\ (Pp, U---UP,,) such that

(3.8) M(P\ (P, U+ -UP,UP,, 1)) < %M(P\(Pmou---UPm)) < 322’“"

and P,,_1 is a union of trees (whose set of tops we denote by P} ) such
that

(3:9) S° L € CM(P\ (P, U+~ UP,,)) F < Cy2-2m=m,
tePy

Then (3.8) gives (4) and (3.9) gives (5) for j = m—1. By induction we have
M(Pro1) S M(P\ (P, U---UP,)) < 22mm = 2Gm=DF2n

thus (2) is satisfied for j = m—1. Finally (1) and (3) follow from the inclusion
Pp-1 CP\(Py,U---UP,,) and the assumption S(P \ (P U---U Pm)) <
2(m=1n_ This concludes the proof of (1)-(5) for j =m—1.

Case 4. E(P\ (P, U---UP,,)) > 20m= D% and M(P\ (P, U---UPy,)) >
22(m—1)n.

This is the most difficult case since it involves elements from both of the
previous cases. We start by using Lemma 1 to find a subset P} _; of the set
P\ (P, U---UP,,) such that

(3.10) M(P\(Py,,U---UP,,UP],_1)) < %M(P\(Pmﬂu ~UPp,)) < 322’””

and P,
that

(3.11) S LS OM(P\ (P, U UP,,)) ' < G272 0n,
te(l:’;nfl))(<

is a union of trees (whose set of tops we denote by (P’ _;)*) such

We now consider the following two subcases of case 4.

Subcase 4(a). E(P\ (P,,, U---UP,, UP!,_})) < 20m—1n

m—1

In this subcase, we set P,,,—1 = P/, ;. Then (3) is automatically satisfied
for 5 = m—1 and also (5) is satisfied in view of (3.11). By the inductive
hypothesis we have (P \ (P, U+ UP,,)) < 2m" = 2(m=D+bn and also
M(P\ (P, U---UPy,)) < 22mn = 2@m=D+2)n - Gince Py, is contained
in P\ (P, U---UP,,) the same estimates hold for £(P,,,—1) and M(P,,_1),
thus (1) and (2) also hold for 7 = m — 1. Finally (4) for j = m — 1 follows
from (3.5) since P/ Pooi.

m—1 —

Subcase 4(b). S(P \ (P U---UP, U P;ﬂil)) > 9(m=1)n
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Here we use Lemma 2 one more time to find a subset P/, _; of the set
P\ (Pp,U---UP,, UP] _,) such that

m—1

EP\(PpyU---UP, UP,_UP_}))

m—1
(3.12) 1 :
<GEP\ (Puy U UP, UP], )

and P!/ _, is a union of trees (whose set of tops we denote by (P _;)*) such

m—1
that

(3.13) Y |L] < CE(P\ (P, U UP,, UP), 1)) 2 < Cy272(m=1m,
te(Py, )"

We set P,y =P/, _, UP” | and we observe that P,,_; is disjoint from all
the previously selected P;’s. Since by the induction hypothesis the last term
in (3.12) is bounded by 2E(P \ (P, U--- UP,,)) < 22" the first term
in (3.12) is also bounded by 2(™~Y" thus (3) holds for j = m—1. Likewise,

since

EPm_1) SEP\ (P U+ UP,,)) <2™" = o((m=1)+1)n

M(Pr1) SM(P\ (P U---UP,,)) < 22mn = 2@m=1)+2)n

(1) and (2) are satified for j = m—1. Since

MP\(PpyU---UP, UP, 1)) S M(P\ (P, U---UP,, UPL 1))
(3.10) implies that (4) is satisfied for j = m—1. Now each of P}, _; and P/, _,
is given as a union of trees, thus the same is true for P,, 1. The set of tops
of all of these trees, call it (P,,_1)*, is contained in the union of the set of
tops of the trees in P/, _; and the trees in P!/, _;, i.e in (P}, _{)* U (P _1)*.
This implies that

Z ‘If| < Z ‘[f|+ Z ‘[f| < (Cl+02)272(m71)n _ 00272(777471)77,

te(Pm—1)* te(Pr,_1)* te(Py,_1)*

m—1

in view of (3.11) and (3.13). This proves (5) for j = m—1 and concludes the
inductive step j = m—1. The construction of the P;’s is now complete.

4. PROOF OF LEMMA 1

Given a finite set of tiles P, set uy = M(P) and define

P'={peP: M({p}) > u}
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Clearly M(P \ P’) < 14, thus it remains to show that P’ satisfies (3.2). By
definition of the mass, for each p € P’ there is a tile u(p) = u € D such that

I -1
(4.1) | |( o dx > &
x—c(Iy
EON=1[w,,] (1 + | . |1/n)|>

Set U = {u(p) : p € P}, and let Upax be the subset of U containing all
maximal elements of U under the partial order on tiles. As observed earlier,
the tiles in U can be grouped into trees with tops in Uyax. Now U is not
necessarily a subset of P/, but each u € U is associated to a p € P’ as
described above. In particular, if p is a maximal element in P’, then there
exists a u € U with p < w such that (4.1) holds. If this u is not in Upax
then there exists u' € Upax with u < w'. We must then have u' associated
to another p’ € P’ which implies, by maximality of p, that p’ < p. Hence for
each maximal element p € P’ there exists a unique element u € U, with
p < u, and there is at most one such maximal element for each u € Uy,,.
Therefore, we will show

(42) Z |Iu| < CIM_17

UEUmax

which implies (3.2). Now we will rewrite (4.1) as

—kn S |I ‘_1
2n+2 MZQ Z Ix—c(I.)] 10n dX’
PO BN ] (” Tt/ )

nEkFrA\2* L)

where we set %Iu = (). This estimate holds for all © € U, so in particular for
every u € Uy, there exists a k > 0 such that

2"7,

e 1
on+2 /J/|I |2 ¥ / 10n dx
J (1+' e >\)
ENN~!w,] | Lo |2/
nErRr,\2k 1)
BN w,] 0 (251,\ 21|
— C(\/ﬁ)lOanOkn ’

x—e(L)]

I, |1/
vn2k for x € (2F1, \ 2¥=1I,). Here and throughout the paper C' denotes
a constant depending only on dimension and whose value may change at
different places in the proof. Now we define for k > 0

where the second inequality above follows from the fact that

Uy, = {u € Upax : Cp|L|2%" < |[ENN" w, | N 28
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Since Upax = Upeg Uk, if we show that

(4.3) | <278yt
ueUy

summing over k € ZT gives us estimate (4.2).

We now concentrate on showing estimate (4.3). Fix k& > 0 and select an
element vy € Uy so that |I,,| is largest possible. Then select an element
vy € Uy \ {vo} such that the enlarged rectangle (2€1,,) X w,, is disjoint from
(2%1,,) X w,, and |I,,| is largest possible. Continuing by induction, at the
j-th step we select an element v; € Uy \ {vo, ..., vj_1} so that (2¥1,)) X w,,
is disjoint from the enlarged rectangles of previously selected tiles and |1,,] is
largest possible. Since we have a finite set of tiles, this process will terminate,
and we will have the set of selected tiles in Uy, which we will call V.

Next we make some key observations about the tiles. First, note that
elements of Uy are maximal in U and therefore disjoint. Second, for any
u € Uy, there exits a selected tile v € Vi, with |I,,| < |I,| and such that the
enlarged rectangles of v and v intersect. We will associate u to this v. Third,
if w and v’ are both associated to the same v, then I, and I, are disjoint.
Indeed, (2*1,) x w, intersects (2¥I,) x w, which means 2¥I, N 2*1, # () and
wy Nwy, # (0. This implies, together with the fact that |I,| < |[I,|, that
Wy D Wy. Similarily w,s D w,. Therefore, one of w, and w,  contains the
other. But u and v are disjoint, thus I,, is disjoint from I,,,. Finally , all tiles
u € Uy, associated to a particular v € V, satisfy I, C ok+2r

From the observations above and the definition of Uy, we have

DoM< Y S D I

ueUy vEVy ueUy
U assoc v
veEVy' ueUy veEV

U assoC v
SCM71279kn2(k+2)n Z |E N Nil[wv] n QkIU|
VEV
Sc22nM71278kn|E| S 022nu71278kn’
where we have used that for v € Vi, the enlarged rectangles are disjoint, and
therefore so are the subsets E N N~![w,] N2k, of E.

5. PROOF OF LEMMA 2

We begin by fixing a finite set of tiles P and = 2™. This choice of r ensures
that n < & in the lexicographical order for all n € wy1) and § € wy(,y. For
r # 2™ the proof goes through by a suitable permutation of the coordinates of
R™ which changes the coordinate that takes precedence in the lexicographical
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order. Here we note that we can be less precise by taking any linear functional
L that separates wy,(1) and wy(,y in any given cube w,. Then we let n < &
if L(n) < L(€). In particular, we can take L to be the projection onto the

appropriate axis so that the usual linear ordering on R is relevant. Let €
denote £(P). Define for T a 2"-tree

A(T) = (uT/—l > ¢p>|2)1/2.

Consider all 2"-trees T' contained in P which satisfy

(5.1) A(T') >

€.

Among these select a 2"-tree T} such that c(wy;) is minimal in the lexico-
graphical order. Let Ty be the set of all p € P such that p < pr; = pr,. In
other words T; is the maximal tree containing T} with the same top as T.
Now consider all 2"-trees contained in P\'T; and select a 2"-tree T, such that
c(wry) is minimal. Let Ty be the set of all p € P such that p < pp; = pr,.
Continue inductively to obtain a finite sequence of pairwise disjoint 2"-trees

T, T, ..., T,
and pairwise disjoint trees
T, Ty,..., T,
where pp/ = pr,, T’ C T, and the T’ satisfy (5.1). Let
q
P =T,
j=1
then clearly

EP\P") < %e .

Thus we need to show that P” satisfies condition (3.4) of Lemma 2, i.e.

q s
(5.2) S < 22

j=1
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Since the trees T’ satisfy (5.1),
Lo
G zj: I, |
<> el

y ’
J peT]

=" (f.6p)(f.0p)

a ’
Jj peT]

(5.3) =13 Fodnion)

J peT;
ST by

y /
J peT]

SN (f by

y ’
J peT;

< fllz2rn)

L2 (")

S ‘

L2(R")

Letting U = {J, T, we will show that

/
RIETAEN o im)",
J

peU

which, together with (5.3), will give us (5.2). The square of the left hand side
of (5.4) can be estimated by

(55) Y o) (b (Bp b +2 D HFs @) (s Sud (B, bul-

p,ueU p,ueU
Wp =Wy wp CWa (1)

(5.4)

L2 (Rn

Here we have used that (¢, ¢,,) = 0 unless wp(1) intersects wy, (1) which implies
that either w, = wy or wy(1) contains w), or wy;) contains w,. We are then
able to utilize the symmetry in p and u to combine the off diagonal terms.
We estimate |(f, ¢p)| and |[(f, ¢)| by the larger one and bound the first term
in (5.5) by

STHE o) D [p: b))l

peU JEY
(1L 1\ Y2
, min {170 17,

< Z I(f, ép)l Z ¢ (1) —e(r)] \'O"

peU ED. (1 * W>
<Z|<f¢>\220/i 1_’_% _10ndx
< s 1] [t

peU uey L !

Wp =Wy
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<CY [(f o))

peU

:OZ Z |IT_7‘||IT_7‘ |71|<f7 ¢’P>|2

J pGT;.
<CY I, |e,
J

where we have used that for p € U, the I,, for which w, = w,, are pairwise
disjoint.
Using Cauchy-Schwarz, the second term in (5.5) can be estimated by

22> Lol D [ 0u)ll{dp, du)]

J pET; ueyU

upru(l)
" 2 1/2
<2) 8> (o)l Z( > |<f>¢u>|<¢p7¢u>|)
J peT p€ET wucewli(l)
1/2
2
<2y |Ir,|'*A(T)) Z( > |<f7¢u>||<¢o,¢>u>|>
7 pGT; WpuC%Ii(l)

1/2

2
<23 I 1 Z( ) |<f,¢u>||<¢p,¢u>|)

peT’. uelU
7 wpCwa(n)

To complete the proof, we need to show that the expression inside the curly
brackets is bounded by Ce?|It,|. Since for a single tile u

E({u}) = ([T 0 P) 2 = L7210 F )| < 6,
we get that
2 2
Z( > |<f,¢u>|<¢>p7¢u>|> Se22< > |Iu1/2|<¢>p,¢u>|>-
PETS N oy PETS N

Thus we now need to show that

2
(5.6) Z( 3 Iu|1/2|<¢p,¢u>|> < ClIg, .

pET]T ueU
wp Cwy (1)
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To prove this, we will need the following lemma.

Lemma 4. Letp € T andu € T),. Then if w, C wy), we have I, NI, = 0.
Ifu € Ty,v € Tju# v,wp Cwyay, and wy C wy(y for some fized p € T,
then I, NI, = 0.

Proof. Since w, C wy1) and T} and T} are 2"-trees, T’ and T} are not
the same tree. Otherwise w, C wyen). We know that wrr C wp C Wy,
which implies that c(wT;) is contained in w,(;). We also have wrr C Wy(2n),
which implies that ¢(wr, )is contained in wy(zn). Therefore c(wT/) < c(wty)
in the lexicographical order which means that T’ was chosen before T} in the
original selection process. Now suppose I,, N I, ;é (). Then either I,, C I, or
I, O It;, however wr; C w, implies that I,, C It,. Thus we have wr, C w,
and I,, C It, which says that u belongs to the tree T;. However, u € Ty and
thus was chosen from P \ T, which gives a contradiction. Thus I,, N ITJ. = 0.

Next suppose that v € T}, v € T}, u # v, and w, C (wWy(1) Nwy(1)) for some
fixed p € T;.. We have three cases to consider: (a) w, C w1y which means
I, NIy, =0 and thus I, N I, = 0, (b) wy C wy(1) which means I, N It, =0
and thus I, N I, = 0, and (¢) w, = w, which tells us |I,| = |I,|, thus I,, and
I, are disjoint since u and v don’t coincide. O

We now return to estimate (5.6). Observe that Lemma 4 tells us that for
the tiles u € U appearing in the interior sum of (5.6), the I,, are pairwise
disjoint and contained in (I1,)°. Thus we have

Z( > |Iu|1/2<¢p7¢u>|>

pET), ucU

wp CWy (1)
2
LINY? 1,7}
<C |1u1/2<|p> / , i
;( z;} [l 1o (1 4 et )1
p J wp CWay (1) up‘l/"
2
|Zp| !
<C' 3|1, / ix
EZT/ < UGZ[J 1_|_ |x—c(Ip)] 10n
P wWp CwWay (1) [Ip ‘1/”
2
-1
<C Z Ly / ) Tom dx
€T (Fr;)° ( +M)
pPEL; J 1,1/

|Ip| "
<CZ|I| : dx

10n
[x—c(Ip)]
’
pGT 1+ [I,[i7/"
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o0
—kn 1L,
SOZQ |1, | / —e(L ) 7 dx.

k=0 peT’ Ir;)e 1 + i, |1/n )
[Ip|=2" ’“"\IT |

The proof of Lemma 2 will be complete if we can show that

1L, k(n—1)
Ton 4X S 2 ,
(I, )c 1+ IxI clg/n)\)

pET/
|Ip|= 2_”\IT |

thus allowing the sum in k& to converge. Throughout the paper, A < B means
that A is less than or equal to B up to a constant depending only on dimension.
The first observation we have is that

I dist((It,)e, I,)\ ™"
(Ir,)* (1+|x c<1p>|) [T/

‘I ‘1/71

To see this, note that by a change of variables, it suffices to let the center of
It; be at the origin. Also note that we have the inequality

(e )" 2 T+ )

Therefore, the integral above is bounded by a constant times

1 / 1,

dl’i
o (Hw)m
@i >3 |11, | [p[t/m
R SANITARE ’

where we have used that |z; — c(I},);| > dist((IT,) I) for all i =1,2,...,n
Now we need to sum over p for a fixed scale k. Consider an n — 1 dimensional
face of It; and fix a cube I, whose face is contained in the face of I,.
We allow the remaining coordinate to vary and sum over those I, in this
“column”. In a fixed column, the distances from (Ir,)¢ to each I, sum as
additive multiples of |I,|'/™

—

<

=,

i=1

. For each face, there are 25(»=1) gsuch columns.
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Thus

T ()

p€eT)
|y =27 I |
<2k =) 5 (Hof faces) Z

m=0

1

mon

§2k(’n—l) .

6. PROOF OF LEMMA 3 - THE TREE INEQUALITY

Let J be the collection of all maximal dyadic cubes J such that 3J does
not contain any I, with p € T. Then J is a partition of R".

We can write the left hand side of (3.5) as follows, where the terms «,,
are phase factors of modulus 1 which make up for the absolute value signs in

(3.5):

1Y lfs dp)op 1, [l < Ky + Ko

peT
where
(6.1) Esp = ENN"wyn)),
(6.2) K=Y > o)ty ie,lluw),

JET peT; |I,|<27|J|

(6.3) Kyo=> S ol )N 1,

JET ||pET; 1| >27|J| L1(J)

Let
e=&(T) and p=M(T).

We begin with ;. For every p € T, {p} is a 2"-tree contained in T, and
therefore

(f, dp)| < elTp|2.
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This implies that

cisee S ol L

20n
JeJ  p€eT _ |x—c(Ip)]
<2y TOEON L] (1

[Ip|™

Lt 1
see ¥ om| e i s
JeJ  peT _ [x—c(Ip)] * |x—c(Ip)]
[ EE I <1+ 115 SN
1
S CEM Z Z ‘[p‘ sup 10n
Jer  per xe (1L Ix=elly)
|| <2"|J]| L[
1 1
< Ce okn ,
- MZ Z Z dist(2,1,)\*" dist(s,1,)\*"
JET k:2kn<2m|J| pGTk 1+ — 1+ e
[Ip|=2""

where we have used that for x € J,

k
|x — c(Ip)| > dist(J, c(Ip)) > dist(J, I,) + %,

hence

x — (1) _ dist(J,c(1,)) _ dist(J,1,) |, 1
o 2k =T )

For all p € T with |I,| = 2¥, the I, are pairwise disjoint and contained in

Ip. Therefore dist(.J, I,) > dist(J, It) and |Iz|~» < 27%, which gives

1 1
(1 + W) (1 n dlst(J,llT)>
PENED

We also need the following lemma.

Lemma 5. For J € J such that 2" < 27| ]|,

1
Z dist(J7Ip)>5" < C(n),
k

peET (1+ ok

where C(n) is independent of J, k and T.

Proof : We first observe that dist(J, I,) and dist(c(J), I,) are of comparable
size. The inequality dist(J,I,) < dist(c(J),I,) is clear. To see the other
inequality, note that |I,| < 2"|J| = |2J| implies that I, is disjoint from 3.J,
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since 3J does not contain any I,. Thus we have
dist(I,, c(J)) < dist(I,, J) + dist(9J, ¢(J))
< dist(I,, J) + v

(15 i .

dist(I,, J)

Hence it suffices to replace dist(J, I,) by dist(c(J),I,). Let xg = ¢(J) and
decompose R™ as follows :

R" = | ] On,
m=1
where
(91 = B(X()7 3\/E2k)7
O = B(x0, 3my/n2")\ B(xq, 3(m — 1)/n2%).
Let

S1:={peT: || =2" 1,0 B (x0,3vn2") # 0},

Smi={peT: || =2""1,n0, #0,I,n (U'7'0;) =0}, m>2.
Since the diameter of I, is /n2", I,, will not intersect three annuli, so each p
in the sum is contained in exactly one .S,,. In order to estimate the number of
tiles in S,,, we consider the volume of the corresponding annulus O,,,. Now,

volume(0,,) = (3v/n)"2"" (m"™ — (m — 1)") = C,2""m" 1.

Since the I,,-s are disjoint, there are C,,m™~! cubes I, of size 2¥" in the set
Sm. Also for p € S,,,

3(m — 1)y/n2% < dist(xo, I,) < 3my/n2".

Thus,

> 1 ~ ©

< Z < — < Q.
v (14 distexol) T = (L4 m)Pn > mo
AR 2"
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Using (6.4) and the lemma, we have that K is bounded by

log, 2| J|

Y

. 5n
JeJ kn=—o0 <1+ dlSt(JlIT))

[IT|™
||
<Ce ) . 5n
JjeJ (1 + dlSt(J,IIT)>

[IT|™

SCGMZ/ dX

2kn

<Ceu|I].

This completes the estimate of K.

Now we consider Ky defined by (6.3). We can assume that the summation
runs only over those J € J for which there exists a p € T with 2"|J| < |I].
Then we have J C 3It and 2"|J| < |It| for all J occurring in the sum.

Let us fix a dyadic cube J € J and observe that the set

Gi=Jn |J By
PET: |1y >27||

has measure at most CpulJ|. To see this, let J' be the unique dyadic cube
which contains J and |J’| = 2"|J| < |It|. By maximality of J, 3J’ contains
I, for some pyg € T. There are two cases to consider. Case (a): I, is the
dyadic cube that is formed from taking the unique double of each side of J’
which is also dyadic. In this case |Ip,| = 2"|J’| and we set pg = p’ < It X wr.
Case (b): Ip, is contained in one of the dyadic cubes of size |J'| contained in
3J'. Since |J'| = 2"|J| < |It|, the dyadic cube which contains I, is contained
in It. In this case there exists a tile p’ with |I,/| = |J'| so that I,, C I,y C Ir.
In both cases we have a tile p’ such that p, < p’ < It X wr and |w,| is either
27" J|7t or 2727 J|71. We claim that

U By € ENN™ wy].
peT :|I,|>27|J|

To see this, let us choose p € T such that |I,| > 2"|J|. Then |w,| < 27"[J|7,
which means |wp| < |wp|. But wr C wp Nwy, which leads us to conclude
wp C wy . Recalling that

By ={x : N(x) €wpen)} NE
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now completes the proof of the claim.
The above claim implies that G; C J' N ENN~![w,]. Therefore,

|GJ|S‘J/QEQN71[WP/]|: / lJ/(X)dX.
ENN~1[w,/]
Since B
L) < C <1+|—<f>|> |
| Lpr | ™

and mass({p}) < u, we get |G| < CulJ|.
Let Tz be the 2"-tree of all p € T such that wp@ey C wpeny and let
T, = T\Ts. Define for j = 1,2,

N
Fjj = > ap(f, ép)p 1p,,-
pEeT; : |Ip|>27|J]|
First we consider I ;. We have

[F1(x)] < > [ bl ()1, (%)

peT : [Ip]|>27]J|

<ce Y <1 + X‘j:”“') 1, (X).

pET: : [Ip|>27]J]

We will sum the expression on the right hand side of the above inequality in
two steps. First let us construct

7 :={w : there exists p € Ty such that |I,| > 2"[J| and wy2n) =w}, and
P, = {p eTy : ‘Ip‘ > 2”|J|,wp(2n) = w}, for w e 7.

This means that the sum estimating F;; may be written as

>3 <1+W> g, (x),

wET pEP,,
where
E,:=En{x: N(x) €w}.
Now note that for p € T4, the semitiles I, X wy2n) are disjoint. In particular,
for p,p’ € P, p # P/, one has I, N I,; = (). Therefore,

3 <1+|X|_Ic(f”)|> <cC.

PEP pl™

The proof of this fact is similar to that of Lemma 5. This implies that

|Fi(x)] < Ce> 1p,(x) = Celyp, (x).
w€eT
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Here we have used the fact that the w-s in Z are disjoint. This yields
1Ll < C [ 15, () dx = CelG| < Cenld),
J

This estimate, summed over the disjoint J C 3It yields the desired bound.

To complete the proof of (3.5) we estimate F;(x). Fix x and assume
that F5;(x) is not zero. Since the cubes wyony with p € T are all nested and
Eyp = {x : N(x) € wp(gn)}ﬂE, there is a largest cube w4 of the form w), with
p € To, x € Eyp, and |I,| > 2"|J|. Similarly there is a smallest cube which
we call w satisfying the above properties. Let us define w_ = w,(2n). Then
x € Ey), for some p € T with |I,| > 2"|J| if and only if |w_| < |wp| < |w4].
Fix £, € wr. We can now write Fy;(x) as

Fa(x)= > ap(fidp)p (%),

pET>
|w—|<|wp|<|w]

which may be decomposed as

S alfion) (FTEOK() £ () (x)+
peT2
lw— [ <|wp|<|wy]

[(ezm'N(x)-(-) _ e2m‘£o-(~)) K()} * > ap(f, &p)0p() | (%)

peT>
lw— [<|wp|<lwy]

= 2 aplfiép) <¢§° * (Mc<w+>D1 -39~ Mew) D, i¢)> (x)

el §lw o]
2

I { [(ezm‘N(xm _ ezmeo~<»>) K(.)} *

[ anlf o) (% * (Mc<w+>Dléw+;¢ —Mew Dy s ¢’>>} }60)-

pET2

We claim that the last equality follows from the geometry of the supports of
the Fourier transforms of the two convolving functions. More specifically, ¢,
is supported on %wp(l) while

{1 if €€ wy

1 -~ _
<MCW)D 1¢> ©=10 ifE¢ (1+ 1) wy.

tlwg|™m

Therefore

(Mc(uur)Dl ‘_%(b_Mc(w,)Dl 111¢)A(§) = {

Flos Flo-|™n

1 ifécwi\ (143w
0 ifécw U((1+1)wy)”.
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For those p € T such that |w_| < |w,| < |wy|, we have tw,q) C wy \

(1+ ) w—. Conversely, for p € Ty such that |w,| > |wy| or |wy| < |w_], we

have %wp(l) Cw_U ((1 + %) w+)c. This concludes the proof of the claim.
The expression for F5; may therefore be written as

(65) <G1 * <Mc(w+)D11 1 ¢ - ]\40(“,7)D11 1¢)> (X) +

Huwg|™m lo_|"w
Lwgp| ™ Ho_|™w

|:<627riN(X)-(-) _ e?ﬂ'iﬁg-(‘)) K() * G2() * (Mc(u,ur)Dl . ¢ _ Mc(w,)Dl

where

G1 (X)

> aplf. dp)ife (x)

p€E€T2

= 2 aplfi ) (70K 5 6,()) (),

p€ET2

Ga(x) = Z ap(f, bp)Pp-

peT>

Claim :

1 1
(6.6) |Foy(x)| < C (ilé;}m/I|G1(Z)|dz+sup|I|/I|G2(z)dz),

JCI

where the suprema above are taken over all cubes I containing J.
The proof of the claim is given in the next section. One should recognize the
claim as a slight variant of the classical inequality

T*f < M(TF) + M(F),

where

Tg= (0 OKO)) vg. [ =Gala),

T* is the maximal operator corresponding to 7', and M denotes the Hardy-
Littlewood maximal function. In the rest of this section we show how the
proof of Theorem 1 may be completed using (6.6).

We observe that the right hand side of the above expression is constant on
J and that F5;1; is supported on G ;, which is of measure less than or equal
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to Cu|J|. Hence,

Z [[F2slLe ()

Jeg

1 1
<C J L G d 1 o i
B MJGJ;CSIT| <§‘£ ‘I‘/I| 1(2)] Z+31£ |I|/1| 2(z)] z)
= Z ek ¢’p>¢§° M Z ap(f, bp)bp

pET2 pET>

L(3IT1) LY (3IT)

SCU‘IT‘% Z ap(fs ¢p>¢§o + Z ap(fs Pp)dp

pET2 p€ET2

L2(R™) L2(R™)

Here we have used the L? boundedness of the Hardy-Littlewood maximal
function M. We would now like to show that ||G1||.2 and ||G2|| 2 are bounded
above by a constant multiple of €|I7|2.

1G1132 = > apay (f, 6p) (Fo ) (W0, 059)

p,p'€T2

= 3 apayf.0p) (Fbp) (m(-—E0)dp. m(- — E0)dp)
p,p’ €T2
wpiw;

+ D apap £y ) T o) (ko 0).

p,p’f'ljz
Similarly,
1Galli = Y apay(f,6p) (f,6p) (6 dpr)
p,p'€T2
= > apap(f,6p) (o dw) (6, )
p,p’;'ljz

+ > oo (£.6p) (F dp) (6ps )
p.p' €Tz
wp:u}p
But (@,@) = 0 for p,p’ € Ty,w, # wy, since 55; and Q/S;/ have disjoint
supports in this case. Therefore we only need to consider the second sum in
the expressions for ||G1|]2, and ||G2|[2,. Our pointwise bounds imply that

_1 1 x —c(l - x —c(L, -
<¢p7¢p’>a<w§0>w§9> 5 |Ip| 2|Ip" 2 / <1+ | |I |(1p)|> <1+ L |I |(1p )> dx,
p n p/ n
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so it is enough to estimate the right hand side above for p,p’ satistying w, =
W;’o- Upon simplification this reduces to

L =)\, k=emIl)
. /w<” AT ) (H Ak ) ’
-/ <1+y|>‘”<1+y ) —clly)

I
< (1 MECARR) )

|| =
With this estimate, the proof that ||G1 ||z and ||G2||> are less than Ce|lx|2
is similar to an argument outlined in the proof of Lemma 2. One needs to
follow the proof of the estimate of the first term of (5.5) to complete the proof
of Lemma 3, given the claim.

_|_

7. PrROOF OF CLAIM (6.6)

Let us estimate the first term in the expression (6.5). We denote by ¢ any

one of the two constants #|w |~ W or +lw_|~%. By translation invariance, let
I_ and I be the unique dyadic cubes of the form

H [0, |ws| ™%
For a dyadic cube I = [[}_, [0,2%) and r = (ry,79,- -
denote the unique dyadic cube of the form

[r12%, (r1 +1)2F) x - x [r,28, (rn +1)2F).

[iamie o (<22 ay

< [ ewlarer Yz [ el

,Tn) €27, I+ will

Now,

Ix—y|<é e P I
1
<é™m G d 277 , G d
S BTSSR T
|2 —yi|<é = |z —yi|<é2?
1<i<n 1<i<n

su G1(z)| dz.
NI JIC)I|I|/| 1(2)]
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Here we have used the fact that since x € J and |J| < |I4| < |I—-|, we have
JC{y : |z;—yi| <cforallil <i<n}.

We denote by B the second term in (6.5).

B= (627TiN(x)»y _ 627Ti§0-y> K(y)X
(y,z)€ER™ xXR"™

{ezmcwn-(zfy) <1|W+|i> P 71“2
6 g|w+| "

mic(w_) (z— 1 — - zZ-y
_ g2mic(w-)(z—y) <6w_| n> ¢<W>:|G2(X—Z)dydz.

6

To estimate B we write it as
B =By — By + B3 + By,

where

B = / / (e2mN(x)'y _ e2ﬂi§o')’) K(y)e2ﬂi6(w+)'(z—w <1|w+|_i> B
zel, JyeRn 6

¢ (”) Ga(x — z) dy dz,

_1
%|W+| B

-n
By = / / (e%iN(X)-y _ e2m‘€o-y) K (y)e?riclw-)(z=y) <1|w_|—i>
zel_ JyeR» 6
7 —
¢ <1yl> G2 (x — z) dy dz,
Lew_|==
Bs = / / (62mN(x).y -~ ezmgo‘y) K(y)x
z€l_+r JyeR"

rezZ"\{0}

|:e27ric(w+)‘(z—y) <1|w+|_;>_ p < : 2=y )
6 glwt |

4 a1 a\T" z—
_ p2mic(w-)-(z—y) <6w| i) qs(l'w |y1>]Gz(x—z) dydz,
6 _ n
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and

; ) . 1 -n
By = / / (627mN(x)-y _ 627m£0~y> K(y)eZﬂw(“"‘*)'(z*y) <6|W+|’11> %
zc€l _\I; JyeR®
¢ <z_y> G(x — 7) dy dz.

6|w+|77

We have the following bound for B :

|B1] < / / + / /
zcly Jyel zcl Jyel +m

’(627riN(x)‘y _ e27ri§0~y) K(

meZm™\{0}

Y)‘ lwi| |@
< / il [ NG = &lly]*"dy|Galx — 2)|dz +
zely yelL

/ | y|™" || dy|Ga(x — )| da
mezn\ {0} zcl yeEl+m
5/ |Ga(x —z)|dz  +

Z€I+

> derl(

meZ™\{0}

N\ 1
(|w> + Z lm|™"7"| sup m/I|G2(z)|dz

|| mezm {0} I:JCI

< sup /|G2 )| dz,
rgcr 1|

for large v. The treatment for By is similar.

N

oy [l | Ty

) i [ (G- 2l
z€ly

N

Next we estimate Bs. Note that it suffices to consider |r| > 2. The case
Ir| < 2 follows with a similar argument as in the treatment of Bj.

/ / m(E — N(x)) — m(€ — £&)) 27=€ x
rezm {0} Y €l +r JEER™

H sl H€ = cl02)) ) = & (gl 1€ - et )| delGax— 2

Let us write
2mizé _ |Z|72N(L§)N (627'riz{> ’
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where N is a large positive integer and L¢ is a suitably chosen differential
operator. Then,

Bo= [ [ ey [mie - NGo) - mie - 60)

reZm {0}
(3 (Glos 17# €~ clws)) = 3 (Glocl € - o)) )] délGatx-a)] da

For simplicity, let us consider only those terms where (Lg)N is applied to
either one of the terms

(m(E ~ N(x)) - m(€ — £)) or
(3 (Glosl#€ ~ctws)) =3 (Gl H€ - o) ).

The analysis for the other terms is similar. First let us look at the inner
integral

@) [ T e NG) i€ €0+

(5 (Gl €~ clorn) =3 (Gl e - etw) ) )| e
We observe that
L2 [m(€ ~ NGx) — m(€ —€0))] £ (1€~ NGO 1 16— &/ ~2).

and that the integrand is supported on (1 + #)w, \ w_. Also, given w; and
w_, there exists a unique sequence of nested intervals

— — n
W_ Cwp, CWwp, C-- Clpy, =wy, |Wp | =2"wp,

It is not difficult to see that if £ € (14 £)wp,,, \wp, and N(x),€, € w_ C wy,,
then
1 .
IN(x) —&[,1€ —&ol 2 |wp, [, 1<i<M-—-1
This implies that the expression in (7.1) is bounded by a constant multiple of

M—-1

Z |wp,

i=1

TS e

Wp;
Next we consider the inner integral

72) [ e i~ NG<) -~ me o) x

2 | (3 (Gl e~ ctwn)) = 3 (Gl He et )| et
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_ / 27 [(m(€ — N(x)) — m(€ — &,))] %
EER™

o= () (206) (Bparl ¥~ eten) -
o () (19) (G-t ) .

Therefore the expression in (7.2) is bounded above by a constant multiple of

2N
‘1—7.

R P e e

All the other terms originating from the integration by parts yield the same
bound. Also note that for z € I_ + r, we have |z|=2Y ~ (|r||I_|)"*" since
|r|] > 2. Therefore choosing N large enough, we obtain

BlS S [ e (Gt da

rezn\{o} Y 2€1-

2N
S Y e E () [ G e

reZ™\{0}

_ 1
< Y e Ni/ Golx — 2)] dz
rezm{o} <|r\|1_|z) 2ECr| I

su G4 (z)| dz,
NI JEI|I|/| 2(2)

since J C C|r|I_.
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It therefore remains to analyze By. Since z € I_ \ I, there exists r €
1

Z"\{0}, 1 <|r| < (%); such that z € I 4+ r. Now,

. . , 1 -n —
/ (6271'1N(x)-y 7 627”50'3’) K(y)e27rzc(w+)-(zfy) <6w+ i) ¢ ( - Z yl) dy
yeR”? =lw n

< Z / <€27TiN(x)-y _ 627T7l§0-y) K(y)eQﬂic(w+)-(z—y) 5 o
yeli+m -1

mezm

1o —y
S B
yely

1-n
>+ Y (Il %) oo min (1, o — v )

Ir|

m#0: jm—r|<F m¢0:|m7r|>%

1 1, 1\l 1 _ 1 11—
Sl [Flwp 1L F ™ 4 (Il ) o7+ 3D fm ] o [F L O

m:\m7r|>‘—;|
1\l 1
S(ITe) oo

Sz |w_| 7.

Therefore,

Billott [ el "IGalx - 2)lda
i m Slz[SH- |

S 9+ |Ga|(x),
where

— — % 1—-n
g(z) - h(|Z|) - |w*| |Z| 1‘I+‘%S‘Z|S|I*|%(Z)

We observe that g € L' ||g]li < C and g is radially decreasing. Let us

approximate g from below by g, defined as follows,

0 if x| < |Iy|%
92(x) = { (1L ]% + k) i (k= Dy + |1
0 if [x| > [I_|»
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where koy = [I_|» — |[I].
We can write g as

1
gy =—h (‘M"’ J”) Yoty F
ko

3 (h (|1+|% + m) —h (|1+|% +(k+ 1)7)) Loy o)

k=1
Therefore,

|9y # |Gall < h(|T4 |7 +7)|Gal * Lo(
s
which inkturn is bounded by
(I§1}gl|z/l|c2(z)|dz) < [n(1n0% +4) [B (01 7)] +
zk: (h (\I+|% + lm) —h (|I+|% +(k+ 1)7)) ‘B (0; |+ lm) H
< (s, o [ 1Gat@da) i

Here g, is given by

0:|1¢ |7 )

k) = (11

F (b 1)7) ) Gal ¢ L (01, 1 49

~ 1
gy ="h <|I+\" +7> 1B(o;|1+|%) +

> (h (|I+|% + kv) —h (|I+|% +(k+ 1)7)) 1B(0;|I+|%+m)'

k
In other words,

2 (1|7 +7) 0 < x| < |17
Gu) = (1L 1% + k) L5+ (= 1)y < [x] < [ +

0 if x| > |1_|=
Therefore,
~ 1 _
||gw||15\|g||1+|w_\n/ vy <1,
lyI<[ Ty |n

since |w_| < |w|. Thus,
1
5, 41G2l0 S s o [ [Gaa)| o
I:JCI |I| I

Letting v+ — 0 and applying the dominated convergence theorem now yields
the desired bound for Bj.
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8. AN APPLICATION

As an immediate application of the weak L? mapping property of the max-
imal dyadic sum operator, we obtain a new proof of Sjolin’s theorem [6] on
a weak-type (2,2) estimate for the maximal conjugated Calderén-Zygmund

operator on R", n > 1.
X
Ko =9 (%) bl
]

be a Calderén-Zygmund kernel in R™ with Q € C>°(S™™1). Let
Bf = f+K,

Theorem 2. Let

and

Cf(x) = sup
£ERn

(ezm's-<-> Be—27i6:() f> ‘ (x).

Then,
ICA L2 < ClIfl|L2,
with a constant C independent of f.

Proof : The proof again follows techniques similar to those used by Lacey and
Thiele [5] in proving Carleson’s theorem on almost everywhere convergence of
Fourier series. Following [5], we introduce the operators

Anf = (f.6p)bplu,on, ()

peD

Af:

I
g
|

/ M_yT_yDj_ . Ay—rnD3:. Ty My f dy dn dx,
KN X [0,1]

where K is any increasing sequence of rectangles filling out R™ x R™. For
any Schwartz function f and any x € R™, the limit representing Af(x) exists
by the argument given by Lacey and Thiele.

Note that by rotation invariance, it is enough to prove Theorem 2 when
the multiplier is supported on a nonempty open cone in R”.

Lemma 6. There exists a nonempty open cone Ky with vertez at the origin,

Ko C{€ = (1,60, ,&.);& <0 for all i},
such that for all € € Ky,

(Af)(E) = cf (&),

where ¢ is a constant independent of f.
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Proof:
_ 1 ~
(AfY(€) = lim (M_yT_yD3_ . Ag—ryD3. Ty My f)(€) dy dn dr
N—oo |KN| ((ym).k) €K N x[0,1]
= lim / (fyM_pyT_y D5 .o\ M_pnT_yD5_..,) (&) dy dn dr
Nﬂoo |KN| KN><[01 Z n y 2 P>( n y 2 P) ( )
= lim — fe 273" $p (2-%(¢' +n)e—2my~(£'+n)d€

N=oo|[ KN | Jrn x(0.1] fef) /R

x 2759, (27 (€ +m) ™V EM, o, (277n) dy dn dr

tim > [ Repried (zon@rn - (14 7))

N=oo|[ KN | Jroy x(0.1] feg) SR 4

x em2milme})- (7 (€ o)~ (144)) g <2a~(5 - (1 . i))

w 2mi(m+1)- (207" (€+m—(1+1)) Lo, ony (27%n) dy dn dr d€’,

where we have expressed I, and w,, as

= [ m2®, (mi + 1)2%),  w, =] 27 (1 +1)27%)
i=1 i=1
with
m = (m17m23 e 7m7l)a 1 - (l13127 e ln) S Zn

Interpreting the sum
3 el
mez™

in the sense of distributions, we find that

(8.1)

(AFV(€) = ¢ lim — > J?(ﬁ)‘a(Z“‘“(éJrn)—(lJrl))

N2 [KN | iy o 1€Zm, a€Z 4

2

X Lu,my (277n) dy dn dk.

Now, ¢ (2°7% (€ +m) — (14 1)) is supported on

1 1 1
_ < 9a—k ) 2 <« = . <<
{(E,n) T 2 (& +mni) — (llJr 4) <% foralli, 1 <i< n}

3 7
- : DI I 2= forall i, 1 <i<nb.
{(5,7)) ( 20) E+m < <l +20) or all ¢ i n}
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Also,
1
lwp<2n) (27"{7]) # 0& (lz + 2> 2P < 27/%,” < (lz + 1) 27«

1
=4 (ll + 2) 2T < n < (lz + 1) AR
Therefore, the integrand in the right hand side of (8.1) is supported in

17 3
< £ < —— K—Q . < i< )
U{ 20 *<E < 202 forallz,lzn}
Q€Z
Moreover, if
13 7

, B AR TR U, L i, 1<i<
(8.2) 202 <¢ < 202 foralli, 1<1i<mn,
then

3 7
nfoc<4 < X . R—a y <73 <
{ (z+20>2 _@+m_(zz+2o>2 forauz,l_z_n}
1
C {’r] : <li+2> 2“_°‘§77¢§(li+1)2“_a}.

Note that there exists a nonempty open cone K, with vertex at the origin
such that for all £ € Ky, there exist a € Z and & € [0, 1] satisfying (8.2). In
the sequel we work with such a cone.

For ¢ € K and choosing Ky = [~N, N]* x [N, N|", we have

(AfYE) = cf(€) x

, R 1
i 7/ ¢(2““(§+n)—<1+>) dy dn dr
N—oo |K | KNX[O 1] leZ" €7 4
= cf(€) x
Lo / 3 ’$<Qa—n &+n) <1+ 1)) 2 dnd
m —— | B 4 H
N—oo N™ [ ye[~N,N" x[0,1] 1€2™ pe '
€3] ~2 "
N~ 25 Vi

= cf lim N— / Z (2’17&)” dn

NHOO 1€Z™ ,a€Z

‘§z|N2R “

—N<I1,2°"*<NVi

=cf(€) lim N~ / > (N2t (25 )  dk
&

a€EZ
i|~27 TV
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e[ X

a€Z
|€i|~2" " Vi

=cf(§).
This completes the proof of the lemma.

Now, let m be the multiplier associated with the Calderén-Zygmund kernel
K. Then m € C*°(R™\{0}) and is homogeneous of degree 0. Suppose further,
without loss of generality, that m is supported on the cone Ky described
earlier. We may reduce the problem to this case via a partition of unity and
by invoking rotation invariance.

Recalling that
Bf =f+*K,

and

Cf(x) = Sl:lp |MyBM_p f|(x),
we define, for { € R™,

B(f = Z <f7 ¢p>wglwp(2n) (C)a

peD
where .
(¥6)71&) = m(& — ), (©)-
Using Lemma 6, it is not hard to see that

1
Bf:= lim

Tew M_,T_yD3 . ByrnyD3. Ty My f dy dn dr
N—oo |Ky]| KN x[0,1]

= lim

im [/, My Ty D3 6,)
N —o00 |KN‘ Kn x| n y2 P

0,1] peD
(MoTy D3-t2™™) Ly, (2~ ") | dy dn s
In fact,

(Bf)(§) = lim

N—oo |KN‘ Kn x[0,1]

> [ MogTy D36}

peD

Ty M, D3, (wffﬂ")A(é) (1%(2”)(2_'“17))} dy dn dk

[<f’ M—nT—yDg*~¢p> X

= lim ——
N—oo |[K | Knx[0.1] pepy

Ty My D3 [m (€ = 127") 3(6)] (Lyun, (27"m) | dy dn d.
Since

Ty My D3 [m (€ = 127") 3,(6)| = m(§) Ty My D3, (€),
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we get that
(Bf) (&) =m(§)(Af)(§) = cm(&)[(E),
where the last equality follows from the claim and the fact that suppm C K.
Now, for f € C§°(R™) and ¢ € R™

McBMfcf(X)

1
= lim — M¢M_pT_yDj_ . By—rnyD3. Ty My M_¢ f(x) dy dn dr
l—oo |Kl‘ K x[0,1]

= lim — / M¢_yT_y D3 . By—wyD3. Ty My ¢ f(x) dy dn dk
1—oo |Ki| Jk,xj0,1]

1
= lim —— M T DQ,KB o DQNT Moo £(x) dv dn' drs
|—o0 |Kl‘ x[0,1] n y=2 2 (1] J,-C) orly nf( ) y an

lim M_, T yD2 By (. D3 TyM,, !
=00 |K| Kixo1 e U9 [ (x) dy d’ di
where KlC := ¢ + K;. The last equality follows from the fact that for f €
C§°(R™) and any fixed ¢, the integrand gets arbitrarily small on the domain
chA K' as | — oco. The details are left to the interested reader.

Therefore,

Slép |M¢BM_¢ f(x)|

< lim — M_T_yDj . D3 Ty My f(x)| dy dn d.

T =00 | K| Sk, x(0,]

sup B¢
e

We recall the following fact about the weak L? norm : there exist universal
constants C'1, Cy such that

[{f:1e)] _ [(f. 1E)]
< w < Cysup ———
o < Wl < Cosup B
where the supremum is over all measurable sets £ with finite Lebesgue mea-
sure. This implies

C, sup

)

SIClp [M¢BM ¢ f|

L2000

& |E|?

X/E

1
<C lim —
l—o00 |Kl|

lim —

M__T_ D2 . (supB, | D3.Ty M, f(x)
I—oo | K] K1 x[0,1] ey << C) ey

dydn'dn] dx
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1
x/ sup—l/ Mﬁn/T_yDg,,@ sup B¢ DSKTyMn/f(X) dx| dy dn' dk
Kxp1 | E |E|Z JE ¢

1
<C lim — |M_yT_yD5 . | sup B¢ | D3.Ty M, f| dy dn' dk
1—oo | K| K x[0,1] ¢ 2,00
1
< C lim — sup B | D3.Ty M, f dy dn' dr,
I=oo |Ki| JK,x[0,1] ¢ 200

since the weak L? norm is invariant under the translation, dilation and mod-
ulation operators defined in Section 2. The same invariance properties also
hold true for the L? norm. In order to prove the weak L? bound for the
Carleson operator, it therefore suffices to show that

(8.3) | Slclchfllevoo < OISz,

which is the conclusion of Theorem 1.
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