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Change of language: Worksheet for Math 223 Lecture 1, 11/1/2021
We study real-valued functions on a fixed interval [a, b].

EXAMPLE. From calculus we know “If f. g are continuous functions and « is a real number then the
functions f + g and o f are continuous as well”.

Problem: Rewrite this as a statement about the set C(a,b) of continuous functions on the interval.

Solution: The statement literally reads “if f,g € C(a,b) then f+ g,of € C(a,b)” and it can be
rewritten as “The set C(a,b) is closed under addition of functions and under multiplying functions by
real numbers”.

THEOREM (Calculus). Let f,g € R4Y and let a0 € R.

(1) If f, g are differentiable at xo then so are f+ g and o f.
(2) If f,g are Riemann—integrable on |a,b] then so are f+ g and o.f.
(3) If f, g have finite H' Sobolev norm, then so do f + g and o.f.

FACT (Physics). 4. Let ¢, W be possible states of a quantum-mechanical system, and let a € C. Then
O + v and a¢ are also quantum states.

PROBLEM. Convert the four claims to statements about the set Dy, (a,b) of functions which are
differentiable at x, the set R(a, b) of functions which are Riemann-integrable, the Sobolev space H' (a,b),
and the set H of quantum states. Follow the template above.
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Extra credit: Deduce from example 1 and the Theorem a similar statement about the set C'(a,b) of
functions on [a,b] whose derivative is continuous.
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EXAMPLE. Let f,g € C(a,b) be continuous functions and let o € R. Then at any point xg € [a,b],

(f +8) (x0) = f(x0) +&(x0). (@f) (x0) = & (f(x0))-
Problem: Rewrite this as a statement about the evaluation map that takes a function to its values.
Solution: “Evaluation of a sum of function gives the sum of the values; evaluation of a rescaled
fuction gives a rescaled value”.

THEOREM (Calculus).
(1) If f, g are differentiable at x( then

(af +Bg) (x0) = & (f'(x0)) + B (f'(x0))
(2) If f,g are differentiable on [a,b] then

(af+Bg) =af +Bsg
(3) If f, g are integrable on [a,b] then

/ab(af+ﬁg)(x)dx:oc/abf(x)derﬁ/abg(x)dx

PROBLEM. In each case identify (a) the space of functions on which the operation is defined; (b) the
space of results for the operation.
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REMARK. A quantum observable is a map A from the space # of quantum states to itself such that
A(ap +by) = aA(9) + DA(y) for all states ¢, ¥ and all complex numbers a, b.



