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1 Short-form answers

Show your work and clearly delineate your �nal answer. Not all problems are of equal di�culty.

[3] a. Evaluate the following limit (or show it does not exist):

lim
x→−2

x2 − 4
x2 + 2x + 1

=
limx→−2(x2 − 4)

limx→−2(x2 + 2x + 1)
=

0
1

= 0

where the second equality holds since polynomials are continuous, and the �rst holds by the quotient
rule (since the limit of the denominator is non-zero).

[3] b. Evaluate the following limit (or show it does not exist):

lim
x→0

e3x − 1
x

Writing f(x) = e3x and noting that f(0) = 1 the given limit is simply the derivative f ′(0). By the
chain rule f ′(x) = 3e3x so the given limit is 3e0 = 3.

[3] c. Evaluate the following limit (or show it does not exist):

lim
x→∞

x cos x

x2 + 1

For any x we have −1 ≤ cos x ≤ 1 and 0 < 1
x2+1 ≤

1
x2 . Thus for x positive we have

− 1
x

=
−x

x2
≤ x cos x

x2 + 1
≤ x

x2
=

1
x

.

Since limx→∞
1
x = 0 the same holds for limx→∞− 1

x , so by the squeeze rule,

lim
x→∞

x cos x

x2 + 1
= 0 .
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[3] d. Di�erentiate the following function:

tan(ex/2)

Applying the chain rule twice,

d

dx

(
tan(ex/2)

)
=
(
1 + tan2(ex/2)

)
· d

dx

(
ex/2

)
=
(
1 + tan2(ex/2)

) 1
2
ex/2

where we have used d
dx (tan x) = 1 + tan2 x and d

dxex = ex.

[3] e. Given f(1) = 1, f ′(1) = 2, g(1) = 3, g′(1) = 4 evaluate h′(1) where

h(x) =
xg2(x)
f(x)

.

By the product rule,
(
xg2(x)

)′ = g2(x) + 2xg(x)g′(x). By the quotient rule it follows that

h′(x) =
g2(x) + 2xg(x)g′(x)

f(x)
− xg2(x)f ′(x)

f2(x)

Evaluting at x = 1 we �nd:

h′(1) =
32 + 2 · 1 · 3 · 4

1
− 1 · 32 · 2

12
= 33− 18 = 15 .

[3] f. Evaluate the following limit (or show it does not exist):

lim
x→0

√
1− cos x

x

We have
√

1−cos x
x =

√
1−cos x
x

√
1+cos x√
1+cos x

=
√

1−cos2 x
x
√

1+cos x
= |sin x|

x
√

1+cos x
. since limx→0

sin x
x = 1 and 1√

1+cos x

is continous at x = 0 we use the product rule to �nd:

lim
x→0+

√
1− cos x

x
= lim
x→0+

sin x

x
· lim
x→0+

1√
1 + cos x

= 1 · 1√
2

and

lim
x→0−

√
1− cos x

x
= lim
x→0+

− sin x

x
· lim
x→0+

1√
1 + cos x

= −1 · 1√
2

It follows that the limit does not exist.
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2 Long-form answers

[4] a. Let f(x) = x
x−1 . Find f ′(x) using the de�nition of the derivative. No marks will

be given for use of di�erentiation rules.
Let x 6= 1 so that f is de�ned. We need to evalute the limit

lim
h→0

f(x + h)− f(x)
h

= lim
h→0

1
h

(
x + h

x + h− 1
− x

x− 1

)
= lim
h→0

1
h

(
(x + h)(x− 1)− x(x + h− 1)

(x− 1)(x + h− 1)

)
= lim
h→0

1
h

(
x2 + hx− x− h− x2 − hx + x

(x− 1)(x + h− 1)

)
= lim
h→0

1
h

(
−h

(x− 1)(x + h− 1)

)
= lim
h→0

−1
x− 1

· 1
x + h− 1

Since −1
x−1 is a constant the last limit equals

− 1
x− 1

lim
h→0

1
x + h− 1

.

By the quotient rule this equals

− 1
x− 1

1
limh→0(x + h− 1)

= − 1
x− 1

· 1
x− 1

= − 1
(x− 1)2

.

[4] b. Show that the equation cos x = x has a solution.
Consider the function f(x) = cosx−x. It is continuous, being the di�erence of continuous functions.
Also, we have f(0) = 1 − 0 = 1 > 0 and f(π2 ) = 0 − π

2 = −π2 < 0. By the intermediate value
theorem there is x, 0 < x < π

2 such that f(x) = 0, in other words such that cos x = x.
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3 Long-form answers

A reaction occurs at the rate R(x) = Ax3e−x/E where x is the energy of the incoming particles, E
is a constant energy scale, and A is an overall constant.

[4] a. Find the range of energies x ≥ 0 for which a small increase in the energy will
increase the rate of the reaction.

[2] b. Find the range of energies x ≥ 0 for which a small increase in the energy will
decrease the rate of the reaction. Your answers may depend on the constants A and E. Don't
forget to justify them!

By the product rule we have R′(x) = 3Ax2e−x/E − Ax3 1
E e−x/E = Ax2e−x/E ·

(
3− x

E

)
.Since

Ax2e−x/E is always positive, R′(x) > 0 when 3− x
E > 0 and R′(x) < 0 when 3− x

E < 0. In other
words, R′(x) is increasing for 0 ≤ x < 3E and decreasing for x > 3E.
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4 Long-form answers

[7] a. Write down two equations in the two unknowns a, b expressing the statement:
�the line tangent to y =

√
x− 1

2 at the point where x = a is also tangent to y = x2 at the
point where x = b�.
Since the derivative of y =

√
x − 1 is 1

2
√
x
, the line tangent to that curve at x = a has the slope

1
2
√
a
and hence the equation

y =
1

2
√

a
(x− a) +

(√
a− 1

2

)
that is

y =
1

2
√

a
x +

(√
a

2
− 1

2

)
.

Since the derivative of y = x2 is 2x, the line tangent to that curve at x = b has the equation

y = 2b(x− b) + b2

that is
y = 2b · x− b2 .

Now if both equations describe the same line we must have{
2b = 1

2
√
a√

a
2 −

1
2 = −b2

[1] b. Solve the system of equations you have written down.
Multiplying the second equation by 8b we �nd:

4
√

ab− 4b = −8b3 .

From the �rst equation we have 4
√

ab = 1 so

(2b)3 − 2(2b) + 1 = 0 .

In terms of c = 2b this reads
c3 − 2c + 1 = 0 .

Given any solution c to the last equation, it is clear that setting b = c
2 and a =

(
1
2c

)2
will give a

solution to the original system as long as b comes out positive (so that b = 1
4
√
a
rather than its

negative), so it is enough to solve the last equation. By inspection we �nd the solution c = 1;
since c3 − 2c + 1 = (c − 1)(c2 + c − 1) there are also the solutions −1±

√
5

2 . As we said c must be

non-negative since c = 2b = 1
2
√
a
so the two possibilities are c = 1 and c =

√
5−1
2 which translate to(

a = 1
4 , b = 1

2

)
and

(
a = 1

(
√

5−1)2 , b =
√

5−1
4

)
.


