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1 Short-form answers

Show your work and clearly delineate your final answer. Not all problems are of equal difficulty.

[3] a. Evaluate the following limit (or show it does not exist):

3 —sinx

lim ——————
z—o0 203 + Hr + 1

. 3_gi . —a 3 " . "
limy oo 3578,57 = liMz—oo % Now —T% < 2% < 3%3 so limg o 5% = 0 by the
squeeze theorem. The quotient rule and linearity give

1 -z 3sing limg oo 1 —lim, o0 5% 1-0 1

I = =
o5 2 +5x2+23  24+5limy o2+ limy oo 3

2+5-0+0 2°

[3] b. Evaluate the following limit (or show it does not exist):

. tanx
lim
x—0 x
: : tanxz __ s sing __ limg—o s 1 _ : . sin __
By the quotient Fule, limg o =7 = limg 0 7 e Z = Ty —— = 1 = lsince lim; o o> =1 from
the lecture and lim,_,g cosz = cos(0) = 1 by continuity.
3] c. Evaluate the following limit (or show it does not exist):
g
VT + 222 — V1 + a2
lim
x—0 1,‘3
We have Y1t222—V1+a? _ V14222 VI+a? V14222 +V1+22 _ (1+22%)—(1+2?) 1 _ 22
z3 z3 V1222 ++/1+22 z3 V1t222++/1+22 ©

_ 1 1

1 1. 1 . . . . 1 _
VIS VITE & VI yiTe OV Uiy 18 a continuous function, so lime—o Jrm s
1 = 5 7 0 while } grows without bound. It follows that the given limit does not exist.
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[3] d. Differentiate the following function:
2 . 1/3
(1 + z“sin :z:)

By the chain rule, £ (1 + 22 singc)l/?’ = 1 (14 2?sinz) ~%/3

latter derivative by the product rule and find

- (14 2%sinz). We evaluate the

(1+ 22 sin ) —2/3 (2zsinz + 22 cos z) .

i (1 +x2sinaz)1/3 = é

dx

[3] e. Differentiate the following function:

et 4+e "

2cosx
By the quotient rule this is

(e —e ) cosx + (e* + e ¥)sinx

cos? x

N =

[3] f. Write an equation of the form y = az + b for the line tangent to the following
function at the point (1,1).

1
y =z — —sin(nz)
T

Since % = 423 — cos(wx) the slope of the tangent at © = 1 is 4 — cos(w) = 4 — (=1) = 5. The

equation for the line is then y — 1 = 5(z — 1), that is

y=>5c—4.
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2 Long-form answers

A ball falling from rest in air is at height h(t) = Hy — gto(t + toe~t/* —ty) at time t. Here Hy is
the initial height, g is the gravitational constant and ¢, depends on the body.

[3] a. Find the velocity v(t) of the ball.
We have h(t) = Hy + gt2 — gtot — gt2e~'/*. The first two terms are constant, and the the third is

L) e~t/t0 g0 the derivative is:

linear. For the last term we use the chain rule to find (e‘t/t‘])/ = (— i

dh _ 1 _t
’U(t) = a = —gto — gt%@ t/to <_t0> = gto (e to — 1) .
Common difficulties:
1. Not realizing that ty is a constant.

2. When using the chain rule, getting fie’t/t" (note the extra factor of t).

3. Many sign errors.
[2] b. Find its acceleration a(t).

We differentiate again to find

_dv

1 _+
o) = G =t (—gpe7 5 =0) = a0

Common difficulties:

1. Sign errors.

2. If made error (2) above, not using the product rule to differentiate t - t/%.

[1] c. Find v(0), a(0).
v(0) = gto (e7° — 1) = gto(1 — 1) = 0 and a(0) = —ge™* = —g.

[2] d. Find lim; o v(t).
As t — 00, t/to tends to oo. Hence so does e/, It follows that lim o e /% = lim,_, e,%o =0.
By linearity of the limit we find

lim v(t) =gty (0— 1) = —gto .

t—o0
Common difficulties:
1. Writing things like e> and e~* which don’t make sense.

2. Claiming that lim,_, e/t = oo.
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3 Long-form answers

[4] Let f(x) be a function defined for 0 < z < 10. You are given that f(5) =1 and that
1'(5) exists and equals 8. Using only the definition of the derivative, evaluate h’'(5)
where h(z) = (f(z))>.

We need to evaluate

}Lo t - ti—>0 t
UGN~ ) (G40 + 1(5)
t—0 t
_ tILO |:(f(5 + ti - f(5)) . (f(5 + t) + f(5))]
(product rule) = }1_1% {(f(i) + ti — f(5))} . %E% [f(5B+1)+ f(5))
(definition of f'(5) + linearity) = f'(5) - [(achm5 f(x)) + f(5)]
(the function is continuous where differentiable) = f(5) [f(5) + f(5)]
=2f(5)f'(5)
=2-8-1=16.

Common difficulties:

1. Solving the problem by the chain rule. The problem explicitly says not to do that.

2. This was by far the hardest problem; only 4 correct solutions among 200 students. Nearly
everyone just got 1 point for knowing the definition of the derivative.

3. Many people wrote things like (f(z + t))° = f(2)2+2f(z)t+t2 or (f(z +1))> = f (z+1)%) =
f(x? 4 22t 4 t?). This is a sign of doing symbolic manipulation without meaning.

4. Some students hit on the (good) idea of first approximating f by its tangent line at x = 5,
and then calculating the limit. This gives the right answer (by the chain rule), but is not
quite a correct solution.
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4 Long-form answers

The function f(z) is defined for non-zero x by

fz) =

ar?® +br +c <0
2+a3cos(z7l) x>0

[5] a. Determine all values (if any exist) of the constants a,b,c so that f(z) can be
made continuous for all 2 by choosing f(0) appropriately. (Don’t forget to justify your
answer!)

Note first that f is continuous for both # < 0 and z > 0 so we only need to check at x = 0. We
have lim,_,o- f(z) = lim,_¢ (a:z:2 + bx + c) = ¢ since polynomials are continuous. On the other
side cos(z~!) is bounded between —1 and 1 while 2 tends to zero so the squeeze theorem shows
lim, o 23 cos(z~!) = 0 and hence lim, o+ f(z) = 2. To make f continuos at 0 we need both
one-sided limits to equal f(0) so we need both to be equal, in which case we set f(0) equal to that
value. To conclude, f can be made continuous exactly when ¢ = 2 (and a,b can be arbitrary).

Common difficulties:

1. The most common way to calculate lim, o+ f(z) was to write: f(0) = 2+ 03cos(071) = 2.
Unfortunately 0~ and cos(0~!) are not numbers.

2. A large minority wrote something like ax? + bz + ¢ = 2 + 2 cos(z~!) and tried to continue
from there. But each of the two expression represents f for different values of x.

3. Others said that this equality should hold “at x = 0”. But the problem does not define f at
zero. What should be true is that the limits at zero are equal.

4. Some students tried to relate the derivatives of the two expressions.

[5] b. Choosing f(0) as above, determine all values (if any exist) of the constants a,b,c
so that f/(z) is continuous for all 2. (Don’t forget to justify your answer!)

For z < 0 we have f'(x) = 2ax + b which is continuous. We also note lim,_o- f/(x) = b. For
x> 0 we have f/(z) = (23)' cos(z™t) — 23 (cos(a:_l))l = 3z?cos(z™!) + 2% (—sin(z ™)) (- &%) =
3z2 cos(x™!) + xsin(z~!) so f/(z) is continuous for x > 0 also. Since both cos(z™1!),sin(z™!) are
bounded while 22,23 — 0 as  — 0 we also have lim,_,o+ f'(z) = 0. To make f’ continuous at
x = 0 we then need b = 0, and we still need ¢ = 2 (if f/(0) is to exist we need f continuous!), but

a can be arbitrary.
Common difficulties:

1. Differentiating 2° cos(z™!) correctly was difficult. Answers included: 3z%(—sin(z~1)) (dif-
ferentating both factors and 322 cos(z~1) — 23 sin(z~1).

2. Again, sin(0~!) and cos(0~!) don’t make sense.

3. Forgetting to put parathenses around factors with a minus sign makes a difference. 3 — %
is not the usual notation for the proudct of #* and —-;, but for the difference of 2 and .



