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Problem 2
1 Short-form answers

Show your work and clearly delineate your final answer. Not all problems are of equal difficulty.

[3] a. Evaluate the following limit (or show it does not exist):

. x? —4 lim,_, (2% — 4) 0
1m = = = — = O
e——222+2x+1  limg_ _o(x?+22+1)

1

where the second equality holds since polynomials are continuous, and the first holds by the quotient
rule (since the limit of the denominator is non-zero).
[3] b. Evaluate the following limit (or show it does not exist):

e
lim
z—0

T

Writing f(z) = €3 and noting that f(0) = 1 the given limit is simply the derivative f’(0). By the
chain rule f’(z) = 3e3% so the given limit is 3e” = 3.

[3] c. Evaluate the following limit (or show it does not exist):

. T COS T
lim
z—o0 12 +1

For any z we have —1 < cosz < 1 and 0 < I}H <

2. Thus for z positive we have

Since lim,_ o 310 = 0 the same holds for lim,_. —%, so by the squeeze rule,

X CcoST
im =0.

r—>oo;[’2+1 B
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[3] d. Differentiate the following function:
tan(e”/?)

Applying the chain rule twice,

% (tan(er/2)> = (1 + tanz(e‘r/z)) . % (er/2) = (1 + tanQ(ez/2)> %e‘r/z

where we have used %(tan x) = 1+ tan® 2 and %ex = e”.

[3] e. Given f(1) =1, f'(1) =2, g(1) =3, ¢’(1) = 4 evaluate h'(1) where

By the product rule, (z¢2(x))" = ¢?(x) + 22g(z)g'(x). By the quotient rule it follows that

P+ 2g(@)d ) 2@ @)
Wiz) = 7(x) ()

Evaluting at z = 1 we find:

3242-1-3-4 1-32.2

: G =33 18=15.

h'(1)

[3] . Evaluate the following limit (or show it does not exist):

V1 —cosx

lim
z—0 x
V1—cosxz _ /1—cosz \/1+cosxz _ +/1—cos?z __ |sin x| : : sinz __ 1
We have z - x Vitcosz ~ zy/I+cosz  z/Itcosz’ since lim;—o z 1 and V1+cosz

is continous at z = 0 we use the product rule to find:

v1—coszx sinx . 1

lim — = lim =1

1
clim —e _
z—0+ T z—0t I z—0+ /1 + cosx \/5

and

v1—cosx —sinz i 1

z2—0— x z—0+ T z—0+ /1 + cosx

It follows that the limit does not exist.

Sl
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2 Long-form answers

[4] a. Let f(r) = _%;. Find f'(z) using the definition of the derivative. No marks will
be given for use of differentiation rules.
Let x # 1 so that f is defined. We need to evalute the limit

i LR @) 1<a:+h x)

Py h ThS0h\z+h-1 z-1
. 1 /((z+h)(z—1)—z(z+h—1)
= lim
h—0 (x—1)(x+h—-1)

h
i 2+hr—xz—h—z2—hx+z
h (=1 (z+h-1)

= oy <(x—1)(;h+h—1)>

. —1 1
lim .
h—ox—1 z+h-—-1

Since :1;%11 is a constant the last limit equals

1 I
- im .
r—1h—o0x+h—-1

By the quotient rule this equals
1 1 1 1 1

Tr—1limpo@+th—-1  z-1 z2—-1  (2-1)2

[4] b. Show that the equation cosz = = has a solution.

Consider the function f(z) = cosz—x. It is continuous, being the difference of continuous functions.
Also, we have f(0) =1-0=1>0and f(5) =0— 5 = —5 < 0. By the intermediate value
theorem there is z, 0 < x < § such that f(x) = 0, in other words such that cosz = .
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3 Long-form answers

A reaction occurs at the rate R(z) = Ax3e=*/E where x is the energy of the incoming particles, F
is a constant energy scale, and A is an overall constant.

[4] a. Find the range of energies z > 0 for which a small increase in the energy will
increase the rate of the reaction.

[2] b. Find the range of energies © > 0 for which a small increase in the energy will
decrease the rate of the reaction. Your answers may depend on the constants A and E. Don’t
forget to justify them!

By the product rule we have R'(z) = 3Aa?e %/F — Aa3Le */F = Ax?e /P . (3 - L) Since
Az?e=®/P is always positive, R'(z) > 0 when 3 — £ > 0 and R/(z) < 0 when 3 — £ < 0. In other
words, R'(z) is increasing for 0 < z < 3E and decreasing for z > 3E.
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4 Long-form answers

[7] a. Write down two equations in the two unknowns a,b expressing the statement:
“the line tangent to y = /z — % at the point where 2 = a is also tangent to y = 22 at the
point where x = b”.

Since the derivative of y = /o — 11
1

2va

s ﬁ, the line tangent to that curve at z = a has the slope
and hence the equation

v=gme-a+(va-3)

that is
1 a 1
y = —X _|_ i - — .
2v/a 2 2
Since the derivative of y = 2?2 is 2z, the line tangent to that curve at z = b has the equation

y = 2b(x — b) + V?

that is
y=2b-z—b%.

Now if both equations describe the same line we must have

b

N

1
2

[1] b. Solve the system of equations you have written down.
Multiplying the second equation by 8b we find:

4v/ab — 4b = —8b% .
From the first equation we have 4,/ab =1 so
(20)* —2(2b) +1=0.

In terms of ¢ = 2b this reads
A —2c4+1=0.

Given any solution ¢ to the last equation, it is clear that setting b = § and a = (i)Q will give a
solution to the original system as long as b comes out positive (so that b = ﬁ rather than its
negative), so it is enough to solve the last equation. By inspection we find the solution ¢ = 1;

since ¢3 —2c+ 1 = (¢ — 1)(c? + ¢ — 1) there are also the solutions %\/5 As we said ¢ must be

V5—1

5 which translate to

non-negative since ¢ = 2b = ﬁ so the two possibilities are ¢ = 1 and ¢ =

(a:ib:%) and (a:(\/gll)f“b: ‘/54_1)




