Math 101 — SOLUTIONS TO WORKSHEET 25
THE INTEGRAL TEST

1. REVIEW OF IMPROPER INTEGRALS

(1) Show that [~ 4% diverges.
Solution: sz 92 —Jog T —log2 — oo
' T—o0

(2) Show that [, -9%_ converges.

2 z345

. T
Solution: For z > 0 we have 2345 > 2% > 050 0 < = < 5 and [, %:%(22_#)—)

1

345

5 so the integral converges by the comparison test.

3) Evaluate [ ze™®dux.
( 0
Solution: We integrate by parts:

T T
/ re Cdx = [—ace_'ﬂg - / (—e™*)dz = ~Te T+ [e‘“]g =1-Te T T
0 0
T+1
= e
Now as T" — oo by I"Hopital,

T+1 1
lim R lim — =0

T—oo € T—oo €

SO

s} T
/ re *dr = lim ze *dr=1.
0

T—oo Jg

2. APPLYING THE INTEGRAL TEST

(4) Decide if each series converges or diverges

(a)

> 25 (your answer will depend on p!)
Solution: For p <0, nip does not decay to zero and the series diverges by the divergence test.
Let f(x) = -4 so that the series is >~ | f(n). The function f is decreasing and positive, so
by the integral test the series converges iff || 100 f(x) dx converges, that is iff p > 1 by the p-test.
2ot o

Solution: Let f(z) = ze™?, so that the series is Y~ ; f(n). Then f(x) > 0 for all z. Also,
we have f'(z) = e —xe™® = (1 — x)e™® which is negative for > 1 so f is eventually
decreasing. We know that fooo xe~* dx converges (see problem 3) so by the integral test our
series converges as well.

(Final 2014) >>°°  ——L_— (your answer will depend on p!)

n=2 n(logn)?
Solution: Suppose p > 0 (if p < 0 compare with 2211% — see next lecture). Let f(z) =
m which is clearly positive and decreasing. so that the series is Y., f(n). The function
f is clearly both positive and decreasing, so by the integral test the series converges iff

[5° f(z) dz converges. We consider

/°° dz
5 x(logz)P’
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Susbtituting u = log z we have %

o a(logz)p — Jy wp

which converges when p > 1 and diverges otherwise. By the integral test the same holds for our
series.

(d) Ziozl n%u
Solution: Let f(x) = ﬁ which is clearly positive and decreasing. By the integral test

= du and u — oocas x — oo so we have

the series > o° | f(n) converges iff the integral [ 1+ s does. But
> d
/1 1 me = jjl_rgo (arctan(T) — arctan(1)) = 7}1_1)120 arctan(T) — % = g - % = %7

so the integtral and the series converge.
Solution: Let f(x) = % which is clearly positive and decreasing. By the integral test

oo dz
1+x2

I + Tz dr. Now +1 =
p-test (2> 1) so [ 11”; > converges by the comparison test, and Y -
integral test.

(5) The integral [,~ %t j‘” Z dz diverges. Why can’t we use the integral test to conlcude that Y~ , ”fﬁ%

diverges as well?
Solution: The function f(z) = ZN2T jsn’t monotone:

does. Converges does not depend on

< & and [[7 ‘i—‘; converges by the

the series Y~ | f(n) converges iff the mtegral I

the starting point so we consider [

el n2+1 converges by the

1+a2
flz) = (1+cosz)(1+ 2?%) — 2z(z + sinz)
(1+ 22)2
 (I+cosz—2)a? —2zsinz + 1+ cosx
N (14 z2)2
~ (cosz —1)a® —2zsinz + 1+ cosz
B (1+2)2
In particular, if x = 27k (k € Z) then cosxz =1, sinax = 0 and
, 2
fi(x)= ) >0.

We'll later show that this series diverges anyway.

3. TAIL ESTIMATES (NOT EXAMINABLE)

(6) Consider the series > ° | =5
(a) Show that 7 \ ., n—lz <+
Solutlon The fucntion f(z) = - is decreasing and positive. By the integral test, > 0" . f(n) <
Iy f(@)de = [_%](])\TO:%
(b) How many terms to we need to include to get an answer accurate to 10727
Solution: We have Y ™7 =N L4 >l g1 mz- If N =10° we see that

n=1 nQ n=1 n2
>~ 10° 1
- - -5
D SES S-SR
n=1 n=1

(7) (The harmonic series)
(a) Show that Zn 1 n > log(N +1)
Solution: n 1r > fN+1 o —Jog(N +1).
(b) Show that 3N 1 g (1 —log 2) +log(N + 1)

Solution: Y0 1 <14 fN+1 dz — 1 4 log(N + 1) — log 2.



