Math 100 — SOLUTIONS TO WORKSHEET 20
L’HOPITAL’S RULE

(1) Evaluate lim,_,; fff

Solution: Since lim, ,;logz = logl = 0 and lim, y; 2 —1 =1 —1 = 0 and since both the
numerator and denominator are differentiable we apply I’Hopital’s rule and get:
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(2) (Final, 2014) Evaluate lim,_,q ©s25¢"
Solution: We apply 'Hépital’s rule twice to get:
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The use of the rule is justified since lim,_,¢ (cosx - ex2) = cos 0—e? = 0, lim,_,0 (7 sinz — 2xe“"2) =

—sin0 — 0 =0 and lim,_,o 2 = lim,_,o 22 = 0.
(3) Do (2) using a 2nd-order Taylor expansion.

Solution: To second order we have cosx ~ 1 — ”3—22 and e ~ 1+ u+ "72 so0e® =~ 1 + 22, We
‘22
therefore have cosz — e*° ~ (1 — %2) — (1 + m2) = —%xg. We therefore have “*77¢— =~ —% to
zeroth order. .
(4) (Final, 2015) Evaluate lim,,_, 2s0+2)=snz
Solution: We apply I’'Hopital’s rule twice to get:
. 1 1 :
g gL+ 2) —sing . mm —CosE L g TSN 1
z—0 x2 z—0 2r z—0 2 2"
The use of the rule is justified since lim,_,o (log(1 4+ ) — sinz) = log 1—sin 0 = 0, lim, ¢ (H—% — cos x) =

1 —cos0 =0 and lim, o 2% = lim,_,0 22 = 0.

Remark: To third order we have log(l + z) ~ x — ””—22 + % and sing = 2 — £ so, to first or-

6
der,
ogta)—sine_ (F-5+5) (%) 244 11
og X)—SImox - 2 3 6 T 556 _ 4 1 1
a2 ~ a2 =T 2 Tty
(5) Given that f(2) =5, g(2) =3, f/(2) = 7 and ¢'(2) = 4 find lim, 5 [ D-gle= D=2,

Solution: Since f, g are differentiable at 2, they are continuous there and
lim (f(20 —4) —g(z 1) ~2) = /(6 4) ~g(8 1) ~ 2= [(2) ~4(2) ~2=5-3-2=0
T—r
1 2— — = — — = — = — =
ilgg(g(:c 7)—-3)=g(9-7)-3=g(2)-3=3-3=0.
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By arithmetic of derivatives the numerator and denominator are differentiable at x = 3 and we may
therefore apply ’'Hopital’s rule:

L fEr-4) g -1)-2 270 4)—(z 1)

T3 g(z2—=7)-3 z—3 2xg’(x2 —7)
C2f/(2)-g(2) 2:7-4 10 5
T 2.3-4(2) 0 6.4 24 127

. £

Evaluate lim,_,o+ <.
. £

= 400 we have lim,_,g+ & = o0.

. . . 0 __ . . 1
Solution: Since e* —0> e’ =1 while lim,_,¢+ = -

x

Evaluate lim,_, o, z2e™%.

2
Solution: We have 2%2¢~% = % and as * — oo both numerator and denominator diverge to oo.

The same holds for 2z. We may therefore apply I’'Hopital’s rule twice and get:
2
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lim z?2¢ ™ = lim — = lim == = lim — = 0.
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Evaluate lim,_,q+ = log x.
Solution: We have xlogx = 1?5; and as z — 0T both numerator and denominator diverge

(log x to —o0, % to 00). We may therefore apply 'Hopital’s rule twice and get:

lim zlogz = lim logz _ im Yz = lim (—z)=0.
z—0+ a0+ 1/ amo+ —1/22 250+
Evaluate lim, (22 + 1)1/ sinz
Solution: ~ We have (2z + 1)!/sm® = ™55 Now since the function e” is continuous it’s
enough to compute lim,_,g %. Asxz — 0,log(2z +1) = logl =0 and sinz — sin0 = 0 so we

may apply I'Hopital’s rule and get
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We therefore have
log(2z+1) log(2z+1)
hm(2m + DT = i e wme a0 Tsne = 2
—0 z—0

Evaluate lim,_, o, x"e™".
Solution: We note that for every k > 0, lim,_, o 2*¥ = 0o and similarly lim,_,., e* = co. We

therefore apply I'Hopital’s rule n times to get:

" na™ 1 n(n —1)z" 2 n!
lim z"e™® = lim — = lim = lim # =.--.=lim —=0.
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Suppose a > 0. Evaluate lim,_,~, 7% logx.
Solution: We have x %logz = k;# and as x — oo both numerator and denominator diverge
to co. We may therefore apply I’'Hopital’s rule get:
log x 1/z 1
lim 2087y VT L
r—oo @ z—o0 QI r—o00 ar®

since a > 0.



