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Introduction

Lior Silberman, 1ior@Math.UBC.CA, https://www.math.ubc.ca/"lior
Office: Math Building 112B
Phone: 604-827-3031

0.1. Administrivia

e Problem sets will be posted on the course website.
— To the extent I have time, solutions may be posted on the LMS.
e Textbooks
— Warner, Lee
— Brocker—tom Dieck, Representations of Compact Lie Groups (GTM-98)
— Knapp, Lie groups beyond an introduction
— Knapp, Representation Theory of Semisimple Groups
e No exams.

0.2. Background



lior@Math.UBC.CA
https://www.math.ubc.ca/~lior

CHAPTER 1

Basics: Locally compact groups and their representations

Motivation

A Lie group is a smooth manifold equipped with a compatible group structure. In particular it
is a topological space equipped with a compatible group structure. Before investigating Lie groups
and their (continuous!) representations we will say a little on general topological groups and their
representations. The main result will be the Peter—Weyl Theorem, codified in Theorems [36] [38]
describing the representation theory of a compact group in terms of its unitary dual.

1.1. Topological groups

DEFINITION 1. A topological group is a group object in the category of Hausdorff topological
spaces. A homomorphism of topological groups is a continuous group homomorphism. An action
of the topological group G on the topological space X is a group action -: G X X — X which is
continuous for the product topology on G x X.

Note that the regular action of G on itself is a continuous action by homeomorphisms.
EXAMPLE 2. R, GL,(R), SL,(Q), Q,, CX (X arbitrary!), etc..
LEMMA 3. Suffices to assume Ty, that is that {e} C G is closed.

PROOF. By the invariance of the topology if {e} is closed so is every point, and it is enough
to separate e from g for every g # e. Since the group is 71, the set G\ {g} is open. By continuity
of the map (x,y) — xy~! at the identity there is a neighbourhood (e,e) € U x V C G x G such that
xy~ !+ gforal (x,y) €U x V. Then W = UNV works. O

LEMMA 4. Let H C G be a subgroup. Then the quotient topology on G/H is Hausdor{f iff H
is closed.

PrROOF. Exercise. O

REMARK 5. Algebraic groups are (generally) not topological groups. This directly follows
from the fact that the Zariski topology is not Hausdorff, but more fundamentally is related to the
fact that Zariski topology on the product of two k-varieties X x; Y is not the product topology.

1.2. Representation Theory

1.2.1. Continuous representations.

DEFINITION 6. A representation © of the topological group G on the TVS Vy is a continuous
action by linear maps. A unitary representation is a represetation on a Hilbert space V by unitary
maps.



DEFINITION 7. Let (7,V) and (0,W) be representations of G. An intertwining operator (or
G-homomorphism) between them is a continuous map f: V — W such that

VegeG:o(g)of=fomn(g).
We will write Homg (V,W) for the set of G-homomorphisms, Rep(G) for the category of repre-
sentations and G-homomorphisms.

LEMMA 8. Let (7,V) € Rep(G). If W C V is G-invariant then so is its closure W.

DEFINITION 9. Call (7, V) (topologically) irreducible if its only closed G-invariant subspaces
are the obvious ones.

EXAMPLE 10. Fix a group G. Representations of G include:

(1) The trivial representation is the unique representation with V = {0}.

(2) The regular representation on any function space on G, including C(G), L?(G) (f G is
locally compact) etc. If p =2 we obtain a unitary representation. If G is a manifold (see
later) we similar have actions on C*(G),C®(G) and also on appropriate Sobolev spaces.

(3) Simlarly for function spaces on G/H, and even more generally on topological G-spaces
X.

EXAMPLE 11. Let O(n) act on §"~!, hence on various function spaces. It also preserves the
space of polynomial functions Rxj,...,x,| (restrictions of polynomials to the sphere) which is
the direct sum of invariant finite-dimensional subspaces: R[x]~¢ (homogenous of degree d). This
direct sum is dense.

1.2.2. Constructions.
LEMMA-DEFINITION 12. Let (m,V) and (0,W) be representations of G. Then the following
are continuous representations:
(1) (%£,V") where V' is the topological dual (say with the weak-* topology) 7t(g) = (ﬂ(g)*l)l

(dual map of m(g) ™" = m(g™")).
(2) (@ o,VOW) where we equip VW with the product topology and set (t o) (g) =

7(g) ©0(g)-
(3) (=,V/U) where U CV is a G-invariant closed subspace and #t(g) (v+U) =n(g)v+U.

PrROOF. Exercise. O

LEMMA-DEFINITION 13 (Naive tensor product). Let (n,V),(c,W) be representations of G,H

respectively. Then G x H acts on the algebraic tensor product VW by (1 ®0)(g,h) d:efﬂ:(g) ®

o(h).

REMARK 14. When V,W are finite-dimensional so is V @ W and there is no problem with the
topology. In the infinite-dimensional case the situation is much more complicated (c.f. Grothendieck).

1.2.3. Matrix coefficients.

DEFINITION 15. Let (7,V) be a representation of G. A matrix coefficient of V is any function

q)y,y’ (g) = <77'-(g)!72/>
whereveV,V eV’



REMARK 16. It is always the case that &, ,» € C(G). Further analytic properties of the matrix
coefficients (smoothness and decay) are very important.

LEMMA 17. The map (v,v') = @, is bilinear; the resulting map V @V — C(G) is an (alge-
braic) intertwining operator where G X G acts on C(G) by ((g1,82) - f) (x) = f (gz_lxgl).

PROOF. We only prove the last claim:
Drr(g ) (g (X) = (m(x)7(g1)v, ”(851)£/>
= (m(g; ) m(x)m(gr)v,V)
(m(g; 'xg1)v,V)
= Dy (8 'xg1).

REMARK 18. We see that abstract representations have concerete models.

DEFINITION 19. Say that an irrep (7,V) of a locally compact group belongs to the discrete
series if it is isomorphic to an irreducible subrepresentation of the regular representation on L?(G).

EXAMPLE 20. Suppose (7,V) is unitarizable, in that there is a G-invariant continuous Her-
mitian product on V (so that the completion is a Hilbert space). Equipping V’ with the dual inner
product, which is also invariant, we see that the matrix coefficients of 7 are bounded.

1.3. Compact groups: the Peter—Weyl Theorem
In this section G is a compact group, equipped with its probability Haar measure dg.

1.3.1. Finite-dimensional representations: Schur orthogonality. Fix a representation (7,V)
of G where V is finite-dimensional.

LEMMA 21 (Unitarity). There is a G-invariant Hermitian product on'V.

PROOF. Let (-,-) be any Hermitian product on V, and for u,v € V set

)= | (algu.7(g))dg
where dg is the probability Haar measure on G. 0

COROLLARY 22. Let W C V be an invariant subspace. Then it has a complement: another
invariant subspace W such that V. =W @ W+

PROOF. Take the orthogonal complement wrt an invariant Hermitian product. U
The following should be compared with the spectral theorem.

THEOREM 23 (Maschke). Every finite-dimensional representation is a direct sum of irre-
ducible subspaces.

PROOF. Let U C V be maximal wrt inclusion among all subspaces which are direct sums of
irreducibles. If U # V then U L is non-trivial; let W C U+ be a non-zero invariant subspace of
minimal dimension. Then W is necessarily irreducible and U @& W is the direct sum of irreducibles,
a contradiction. O



PROBLEM 24. How does the unitary structure interact with our abstract representaiton theory
from before? In particular, does our notion of isomorphism change?

PROPOSITION 25 (Schur’s Lemma). Let (n,V),(0,W) be finite-dimensional irreducible rep-
C n~o

resentations of G. Then Homg (V,W) ~ 0 %o
TXOo

PROOF. Since the kernel and image of an intertwining operator are invariant subspaces, any
non-zero G-homomorphism from an irrep is injective and to an irrep is surjective. In particular,
if m, 0 are non-isomorphic they support no non-zero maps between them. It remains to compute
Homg(V,V). For this let T € Homg(V,V), so that w(g)T = Tn(g) for all g € G. Since C is
algebraically closed, T has at least one eigenvalue A; let V; = Ker(T — 1), a non-trivial subspace
of V. Then for any v € V; we have (T —A) (7(g)v) = m(g) ((T —A)v) =0 so that ©(g)v €V, as
well. It follows that V, C V is a G-invariant subspace, and hence that V), =V and T = A 1d. U

OBSERVATION 26. Every matrix cofficient ofa continuous representation is a continuous func-
tion on the compact space G, hence square-integrable.

PROPOSITION 27 (Schur Orthogonality). Let (w,V),(c,W) € Rep(G) be finite-dimensional
irreps.
(1) If m, 0 are non-isomorphisc then any two matrix coefficients of @, 6 are orthogonal.
(2) Let dy = dimVy. Then for any v,w € V and vV, w' € V' we have

1
(I)ﬂ? q) > - / /
< Lo (v,u") (u,v")
PROOF. Let T: V — W be any linear map, and let
Tz/GG(gl)Tﬂ(g)dg-
Then
Tah) = | o(e™)Ta(eh)dg
G
= /Gd(hgl)Tﬂ(g) dg

= onT.
It follows that T € Homg(V,W). Next, foranyv eV, v e V. we W,w' € W' let T = |w) (V/|. Then

(W|T) = /<m"6( ) [w) (V| 7 (g) |v) dg
= /dg wlo(g)w) (V| m(g) |v)

_ o
- <(DW Py >L2(G) ’

where we have identified W/ with W via the Riesz representation theorem and the inner product.

(1) Suppose 7, o are non-isomorphic. Then 7 = 0 and the two matrix coefficients are orthog-
onal.



(2) Suppose V=W, 7 = 0. Then T = A1d for some A € C. Normalizing the Haar measure
on G to be a probability measure, we see that T is the average of conjugates of T so

ded =TT =TeT = (Y, w) .
Solving for A it follows that

<c1>” o7

ww? V’V/>L2(G) = <W/| Tly)=2 <E/| Id|v)

= %(m’m} (V).

COROLLARY 28. {Xz,Xc) 12(G) = Or=o-

COROLLARY 29. For each finite-dimensional irrep w let C(T) be the space of matrix coeffi-
cients of . Then

Pc(r) c L*(G)

T

is an orthogonal direct sum.

1.3.2. Infinite-dimensional representations and the Peter—Weyl Theorem. Let (7,V) be a
continuous representation of the locally compact group G on the quasi-complete locally convex
TVS V.

LEMMA-DEFINITION 30. TFAE forv € V, in which case we call it G-finite

(1) Spanc {7(g)v},ei CV is finite-dimensional.
(2) There is a finite-dimensional G-invariant subspace W C 'V withy € W.

Furthermore, the set Vi of G-finite vectors is a G-invariant algebraic subspace of V.
PROOF. Given (1), set W = Spanc {7(g)v},c¢ to get (2). Given (2), Spanc {7(g)v},cc CW

for all G-invariant subspaces W containing v. Finally, if v;,v, € Vi, say with v; C W; with W;
G-inv’t and f.d. then oy, +v, € Wi + W, which is G-inv’t and f.d. U

PROPOSITION 31. In a compact group G we have @, C(n) = L*(G)k, where G acts on L*(G)
via the right-regular representation (Ryf) (x) = f(xg).

PROOF. Since each C(7) is finite-dimensional, their algebraic direct sum is contained in C(G) g C
L?(G)g. Conversely, let W C L?(G) be a right-G-invariant finite-dimensional subpsace. By Maschke’s
Theorem [23] W is the direct sum of irreducible subpsaces so without loss of generality it suffices
to show W C @, C(r) for irreducible W.

Thus let { fi}fl:] C W be an orthonormal basis. Then for f € W and g € G we have R,f € W
and hence

d
Ref = Zai(g)fi
i=1
for some a;(g) € C. In fact,

ai(g) = <fiaRgf>L2(G) = (I)?:f(g> € C(W)
10



and we conclude that for fixed g

d
Rof =Y @ ((8)f;
i=1

(the sum in W C L?(G)). In other words, given g it holds for almost every x € G that

d
= ; DY +(g)filx)

If the identity held for all x we could set x = e and write f as a linear combination of matrix
coefficients. To get around this difficulty consider both sides as functions on G x G. Now both
sides are in L?(G x G), so by Fubini they are equal a.e. Applying Fubini in the other order it
follows that for almost every x € G we have f(xg) = YL ﬁ (&) fi(x) for almost every g € G,
and that is the desired claim. U

DEFINITION 32 (Topological group ring). For f € C.(G) and v € V set 7t(f)v by

v—/f g)vdg.

LEMMA 33. ©(f): V — V is a continuous linear map, and f — w(f) is a continuous algebra
homomorphism C.(G) — End(V) where C.(G) is equipped with the convolution product and the
direct limit topology.

PROOF. Scaling, we may assume |f(g)| < 1 for all g. Let U C V be a closed convex neigh-
bourhood of zero. Then for each g E supp(f) there are neighbourhoods g € W, C G and (convex)
0 € Uy C V such that w(x)u € U for all x € W, u € U,. Covering supp(f) with Ul_, W,,

Volsupp
and setting U = N]_,U,, we see that for all g € supp(g) and v € U, f(g)m(g)v € WU It
follows that 7(f)v € U.
Rest proved similarly. U

COROLLARY 34. Let {f,} C C.(G) be an approximate identity. Then 7w(f,)y — v.

EXAMPLE 35 (Smoothing). Let V C L?>(G) be a closed G-invariant subspace. Then V NC(G)
is dense in G.

PROOF. It suffices to show that 7(f)@ € C(G) for each f € C.(G), ¢ € L*(G). Indeed,
NP = [ fle)ols 5 dg

= /f(xg) :
so that
(=00 - GO = | [ 56 () fe ) o)
< )18(e) (flxg™) = £ )l 26 I19ll26)
I

since f is uniformly continuous and & is bounded on any compact set.
Suppose now that G is compact. U

11



THEOREM 36 (Peter—Weyl I). We have
L*(G) =Pc(n).

T

PROOF. Let V = (,C(m))" and note that V is a subrepresentation of (L*(G),LxR). If
V # {0} let f € V be non-zero, and by continuity of the left G-action on L?*(G) let U C G
be a symmetric, conjugation-invariant neighbourhood of 1 such that ||L,f — f||, < %H fll. Let
X € C.(U) be positive, satisfy y(u) = x(u~"), integrate to 1 and be conjugation invariant. Then
IL(x)f — fll, < 4 ||f]| and in particular L()): V — V is a non-zero operator. It is also self-adjoint
and compact. By the spectral theorem its eigenspaces are finite-dimensional; they are also R,-
invariant and it follows that V contains G-finite vectors, a contradiction. ]

COROLLARY 37 (Peter—Weyl I). @, C.(7) is dense in C(G).

PROOF. Since the product of matrix coeffs is a matrix coefficient of the tensor product, this is
a subalgebra closed under complex conjugation and it suffices to show it separates the points. By
G-invariance it suffices to separates points from the identity.

For this consider (), Ker(x). Every f € L?>(G) is invariant by this closed subgroup, so it’s
trivial. It follows that for any g € G there is 7 such that 7(g) # id. Let v € V be of norm 1 such
that 7(g)v # v. Then by unitarity (7(g)v,v) # 1 and hence

D,,(8) # 1=y y(e).
O

THEOREM 38 (Peter—Weyl II). Every irrep of G is finite-dimensional; for any representation
Vi is dense in'V.

PROOF. Clearly the second assertion implies the first. We first note that the argument of The-
orem [36] shows that {7(x)v|v €V, x € C(G)} is dense in V, and its corollary shows that C(G)g
is dense in C(G). By the continuity of Lemma [33] this means that {m(x)v |y €V, x € C(G)g} is
dense in V, and this space consists of G-finite vectors. O
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CHAPTER 2

Lie Groups and Lie Algebras

Motivation

A Lie group is a smooth manifold equipped with a compatible group structure. In particular it
is a manifold. We therefore being by defininig what we mean by manifolds,

2.1. Smooth manifolds
2.1.1. Manifolds.

DEFINITION 39. Let U C R” be open. Then C*(U;R™) is the set of infinitely differentiable
R™-valued functions on U.

DEFINITION 40. A manifold is a space (M, F) where M is a topological space and F is a sheaf
on M which is locally isomorphic to the sheaf of smooth functions on an open subset of R".

DEFINITION 41. A coordinate chart (or patch) in a topological space M is a pair (U, ¢) where
U C M isopenand ¢: U — R" is a homeomorphism onto an open subset of R”. Two coordinate
patches (U1, 1), (Ua, ¢2) are compatible if @1 [y,nu, © (@2 fUmUz)_l is a smooth map.

An altas on M is a covering of M by compatible coordinate patches. A smooth manifold is a
pair (M,.A) where M is a second countable topological space and .4 is an atlas on M.

EXAMPLE 42. R" §", T".
LEMMA 43. If two charts are compatible with an atlas they are compatible with each other.

COROLLARY 44. Every atlas is contained in a maximal atlas, namely the set of all charts
compatible with the given atlas.

DEFINITION 45. A maximal atlas is also known as a smooth structure on M.
EXAMPLE 46. Exotic spheres.

LEMMA 47. If m # n R™ R" are not locally homeomorphic so for a connected manifold the
dimension need not be assumed constant.

DEFINITION 48. Let M,N be smooth manifolds. A map f: M™ — N" is smooth if for every
charts (U, @) of M and (V, ) of N, wo f o ¢~ is smooth.

LEMMA 49. Composition of smooth maps is smooth.
2.1.2. Tangent and contagent spaces. Fix a vector space k.

DEFINITION 50. A Lie algebra over k is a k-vector space g equipped with a bilinear form
[-,-] - g x g — g satisfying:
(1) (alternating) [X,X] =0
13



(2) (Jacobi identity) [[X,Y],Z]+[[Y,Z],X]+[[Z,X],Y] = 0.
EXAMPLE 51 (Standard constructions). Let A be an associative k-algebra. We get two natural
Lie algebras from it:
(1) A itself, equipped with [a,b] = ab — ba.
(2) Calld € Endy._ysp(A) aderivation if d(ab) = d(a)b+ad(b). Then the space Dy of deriva-
tions is a Lie subalgebra of Endj_ysp(A).

(3) One canonical example: A = C*(M); then Dy def DC“"(M) is called the set of (smooth)
vector fields on M.

LEMMA 52 (Localization of vector fields). Let X € Dy, f,g € C*(M).
(1) Let f be constant. Then X f = 0.

(2) Let f(p) = g(p) = 0. Then (X(f¢)) (p) =
(3) Let f be constant in a neighbourhood of p. Then (X f) (p) = 0. In particular, if f = g in

a neighbourhood of p then X f(p) = Xg(p).

PROOF. Say f(p) =1 forall x. Then X f = X (f?) =2f -Xf =2Xf. It follows that X f = 0.
Simliarly, if f(p) = g(p) = 0 then (X(fg)) (p) = (Xf(p)) (g(p)) + (f(p)) (Xg(p)) =0.

Let U be a neighbourhood of p € U and suppose f [y= 1. Choose g € CZ(U) such that
g(p) #0. Since fg =g we have Xf - g+ f-Xg = Xg, Evaluating at p we get X f(p)g(p) = 0 so
Xf(p)=0. O

LEMMA-DEFINITION 53. I, = {f € C*(M) | f(p) = 0} is a maximal ideal of C*(M).

LEMMA-DEFINITION 54 (Hadamard). The contagent space T,M =1I,, /Il% is a vector space of
dimension n and | J peM T;M is a vector bundle, the contagent bundle.

PROOF. Let f vanish in a neighbourhood U of p, and let g € C°(U) vanish at p as well. Then
f=fge 11%' It follows that f,g € C*(M) agree in a neighbourhood of p then f — g € Ig. We can

now work locally, in particular near 0 € R". We next show that every class in I, /Ig has a linear
representative. Indeed let f be smooth in a neighbourhood of 0 € R” and set g(z) = f(zx). Then

z/()])_c-Vf(@)dt

(rx) dt

X

I
M

a W
=Vf(0 x+2xl

where hi(x) = [o -2 f(tx)dr — 25(0) € k. It follows that
fx) = f(0)=Vf(0)-x€1;.

To see that the linear functions inject into 1, /II% (so that the dimension is n) note that each linear
function has a non-zero directional derivative, but that operation is a derivation in C*(U) (U C R")
and vanishes on elements of II%. [

14



LEMMA-DEFINITION 55 (The tangent space). The linear dual T,M = Homg (T;M,R) is
called the tangent space. The resulting bundle is called the tangent bundle.

(1) The pairing (X, f) — X f(p) asso/ciates to each vector field X a linear functional on T, X.
(2) The resulting map Dy — (TI;k M ) is surjective.

CONCLUSION 56. In local coordinates, a vector field is an operator of the form )\ | a; ()_c)%.

EXERCISE 57. T,M is also the space of derivations on the algebra of germs of smooth functions
at p.

PROPOSITION 58 (Canonical sheaf). (1) Let X be a vector field on M, U C M an open set.

For feC*(U) and p € U let h € CZ(U) such that h = 1 near p and set (X |y f)(p) =
(X (hf)) (p) (note that hf € CZ(M)). Then X |y is a well-defined vector field on U and
X — X [y is a map of lie algebras.

(2) (Patching) Let {U;},c; be an open cover of M. Let X,Y be a vector fields on M and
suppose that X [y,=Y |y, forall i then X =Y.

(3) (Gluing) Let {U;},.; be an open cover of M and suppose given for each i a vector field X;
on U; such that X; [Uimyj: X; [Uimyj for alli,j. Then there is a vector field X on M such
that X; =X fUi.

2.1.3. Derivatives of maps.

LEMMA-DEFINITION 59. Let @: M — N be a smooth map. Let p € M and v € T,M. Then
the map d@,(v): C*(N) — R given by f +— v (f o @) is a local derivation at ¢(p). It is called the
differential of ¢. The map d@,: TyM — Ty )N is linear and extends to a smooth map d@: TM —
TN compatible with @. The construction is functorial (in other words, the chain rule holds).

THEOREM 60 (Inverse and implicit function theorems). Let ¢: M — N be smooth.

(1) Suppose d@, is injective. Then @ is injective in a neighbourhood of p.

(2) Suppose d@,, is a surjective. Then @ is an open map in a neighbourhood of p.

(3) Suppose doy, is an isomorphism. There are open neighbourhoods of p and ¢(p) for which
¢ is a diffeomorphism.

(4) Suppose d@, is surjective for p on a level set P = @~ (n). Then the level set is a subman-
ifold of dimension dimN — dim M.

DEFINITION 61. A smooth map f: M — N is a:

(1) Immersion if d f, is injective for every p € M.

(2) Local embedding if for every p € M there is a neighbourhood U such that f [y is a
homeomorphism onto its image (with the relative topology).

(3) An embedding if it is an injective immersion which is a homeomorphism onto its image.

(4) A diffeomorphism if it has a smooth inverse.

THEOREM 62 (Inverse function theorem). f is an immersion iff it is a local embedding.
EXAMPLE 63. The line that almost meets itself.

DEFINITION 64. A parametrized submanifold of N is a pair (M, f) where f: M — N is an
injective immersion. Two parametrizations (M, f1),(Ma, f2) are equivalent if they are conjugate
by a diffeomorphism of M|, M>. A submanifold of N is an equivalence class.

15



If (M, f) is a parametrized submanifold N then T'(N) = f.(TM) is a subbundle of TN [y. Itis
independent of the choice of parametrization. Conversely, we’d like to investigate when a choice
of subspace of T,M at each p corresponds to a submanifold.

DEFINITION 65. Let y: [a,b] — M be a smooth curve. We then set 7(z) = dy (%) (). We say
y is an integral curve of X € Dy if y(t) = X (y(¢)) for each 7.

e The Picard Theorem on ODE shows that for any X and p € M there is an integral curve of
X through p living on an interval about 0, and that any two integral curves with y(0) = p
agree on their interval of definition.

We now generalize this from 1-dimensional submanifolds to higher dimension.

DEFINITION 66. A distribution of dimension k on M is equivalently either of:
(1) A smooth choice of k-dimensional subspaces V,, C T,M for each p € M.
(2) A smooth section of the Grassmanian bundle, or a subbundle of 7M.
(3) For a covering set of neighbourhoods U C M choices of vector fields {Xi}le C Dy so that
for each p € U, {X;(p)} C T,M are linearly independent and so that V,, = Spang {X;(p)},
is independent of U as long as p € U.
Call a vector field X € Dy a section of the distribution V' if (1) X, € V), for each p iff (2) itis a
section of the subbundle (3) For each U there are a; € C*(U) so that X [y= Y, a;X;.

DEFINITION 67. Call a submanifold (N¥,¢) of M tangent to the distribution V if for each
p €N, dop is an isomorphism of T,N and V() C T, \M.

OBSERVATION 68. Suppose N C M is tangent to 'V, and let X,Y be sections of V. We can then
think of X,Y as vector fields on N, so that [X,Y| is a vector field on N as well. It follows that [X,Y |
is also a section of V.

In fact, this necessary condition is also sufficient:

THEOREM 69 (Frobenius). The following are equivalent for a distribution V on M:

(1) Through each p € M there is a unique (up to equivalence) submanifold tangnet to V ; this
submanifold is injectively submersed.

(2) The distribution is completely integrable: for every two sectoins X,Y of V, the vector field
[X,Y] is also a section.

REMARK 70. In the local view above it suffices to check that the integrability condition on the
spanning fields: [X;,X;] = ¥ ;X for some ay € C(U).

2.2. Lie groups

DEFINITION 71. A Lie group is a group object in the category of smooth manifolds, in other
words a smooth manifold G together with smooth maps -: G x G — G and ~': G — G such that
(G,-,!) is an abstract group. A homomorphism of Lie group is an abstract homomorphism which
is also a smooth map.

EXAMPLE 72. The basic example is R, but we also have:
() R, (R/Z)" =R"/Z"
(2) GL,(R), SL,(R), GL,(C), Sp,,(R)
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(3) O(n). SO(n), SO(Q) = SO(p, ), U(n), SU(n)
(4) Direct and semidirect products.

(5) Isom(E"), Isom (M, g)

(6) Aff,(R)

DEFINITION 73. An action of a Lie group G on a smooth manifold M is a smooth map -: G X
M — M which is a group action.

DEFINITION 74. A Lie subgroup H of the Lie group G is a subgroup H < G which is also a
submanifold, in other words the image of an injective immersion of Lie groups.

EXAMPLE 75. Line of irrational slope on a torus.

REMARK 76. There is some play in the joints here.

(1) Enough to assume C?, and may assume real-analytic (any C? structure is compatible with
a unique smooth, even real-analytic, structure).
(2) Sophus Lie actually considered local Lie group actions.

2.3. Lie Algebras and the exponential map

2.3.1. Lie algebra. The Lie group G acts on itself by left multiplication. This regular action
is a smooth action. In particular each g € G acts by translation on the set of vector fields of G, and
we call a vector field X left-invariant if g- X = X. Recall that for any manifold we have a surjective
map {Dy } — T,M.

LEMMA 77. Restricting this map to the left-invariant vector fields on G gives a linear isomor-
phism {left-invariant vector fields on G} — T,G.

PROOF. For the inverse map, for any manifold M a smooth action of G on M extends to a
smooth action on TM by g- (p,v) = (gp,dg(v)) where dg is the derivative of the map g-: M — M.
In particular, G acts on TG . Now for v € T,G the orbit g — g- (e,v) is a smooth left-invariant
vector field. U

Note that if X,Y are left-invariant so is [X,Y].

DEFINITION 78. The Lie algebra of G is the Lie algebra of left-invariant vector fields, equiv-
alently the same Lie algebra realized as the tangent space 7,G. We write g = Lie(G) for the Lie
algebra.

THEOREM 79. If f € Hom(G,H) then df : g — b is a Lie algebra homomorphism.
e For the converse see XXXX below.

LEMMA 80. A connected topological group is generated by any open subset

THEOREM 81. Every subalgebra exponentiates to a subgroup

PROOF. The distribution defined by the subalgebra is integrable, so apply Frobenius. The leaf
through the origin is self-invariant, hence a subgroup. ([
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2.3.2. Exponential map.

LEMMA-DEFINITION 82. The integral curves of left-invariant vector fields live forever. Write
the integral curve of X € gast — ex(t) = exp(tX). We then have exp((t+5)X) = exp(tX ) exp(sX).

PROOEF. By the Picard Theorem there is an integral curve ex(7) on some interval (—¢, &) with
ex(0) = e; it satisfies %ex(t) = ex(t)+«X. Now let ax(s) be any integral curve of this vector field,
defined on some open interval (a,b). For any so € (a,b) consider the curve

o(s) = oso)ex (s —so)-
We have @(sg) = a(sp) and
d ~

5;8(5) = also)ex(s —s0).X = &(s). X

hence

Sas)],_,, = o)X

It follows that both o(s), &(s) are integral curves of the vector field through o(sp). By uniqueness
the solution extends at least to (a,b) U (so — €,50 + €), and taking so close to a,b we get that the
solutions live forever. Applying the reasoning in particular to o/(s) = ex(s) we get that ex(s) =

ex (so)ex (s —so) thatis ex (s +1) = ex(s)ex/(t).
Finally, for fixed a the curve ex (at) satisfies

%ex(at) = aex (at).X = ex(at).«(aX),

so ex(at) is an integral curve of the field aX. Since ex(a0) = e,x(0) as well we concldue that
ex(at) = esx(t) and in particular that ex(7) only depends on the product X and not on ¢,X sepa-
rately, justifying the notation exp(¢X). O

THEOREM 83. exp: g — G is a local diffeomorphism with derivative 1d.

PROOF. Solutions to ODE are differentiable wrt parameters, so exp(X) = ex(1) is differen-
tiable wrt X. To determine dexp we evaluate %\ 1—0exp(tX) in two different ways. On the one
hand by the chain rule

d d
—|i=oexp(tX) =dexp | —(t —1X) | = (dexp) (X)
dt dt

and on the other hand by definition we have

d d
ar li=oexp(tX) = a7 li—oex(t) =X.
]

e Interpretation: for each X € g we have a unique Lie group homomorphism ex: R — G
such that (dex) (0) = X.

COROLLARY 84. Exponential map of GL,(R) is given by the matrix exponential.
PROOF. This is a Lie group homomorphism. U

COROLLARY 85 (Exponential coordinates). For any direct sum decomposition g = @;_, V; the
map (X;);_, — [, exp(X;) is a local diffeomorphism.
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LEMMA 86. Homomorphisms repsect the exponential map

PROOF. Let f: G — H. Then f (exp;(tX)) is a Lie group homomorphism R — H with

o exp(6) = d ( lemvexnolrx) ) =ar(x

[ (expg (1X)) = expy (1 -df (X)) -

2.4. Closed Subgroups

2.4.1. Cartan’s Theorem. Fix a Lie group G and let H be a closed subgroup. We want to
show that H is a Lie subgroup. Our strategy is to identify the Lie algebra of H and then show that
the restriction of (inverse of) the exponential map gives a coordinate patch.

For this fix small neighbourhoods of the identity 0 € V) C g and e € Uy C G such thatexp: Vo —
Uy is a diffeomorphism, and let log: Uy — V be its inverse. Also fix a norm |-| on g (arbitraily).

Step 1: we identify the Lie algebra of H. For this let

hi={Xeg|VtcR:exp(tX) € H}
log Ay o .
bzzR-{lim O8Mn | v H\ (e} : 1gnh,,:e}.

w5 flog |
LEMMA 87. We have b1 = by, which is a vector subspace ) C g.

PROOF. If X € b is nonzero then lim,_,gexp(tX) = e and
1
log(exp(tX)) _ . iX _ X
-0 [log (exp(tX))| =0 [tX| |X]
It follows that % € by so X € by as well and h; C hy. Conversely suppose h, — e such that

loghy _, ¥ Then for any sequence m, € Z we have

[log A |

logh,
|log Ay

H > hy" = exp (myloghy,) = exp ( -y |loghn|) .

Since |logh,| are nonzero but tend to zero for any € R we can choose m, so that m,, |logh,| — t.
Since exp is continuous it will follow that 47" — exp (X ) and since H is closed it will follow that
exp(tX) € H and hence that X € b;.
Finally given X,Y € b with X +Y # 0 let Z(¢) = log (exp(tX)exp(¢Y)). Then Z(0) = 0 and
Then %| 1=0Z(t) = X +Y so Taylor expansion gives.
log (exp(tX)exp(tY)) =t (X +Y) + O().

T We then have |Z(¢)| = [t||X + Y|+ O(t?). It follows that

Z(t) X+Y

1Z(t)| =0 |X +7Y]|
and since exp(tX)exp(tY) € H for all t we get that X+ € h, so X +¥ € h;. This set is also

[X+Y|
clearly closed under rescaling so is a subspace.
Step 2: exp: h — H is a local bijection.
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For this fix a complementary subspace € so that g = h @ ¢, and let V| C Vj be a small enough
neighbourhood so that
hotsX+Y — exp(X)exp(Y)

is a diffeomorphism onto a neighbourhood U; C U. 0

LEMMA 88. There is a neighbourhood e € U, C U such that log(HNU,) C b and hence
log (HNU,) = hNlog(Uy).

PROOF. If the claim fails we can find for each neighbourhood U C U; an element h € HNU
such that log(h,) ¢ b, and hence a sequence h,, — e with this property. Writing 4, = exp(X,,) exp(¥,)
for X, €0, Y, € £t we have X,,,Y,, — 0. Since X, Y, are unique we have Y,, # 0 (otherwise we’d have
hy, = exp(X,) so loghy, € b). Now exp(Y,) = exp(—X,)h, € H and taking logarithms we get that

Y,  log(exp(—Xy)h,)
Yal  [log (exp(—Xu)hn)|
These belong to the unit sphere in £ which is compact, so let Y be any subsequential limit. Then
Y € by = b by construction, but also Y € £ and the subspaces are disjoint, a contradition.
Now for any neighbourhood U if log (HNU,) C b then clearly log(HNU,) C hNlog(Us),

but conversely if X € hNlog(U,) then exp(X) € HNU, so hNlog(Us) C log (HNU,) and we get
equality. U

e It follows that h = Rlog (H NU,) since h Nlog(U,) is open in b, giving us a third recon-
struction of b.

Step 3: H is a submanifold with tangent space b.

THEOREM 89 (Cartan 1930). Let H < G be a closed subgroup. Then H is a submanifold of G,
hence a Lie subgroup.

PROOF. By continuity of the multiplication on G there is a neighbourhood e € Us such that
U3_] UsUs C U, (in particular Us C Up). Let V3 =log(UsNH) and for h € H let U, = h(Us N H) and
let @;,: Uy, — b be given by @y,(x) = log(h~'x). This is an atlas on H: suppose that x € Uy, NUy,.
The inverse of the first chart is the map V3 > X — h; exp(X) and applying the first chart we get

((ph2 o (ph’11> (X) =log (h;lhl exp(X))
= log (((x_lhz)_] (x_lhl) exp(X)) .
Now since x € Uy, NUp, we havex 'hy,x 'y € Uz so (((x'ha) ™! (x~'hy) exp(X)) € U3_1U3U3 C
U, and we conclude that ¢y, o ?p, ' h — B is smooth. 0

REMARK 90. By the construction of h; we see that b is the Lie algebra of H, in particular a
Lie subalgebra of G.

COROLLARY 91. Let f: G — H be a continuous homomorphism of Lie groups. Then f is
smooth. (“The category of Lie groups is a full subcategory of the category of topological groups”)

PROOF. Let I'r = {(g,f(g)) | § € G} C G x H be the graph of f. Then I'y is the image of a
group homomorphism G — G X H hence an abstract subgroup. It is closed by the continuity of f:
if (g0, f(gn)) — (g,h) in G x H then g, — g and therefore f(g,) — f(g) soh = f(g) so (g,h) €Ty
By Cartan’s Theorem @ I'; is a smooth submanifold, and it follows that f is smooth. OJ
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The argument of the above theorem also gives the following

THEOREM 92. Let H be a closed connected subgroup of G. Then H G has a unique manifold
structure such that t: H\G — G is smooth. Furthermore, the regular action of G on H\G is a Lie
group action.

PROOF. Decompose g = h @ ¢ as before, giving us maps log,: Vi — b, log,: V; — € inverse to
X +Y  exp(X)exp(Y). Choose U such that U~'UU C Uy. For g € G define a chart (n(U)g, ¢,)
by @g(Hx) = logy(xg™") ... O

2.4.2. Topological applications: covering groups.

LEMMA 93. A Lie group homomorphism is a covering iff its derivative is an isomorphism

PROOF. A covering map is a local diffeo, hence gives isom of Lie algebras. Conversely sup-
pose d, f is isomorphism. By homogeneity d f is injective at each point so f is a local diffeomor-
phism. The kernel K = Ker(f) is a closed subgroup which is zero-dimensional (lie algebra {0}!)
hence discrete. Let U C G be a small enough neighbourhood so that its translates by K are disjoint
and such that f [y is a diffeo. Then f~! (f(U)) ~ K x U and the map is a cover. O

THEOREM 94. Letdf: g — b be a Lie algebra homomorphism. If G is simply connected and
H is connected then this lifts to f € Hom(G,H).

PROOF. LetI'yr = {(X,df(X)): X € g} C g®h be the graph of d f, which is a Lie subalgebra
of g h =Lie(Gx H). Let I'y C G x H be the corresponding Lie subgroup. The projections
m:GxH— G, m: GXxH— H are Lie group homomorphism, and set 7 = 7y 1 - Then dr =
(dm) 'r,;: Tay — @ 1s an isomorphism, so 7: I'y — G is a covering map. Since G is simply
connected 7 is an isomorphism, and m o 7~': G — H is then Lie group homomorphism with
graph I'y and hence differential d7. U

We note the following without proof.

THEOREM 95 (Ado). Every finite-dimensional Lie algebra has a faithful representation into
gl (R).
COROLLARY 96. Every Lie algebra is the Lie algebra of some group.

EXERCISE 97. Let S(G) be the lattice of closed subgroups of a compact Lie group G. Then
the map S(G) —  x w given by H — (dimH,#my(H)) is order-preserving for the lexicographic
order. Conclude that there is no infinite descending chain of closed subgroups of G. Give a
counterexample when G is non-compact.

2.5. The adjoint representation

EXAMPLE 98. Let (R;f) (x) = f(x+1) be the translation operator for functions on R. Then
Taylor expansion can be viewed as R;f =} ;" ,’{—ﬁ% =exp (t%) - f.
LEMMA 99 (Infinitesimal translation). The operator Reyp1x) on C™(G) has the Taylor expan-
sion Y1~ ,t(—k!X kin the sense that for all N > 0 and compact Q C G we have for g € Q.
A k+1
F (gexp(1X)) = (Rexpi) (£)) (8) = ¥ 75 (X*7) (&) +Opa (ex ")
k=0 "
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PROOF. Since both Rey,(;x) and the operators X k commute with left translations it’s enough
to prove this at g = 1. This is the Taylor expansion with remainder of the smooth function ¢ —
f (exp(zX)) using the fact that % f(exp(tX)) = (X f) (exp(¢X)) which we can iterate. O

REMARK 100. A Lie group has a unique real analytic structure and then for f € C?(G) we
oo k
have f (gexp(tX)) = X0 7 (X“f) ()-
COROLLARY 101. In the same sense we have exp(tX)exp(tY) =exp (t(X +Y) + 3¢ [X,Y] + O(£%)).

PROOF. log (exp(tX)exp(tY)) is a smooth function (—&,€) — g and we have

1 1
Rexp(rx)Rexp(iv) = ( 1+1X + Ethz + 0(z3)) (1 +1Y + Ezzyz + 0(;3))

1
=1+t(X+Y)+ 5t2 (X2 +Y*+XY) +0(£)

1 1
= 1—|—t(X+Y)—I—Et2(X+Y)2+§t2 (XY —YX)+0(?)

1 1, 1 2 ;
=1+¢ X+Y—|—§t[X,Y] +5t X-|—Y—|—§t[X,Y] +0(t”).
U

OBSERVATION 102. We see that in exponential coordinates the Lie bracket exactly gives the
deviation of the multiplication law of G from the additive law of g (and fully determines the rest of
the Taylor expansion!)

COROLLARY 103. Simlarly we have
1 1 1
exp(tX) exp(sY ) exp(—1X) = (1 +1X + Ez2X2 + 0(r3)) (1 +sY + 5s21/2 + 0(s3)> (1 —tX + Eﬂxz + O(t3))
1
= 1+1Y +1sXY —stYX —2X> +12X> + §S2Y2 +0(s°,1,5°1,1%5)

1
=14sY +1s[X,Y]+ EszY2 +0(s%,13,5°1,%5) .
DEFINITION 104. Let g € G. Then Ad,: G — G given by Ad,(x) = gxg~! is an automorphism,
in particular a group homomorphism. We also write Ad, for its derivative, Ady: g — g.

LEMMA 105. Ad: G — GL(g) is a smooth representation.
DEFINITION 106. Write ad: g — End(g) for the derivative of the adjoint representation.
THEOREM 107. adyx Y = [X,Y].
PROOF. By Corollary [I03Jwe have
Adexp(rx) exp(sY) =

More precisely, this means that for f € C*(G),

d

<df67adX 'Y> - %|S:0 <dfexp(sY)7X€' (exp(sY))* _Xexp(sY)> :
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Now

d d J
ds ‘SZO <dfeXP(sY)7X€ (exp(sY)).) = Elszo <d(Rexp(sY)f)e,Xe> - <% ‘s:Od (g f(gexp(sY))), 7Xe> =(XYf)
and .,

oo (A fexplon) Xespior)) = (YX ) (e)
so we are done. -

COROLLARY 108. ad: g — End(g) is a Lie algebra representation: adjy y) = [ady,ady].
PROOF. This follows immediately from the Jacobi identity. U
COROLLARY 109. Let H < G be connected Lie groups. Then H is normal iff by is a Lie ideal.

PROOF. If H is normal then H is Ad-stable hence b is Ad-stable hence b is ad-stable. Con-
versely, for X close enough to the origin we have exp(ady) = Yo & (ady)*. Now if b is ady-
stable it follows that it is also exp(ady )-stable and hence Ad.ypx-stable. But by the group-algebra
correspondence this means H is Adexpx-stable. Since the small X' generate G we are done. U

COROLLARY 110. Let G be connected. Then Z(G) =ker (Ad: G — GL(g)).

PROOF. g € G is central iff for all small enough X, gexpXg~! = expX iff exp(AdgX) =expX
iff Ad, X = X. O

COROLLARY 111. Let G be connected. Then g is abelian iff G is abelian iff exp: g — G is a
surjective group homomorphism.

PROOF. If ady = O for all X then exp(ady) = Id for all X so a neighbourhood of the identity
is contained in Ker(Ad). If G is abelian let X,Y € g. Then ¢ — exp(tX)exp(tY) is a group ho-
momorphism R — G. Since its derivative at t = 0 is X + Y we conclude that exp(tX)exp(tY) =
exp (1(X +Y)). Now setting ¢t = 1 shows that exp is a homomorphism, and since the image con-
tains a generating set it’s surjective. Finally, if exp is a surjective homomorphism then its image G
is abelian. O]

THEOREM 112. A connected abelian Lie group is of the form R® x T?. Its exponential map is
a covering map.

PROOF. Ker(exp) is a discrete subgroup of R”. O

EXERCISE 113. A compact abelian Lie group has the form T? x A where A is a finite abelian
group.
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CHAPTER 3
Compact Lie groups

3.1. Linearity
As an application of our representation theory of compact groups we get:

THEOREM 114. Every compact Lie group has a faithful finite-dimensional representation.
Equivalently, every compact group is isomorphic to a closed subgroup of some U (n).

PROOF. The representation of G on L?(G) is faithful. By Peter-Weyl it follows that ), Ker(7) =
{e}, and since there is no infinite descending sequence of closed subgroups finitely many irre-

ducibles suffice. O

REMARK 115. Closed linear groups are, in fact, algebraic (i.e. the zero set of the polynomials
that vanish on them), as are the continuous homomorphisms between them.

3.2. Characters and cocharacters of tori

Let R"/Z", R™ /7™ be tori. We’d like to study Hom (R" /Z" ,R™ /7Z™). The cases m = 1 (char-
acters) and m = n (automorphisms) are particularly important.

First, let f: Z" — Z be a group homomorphism. Extending scalars gives a homomorphism
R=f®z1: Z"®R — Z"®R. Since fr (Z") = f(Z") C Z", fr descends to a homomorphism
f:RY/ 7" — R" /7™,

LEMMA 116. The map f + f is an isomorphism Hom (Z",7") — Hom (R" /Z" ,R™ | 7™).

PROOF. We need to construct the inverse map. For this let exp,: R” — R" /Z" be the quotient
map, which is also the exponential map of this commutative Lie group with kernel Z". Then
given f € Hom (R"/Z" R™/7Z™) consider the linear map d f € Hom (R",R™). The usual identity
f(exp,X) = exp,, (df(X)) here reads exp,, od f = foexp,, in other words that d f(Z") C Z™. The
desired element of Hom (Z", Z™) is them f = df | 7. O

COROLLARY 117. Aut(T") ~ M, (Z)* = GL,(Z). In particular, Aut (R" /Z",R™ /Z™) is dis-
crete.

COROLLARY 118. T = Hom (T",8') = {e(k-x)},cpn where Z" = Hom (Z",Z) is the dual
lattice, and e(z) = e*™~.
PROOF. 7+ e(z) is an isomorphism R /Z — S'. O
LEMMA 119. Tori are topologically generated by single elements.

PROOF. Let {1} U{&};_; C R be linearly independent over Q. Then £ is such an element. In
fact (Weyl equidistribution) every orbit {)_c + ]5} - is equidistributed in the torus. U
2=

24



COROLLARY 120. T" x C,, is also topologically generated by a single element.

PROOF. Let § be an irrational element as above, and let g € C,, be a generator. Then <§ , g) is
a generator. 0

3.3. The exponential map of a compact group

From now on let G be a compact connected Lie group, g its Lie algebra, and let Ad: G — GL(g)
be the adjoint representation. Since G is compact we may fix a G-invariant inner product (and
associated Euclidean norm) on g.

LEMMA 121. A connected compact Lie group has a bi-invariant Riemannian metric

REMARK 122. The map g — g’1

symmetric space. (c.f. PS 77)

is an isometry of this metric. In other words, we have a

PROPOSITION 123. Fix a bi-invariant metric on G. Then the Riemannian and Lie exponential
maps agree.

PROOF. Let ¥(¢) be a Riemannian geodesic based at the origin. Then ¢t — y(to +1), 1 —
Y(t0)y(t) and t — y(2)7y(to) are also geodesics (because the group acts by isometries) which meet
at r = 0 and have the same derivative at that time. It follows that y(zp +1) = y(t9)y(¢), that is that
the geodesic is a one-parameter subgroup. U

COROLLARY 124. The exponential map of a connected compact Lie group is surjective.

3.4. Maximal Tori
Fix a compact connected Lie group G.

3.4.1. Tori. A torus in G is a subgroup T of G isomorphic to T" for some n, equivalently a
compact connected commutative subgroup. A maximal torus is a torus not properly contained in
another torus, equivalenty a maximal connected commutative subgroup (taking the closure shows
that such a subgroup is necessarily compact). If T C T’ are distinct tori then by connectedness
dim7 < dim7’ < dim G, so each torus is contained in a maximal torus.

LEMMA 125. Every g € G is contained in a torus, hence in a maximal torus.

PROOF. Suppose g = exp(X) for some non-zero X € g. Then {exp(¢X)}, g is a connected
commutative subgroup of G. Its closure is still connected and commutative, hence a torus. 0

LEMMA 126. Let T be a torus in G, and let t be its Lie algebra. Then:
(1) Zg(T) is connected.
(2) Z6(t) = Zg(T)
(3) LieZg(T) = Z4(1).
(4) No(T)° =Zg(T).
PROOF.

(1) Let g € Zg(T) and let S = m be the closed subgroup generated by g,7. Then S is a
closed commutative subgroup, so its connected component is a torus S° O 7. The image
of g is a topological generator of S/T hence of the finite group S/S°, so this group is
cyclic and S ~ T4mS x §/50 is topologically generated by a single element 4, and any
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torus containing % contains S. It follows that Zs(T) is the union of the tori containing T
and hence is connected.

(2) If g € Zg(T) then Ad, € Aut(T') being trivial means that Ad, € Aut(t) is trivial. Con-
versely, the exponential map of T is surjective and for any H € t and g € Z(t) we have

Adg (expH) =exp (Ad,H) = expH .

(3) If X € Z4(t) then for any s € R, Adeyp(sx) [+= exp(adsx [¢) = exp(0) = Id and hence
exp(sX) € Zg(t) and X € Lie (Zg(t)). Conversely, suppose that Adeyp(sx) € Zg(t) for all
s. Differentiating with respect to s we get that ady [¢= 0 that is that X € Zy(t).

(4) Finally, let Ng(T) act on T by conjugation. This gives a continuous homomorphism
Ng(T) — Aut(T) ~ GL,(Z). Since the latter group is discrete, the connected component
is in the kernel and hence N (T)° C Zg(T). Since Zg(T) C Ng(T) is connected we also
have the reverse inclusion.

O

3.4.2. Weyl groups. Now let 7 be a maximal torus of G.
LEMMA 127. We have Ng(T)° =Zg(T) =T

PROOF. Z;(T) is connected. Then any g € Zg(T') belongs to some torus S C Zg(T). If g ¢ T
then ST would be a torus properly containing 7. U
DEFINITION 128. The analytic Weyl group (or just “Weyl group”) of Gis W (G : T') défN(;(T)/ZG(T) =
Ng(T)/T.
THEOREM 129. All maximal tori of G are conjugate.

PROOF. Let S,T be maximal tori and let X € LieS, Y € LieT be generic elements (that is
expX,expY are topological generators of the respective groups). Equip g = LieG with a G-
invariant inner product, and let g € G minimize

f(g) = llad(@)x —Y|*.
Expressing f as:
£(g) = IAd(@)X | +[|Y||* — 2 (Ad(g)X,Y)
= |XI°+ Y] —2(Ad(g)X,Y)

we see that we are minimizing (Ad(g)X,Y). Suppose the minimum is at gy, and consider the
derivative there. For every Z € g the derivative in the direction Z is:

(adZ - (Ad(g0)X),Y) .
Letting Xo = Ad(go)X we see that
0 = (adZ- (Ad(g0)X), )
= (1Z,X],Y) = = ([X0,Z],Y)
=—(adXy-Z,Y)
=(Z,adXy-Y) = (Z,[Xo,Y])
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where we use that in every unitary representation 7, d7r(X) is anti-hermitian. Since Z is arbitrary,
we see that [Xo,Y] = 0. This means that Xy € Zy(Y) = t. But since X is generic for 8058, I we
conclude that goSg, L=, 0

LEMMA 130. Let the compact group G act on the Hausdorff space X. Then

(1) Every open neighbourhood of an orbit contains a G-invariant open neighbourhood.
(2) The quotient G\X is Hausdorff.

PROOF. Given an open subset U C X containing an orbit Gx let V = {y € G | Gy C U}, which
is clearly G-invariant, contained in U, and contains Gx. To see that V is open let {z,}, .y be a net
in the complement X \ V converging to z € X. By hypothesis for each z, we have g, € G such that
gnzn ¢ U. Since G is compact there is a subnet M C N such that {g,},,, converges to g € G. By
the continuity of the group action the net {g,2,},c,, converges to gz and since U is closed we have
gz¢ U soz¢V.Itfollows that X \ V is closed, so V is open.

Now let x,y € X have disjoint G-orbits. Since X is Hausdorff and the orbits Gx, Gy are com-
pact there are disjoint neighbourhoods Gx C Uy, Gy C Uy. By the first part we have G-invariant
neighbourhoods Gx C V, C U, and G, C V,, C Uy. The images of V,,V, in G\X are then open and
disjoint, thus separate the images of x,y. U

COROLLARY 131. We have a homomorphism T /W = G/ Ad(G), hence an isomomorphism
C(T)V =C(T/W) =C(G/Ad(G)) = C(G)A4C.

PROOEF. The continuous inclusion 7 < G induces a continuous map 7 /W — G/ Ad(G), which
is surjective since every g € G is contained in a maximal torus which is conjugate to 7, so T
contains representatives for all conjugacy classes.

To see that the map is injective let 7,7’ € T be conjugate in G, say gt’'g~' =¢. Thent € gTg™ !,
and it follows that 7 and g7Tg ™! are maximal tori in Zg(t). We therefore have z € Z(t)° such that
2gTg 'z ! =T, thatis zg € Ng(T). We also have zgt'g 'z ! = z2z71 =1.

Finally the spaces T /W and G/ Ad(G) are compact Hausdorff spaces as quotients of compact
spaces, and Hausdorff by the Lemma. Thus the continuous bijection between them is a homeo-
morphism. 0

REMARK 132. The situation for noncompact groups is much more complicated.

3.4.3. Example: three-dimensional groups. Let G = SU(2) act on C2. The action on > is
simply transitive, so SU(2) ~ §3; in particular it is simply connected. Now Z(SU(2)) = {#I} ,s0
the groups it covers are SU(2) and its image by the adjoint representation.

LEMMA 133. The maximal tori are the maximal subalgebras of s0(3).

1
is irreducible. O

PROOF. Let t = Span ( _1>. Then the action of t on its orthogonal complement in s0(3)

PROPOSITION 134. Let G be a three-dimensional connected compact Lie group. Then either
G is abelian or G covers SO(3).

PROOF. Consider the adjoint representation Ad: G — GL(g). Choosing a G-invariant inner
product on g, the image lies in its orthogonal group, in fact in SO(3) since G is connected. The
image of this map is a closed subgroup of SO(3); if it is proper then by the Lemma it is either a one-
dimensional torus or the trivial group. But since g is non-commutative we cannot have g/Z; ~ R
nor g/Zy ~ {0}. O
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3.5. Roots and weights

3.5.1. Weights. Let T be a torus. Let (7,V) be a finite-dimensional representation of 7 on a
complex vector space. By the theory for general compact groups we have a direct sum decompo-
sition

V= @xefvx :

Since T is commutative, 7 = Home (T,S') and Vy = {v € V | (t)v = x(r)v}. Wecall {x € T | V,, # {0} }
the exponential weights of V, V,, the weight spaces.

We now find an alternative parametrization of 7. For this let t be the Lie algebra, exp: t — T
the exponential map. We have seen that exp is also the universal covering map of 7'; we write A
for its kernel and call it the integral lattice.

Identify the Lie algebra of S' with R so that the exponential map is e(z) = ™. For a char-
acter y € T write a = dy € t* = Hom (¢,R) for its derivative, giving the following commutative
diagram:

7

o s
R —— ¢!
Now x oexp vanishes on A, and it follows that ot(A) C ker(e) = Z. The converse is also clear, so
CONCLUSION 135. y e Tiffa € A* = {v € t* | v(A) C Z} ~ Hom (A, 7Z).

We call A* the weight lattice of T, and from now on we index weight spaces with the weights
o € A* rather than the corresponding exponential weights Y, € Hom (T, Sl). Explicitely given

o € A* and H € t we have x (expH) = 2™*(H)

3.5.2. Complexification. Suppose now that 7" acts on a real vector space V. Since every non-
trivial character of T takes complex values, V realizes no character of T, and we consider the
complexification Vo = CRp V.

The complex conjugation operator z — Z of C then extends to an operation v — v on V¢ (fixing
the image of V in V), and also End¢ (V) (fixing the image of Endg (V) there).

EXERCISE 136. A (C-linear) subspace W C V is of the form Ug for an (R-linear) subspace
UCViff W=W.

The T-action on V then extends to a 7-action on V¢, so we may write Vo = @ e+ V. Then
for any H € tand v € V;, we have

7 (exp(H))-v = ¥y,
Taking complex conjugates it follows that

7 (exp(H)) -7 = e~ 2mie(H)

=<1

b

in other words that v € V_,. We conclude that o # 0 is a weight iff —a is a weight and that
‘_/a - Vfa.
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3.5.3. Roots. Let G be a connechted compact Lie group and fix a maximal torus T C G.

DEFINITION 137. The rank of G is the integer tkG = dimT. The semisimple rank of G is the
rank of G/Z(G), in other words the integer dim7 — dimZ(G).

DEFINITION 138. The real roots of G (with respect to T') are the non-zero weights of the
adjoint action of 7 on g. Write ® = ® (G : T) for the set of roots.

The weight space go corresponding to the weight O (that is, the space of T-fixed vectors) is self-
conjugate, hence is the complexification of the space of T-fixed vectors in g. Since Zg(T) =T we
see that this is exactly tc so we have

gczfc@@ga-
oed

REMARK 139. We will now eventually compute the structure of g from this decomposition.
Let H € t, Xo € go. We then have
Ad (exp(tH)) - Xg = 27 Hx, .
Differentiating with respect to t we conclude that
ady -Xo =2mia(H) X -
In other words, g is a joint eigenspace of {ady } ., where the eigenvalue of H is 2wict(H).

DEFINITION 140. Given a real root o, the map H — 2mict(H) will be called the associated
complex root. We denote both by «, but it should be clear from context which is intended. Note
that the real root is an element of t; while the latter is a purely imaginary element of t;.. Generaly
the real roots are useful when studying representation theory and the “root system”. The complex
roots are useful when studying structure theory, that is in computing commutators in g. Recall that
we also have an associated exponential root Yo: T — S ! such that Ad; Xy = Xao(t)Xq whenever
teT,Xq € ga.

LEMMA 141. For o, B € A*, [ga,9p] C ot p-

PROOF. Let H € t, Xo € ga, Xg € gg- Then by the Jacobi identity (writing ¢ for the complex
root)

(H, [Xa, Xp|] = = [Xa, [Xp, H]] = (X, [H.Xa]
- - [Xay _[3 (H)Xoc] - [X[% O‘(H)Xa]
= (B(H) + a(H)) [Xo, Xp]
= ((a+B)(H)) [Xo, Xp] -
U

We are now ready to begin studying structure theory in earnest. The following argument is
taken from [?, Thm.\{} V.1.5]

THEOREM 142. IftkG = 1 then G is either SO(3) or SU(2).

PROOF. We begin with two preliminary observations
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(1) Given B € ®letXg € gg. Then X_g = Xp € g_p and we may consider Hg = [Xg,X_g]. If
Hpg were zero Span {Xﬁ X g } C gc would be a two-dimensional commutative subalgebra
of gc. Since this subspace is stable by complex conjugation it would be the complexi-
fication of a two-dimensional commutative subalgebra of g, and such subalgebras don’t
exist when kG = 1. It follows that Hg # 0 in such circumstances. We also note that
Hg = [Xg,X_g| = [X_p,Xg] = —Hg. It follows that Hg € itg, and that iHp € t.
(2) Since dimp t = 1, for any non-zero H € t every real root ¢ is determined by the non-zero
real number o (H ), and we order the roots by these numbers.
In particualr let § be the smallest positive root (with respect to some choice of H), choose Xg
(arbitrarily in gg) and X_g as above and let

V=CX_pgdtc® P ga-

>0
We then have:
(1) Vis adxﬁ-invariant, since adXﬁ -X_p C go, and for a > 0 adXﬁ ‘O C ggyp and @+ > 0.
(2) Vis ad;L[3 -invariant, since adxfﬁ X_pg=0, ad;L[3 tc C CX_g and for any @ > 0 we have
o> fsoady ;9o C gop Withax— > 0.

Since the adjoint representation is a Lie algebra representation (Corollary|108]), ade, = [adxﬁ ,ady b’]

so V is also stable by ady,. This being a commutator in End¢ (V') we get that Trc (adHl3 ’V) =0.
On the other hand, we can compute this trace via the eigenspace decomposition:
Tre <adHﬁ \v) —27iB(Hp) +0+ Y dime gq - 27mic(Hp).
>0
Dividing by 27 and rearranging the terms we conclude that
(dimggg —1) B (iHp) + ) dimggg - at(iHg) =0.
oa>f

Now iHg € tis a non-zero multiple of // making the numbers 3 (iHg), a(iHg) are either all positive
or all negative. Further, the coefficients (dim(c 95 — 1) ,dim¢ g4 are all non-negative. It follows

that dimc gg = 1 (hence also that dim¢ g_g = 1) and that dim¢ g¢ = 0 if & > B, or in other words
that gc = g_pg @ tc @ gp is three dimensional. U

REMARK 143. It was shown along the same lines in the Lie Algebras course that a complex
semisimple Lie algebra of rank 1 is »,C.

3.5.4. The algebraic Weyl group. Continuing with our general group G and maximal torus
T,let a € ® and let uy = ker(), a codimension-1 subspace of t, Gy = Zg (ug).

LEMMA 144. uy is the Lie algebra of the kernel of the exponential root Xo. In particular,
exp (ug) is a closed subgroup of T of codimension 1.

REMARK 145. That kernel need not be connected (for example, the kernel of the root of SU(2)
consists of the disconnected centre). We will later see that this kernel has at most two connected
components.

PROPOSITION 146. Gy, is a connected subgroup of semisimple rank 1. Moreover:
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(1) dimg go = dimc g—o = 1 and £ are the only roots proportional to «.

(2) W(Gy :T) ~=C,.

(3) Let sq € W (Gg : T) CW(G: T) be the non-trivial element. Then sq € GL(%) is a reflec-
tion in the hyperplane ug.

PROOF. G centralizes the Lie algebra of a torus, so by Lemma @] it is connected. Since
T D exp(ug) is commutative, we see that 7 C G so that T is a maximal torus there as well.
By construction, ug C Zpicg, SO the semisimple rank is at most 1. It is not zero since Gg 18
non-commutative: its lie algebra contains both t and R (g P g—«), and these subspace do not
commute.

Set Go = Go/Kerxq, and let T = T /Ker()), a maximal torus there. This is a connected
group of rank 1, hence isomorphic to one of SU(2),SO(3).

(1) Let B be a root proportional to &. Then +B(H) = 0 for any H € uy and it follows
that R (gﬁ Dg_ B) C Lie Gy and hence that gg C Lie CGg. The direct sum over all these
subspaces is disjoint from 114 so they all inject into Lie CGy /u4c. Being the complexified
Lie algebra of G it is three-dimensional and it follows that dim¢ g = dimgcg_o = 1 and
that there are no other roots proportional to «.

(2) If g € Gy normalizes T then its image in G, normalizes its maximal torus 7. Conversely,
if the image of g normalizes T then for any t € T we have gtg~! € TKer(xq) =T so
g normalizes 7T'. It follows that the quotient map induces an isomorphism of the Weyl
groups W (Go;T) =W (G : T) = Co.

(3) Since ug is central in Lie G, it is fixed by any element of G. The non-trivial element of
w (Ga : T) acts by inversion on T, s0 s¢ acts by inversion on t/14, that is by a reflection
in uy on t.

0J

REMARK 147. We call a root reduced if it is not a multiple of another root, and we see that
here every root is reduced.

Since Ng, (T) C Ng(T') we can think of sq € N, (T)/T as an element of W = Ng(T')/T. This
element is a reflection on t fixing 1. Having equipped g with an inner product, the Weyl group
acts by isometries on t so s must be the orthogonal reflection in 1. We note that W also acts on
the dual space t* fixing the dual lattice A* and the roots ® and that 54 (@) = —a.

DEFINITION 148. Call s¢ the root reflection associated to the root o. We call the subgroup of
the Weyl group generated by the root reflections the algebraic Weyl group.

COROLLARY 149. Let 3 =Z(g) be the Lie algebra of the centre of G and letV ={v € t* | v(3) =0} =
(t/3)". Then(V,®) is a root system, in that it has the following properties:
(1) @ C V is a finite set not containing {0}.
(2) Spanp® =V.
(3) For every a0 € ®, the reflection sy in the hyperplane perpendicular to a preserves ®
setwise.

EXAMPLE 150. Let G = SU(3). Let T = {diag(e(i0)),e(i6>),e(i63)) | 61 + 6, + 63 = 0}.
This is a torus (isomorphic to (S')?). To see that it is maximal and compute its Weyl group,

restrict the standard representation of SU(3) on C? to T. The coordinate axes are exactly the irre-
ducible subrepresentations and they are non-isomorphic (each is one copy of a different character).
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It follows that every w € Ng(T') must permute these subspaces and every ¢ € Zg(7T) must act on
each subspace separately. But these subspaces are irreducible, so each r € Zg(T') must be diagonal,
and hence an element of 7. It follows that T = Zg(T) so it is a maximal torus, that Ng(T) is the
group of signed permutations, and that W(G : T) = Ng(T) /T ~ S3.

Differentiaing the definition G = {g € SL3(C) | g'g =1d} we see that g = {X €3 C | X" + X =¥}
that is the set of anti-Hermitian matrices of trace zero. Since every Y €3 C can be uniquely written
in the form
y+v" v-yt vyt y+4v? -

2+2—2+12i€g@zg
we see that gc ~3 C. It is also clear that t = {idiag(0;,6,,03) | 6; + 6>+ 65 = 0}.

Now fori# jlet EV €3 C C Mj(C) be the matrix with zeroes everywhere except that (E"/) 0=
1. Then for H = idiag (6, 62, 63) we have ady -E"/ = i(6; — 6;)E"/ so the roots of G are the maps
eij(H) == 9,' — Qj.

To find the Weyl chamber we note that the Frobenius, or Hilbert-Schmidt norm on M3(C) is
U(3)-invariant. In terms of this norm (and removing the factor of i) an orthonormal basis of t is
given by \/Lgdiag(l, 1,-2), %diag(l,—l,O). Now for

Y =

H= idiag(L1,—2)+Ldiag(l,—1,0)

V6 V2
we have
en(H) =2y
V3 1
en(H) = Ex— ﬁy
ei3s(H) = %x%— %y.

In the coordinates G) we therefore have:

up = (?)L?u23 - (ﬁ?;)L7ul3 = (ﬁg)L

These three lines are the lines at slopes % and 27” through the origin, dividing R? into six identical
sectors. We call these sectors Weyl chambers, the lines walls, and note that S3 (which has order 6)
acts on the six chambers simply transitively.

EXERCISE 151. Do the same for SU(n), SO(2n), SO(2n+ 1), Sp(n).

3.6. Weyl chambers

3.6.1. Weyl chambers. The complement of hyperplane u, consists of two half-spaces: the
sets {H €t|a(H) >0} and {H € t| a(H) < 0}. It follows that the connected components of

t\Uua

oacd
are interections of half-spaces, hence convex cones.
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DEFINITION 152. These connected components are called the (open) Weyl chambers in t. We
call uy a wall of the chamber C if dim (ua OC‘) =1k G — 1. More generally, a (codimension-k-)
facet of the Weyl chamber C is any non-empty set of the form F = (ual Mg N C’)O where the
interior is taken as a subset of the vector space g, M- -Uug. We note that the closure C is the
disjoint union of the facets of C (where C itself is the unique facet of codimension zero).

Equivalently, for each f: & — {+,0} we have afacet Fy ={H € t | Vo € ®:sgn(a(H)) = f(a)}
(excluding those f for which Fy is empty) with open chambers corresponding to functions valued
in {+}.

REMARK 153. Note that we are studying the Weyl chambers in t, rather than the Weyl cham-
bers in t* where the root system lies.

Given a chamber C, let A be the set of roots o such that u, is a wall of C and such that « is
positive on C (note that uy = u_ and that exactly one of &, —« is positive on C).

LEMMA 154. The chamber is exactly the set bounded by the walls: C={H € t| Vo € A: a(H) > 0}.
PROOF. See PS7. 0

OBSERVATION 155. The Weyl group acts on G by automorphisms while fixing T. It therefore
permutes the roots, hence their kernels, and hence the Weyl chambers.

PROPOSITION 156. The group W' = <{sa}aEA> acts transitively on the set of Weyl chambers.

PROOF. Fix x € C; let C’' be any other chamber and let y € C’. Note that (being equivalence
classes for an equivalence relation) if two chambers intersect they are equal, to it suffices to show
that wy € C for some w € W’. For this choose w such that ||wy — x|| is minimal. If wy ¢ C then
by Lemma [I54] above, there is a wall uy such that x, wy are on opposite sides of . Decomposing
x,wy into their components along and perpendicular to u, it is then clear that

([0 (wy) —x[| < [lwy —x]|,
which is a contradiction since sqw € W'. OJ
PROPOSITION 157. The group W acts simply transitively on the chambers.

PROOF. We already know the action is transitive. Suppose w € Ng(T') stabilizes the chamber
C. Since W is finite, w has finite order as an automorphism of 7" so averaging over a w-orbit shows
that w fixes some x € C (recall that C is convex). Think of x as an element H € t, we have that
Ad,,-H = H, thatisw € Zg(H).

On the other hand, since H € C, a(H) # 0 for all € ®. It follows that H acts non-trivially
in every root space so Zy.(H) = t¢ and hence Zy(H) = t. Now Zg(H) is connected (this is true
for all H € g); its lie Algebra being Z;(H) we conclude that Zg(H) = T and hence that w € T It
follows that the image of w in W = Ng(T')/T is trivial. O

THEOREM 158. W/ =W, that is the algebraic and analytic Weyl groups coincide.

PROOF. Let w € W. By the transitivity of W’ there is w' € W’ such that w-C = w’ - C. By the
simplicity of the action we conclude w =w' € W', O

COROLLARY 159. Forany H € t, Staby (H) = (sq | a(H) = 0). In other words, the stabilizer
of H is generated by reflections in the hyperplanes containing it.

PROOF. Problem set. 0
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3.6.2. Geometry of the roots. The linear map sy — Id¢ is non-zero but vanishes on uy. It
therefore has rank 1, and factors through o. We conclude that there is a unique ¢ € t such that

Sa(x) =x—o(x)x.
The dual action on t* is then
sa(V)=v—v(d)a
and since sq (@) = —a we have a (&) = 2.
DEFINITION 160. Call & the coroot associated to o and write @ for the set of coroots.

REMARK 161. If o+ f3 is a root it need not be the case that o a B=ad+ B In particular, a
root system and its dual need not be isomorphic.

EXERCISE 162. (t/g,cﬁ) is a root system, the dual root system.
LEMMA 163. Ker x is central in G,.

PROOF. Let z € Ker ). Then Ad(z) acts trivially on Lie Gy = t @ go & g—¢ (see Proposition
[146)), thus on the connected group Gg. O

PROPOSITION 164. (1) Coroots are integral, that is & € A = Ker(exp [¢).
(2) (not for class) Let 1: T — G be the inclusion map, 1.: 71 (T) — 7 (G) the induced map
on fundamental groups. Identifying m(T) = A we have 1.(&) = 1.

PROOF. Since T C Gy, and the inclusion map into G factors through Gy as well, we may
assume G = Gg.
For the first claim since t(¢t) = 2, the element ¢ has

a
Za (exp(% )) — exp (2%1’05(%65)) — exp (27i) = 1.

By the Lemma this means exp (
Sa () = — & so Ad(sq) exp (36

% ) is central in G and hence is fixed by sy. On the other hand,
) =exp (—%a). It follows that

1 1
exp (556) = exp (—556) ,
that is exp (&) = 1 and & € A.

The class of ¢& in m;(T) is represented by the path z — exp(¢&) (¢ € [0, 1]) and we would like
to show it is nulhomotopic in G, or requivalently that the restriction to [%, 1] 1s homotopic to the
reverse of the restriction to [O, 2] For this note that

exp ((1 —1)&) = exp(1(—&)) = Adsq (exp(1&)),
and for ¢ ranging from O to % (so 1 —t is ranging from 1 to %) this is homotopic to ¢ — exp(¢¢)
since G 1s connected (so we can continuously deform s, to the identity). O

COROLLARY 165. For any «,3 € ® we have nyg défﬁ (&) € Z.
DEFINITION 166. The nyg are called the Cartan numbers of g. Note that s¢(B) = B —ngpa.
DEFINITION 167. The coroot lattice is the subgroup I' < A generated by the coroots.

FACT 168. A/T ~ m(G).
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COROLLARY 169. G is compact iff n1(G) is finite iff ® spans t iff 3 = 0 iff Z(G) is finite. In
each of those equivalent cases we say that G is semisimple.

FACT 170. G is semisimple iff its lie algebra is the direct sum of nonabelian simple lie algebras,
iff G is the almost direct product of nonabelian quasisimple groups.

Recall that we have equipped g with an invariant inner product. This also endows t* with an
inner product and then

(v, o)
Sa(V)=v -2
=V 0,)
so if we identify t, t* using this inner product the element ¢ is identified with &* = < Och'(‘x) et

Now ngp = (&) = (B,8") =2 {-%) and it follows from Cauchy-Schwarz that

(o,00)
bt a0} (BB
holds, with equality iff o, B are proportional. Since the two Cartan numbers are integers, each is
zero iff o L fB, and if both are non-zero their product is positive, we see that (up to exchanging
o, B) if a, B are not proportional, the pair (na B nﬁa) must be one of the seven possibilities:
(0,0), £(1,1),£(1,2),4+(1,3) .

In each case the pair (”a ﬁ,nﬁa) determines the angle between the roots and (if they are not or-
thogonal) the ratio of their lengths.

COROLLARY 171. Let &, be non-proportional and suppose that that nqg > 0 (equivalently
that (&, ) > 0). Then a — p € .

PROOF. If ngg > 0 then either ng, = 1, at which point sg(a) = a — 8 € ®, or nyg = 1, at
which point sg(ot) = f — o € ® and then a — § € P as well. O

3.6.3. Simple roots. Fix a Weyl chamber C, giving a notion of positivity: call a € ® positive
if it is positive on C, negative otherwise, and write ®*,®~ for the sets of positive and negative
roots. Since roots have constant sign on C it suffices to evaluate them at a fixed H € C.

DEFINITION 172. Call o € ®* simple if it is not a sum of positive roots, and let A be the set
of simple roots.

REMARK 173. This clearly depends on the choice of C. More on that anon.
LEMMA 174. Every positive root is a positive sum of simple roots.

PROOF. Let a be a counterexample with o/(H) minimal. Then « is not a simple root, so
a=p+ywith B,y € ®". Butthen B(H)+Y(H) = a(H) shows that B(H),y(H) < ot(H) so they
are sums of positive roots and we have a contradiction. U

PROPOSITION 175. A C t* is linearly independent.

PROOF. Let a, 8 € A be distinct. If the angle between them was acute ({c, ) > 0) then by
Corollary one of o — 3, B — a would be a positive root and this would make either o or 3
decomposable. It follows that (¢, B) < 0 for each pair. they are also all contained in the half-plane
{v|v(H)>0}. We show these two hypotheses suffice to make a set of vectors independent.
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Indeed, suppose we have a linear dependence in A. We then have disjoint non-empty A,B C A and
positive coefficients {aq } 44, {bp } pes such that

Zaa'a: Zbﬁﬁ
oA BeB

Call this vector v. Then
0<(v,v)=Y aabg(a,B) <0
a,p

and it follows that v = 0. We therefore have

0=Vv(H)=) aq-a(H)>0,

acA

a contradiction. O
LEMMA 176. A spans (t/3)".

PROOF. Every simple root vanishes on 3, so the same holds for every element of the span.
Conversely, the span contains ®; it follows the common kernel of the span is exactly 3 so the span
is exactly (g/3)". O

COROLLARY 177. #A is the semisimple rank.

COROLLARY 178. {&t} ,cp span t/3.

PROOF. Identifying t with t* via an inner product we have &* = < 5% so the ¢ are orthogonal
to 3 and are linearly independent being proportional to a basis of their span. 0

LEMMA 179. {uq}ycn are the walls of C.

PROOF. {H |[Voo€A: a(H) >0} = {H |VYa e ®" :a(H) >0} = C. Since A are indepen-
dent they are all walls. 0

DEFINITION 180. A system of simple roots (or simple system) is a subset A C ® such that every
root is either the sum of elements of A or the negative of such a sum.

COROLLARY 181. Every system of simple roots is the set of walls of a Weyl chamber, we have
a bijection between systems of simple roots, notions of positivity, and Weyl chambers, and the Weyl
group acts transitively on simple systems. In particular, every root belongs to a simple system.

DEFINITION 182. Let n C g be the subalgebra generated by {go } 4ea-

LEMMA 183. n = ®gcpgp for some subset AC P C ®; for each a € A the subalgebra tc ®n
is ady_-invariant.

PROOF. The first claim is immediate (the root spaces are one-dimensional and the commutator
of roots spaces corresponding to positive roots is either zero or the whole root space correspond-
ing to a larger positive root). For the second claim clearly {¢ is ad X_g-invariant; for n define
1Xacanat|l; = Xqlnal- If B € A (equivalently, B € P has norm 1) the either f # o in which
case ady_, Xg = 0 since 8 — o is not a root, or § = o and then ady_, Xo € go = tc. Continuing
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by induction on |||, for each B € P of norm at least 2 we have Xg = [X5,X, | where § € A and
Y € P of norm ||B]|; — 1. We then have adx , X5 € tc as before, so

ady , [Xg,Xy} = [adx_a Xa,Xy] + [Xg,adx_a Xy}
€ [tc, ay] + [Xs, tc +1]
< gy+95 +nCn

since nis closed under ady, and contains gy, gs by assumption. U
PROPOSITION 184. We have n = Pgce+ 9p-

PROOF. Applying complex conjugation to g we get that the subalgebra generated by {g_q } 5cp
is . = @gepg_p. The key observation is that it @ tc @ n is a subalgebra of gc. It is clearly tc-
invariant (a sum of weight spaces) and by the Lemma it is ady -invariant for each @ € A hence
invariant by . By symmetry it is also n-invariant. This subalgebra is defined over R (complex-
conjugation-invariant) and its adjoint is compact (has invariant inner product) so the corresponding
adjoint group is compact, and its inverse image H < G is closed. Since A is still a system of simple
roots for H this group has the same Weyl group. It follows that P U (—P) is W-invariant and
contains A, so is all of ®. Thus P = &1 and n is as claimed. OJ

DEFINITION 185. The Dynkin diagram of G (in actuality of gc) is the graph with vertex set A.
The vertices a,  are connected with nygng, edges which are directed from the short root to the
long one (if || || = || B|| we have a single undirected edge).

EXERCISE 186. The lie algebras gc /3¢ and g/3 can be recovered from the Dynkin diagram.

FACT 187. Every connected Dynkin diagram is one of the following.ﬂ

AnO—0—0------ 00 Fao—00-0 Gro=o

Do i - iE7O—O—i—O—O—O

3.6.4. Action of the dual space and the dual Weyl chamber. Recall tht & C t* is a root
system, spanning (t/3)*. Each coroot & defines a functional on t* by evaluation, and the action of
sq 1s by reflection in the hyperplane {v | v(¢&) = 0}. The reasoning before shows:

(1) The Weyl group is again W.
(2) Fixing our notion of positivity, we have the fundamental (closed) Weyl chamber
C={vet |VaecA:v(d)>0}={vet |Vaecd : (v,a)>0}
whose translates by the Weyl group cover t*.

1Image due to Wikimedia Commons user Tomruen, available at https://commons.wikimedia.org/wiki/
File:Finite_Dynkin_diagrams.svg
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DEFINITION 188. Call v € t* dominant if it lies in the fundamental Weyl chamber.

DEFINITION 189. The fundamental weights are the basis {®;};_; C (t/3)" dual to {i} 4 .
In other words,

;, O

2ii;ﬁz&f
(o, o)

Call a v € t* algebraically integral if it is an integral combination of the fundamental weights.

LEMMA 190. Every integral weight is algebraically integral.

PROOF. This is Lemma [164] O

REMARK 191. When G is semisimple, the lattice of algebraically integral weights is the dual
lattice of the coroot lattice.

3.6.5. The half sum of the positive roots.
LEMMA 192. Let a € A, B € @\ {at}. Then sqo(B) € .

PROOF. Write 8 as a sum of simple roots. Since B # a and the root system is reduced, some
simple root ¥ # & occurs in it. Then s (B) = B —nyp @ has the same (positive) coefficient of ¥, so
is a positive root. U

DEFINITION 193. The “half sum of positive roots” is

pzé ) B

ped+
PROPOSITION 194. Let x € A, B € &, w € W. Then:
(1) sap=p—o.
2) p(a)=1.
(3) wp —p € Z[A]
@) p(B) € Z.
PROOF. In order.

(1) p= %a + %Zﬁgq)+\{a} B. Now apply Lemma
(2) sa(p) =p—p(a)o.
(3) By induction on the generation of W by the s.

v

(4) We can choose w, & so that B = wa. Then p(B) = (wp) (&) =p(&)+(wp —p) (&) € Z

by (2),(3).
0
Recall the dual positive chamber is defined by C = {v € t* |Va € A: v(&) > 0}
COROLLARY 195. p lies in the dual positive chamber.
LEMMA 196. Let v € A*. Then v+p € Ciffv € C.
PROOF. We have (v+p) (&) = v(&) + 1 € Z. In particulr, (v +p) > 0 iff v(¢&) > 0. O
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CHAPTER 4

Representation Theory of Compact Lie Groups

4.1. Setup and preliminary observations

Review.

(1) G a compact connected Lie group with Lie algebra g

(2) T C G a maximal torus with lie algebra t and Weyl group W = Ng(T)/T.

(3) A < tthe integral lattice, A* < t* its dual, the weight lattice.

4) =d(G:T) C A* C t* the real roots.

(5) A={0;};_; C ®T asystem of simple roots corresponding to a Weyl chamber C C t; &
the set of positive roots.

(6) {B}ﬁ 6 Ct the coroots, {®;}/_, C (t/3)" the fundamental weights, the basis dual to
€
{e}ic)-
(7) p=73Lpcar B.

We study a finite-dimensional representation (7,V) € Rep(G;C) . Differentiating 7: G — GL(V)
we obtain a Lie algebra representation dn: g — Endg(V), which extends naturally to gc.

LEMMA 197. Let W C V be a subspace. Then W is G-invariant iff it is g-invariant.

PROOF. Letv € W. If W is G-invariant we have d7(X)-v= 4 | _o7(exp(tX))v e W. If W is
g-invariant we have

7 (expX)v =exp (dn(X))v = i % drn(X))vew.
k=0""

Even if G is non-compact this shows that W is fixed by a generating subset of G, hence by all of
G. 0J

4.2. Weights
Restricting 77 and d7 to T for each y € A* write V), for the weight space
Vu={veVI|VieT: a(t) v=xu.(t)v}
={veV|VHet:H-v=2miu(H)v}

so that
Res{V = @ Vi
HEA™
LEMMA 198. ga * Vu C V'u+(x.
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PROOF. As before for the adjoint representation: Let X € go, H € t,v € V. Then
n(H) (m(X)y )Zﬂ(X) (H)v+ [m(H), 7(X)]v
n(X)2mip(H)v+ 7 ([H,X]) v
—2mu( )E(X)y+ 7 (2mio(H)X) v
=27mi(u(H)+a(H)) (m(X)y)
=2mi(u+ o) (H)) (2(X)y) .
OJ

4.2.1. Example: su(2) (hence SU(2), SO(3) and SL,(C)). Let G =SU(2), g = su(2). Then
gc =2 C (see Section and Example|150). In the standard embedding SU(2) C SL,C, we have

su(2) consist of the anti-hermitian elements of s[,C = {X € M,(C) |trX =0}. Lete = (8 (1)) ,

10 0
4.2.1) [h,e] = 2e, [h, f] = —2f, e, f] =

so our unique root o has (k) =2 (and £ is the coroot!).

f= (O O) ,h= <1 _()1) . Note the usual commutation relations

THEOREM 199. The Lie algebra sl,C = su(2)c has a unique irreducible representation of
each dimension n > 1.

PROOF (UNIQUENESS). Let (7,V) be a complex irrep of dimension n =2¢+1 (¢ € %ZZO).
Then 7(h) € Endc (V) has at least one eigenvalue; among the eigenvalues of (k) let A has maxi-
mal real part (“highest weight”) and let v € V be an eigenvector:

w(h)y=Ay.
€V, _,,. But by the choice of A, A + 2 is not an eigenvalue of (%), so
and form =0 — j, j € Z> set
Vo = 7(f) vy
By construction we have n(h)v,, = (A +2(¢ —m))v,, and in particular they are linearly indepen-

dent as long as they are non-zero. It follows that there is a smallest ¢’ such that 7(f)v_, = 0. By
construction we then have:

Since v € V; we have 7(e)

v
that w(e)y = 0. Write v, = v

n(h)y,, = 2m+A —20)v,,,
()Y = VY1 -
We now show by induction that
(4.2.2) n(e)v,=Ul—m)(A—L+14+m)y, .
This holds for m = ¢ (since m(e)v, = 0). Suppose this holds for v,,. Then
7()_1 = AT (), = T F(),y + (7€), T(F)]
= A= m) (R — O+ T+ m)v,, ., + 7 (),
—[( m)(A —L+14+m)+2m+A -2y,
={l-m+1)(A—L+m)y,
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It follows that Span {ym}ﬁzé_ o 1s an sl C-invariant subspace of V, of dimension £ + 7+1>1
(note that ¢/ may be negative). By irreducibility this is all of V — which means that the dimension
isalso2¢+1and ¢ =¢. Next,v_, ;=0buty_, #0so0

(20+1)(A—20) =0

and A = 2¢. In the basis {v,,}"=" , we then have

w(h)y, =2my,
(4.2.3) () =Yy
w(e)y, ={—m){l+1+m)y,
(with the provisos that w(e)v, = w(f)v_, = 0). O

PROOF (EXISTENCE, VERSION 1). Verify by hand that the maps 7w(e),n(f),(h) defined in
Equation (4.2.3)) satisfy the commutation relations of Equation (4.2.3). O

PROOF (EXISTENCE, VERSION 2). Let C[x,y| be the graded ring of polynomials in two vari-
ables. The group SL,(C) acts by change of variables: (g-P) (i) =P <g‘1 (i)) Let V1 C

Clx,y] be the subspaces of polynomials which are homogenous of degree d, an SL(C)-invariant
subspace. The monomials {x‘yf li+j=d } which span V. are the joint eigenvectors for the
diagonal torus and have distinct eigenvalues, so a subrepresentation must be spanned by a subset

of these monomials. Now the action of unipotent matrices (1 }) (resp. G 1)) show that a

subspace containing the monomial x'y/ must also contain all monominals x%y” with a < i ( resp.
a > i) so the representations are irreducible. U

COROLLARY 200. The second proof gives more: every irreducible representation of sl,C
integrates to a representation of SLy(C), in particular of SU(2) (the last claim already follows
from the simple connecteness of SU(2)).

PROPOSITION 201. Every finite-dimensional representation of sl,C is completely reducible.

PROOF 1 (LIE GROUP METHOD; “WEYL UNITARY TRICK”). Let w: s[,C — Endc V be arep-
resentation. Restricting 7 to su(2) C sl,C and using the simple connectedness of SU(2) we see
that 7 integrates to a representaiton 7: SU(2) — GL(V). We know that this representation is
completely reducible (Theorem (23)). Each SU(2)-invariant subspace is su(2)-invariant, hence
su(2)c = slhC-invariant, hence SL,(C)-invariant. O

e It is also possible to prove this with pure Lie-algebra-theoretic method, but we will not
discuss this in lecture.

PROOF 2 (LIE ALGEBRA METHOD). Let 7(®) def In(h)?+m(e)n(f)+n(f)m(e) € Endc(V)

be the Casimir element (more properly the image of the Casimir element of U (s,C) by 7). It is
easy to check that (for any representation!) @ commutes with 7(h),w(e), w(f) and hence (1) is
constant in any irreducible representation; and (2) its generalized eigenspaces are sl,C-invariant.
It’s not hard to check that in the 2/ + 1-dimensional representation its eigenvalue is 24(¢+ 1) (let
the element act on the highest weight vector), so it follows that those are the only eigenvalues in
a finite-dimesional representations and that a decomposition series in each generalized eigenspace

41



has all its factors isomorphic, and it remains to show that the distinct irreducible represnetations
can’t nontrivially extend themselves.

Assume then that every irreducible subquotient of V has highest weight A € Z~( and let V;
be the corresponding eigenspace with basis {v,l l}dl " . Defining vy ; ; = w(f )/ v, clearly each
{—/1717 j} 0< j<22 is an irrep and they are linearly independent: repeately applying 7(f) pushes a
minimal dependence into V,. Let U % be the sum of these irreps, the subrepresentation generated
by V. IfV /U A is non-trivial it contains an irredicuble representation, necessarily also with highest
weight A, so let w € V be such a vector. Then (7(h) —A)w € U%. Since m(h) — A is invertible
on the weight spaces in U? other than the highest one, we can modify v by an element of U* (i.e.
without changing its class in V /U%) so that v = (n(h) — A)w € U % = V). Here v is nonzero since

otherwise we’d have w € V; contradicting the fact that it is nonzero mod U 2,
Since w is a highest weight vector in V /U % we have w(e)weU % and then

(w(h) = (A +2)) m(e)w = n(e) (n(h) — (A +2))w+ [r(h), w(e)]w
=n(e)v—2m(e)w+2m(e)w =0

since v is a highest-weight vector in U*. But A 42 is not an eigenvalue of (), so 7(e)w =0
exactly.

CLAIM 202. For all j > 0 we have
(ha(f)! —x(f) a(h) = —2jx(f)
n(e)x(f) —n(f)n(e) = jm(f)/~" (w(h) = (j - 1))
PROOF OF CLAIM. For j = 0 both are immediate. Assuming the claims for j we have
a(Wa () = x(f)  w(h) = (W) 7(F) = 2(f) 2 (h) 7(f) + 7 (f) (R(R)7(f) = 7(f)7(R))
= —2ja(f)/x(f) + () (=27(f))

= —2(j+ Dz(f) .
n(e)n(f) ! —n(f)  x(e) = (mle)n(f) — n(f) nle)) m(f) +n(f) (w(e)m(f) — 7(f)7(e))
= jn(f) ' m(m)a(f) - J(J—l) () +7(f) 7 (h)
= (j+ Dr(f)/m(h) + jm(f) " [x(h), m(£)] = j(i— Dr(f)
= (j+ D) a(h) — 7 (f) (/> = j+2))
= (j+Dr(f) (m(h) = (j+1-1))

O

Now for each j, (f)/w is a vector of weight A — 2 in V /U*; in fact it is in the generalized
(A —2j)-eigenspace of w(h)

(m(h)— (A —2))) =(f)/w

w(f)! (w(h) — (A —2j))w+ [m(h),n(f)!]w
n(f)’ v+2ﬂr<f>fw—2j7r<f>fw
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SO
(m(h) = (A =2))* =(f)/w = (m(h) = (A = 2))) =(f)v = 0.
Similarly to the case of 7(e)w, —A — 2 is not an eigenvalue of 7 (%), so we must have 7(f)
0. But then both 7(e)m(f)**'w =0 and n(f)** ! (e)w = 0, so by the second part of the claim
0= A+ 1)) (m(h) = A2)w= A+ 1)7(f)*v.

But n(f )lv is non-zero (it is the lowest weight vector in the irrep generated by v) and A +1 > 1 #0,
a contradiction. d

A+l —

COROLLARY 203. Every finite-dimensional representation of ,C is a sum of weight spaces,
that is w(h) is diagonable there.

REMARK 204. The theory of Jordan decomposition in algebraic groups shows that the image
of a semisimple element by an algebraic representation is always semisimple. We have given a
concrete proof in this particular case (that every irrep is algebraic follows from the explicit con-
struction above).

REMARK 205. The same arguments would apply to a group of semisimple rank 1.

4.3. Theory of the heighest weight

4.3.1. Algebraic preliminary: the universal enveloping algebra. Recall that for a discrete
group G and a field F, its group ring is the non-commutative algebra F[G] defined as the F-vector
space with basis G and with structure constants coming from group multiplication: g-h = gh. Itis
then easy to check that every representation of G on an F-vectorspace endows it with the structure
of an F[G]-module, and conversely every F'[G]| module restricts to a representation of G. Under this
equivalence of categories note, for example, that if (7,V) € Repy(G) then the subrepresentation
generated by v € V is exactly F[G] - v.

To deal with representations of a general Lie algebra g we need the Lie theory analogue of this
construction, called the universal enveloping algebra.

DEFINITION 206. Let V be an F-vectorspace. The tensor algebra is the vector space

T(V) =¥ Pve
n>0

equipped with the graded algebra structure coming from the maps V& @ V& — v@*+0)  Write
1: V — T (V) for the isomorphism V — V&1,

LEMMA 207. Let B ={v;};c; CV be a basis. For 6: [n] = I let v = v5(0) ® "+ @ Vg (4_1)-
then for each n {vs} e C V" is an F-basis, so | y_o{vs}gem is an F-basis of T (V).

PROPOSITION 208. The tensor algebra is a unital associative F-algebra generated by V (in
fact by any basis of V ). It fulfills the following universal property: for every associative F-algebra
A, every F-linear map f: V — A extends to a unique F-algebra homomorphism f: T(V) — A so
that fo1 = f.

PROOEF. For each n define f,: V" — A by f,(vi,...,vn) = f(v1)f(v2)--- f(vy). This is clearly
n-linear so extends uniquely to a linear map f,: V" — A. Let f = ®,f,. That f is an algebra
homomorphism follows from the universal property of the isomorphism V& @ V& — y@k+l),

and it is clear that foi = f; oi = f. Uniqueness follows from the fact that V generates 7(V). [
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DEFINITION 209. Suppose now that g is a Lie algebra, and J C T'(g) be the two-sided ideal
generated by the relations X @Y —Y ® X = [X,Y] € g@® g2 C T(g). The uinversal enveloping
algebra is the associative F'-algebra

def
Ug) = T(g)/.
Write 1: g — U(g) for the composition of the inclusion g C T'(g) and the quotient map.

LEMMA 210. U(g) is unital, in particular non-trivial.
PROOF. J is contained in the maximal ideal @,>; V®". U

PROPOSITION 211. For every associative F-algebra A and any Lie algebra homomorphism
f: 8 — A there exists a unique f: U(g) — A so that fo1 = f.

PROOE. Follows from the universal property of 7'(g) and the fact that the kernel of the exten-
sion of any such f to T(V) contain J.

Now let {X;},.; C g be an ordered basis (i.e. equip I with a linear order). For 6: [n] — I write
X the image of the corresponding basis element of T'(V'), the product X6(0)Xo(1) " Xo(n-1)- If
p: [m] — I is another map write o x p for the concatenation

ok k<n
(oxp) (k) =4 W
plk—n) n<k<n+m.
Then X(yXp :XG*p' |:|
PROPOSITION 212. Bpgw spans U(g).

PROOF. For o: [n] — I define W(o) = (n,#{k < 1| o(k) > o(l)}) equipped with the lexico-
graphic order. We show by induction on W (o) that forallnand all 6: [n] — I, X5 € Span (Bppw).
First, W(o) = (0,0) only for the empty function and that X, € Bpgw. For other ¢ : [n] — I we may
suppose that ¢ is not nondecreasing. In that case there is 0 < k <n— 1 so that 6(k+ 1) < o(k)
and we have 0 = 7| x p « T where 7| is the prefix of ¢ of length k, p = (G(()k) G(kl—i— 1)

0 1
k+1) of(k)
W(txpx1) =W(c)—(0,1): only one inversion is changed between Tj * p x T2, T| * P * Tp.
Then

and 7, is the suffix of length n —k —2. Write also p = <G ( ) and observe that

XG = XTIXO-(IC)XO-(IC+1)XT2

= Xt, (X)X (k4 1) — Xo (et 1) Xo (k) + Xo (k1) Xo (k) Xra
= Xfl [Xc(k),Xo(k_H)} X‘Eg +X‘L'1X0(k+l)XO'(k)XTZ
= ZaiX‘L'l *I¥T) +X’L'1 *P*T)
icl
where a; € F are the coefficients so that [Xq (), X (k+1)] = ¥;@X; (all but finitely many of the a;
are zero). Now T xi% Tp have length n — 1 so W(1; xi* 7o) < W(0) and we’ve already checked

that W(t; xp x72) < W(0o). By induction each of the summands is in the span of Bppw, so the
same is true for X. O
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COROLLARY 213. Let g = ®/_, g; where g; are subalgebras. Then U(g) = TTi_, U(gi).
THEOREM 214 (Poincaré-Birkhoff-Witt). Bppw is a basis of U(g).
COROLLARY 215. The inclusion 1: g — U(g) is an embedding.

REMARK 216. This can also be proved structurally, by constructing a faithful finite-dimensional
representation and extending it to U(g).

PROOF. (Jacobson Lie Algebras, Thm. V.3) Let V C T(V) be the span of the ordered mono-
mials. We construct a linear map R: T(g) — V such that if ¢ is nondecreasing, R(Xs) = X5, and
such that if p: [2] — I then

R (XT1*P*T2 _XTI*F_’*TZ) =R (XTI [XP(O)7XP(1)] XTz) :

It then follows that R(J) C J so R descends to a map U(g) — V which is right-inverse to the
quotient map V — U(g). It follows that the quotient map is injective and Bpgw C U(g) is a basis.

We construct R recursively in the lexicographic order above. Thus let 6: [n] — I; if o is
nondecreasing there is nothing to doj; if not there is an inversion in ¢ so we decompose o =
T1 % p x Trand define

R (Xf[l*p*’cz) =R (Xrl*ﬁ*rz) +R (XT1 [Xp(())?Xp(l)] XTZ)

(recall that 7; x p % T» has one fewer reversal and thus occurs earlier in the order). Since the mono-
mials span 7'(g) this will extend to the required linear map as soon as we verify that this uniquely
specifies R. Suppose that o(k+ 1) > o(k) and that o({+ 1) > o(¢) for some k < . We can then
use either inversion to define R(X) and need to make sure they agree. Since other indices do not
play a role without loss of generality we may assume either n =3 and k =0,/ =1 or n =4 and
k=0, ¢ =2. In the first case we have a > b > c; if we define R using the inversion of a,b we get
by recursion

R (XaXbXC) =R (XbXaX ) ([Xa,Xb] )
=R (XchX ) (Xb [XaaXC]) ([Xa;Xb]Xc)
= R (XcXpXa) + R([Xp, Xc| Xa) + R (Xp [Xa, Xc]) + R ([Xa, Xp] Xe) -
If we use the inversion b > ¢ instead we get
R (XaXpXc) = R(XaXcXp) + R (Xa [Xp, Xc])
= R (XcXaXp) + R([Xa, Xc| Xp) + R (Xa [Xp, X))
= R (X.XpX,) + R (X. X4, Xp)) + R ([Xa, Xe] Xp) + R (Xu [Xp, X)) -

The difference of the two RHS is
R([Xp, Xc] Xa — Xa [Xp, Xc]) + R (Xp [Xa, Xe] — [Xa, Xe] Xp) + R ([Xa, Xp] Xe — Xe [Xa, Xp])
and by recursion this is the image by R of
[[Xp, Xe], Xa] + [Xp, [Xa, Xe] + [[Xa, Xp ], Xe] = [[Xp, Xe], Xa] 4 [[Xe, Xa] , Xp] + [[Xa, Xp] , X, ]

which vanishes by the Jacobi identity.
In the first second case we have a > b, ¢ > d and similar arguments work depending on the
precise order of a,b, c,d, in each case reducing to the Jacobi identity. U
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REMARK 217. In positive characteristic the correct notion is that of a restricted Lie algebra
with an associated notion of restricted enveloping algebra (a quotient of the enveloping algebra)
for which the PBW Theorem as stated above does not hold (though formally the theorem above
does not use the characteristic of the field).

4.3.2. Uniqueness: highest weight vectors. We study an irreducible finite-dimensional rep-
resentation (7,V) of g.

EXERCISE 218. The lexicographic order on R” makes it into an ordered group; it also respects
rescaling by positive reals.

DEFINITION 219. Say v € t* is positive if the first nonzero entry in (v(0;));_, is positive; say
v > V' if v — V' is positive (negative). Equivalently, pull the lexicographic order of R to t* by
pullback via the map of evaluation at the {¢;}'_,.

Observe that all the positive roots are positive under this order.

LEMMA 220. Let v,V', V" be distinct weights of a finite-dimensional representation V. Then
(D) Ifv>Vviand v > V" thenv > V",
(3) Either v >V orv >V

r

PROOF. Suppose the first non-zero entry of ((v —v')(&;));_, is the ith, of (V' —Vv")(&))i_,
the jth. If i # j let k be the smaller of the two. Then the first non-zero entry of

((v=v")(&))i_y = ((v=V) (&) 1y + (V' = V") (&),
is the kth and equals the positive entry from the corresponding summand. If i = j then the first
non-zero entry is that one, and is the sum of two positive entries.
By Schur’s Lemma the centre of g must act though a single character. It follows that any
different of weights vanishes on 3; if also (v — V') (&) = 0 for all i then v — v’ = 0 since the

{&}/_, span t/3 as shown in Corollary O
LEMMA 221. 7(t) are diagonable, that is V is a direct sum of weight spaces.

PROOF. 3 act by characters by the irreducibility. Restricting the representation to Lie G4 we
have that 7(¢) is diagonable by (see Remark[205]), and the claim follows that this is a spanning
set of a commutative algebra. U

LEMMA 222. V has a unique highest weight A, which is dominant.

PROOF. The existence and uniqueness follow from the previous two Lemmata. Now for @ € A
we have that A is also the highest weight for Resﬁgga V, so by the results of Section (see
Remark 205]) we have A (¢t) > 0 for all o € A. O

THEOREM 223. Let A be the highest weight of V.
(1) dimc V) =1, and V), generates V.
2) Vy={veV|nv=0}
(3) Every weight of V has the form A — Y.\ njo; with n; € Z>o.
(4) Forwe W and u € A*, dimV,,, = dimV),. Furthermore all weights satisfy || < |A| with
equality only in the Weyl orbit of A (in fact, all weights lie in the convex hull of this orbit).
(5) 7 is uniquely determined by A.
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PROOF. ForX € ggandy € V) wehave (X)v €V, 5. Iff>0then A+ > B soV, g ={0}
and V), is annihilated by n.

Fix a non-zero v; € V,. Then U(gc) - v, is a g-invariant subspace of V, hence all of V. We
have gc = @ tc & n so by PBW U(gc) = U(iic)U(tc)U(ne). Since the non-scalar elements of
U(ne) kill v, and U(tc) acts on it by scalars, we have U(gc) - vy = U(f¢) - v;. Now the weights
in U(fi¢) are all integer sums of negative roots (giving (3)). These weights are all negative except
for the identity, so v, is the only vector of weight A which completes the proof of (1).

Next, let v € V be annihilated by all the positive roots, hence by U (n¢) and suppose v ¢ V.
Decomposing v into the weight spaces and substracting the component in V), let v, € V;, be the
highest weight component occuring in v other than v;. Then v, is also annihilated by i/ (ng)
and rescaled by U (tc) so generates the subrepresentation U (fic) -y, containing only vectors of
weights< u which is impossible since V is irreducible — so we get (2).

The W-invariance follows immediately from the fact that V is a representation of G, but we
can also give a proof using only the Lie algebra by restricting the representation to Lie Gy and
noting that the classification of representations of those Lie algebras in Section 4.2.1| shows that
(a) Resga V is completely reducible; (b) the weights in each irrep of G are sq-invariant. Now let
U be a weight of V, wlog dominant (act by the Weyl group) so that (i, o) > 0. By (3) we have
A=u —|—er:1 n;o; with n; € Z>¢ so
2

AP =+ +2) mi(u,on) > |ul.
i=1

r
Znia,-
i=1

Furthermore we have equality only if )/, n;0; = O that is if A = p, and in general if u = wA for
somew € W.

To show that 7 is determined by A we can proceed as in Section[4.2.1] computing the action of
the raising operators on the weight vectors, but the following proof (see [1]) is simpler. Let V,W
be two irreducible representations with highest weight A and highest weight vectors v, ,w; . Then
vy +wy € (VeW), =V, ®W, is annihilated by n so generates a subrepresentation R of V.o W
of which it is the unique highest weight vector. Let &y : VW — V and my: VEW — W be the
projections, which are G-invariant. Then 7y (R) is a subrepresentation of V containing v, , that is
all of V. On the other hand Kermy [r= RMNW is a subrepresentation of W not containing w;, so
{0}. It follows that 7y [g is an isomorphism R — V,and for the same reason my [g: R — W is an
isomorphism and V,W are isomorphic. U

4.3.3. Existence: Verma modules.

DEFINITION 224. Call a (possibly infinite-dimensional) U (gc) module V a highest weight
module if it is generated (as a module) by a vector v € V of weight A such as A is the highest
occuring weight.

The proof of Theorem shows that in that case V = U (fic)v, that is V is the sum of finite-
dimensional weight spaces with weights A — Y/, n;;, and that V, is one-dimensional.

DEFINITION 225. For a weight A let C* be the one-dimensional representation of tc & n
(equivalently of its UEA) where n acts trivially and t acts via A. The Verma module W is the
induced module

u
Iy 0 0oy € = U(8E) Buiicom € = U(80) /1y
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where I is the left ideal of U/(gc) generated by b and by the elements {H — A (H) } ;.
OBSERVATION 226 (Verma module structure).

(1) This is clearly a highest weight module, universal among all highest weight modules with
highest weight A.

(2) Every proper invariant subspace is the sum of its weight spaces and does not contain the
highest weight vector, so the sum of all proper invariant subspaces is a proper invariant
subspace — the maximal one.

(3) W* has a unique irreducible quotient L%, the unique irreducible highest-weight module
with highest weight A.

THEOREM 227. Suppose A is algebraically integral and dominant. Then L* is finite-dimensional.

PROOF. Letv, € W* be the highest weight vector, and let o € A. By the calculation of Section
if we normalize Xy, X_q so that [Xq,X_q] = & we have

Xa(X-a) vy = (k+1)(A(6) — k) (X-a) vy

Since A is integral and dominant we have A (&) € Z>¢ and it follows that (X_a))t(a) 1y, is annihi-

lated by Xo. If B € A\ {a} is another simple root then X4 and Xg commute, so Xg (X,Ol)’l(é‘)Jrl vy =
(X_a)l(d)HXﬁv,l =0 and (X_OC)M&)le v, is itself a highest-weight vector. It follows that in the
quotient L* the Lie G4-submodule generated by v, is of dimension A(¢t) + 1. Let My C L* be
the sum of all finite-dimensional Lie G-submodules. Then gc ®c My, is also such a module, so
the same is true for its image in L*, which must then be contained in My, so My C L* is a non-
trivial gc-submodule, hence all of L*. Now the weights of an irreducible Lie G4-submodule are
sg-invariant and by the theorem on complete reducibility we conclude that the weights of L* are
W -invariant (dimc L&V y = dimg Lﬁ). Now each weight space is finite-dimensional (this was already
true for W*), so it is enough to show that there are finitely many weights, and since the Weyl group
is finite that there are finitely many dominant weights. Finally if A — Y}, n;¢; is dominant then

0<(p,A—=YI_nio;)so0<n; < ég’y) and we are done. O

THEOREM 228. Suppose further that A is integral. Then L* extends to a representation of G.

4.4. Characters
4.4.1. Analytical preliminary: the Weyl Integration formula.

DEFINITION 229. Call H € t singular if B(H) € Z for some 3 € ®. Let g™ C t be the set of
regular (that is nonsingular) elements.

The set of regular elements is the complement of a the family of hyperplanes {(H) = m}, so
is open, dense, and of full (Lebesgue) measure.

LEMMA-DEFINITION 230. For H € t either all elements of H + A are singular or all are.
Define T to be the set of exponentials of regular elements, again an open dense set of full
measure.

By Corollary El the the map (g,t) — g~ 'tg is a G-equivariant surjection ¢: G/T x T — G.
By Corollary [159|the map is #W-to-1 on the T"8.
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LEMMA 231. The Jacobian determinant of q at (e,t)is
J(t) =det (Id— Ad,-1 |g/t) .
PROOEF. For X € g/t, H € t we have
(Id—X)t(Id+H) (Id+X) —t = —Xt +tX +tH + error
—1(X+H—Ad, 1 X)
U

e This is non-zero on an open dense set (¢ off the walls) whose complement has measure
Zero
e For ¢ off the walls, the inverse image of ¢ is exactly its Weyl orbit.

PROPOSITION 232 (Weyl integration formula). Let f € C(G). Then

o [ r@de= [ |50 [ slers ag]ar

COROLLARY 233. Let f € C(G) be a class function. Then

[ rt@ds = i [a05 @)
4.4.2. Algebraic preliminary: the ring of characters.
LEMMA-DEFINITION 234. Let I C t* be any additive subgroup. Then the group ring Ry =
Z [{eo ‘u}uel} is a UFD.
PROOF. For any finite A C I write Ry = R4). The subgroup (A) is free of finite rank, hence of
the form (B) for some B C I which are linearly independent over Q. Then Ry = Rp ~7Z [{xli }?j;]

which is a localization of the polynomial ring Z {{xi}?&f 1]. This makes each Rp a UFD, which
means the same is true for their direct limitR;. O

We will apply this to the sets I = {u € t* | u(I') C Z} D A* of algebraically and analytically
integral weights.

LEMMA 235. Suppose f € Ry vanishes on B~1(Z) for some B € I. Then eo B — 1 divides f.
COROLLARY 236. Suppose f vanishes on the singular set. Then []g~o(eo B — 1) divides f.
PROOF. Ry is a UFD and these are pairwise prime irreducibles. U

We now use the W-invariance of / and A*. By the Coxeter relations, or by taking the deter-
minant of the action on t, there is a character sgn: W — {41} mapping each root reflection to
—1.

DEFINITION 237. Call f € R; symmetric if it is W-invariant, alternating if fow = sgn(w) f.

OBSERVATION 238. An alternating function vanishes on the singular set.
49



PROOF. If B(H) € Z then sg(H) = H — B(H) so
F(H) = ~f (sgH) = —f (H—B(H)B)
since for every u € I we have u (H—B(H)ﬁ) —u(H)—BH)uB) e u(H)+7Z. O

EXAMPLE 239. We will use the following two alternating functions:
(1) The Weyl denominator
1
)= T |e(500) ~¢(~3p0)]
Bedt
(4.4.1) =e(=p(H)) [T [e (B, 1)) —1]
B>0

=e(p(H)) [T[1—e(—(B.H))]

B>0

—f(H)

(2) For A e t*
Ci(H) =Y sgn(w)e((A,wH)) .

weWw

LEMMA 240. Both functions are indeed alternating. Further

(1) O vanishes exactly on the singular set.
(2) Cy =0 iff A lies on a wall of a dual chamber.

PROOF. Clearly Cj, is alternating; for & let o € A be a simple root. Then

5(sall) = [ [e (%(saﬁ,HO—e(—%(SaﬁaH))}

Bedt

becon) (s, 1 () o( onn)

=—0(H) =sgn(sq)6(H),

and the claim follows since W is generated by the simple roots.

Furthermore 6 (H) =0 iff e (B(H)) = 1 for some B, that iff B (H) € Z for some 3. For C;, recall
that the group Staby (A) is generated by the root reflections it contains, which are reflections in the
walls containing A. If the stabilizer is trivial C; # 0 since exponentials with distinct frequencies
are linearly independent; if A is fixed by some reflection sg we have

C) = _Csﬁ/l =—-Cy
so Cy =0. U
The function 6 is closely connected with the Weyl integration formula.
LEMMA 241. We have (5-8) (H) = J(expH).
PROOF. By Equation (4.4.1))
(6-8)(H) =[] [1—e((B.H)).

ped
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Now the eigenvalues of Id — Adey,(—f) acting on (g/t)c are exactly given by the exponential roots

1 —e((B,H)) and the claim follows. O
PROPOSITION 242. Let A be algebraically integral and let
C
I
¢l - 6 )

defined initially on g"¢. Then

(1) ¢, € Ry and thus extends to a symmetric continuous function on t.
(2) If A is analytically integral ¢, is constant on A-cosets, hence extends to a continuous
functionon T /W.

PROOF. The function

eop-Cyuip= Z sgn(w)eo (wp+p +wi)

wew

belongs to R; since wp +p = (wp —p) + (2p) € Z[A] C A*. Tt vanishes on the singular set since
C)4p does (it is alternating!). It follows that

eop-Cyip
Oy = ER;.
HB ~oleo B —1]
In the last representation, the denominator is clearly a function on 77, and if A € A* then the
same holds for the numerator by the previous discussion. It follows that ¢, extends to 7. U

LEMMA 243. Spany, {93}, c;nc = RY and similarly for A*.

PROOF. The functions dj = ¥,,cweoAow as A runs over INC clearly span R}Y. From the
representation

e(—p)Crsp
[g=o[l —e(=B)]
and working in the ring of infinite formal sums Y, c;ny, 1 supposrted on sets of the form A —
Y! | Zs00; (observe that [1 —e(—B)] ' = ¥°_,e(—mp), for example) we see that the highest
weight occuring in @, is A, where it occurs with multiplicity 1. It follows that for dominant A we
have

Oy ==+

dj — ¢3, € Spany {dy | A > 1 dominant}
and the claim follows by induction. U

4.4.3. The Weyl character formula.

THEOREM 244 (Weyl character formula). Let A be an algebraically integral dominant weight.
Then for H € LieT we have

1 (H) T (exp L () ) = 92 (H).

REMARK 245. If L, integrates to a representation 1) of G then expdn, (H) = m) (expH) so
we have computed the character of 7, .

EXAMPLE 246. e(—p)[lg=o[e(B) —1] = Cp.
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PROOF. The representation with highest weight O is the trivial representation, for which the
character is identically 1. U

COROLLARY 247 (Weyl dimension formula).

. (B,A+p) (A+p)(B)
dimL, = -
fa IQO (B.p) }30 p(B)

PROOF. Write the character formula as

Coxp =Cpia

For H € t define the formal derivative dy of e(ut) to be 2mipt(H)e(w). This is a derivation of
C ® Ry since it’s the usual derivative as a function on t. If we apply any combination []? ; dg, with
m < #®7 to C, at least one of the factors ¢(f8) — 1 would remain and hence the derivative would
vanish at zero. Applying [],~0 dg to both sides and evaluating at H = 0, on the LHS we get zero
unless we only differentiate Cp so

(1) o) -
Now for any
(1)) () pnon)o

= Lsen0n) [ (B Wu>

B>0
=Y sen(w ) [T (w'Bor) -
w B>0
Observe that for reflection in a simple root @ we have

H<saB,u>=<—d,u> IT <ﬁ,u>

B>0 Bedt\{a}

= sen(sa) [T (B.ut) -

B>0
It follows by induction that the same is true for any product of simple roots, so
((H aB> cu> (0)=#W [T (B.u).
B>0 B>0

Dividing the values for C, | 5 and Cp now gives the claim. U

Let A now be an infegral dominant weight, and let ¢, (¢) be the function on 7 /W defined by
the Weyl character formula. By Corollary [I3]the function ¢, extends to a class function on G.

PROPOSITION 248. The extensions {@) };ca+nc are a complete orthonormal system in the
space of class functions on G.
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PROOF. By the Weyl integration formula and Lemma 241] we have for integral dominant
weights u, v that

1
<¢uv¢/l>G T B <Cp+u7Cp+7t>T :
Now the W-orbits of the characters p + u,p + A are either equal or disjoint (and equal iff yu =

A since a Weyl orbit can intersect the interior of a chamber at most once) and the exponential
characters are an orthonormal system in L?(7T') (and furthermore for each w,w’ € W the function

e(—(p+u)ow+(p+A)ow)

is defined on T since w'p —wp € Z[A]. It follows that {¢; } is an orthonormal system of class func-
tions. By Lemma (243) their restrictions to T /W span RY. which by Stone-Weierstrass/Fourier
theory is dense in C(T /W). It follows that {¢, } are dense in the space of continuous class func-
tions, hence a complete orthonormal system in the space of square-integrable class functions. [

PROOF OF THEOREM 228]. Let F be the set of (analytically) integral dominant weights A so
that L, integrates to a representation of G. By Theorem this is an enumeration of G, and
by Theorem [244] ¢, are the characters of those representations. By Theorem [36] the characters
of all the irreducible representations form a complete orthonormal system in the space of square-
integrable class functions. It follows that {¢; }, . C {93 } y-~c are both complete, so F = A*NC
as claimed. 0
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CHAPTER 5
Semisimple Lie groups

5.1. Semisimple Lie algebras; the Cartan Involution

5.1.1. Generalities. Let g be Lie algebra over a field k of characteristic zero. Recsall the
following (PS5):

LEMMA-DEFINITION 249. The Killing form B(X,Y) = Tr (adx ady |g) satisfies:

(1) It is a symmetric bilinear pairing g X g — k.
(2) It is ad-invariant: B(adzX,Y)+B(X,adzY) =0 forall X,Y,Z € g.

LEMMA 250. Let V be a finite-dimensional k-vector space, T € Endi(V), let U D T (V) be
a subspace containing the image of T. and set S: U — U be the restriction of T to U. Then
Tr(T |V)=Tr(S|U).

PROOF. Extend a basis of U to a basis of V. [l
COROLLARY 251. Let a C g be an ideal. Then for X,Y € a we have B4(X,Y) = B4(X,Y).

PROOF. If X € a then the image of adX is contained in a since for every Z € g we have
adyZ=1[X,Z]=—-[Z,X] € a. O

COROLLARY 252. Let a C g be an abelian ideal. Then a C rad B.

PROOF. Let X € gand Y € a. Then the image of ady is contained in a, and ady maps a to itself.
It follows that B(X,Y) = Tr(ady ady |g) = Tr(adx ady |a). But by hypothesis we have ady [,=0
and it follows that B(X,Y) = 0. Since X was arbitrary we conclude that Y € radB. O

DEFINITION 253. Call g semisimple if its Killing form is non-degenerate.

Fix a semisimple Lie algebra g. For a subset a C g write a' for its orthogonal complement
with respect to the killing form.

PROPOSITION 254. Let a C g be an ideal. Then a™ is an ideal and g = a & a as Lie algebras.

PROOF. In stages:

(1) at is an ideal: Let X € a*, Z € g. Then for any Y € a, [Z,Y] € a is orthogonal to X € a*
and hence

B([Z,X],Y)=B(adzX,Y)=—B(X,adzY)=—-B(X,[Z,Y]) =0,
so that [Z,X] € at.
(2) a and a- commute: Let X € a,Y € a*. then for any Z € g,
B(Z,[X,Y])=B(X,[Y,Z]) =0
since [V,Z] € a' C X*. Since B is non-degenerate we conclude [X,Y] = 0.
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(3) anat = {0}: From (1),(2) it follows that ana' is an abelian ideal, and Corollary
then shows aNa’ C rad B = {0}.

(4) a® at = g: From (3) it follows that the restriction of B to a is non-degenerate (rad By =
anal). Thus for any X € g there is ¥ € a such that for all Z € a, B(X,Z) = B(Y,Z) (every
linear functional on a is realized via By). Then X —Y € a and thus X € a+at.

0
COROLLARY 255. Every semisimple Lie algebra is the direct sum of simple ideals.

5.1.2. Real semisimple Lie algebras and groups. Fix a real semisimple Lie algebra g. Re-
alizing Aut(g) C GL(g) as a closed subgroup, we can identify Lie (Aut(g)) with a subalgebra of
gl(g) = Endgr(g). Every ady exponentiates in GL(g) to an automorphism, so adyx € Lie (Aut(g))

PROPOSITION 256. Lie (Aut(g) is the image of g by the adjoint representation.

PROOF. Write h = Lie (Aut(g). Since Z; = {0}, the image of the adjoint map is isomorphic to
g. Next, for X € g, Y € b we have adjy x| = [V,ad X] (the second is the commutator in gl(g)), and it
follows that adg C b is a Lie ideal. Its orthogonal complement (wrt the Killing form of h) is also
an ideal since the proof of part (1) of Proposition [254]did not use semisimplicity. The intersection
adgn (adg)l is then contained in the radical of the restriction of By to ad g. But that restriction is
By which is non-degenerate, and we conclude that (ad g)L Nadg = {0}. The proof of part (4) of
Propositionnow shows that h = adg @ (ad g)L as vector spaces. Finally, the trivial intersection
also shows that the two ideals commute: [(ad g)*,ad g} C (adg)"Nadg = {0}, which means that
any D € (ad g)L acts trivially on g. But since these are derivations of g it follows that D = {0} —
in other words that (ad g)l =0and h =adg. O

DEFINITION 257. A Lie group G is semisimple if its Lie algebra is.

COROLLARY 258. Let G be a semisimple Lie group. then Ad(G) is the connected component
of Aut(g) and in particular is closed in Aut(g) and hence GL(g).

COROLLARY 259 (Converse to PS5 Problem 6(e)). Let G be a connected Lie group with finite
centre and suppose that its Killing form is negative definite. Then G is compact.

PROOF. G is semisimple since its Killing form is non-degenerate. G/Z(G) = Ad(G) is a closed
subgroup of GL(g) preserving a definite quadratic form, hence compact. U

LEMMA 260. Let G be semisimple. Then Ad(G) is centerfree.
PROOF. Suppose Ad, € Ad(G) is central. Then for any X € gand # > 0 we have

exp (rad (Adg X)) =exp (t AdgadX Ad,- ) = Adgexp (tadX) Ad,-1 = Ad(exp(tX)) = exp (rad X)

Differentiating wrt t we have ad (AdgX) = adX. Since adg ~ g we conclude that Ad, X =X so
that Ad, = id. 0

e Do not discuss in class:

THEOREM 261 (Jordan decomposition). Let X € g. Then there exist commuting X;,X,, € g such
that ady, is semisimple, ady, is nilpotent and X = X; + X,,.

55



PROOF. Aut(g) C GL(g) is an algebraic group with Lie algebra adg ~ g, and the claim now
follows from the corresponding claim for algebraic groups (see 4.4[2, Thm.\{} 2.4.8, Thm.\{}
4.4.20, ). 0

5.1.3. Real forms and Cartan involutions. Let g be a real semisimple Lie algebra, gc its
complexification. Let h C g¢ be a Cartan subalgebra. Then

gc="5h @ Yo -
aed(ge:h)

FACT 262. Can choose basis Xy € gq so that

(1) [Xo,X_o] = Hy € Y is the coroot,
(2) If a+ B is root then [Xa,Xﬁ} = No gXop for real Ny g such that N_o _g = —Ng p.

COROLLARY 263. Lethg={H € b |Va € ®: a(H) € R} = Spang {Hq } ycqp- Then

90=bo@@RXa

acd

is a real form of g, the split real form.
COROLLARY 264. Let
u=iho PR Xea—X_o)DEP R (Xa+X_q)

a>0 a>0

is a real form with negative-definite killing form, hence a compact real form.
PROOF. Direct computation. U

LEMMA 265. For X € g¢ let ©(X) denote complex conjugation wrt u. Then T([X,Y]) =
[7(X),7(Y)]. Furthermore, let B be the killing form of gc considered as a real Lie algebra. Then
B(X,1(Y)) is negative-definite.

DEFINITION 266. Let g be a real Lie algebra. An involution 6 € Aut(g) such that Bg(X,Y) =
By(X,0Y) is negative-definite is called a Cartan involution.

EXAMPLE 267. g = gl,R, 6(X) = —X* (negative transpose).
e Every complex semisimple Lie algebra has a Cartan involution.

LEMMA 268. Let g € Aut(g) be symmetric positive definite with respect to Byg. Then g =
expadX for some X € g (in particular g € Aut(g)°)

PROOF. Let g = @, g, be the spectral decomposition of g wrt g. As usual [g,l,g“} =0
Thus forany r >0if X € g,, Y € g, we have
[8'X,8'Y] = (An) [X,Y] =¢"[X,Y]
84,8 u ) 8 4,

and it follows that ¢’ € Aut(g). The one-parameter subgroup {g"},., C Aut(g) is then of the form
exp(tX) with X € Lie (Aut(g)) = adg. O

THEOREM 269. Every real semisimple Lie algebra has a Cartan involution.
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PROOF. Let g be a real semisimple Lie algebra. Let ) = g ®p ig viewed as a real Lie algebra.
By Lemma[265]} is real semisimple with a Cartan involuion 6; in addition gis the set of fixed points
of the involution 6 € Aut(h) given by complex conjugation. Then p = ¢ 6 is an automorphism of
h. For X,Y € b we have
By (pX,0Y) =By (X,p'6Y)
=By (X,000Y)
— By (X,0(pY)).
It follows that p is symmetric wrt By and hence that p? is symmetric positive-definite. We have

p20p? =0005600006056 = 6. Working in a basis where p is diagonal we get |p| 8 |p| = 6 for all
t (and that |p| and p commute).

Consider now the Cartan involution 6 = |p| 129 lp ]71/ 2. We have

65 = (Ipl'6lp| ") o

pl(lpl™6lpI ) o

= |p|6c =|p|p~"
and similarly that
cb=clp|6=c0|p| " =plp|”".

Now working in a basis where p is diagonal we see that [p|p~' = p|p| ™' that is 66 = fo. It
follows that 6 acts on the fixed-point set of o, that is on g. It remains to show that 6 [g 1s a
Cartan involution. For X,Y € g we have that ady X, ad, Y are block-diagonal with respect to the
decomposition h = g ®g ig with equal blocks, so By (X,Y) = 2B4(X,Y) and so

~ 1 ~
By(X,6Y) = 2 By(X,6Y)
is negative-definite. O

5.2. Cartan and Iwasawa Decompositions

Fix a Cartan involution 0 of g. Let £,p be the +1,—1 eigenspaces respectively. Then ¢ is a
subalgebra and p is a £-module, so they are orthogonal wrt By and Bg. For X,Y € ¢ it follows that
Be(X,Y) = By(X,Y) = B4(X, 0Y) is negative definite, so £ is a compact Lie algebra.

OBSERVATION 270. €@ ip is a compact real form of gc.
LEMMA 271. Let * denote adjoints wrt to the inner product Bg. Then (adX)* = —ad (6X).
COROLLARY 272. adg C Endg(g) is a subalgebra closed under transpose.

THEOREM 273. Let G be connected semisimple, 6 a Cartan involution of g = £ p.

(1) There exists an involution ® € Aut(G) with d® = 6.

(2) G® =K is the subgroup with Lie algebra £. It is closed, contains Z =7 (G) and is compact
mod centre.

(3) (Cartan decomposition) The map K X p — G given by (k,X) — kexpX is a diffeomor-
phism.

(4) When Z is finite K is a maximal compact subgroup.
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PROOF. Consider first the case of G = Ad(G). Equipping g with the inner product By if g €
Aut(g) then for any X,Y we have [gXg ™', g¥g~!| = [X,Y] as linear maps in Endgr(g) (idenfying
X with adX). Recalling that [X,Y] = XY — Y X and taking transposes we find

. |:<g71>>|<)(>1<g>|<7 (gfl)*Y*g*} - [X*,Y*] )
Since g is closed under transpose, we see that (g*)~! € Aut(g) so g* € Aut(g) as well. Define now
O(g) = (g*) " € Aut(G). Clearly ® = 1d. Its differential is X — —X* which is 6.

The fixed points of @ are the compact subgroup K = Aut(g) NO(By) with Lie algebra {X € g | X* = —X} =
£.

The map kexpX is smooth ® x p — G. We first construct the inverse: suppose g = kexpX.
then g*g = exp(X™)k*kexp(X) = exp(2X) and X is uniquely determined as the logarithm of a
positive-definite matrix (and moreover the map g — X is smooth), at which point k = gexp(—X)
shows that k is also unique and depends smoothly on g.

To see that the inverse is defined everywhere note that for g € G the element g*g € G is positive-
definite, hence of the form exp2X for some X € g. Since exp(2tX) = (g*g)" are all positive-definite,
the same is true for the derivative att =0, so X € p. Let k = gexp (—X). Then

k'k =exp(—X)g gexp(—X) =1dq

so k € K and g = kexp (X).

Returning to the general case, since G is semisimple Z; = {0} so Z is discrete, and Ad(G) is
the covering map G — G/Z. Let K be the inverse image of K under the quotient map, necessarily
a closed subgroup which is compact mod Z. Let g: G — G be the covering map Ad, and consider
its extension §: G/K — G/K. The map is continuous and surjective since ¢ is, and injective since
Z C K. Suppose now that

q(gn)K — q(g)K

in G/K. We want to prove that g,K — gK in G/K. Since K is compact we can assume wlog that
q(gn) — q(g). Then q(g'g,) — 1. By the covering property we have an open neighbourhood
1 €U C Gsuchthat g~ (U) = U x Z for a neighbourhood 1 € U C G. Write g, = u,z, and g = uz.
Then g~ 'g, = (z7'z,) (u™'u,) with u~'u, — 1. It follows that u,ZK — uZK i.e. that g,K — gK.
For g € G we have ¢(g) = q(k)q(expX) for some k € K, X € p and then g = kzexp(X) for
some z € Z, so g = (kz)expX € Kexpp. The uniqueness of X follows from the uniqueness in G,
and this gives the uniqueness of kz as well. Since ¢ is a local diffeomorphism and since the Cartan
decomposition of G is a diffeomorphism, the same is true for G. Thus K is a smooth deformation
retract of G. Thus makes K connected, hence the Lie subgroup with Lie algebra €, and in addition
m(G) ~m (K)~ . 3
Finally let G — G — G be the universal covering group. Everything thus far applies to G, giving
a connected subgroup K such that K covering K. The Lie algebra homomorphism 8 extends to a
Lie group homomorphism ® of G; since 6 is trivial on ¢ its exponential ® is trivial on K and in
particular on Z. It follows that ® descends to an involution ® of G with fixed point set K. U

Let A, N be the subgroups correpsonding to a, n and let M = Zg(a) = Zg(A).
PROPOSITION 274. A is a closed subgroup and exp: a — A is a diffeomorphism.

PROOF. We first verify that exp: a — A is proper. Indeed, A C a is a basis, so ||H||,, =
maxqea |0((H)| is a norm on a. Since exp (a(H)) are all eigenvalues of Adexpp it follows that for
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any operator norm on End(g),
|Adexprr || > exp ||H., -
By Theorem [I12}exp: a — A is a covering map. Being proper its kernel is compact hence
trivial. Also, since a is locally compact its image by a proper map is closed. U

REMARK 275. When G is reductive we have a = a; & 3 with a; the Cartan subgroup of the
derived group. The argument above applies to A} = expay; for 3 it’s enough to note that Z(G) is
closed.

PROPOSITION 276. N is a closed subgroup and exp: n — N is a diffeomorphism.

PROOF. We prove the second claim first. The exponential map is always a local diffeomor-
phism, and the only question is whether it is bijective, and surjectivity holds since n is nilpo-
tent. Suppose that expX = expY for some X,Y € n. We can write X =) - 0Xa, ¥ =Y o Ya
with Xy, Yy € go. Choose H € a in the interior of the positive Weyl chamber, in other words
such that a(H) > 0 for all & > 0. Then Adeyp—sm)exp(X) = exp (Lg>0exp(—1a(H)Xq) so
exp (Yooexp(—ta(H)Xy) = exp (Yg=oexp(—ta(H)Yy). Thus if 7 is large enough the local in-
jectivity of the exponential map gives Y o~ oexp(—to(H)Xy = ¥ g-0exp(—to(H)Yy from which
we conclude for each « that exp(—ta(H)X, = exp(—ta(H)Y, and X = Yy, hence that the expo-
nential map is injective.

To see that N is closed, let N denotes its topological closure. This is a connected nilpotent
subgroup normalized by A, so Lie(N) = (Lie(N)Ngo) ® P, (Lie(N)Ngy). Lie(N) certainly
contains n. It cannot contain any element of a (this would give it a solvable but non-nilpotent
subalgebra) or of gy for oo < 0 (this would induce an element of a). It follows that n C Lie(N) C
n@a@®m so if if the first containment is proper Lie(N) contains a nonzero element of a6 m, that
is an ad-semisimple element. But and the set of nilpotent element of End(g) is closed. Since every
non-zero element of am is ad-semisimple and normalizes n it follows that Lie(N) = n and hence
that N = N. O

COROLLARY 277. The semidirect product NA is a closed subgroup diffeomorphic to its Lie
algebran® a.

LEMMA 278. Let G be a Lie group, S,T < G two subgroups with Lie algebras s,t such that
g=5Dt Thenthe mapm: S x T — G given by (s,t) — st is everywhere regular, and in particular
open.

PROOF. We compute the derviative. For X € 5,Y € t we have sexp(X)texp(Y) = sexp(X)exp(Ad, Y )z.
It follows that dmg ;) (s:X, 1Y) = (5°), (X + Ad;Y) (). Now Ad, Y € tas well, so X +Ad, Y =0
iff X = Ad;Y = 0iff X =Y = 0 and the map is injective. 0

THEOREM 279. The multiplication map m: N X A X K — G is a diffeomorphism onto.

PROOF. We already know this for the map N x A — NA. Applying the Lemma to the multipli-
cation map NA x K — G we see that it is U
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CHAPTER 6

Representation theory of real groups
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APPENDIX A

Functional Analysis

In this appendix we review the basics of topological vector spaces. References include Schae-
fer—Wollff.

A.1. Topological vector spaces
Let K be a non-discrete complete valued field

DEFINITION 280. A topological vector space is a vector space V over K equipped with a
topology so that (V,+) is a topological group and such that scalar multiplication is a continuous
map -: KxV = V.

PROPOSITION 281. A finite-dimensional K-vector space has a unique topology making it into
a TVS. In particular, if V,.W are TVS with V finite-dimensional then Homg (V,W) = Hom,(V, W)
and if V.C W then V is closed and complete. If K is locally compact then a TVS over K is locally
compact iff it is finite-dimensional.

DEFINITION 282. FixaTVSV. CallC C V:

(1) Balanced, if av € Cforallx € C, |a| < 1

(2) Absorbing, if U;~ogtC =V (that is, for all v € V there are u € C and ¢t > 0 such that fu = v.

(3) Bounded, if for every open neighbourhood W > 0 there is # > 0 such that C C tW.

(4) Totally bounded, if for every open neighbourhood W 5 0 there is a finite set {u;}; ; CV
such that C C U; (v; +W).

LEMMA 283. Every finite subset of a TVS is bounded.

LEMMA 284. Every TVS has a basis neighbourhoods of O which are balanced.

DEFINITION 285. A net {xq },cp C V is called a Cauchy net if for every neighbourhood W of
0 there is 6 € D such that if o, 8 > & then xq —xg € W. X CV is complete if every Cauchy net in
X converges to a limit in X. V is quasi-complete if every closed bounded subset of X is complete.

LEMMA 286. In a quasi-complete TVS every totally bounded subset is relatively compact.
ASSUMPTION 287. K =R or C.

DEFINITION 288. Fixa TVSV. CallC CV convex, if tu+ (1—t)y € Cforallu,veC,t €[0,1].
Call V locally convex if any neighbourhood of 0 contains a convex neighbourhood of zero.

PROPOSITION 289. A TVS is locally convex iff its topology is determined by a family of semi-
norms.

LEMMA 290. Let V be locally convex, C C 'V be totally bounded. Then the convex hull and
balanced convex hull of C are also totally bounded.
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COROLLARY 291. Let V be locally convex and quasi-complete and let C C V be compact.
Then the closed convex hull of C is compact.

DEFINITION 292. The continuous dual of V is V' & Homg (V, K).

THEOREM 293 (Hahn-Banach). Let V be locally convex, U C E a subspace, f € U' . Then f
has a continuous linear extension to V. In particular, V' separates the points of V.

A.2. Quasicomplete locally convex TVS
[based on Casseleman, Garrett]

PROPOSITION 294. An inverse limit of quasi-complete spaces is quasi-complete. The direct
product of a family of quasi-complete space is quasi-complete. The weak-* dual of a Banach space
is quasi-complete.

Let V be a locally convex TVS.

DEFINITION 295. Let Q be a measureable space.

(1) Call f: Q — V weakly measurable if ¢ o f: Q — K is measurable for each ¢ € V'. Let

(2) Let u be a measurae on € and let f: Q — V be weakly measurable. Call y € V the
Gelfand—Pettis integral of f (and write v= [ fdu) if forevery ¢ € V' ¢po f is u-integrable
and we have

@(z):/gfpofdu-

REMARK 296. Note that the integral clearly exists as an element of V”; the question is about
existence as an element of V. Since V' separates the points, it is also clear that the integral (if it
exists) is unique.

THEOREM 297. Let V be quasi-complete, let Q be compact, L a Radon measure, and let
f: Q —V be continuous. Then [ fdu exists.

PROOF. Wlog u is a probability measure. In that case we also show [ fdu lies in the closed
convex hull of f(Q).

LEMMA 298. IfV is finite-dimensional then [ fdu exists and lies in the convex hull of f(Q).

Write C for the closed convex hull of f(Q). For every finite 7 C V' consider the continuous
linear map F: V — K7 given by v (¢(v)) per- It maps C continuously onto the convex hull
of the image of F o f. Now [, (F o f)du exists in that convex hull, and we obtain a non-empty
closed convex subset

Cr={veci 7= [ (Fonau}.

Since i=; Cr, = Cy, 7, we see that this family has the finite intersection property, and it follows

that
Nes
F

is non-empty. The (necessarily unique) point there is the desired integral. U
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A.3. Integration
A.4. Spectral theory and compact operators

A.5. Trace-class operators and the simple trace formula
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