LIOUVILLE THEOREMS FOR STABLE SOLUTIONS OF BIHARMONIC
PROBLEM

JUNCHENG WEI AND DONG YE

ABSTRACT. We prove some Liouville type results for stable solutions to the biharmonic problem
A%y =u? u > 0in R"™ where 1 < g < co. For example, for n > 5, we show that there are no

. . . +4 —8\—1
stable classical solution in R” when 7% < ¢ < ("T) 4

1. INTRODUCTION
Consider classical solutions to the following biharmonic equation
(1.1) A*u =l u>0 inR"
where n > 5 and ¢ > 1. Define
(1.2) Ay(0) ;:/R |A¢|2da — q/R ult¢Pdz, V¢ € H*(R").

The Morse index of a classical solution to (1.1), ind(u) is defined as the maximal dimension of
all subspaces of Egn := H%(R") such that A,(¢) < 0 in Egn \ {0}. Similarly, we consider also

classical solutions A%y = u9 on a proper domain  # R", and define its Morse index with
(1.3) Auo(p) == / |A¢|2dz — q/ wI¢?de, V¢ € Eq = H3().
Q Q

A solution w is said stable if A, (¢) > 0 for any test function ¢ € Eq. Clearly, u is stable if and

only if its Morse index is equal to zero.

In this paper, we prove the following classification results.

Theorem 1.1. Let n > 5.

(i) Forn <8 and any 1 < g < oo, the equation (1.1) has no stable solution.
(ii) For n > 9, there exists €, > 0 such that for any 1 < q < ;%5 + €y, the equation (1.1)
has no stable solution.

In the second order case, the finite Morse index solutions to the corresponding nonlinear

problem
(1.4) Au+ |ullu=0 inR", ¢>1

have been completely classified by Farina [4]. One main result of [4] is that nontrivial finite

Morse index solutions to (1.4) exist if and only if ¢ > pyr and n > 11, or ¢ = ”—i‘g and n > 3.

n
Here pyy, is the so-called Joseph-Lundgren exponent, see [8].
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In the fourth order case, the nonexistence of positive solutions to (1.1) are showed if g < ”+4

n+4

and all entire solutions are classified if ¢ = 23, see [12, 19]. More precisely, when ¢ = ”+4 and
n > 5, any classical solution to (1.1) is in the form
n—4
B Az _
u(zx) = n —, with zop € R",A > 0.

(14 N2|z — zo|2) "2
It was proved by Rozenblum (see [11, 15]) that when n > 5, the number of negative eigenvalues
with multiplicity for the operator (A% — V') is bounded by
Cn | |V(2)|ida.
Rn
Using this, it is easy to check that w is a finite Morse index solution of (1.1) with the critical
exponent.

So our results concern essentially the supercritical case, n > 5 and g > ”J’i. As far as we

know, there are no results on the classification of entire solutions to (1.1) with finite Morse index
and supercritical exponent q. Therefore Theorem 1.1 is a first step towards the understanding
of stable solutions of fourth order problems. We note that only recently the radially symmetric
solutions to (1.1) are studied in [5, 6, 9]. The radial entire solutions are shown to have the
layer structure if and only if ¢ > pf‘}L and n > 13 where pil,L stands for the corresponding
Joseph-Lundgren exponent to A? (see [5, 6]). Theorem 1.1 classifies stable solutions to (1.1)
in dimensions n < 8 and shows the nonexistence of stable solution for some special cases with

n > 9. There is still a big gap to fill in towards a complete classification.

Our proof borrows crucially an idea from Cowan-Esposito-Ghoussoub [2], who proved the
regularity of extremal solutions for fourth order problems in bounded domains. They made a
key observation by using a nice result of Souplet [18]. Here we also rely crucially on some results
of Souplet [18]. The key argument is to use two different test functions: the first one is u itself,
and the other one is v = —Au. We believe that further exploration of this idea may help to give

the complete classification of stable solutions to (1.1).

At the end, we show some classification results on the half space or compactness results for

stable solutions to A%y = A\(u + 1)? on bounded domain (see section 3).
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2. PROOF OF THEOREM 1.1

We organize our proof into three steps.

e Step 1. Non existence of stable solution with 1 < ¢ < (”T*B)jrl

e Step 2. Non existence of stable solution with ¢ = ¢ for n > 9.

e Step 3. Non existence of stable solution with ¢ slightly larger than "¢ with n > 9.
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2.1. Step 1. According to Theorem 3.1 of [19], v := —Awu > 0 in R” since ¢ > 1. Rewrite then

(1.1) as a system
(2.1) Au+v=0, Av+u?=0, u>0,v>0 in R".
We recall several crucial estimates. First, following the idea in [13, 18], we have

Lemma 2.1. If there exists a stable positive solution to (1.1) or (2.1), there exists a bounded
stable positive solution u to (1.1) such that v = —Au is also bounded in R™.

We can prove this lemma by contradiction and proceed exactly as for Theorem 4.3 in [13] (see
also Remark 1.1 in [18]). Indeed, if no bounded stable positive solution exists for (2.1), we have
the estimate u(z) < G, (d(x, Q)™ for any stable solution A%y = u? in Q # R", here a = q%
and C), ; depends only on n and ¢ > 1. Therefore no stable entire solution to (1.1) could exist

in R™, which contradicts the hypothesis.

The main reason for the estimate u(z) < C,, 4d(z,0)™* comes from the following fact: The
scaling argument used in [13] does not affect the stability of solutions. Let uy(x) := Au(Ax+z0)
with A > 0, 2 € €, there hold A?uy = u{ in Q) and

AUA’QA((M = )‘4_nAu,Q(¢) where Q)\ = Q ;\mO’ w(y) _ ¢ (y —)\$0> .

Let a = q%“l. By Lemma 2.4 of [18], for any solution of (2.1), there exists C' > 0 such that
(2.2) / udr < CR"™“, / ulde <CR" 9, VR>O0.
Br Br

Here and in the following, Br stands for the ball of radius R centered at the origin. Another

important estimate is the following comparison between u and v (see Lemma 2.7 in [18]):

(2.3) As u is bounded, v? > qilu‘”l in R".
We need also the following identities:
Lemma 2.2. For any &, € C*R"™), we have
AEAE") — [AEn)) = —A(VE - Vi)? — €2(An)? + 26 AL V| — 4EAVE - V.
and

Lemma 2.3. For any £ € CHR") and n € C5°(R™), there hold

/ (M%) de = / AEn) 2z + / [ A(VE - Vn)? 4 26AE V2] da
. .

n

(2.4)
+ [ e[2v(an)- Vo + @]

(2:5) /R Ve IVntde = /]R ) [f(—Af)!vm? + ;£2A<\vmz>} da.

Proof. The proof of Lemma 2.2 is done by direct verification. The equality (2.5) follows from

SAE) = €AE + Vel
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On the other hand, a simple integration by parts yields

2 | €VE-VnAndz =— [ £Xdiv(AnVn) dz
(2.6) R R
_ / €2 [(An)? + Vn - V(An)] da.

By Lemma 2.2,
| @eris = [ aca(er?)ds
Rn R»
— [ aendn -1 [ (ve-vilds - [ (a2 + 2688 Vi ds
—4 EVE - VnAndx
Rn

The equality (2.4) is straightforward using (2.6). O
From (2.4) and (1.1), for any n € C§°(R™), there holds

[ 8~ [ s

= 4/ (VuVn)idz — 2/ ulu|Vn|dz — / u? {QV(AU) -V + (An)?|dz.
n Rn R™

In the following, we denote C, C’ as various generic positive constants which are independent
on u, they could be changed from one line to another. Using stability condition A,(¢) > 0 with

¢ = un, we obtain the following estimate.

/ [(A(un))2 + uqﬂnﬂ dz

(2.7) :

<C [ [IVuPIVaf + Sl Val? 2V (A0) - ()] da
Rn

Moreover, as
A(un) = —vn + 2Vu - Vi + uln,

by (2.7) and Young’s inequality (recalling that v = —Awu > 0 in R"),

/ [0 + u?™n?] dz < C’/]R {qun!Q + [Vul?|Vn|? + u?|V (An) - V| + u?(An)? | de.
Applying (2.5) with £ = u, we obtain
/ (0% + utt9?] da
(2.8) 8
<C uv|V17|2d:L‘+C/ o2 [19(2n) - | + A (19P)] + (An)?] e

Rn Rn

Take n = ¢ with m > 2, it follows that
/ wo| V| de = m2/ ww V|V | 2da
n Rn
1
< — | (we™?ldz+C | u*pm D |Vetda.
Now let us choose ¢1 a cut-off function verifying 0 < ¢; <1, ;1 =1 for |z| < 1 and ¢ = 0 for

|z| > 2. Substituting the above inequality into (2.8) with ¢ = ¢1(z/R) for R > 0 and n = ¢,
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we arrive at

(2.9) / (v™)%dx —l—/ utt P der < CR_4/ W ? Dy
We claim:
(2.10) / uldz < CR"**, VY R>0.

Br

When ¢ > 2, the above estimate follows from Hoélder’s inequality using (2.2) while for ¢ = 2, it
is just the second estimate in (2.2). If ¢ € (1,2), fix m > =, by Holder’s inequality and (2.9),

we obtain
2, 2(m—2) o2m— 4 ot 41 2 2=
/ us ™ da:ﬁ(/ ulp q—ldac) (/ u? gpmdm>
q—1 2—q
<C </ uqda:> <R_4/ u2g02(m_2)da:> ,
Bagr n

/ oM Ddy < CR™ Q)/ uldr.
" Bayr

hence

Using (2.2), there holds

2 2(m—2) 2_(1) q n—qo ! pn— 2a
u dr < u?p dr < CR uwldz < C'R R =CR
Br " Bsyr
so the claim (2.10) is proved. Combining (2.9) and (2.10),
(2.11) / (v2 + uq‘H) ©?*Mdxr < CRVA729,

Next we make use of the stability condition again, but this time with the test function ¢ = vn.

By equations (2.1), we have
(2.12) A%y = —A(ud) = qu? v — q(qg — D)ud™?|Vul?.

Multiplying (2.12) by vn?, similarly as for (2.7), by (2.4) and (2.5),
0< [ [@wn)? - wn?]ds
R
< - (q—l)/ ul™ 2\Vu|2v7]2da:+C/ v]Av||Vn|2da

+C/ \v An) -Vl + |A (1Vn2)] + |An? }dx

IN

—q(q— 1)/ uq_2|Vu|2m72d:E

. vud|Vn| dx+C’/ yV(An) Vil +|A (IVnl*)] + |An|? ]

Hence
/ ul™2|Vul2vnds

<0 uq!Vn\deJrC/ 19(an) - Vil + A (IV0P)| + A de.

(2.13)
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Furthermore, for any C! function H, integration by parts yields

(2.14) H(u)(—Au)n’ds = / H' (u)|Vu|*n*dz + H(u)Vu -V (n*)dz.
R" R™ R"

Following an idea of Cowan-Esposito-Ghoussoub [2], set H(u) = u e , then

/ u%vqﬁd;p < C'/ uim?i_g ‘Vu|2n2d.’1} -+ C/ U q2 772)‘ dx.
Recall that v > Cu's , we conclude, using (2.13) and (2.14),
2,2 it
uInde < C ur vn?dx
n Rn
<C uy\VuPnQd:L‘ + C’/ uT %)| da

Rn R®
(215) <C [ wrValtupds +C [ vt |ApP)|ds

R" R™

< C’/ vu? ]Vn\2 + |A(772)‘ )dw

+c/ \v An) - Vil + |A (1Vn2)] + |An? }d:p

As before, let n = ¢™ with large m and ¢ = ¢1(z/R) for R > 0. Similarly to the derivation
of inequality (2.9), we get from (2.15) and (2.11),
(2.16) / (ul™)?dx < CR™4 v2dr < CR"872%,
n Bar\BRr
Ifl<g< ("T_S)J_rl, n — 8 —2a < 0. So when u is stable, letting R — oo, we deduce u = 0 in
R™ by (2.16). This proves the nonexistence of stable solution to (1.1) for 1 < ¢ < (%28 8)+1.
2.2. Step 2. Here we show the nonexistence of stable solutions with ¢ = %5 for n > 9. Our

proof is based on the nonexistence of fast decay solutions with supercritical exponent.

Proposition 2.4. Letn > 5, q > "+4 and o = qf—l. Then the system (2.1) has no classical
solution verifying
(2.17) u(z) =o(lz]~*), v(z)=o0 (|z\_2_a) as |x| — oc.

Proof. Suppose that such a solution u exists. Let w be the Emden-Fowler transformation of
u, i.e. w(t,0) = ru(ro) for any t = Inr € R, and o € S*! the standard unit sphere of R™.
Direct calculation yields
rTOAu = wyy + (n — 2 — 20)w; — a(n — 2 — a)w + Agn1w

where Agn-1 denotes the Laplace-Beltrami operator on S"~!. Applying again this formula,

( ) w? = ot = Ay = wiy + Kwi + Kywy + Kyw + Kow

2.18
+ Aén_fw + QASnfl’wtt + K5Agn—1”wt + K@Agn—l’w
where K; are constants depending on « and n, for example

Ks=Kzs=(2n—-8—-4a), Ke=—|(a+2)(n—4—a)+an—2—a)l.

In particular, we have (see [6] for K;, 0 < i < 4)
n+4
4

(2.19) Ky <0, K3=Ks>0, Vn>5, q>
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Set

’U)q+1 K[) KQ w2
E(U}) = /Sn_1 <q 1 — ?wz — 711],52 — ngttwt + % - wtttwt> do

K 1
S§n—1 2 2

Multiplying the equation (2.18) with w;, we get from (2.19)

d
&E(w)(t) = / (Klwf — K5 |Vgno1wy|* — K3w§t> do <0.
S§n—1

By the decay conditions (2.17),
—Au=v, —-Av=ul=o0 (|a:|_4_a) as |z| — oo.
The standard elliptic estimates imply then

(2.20) lim |z|""®|VFu(z)| =0, for 1<k<4 so that tlim [w(t, ) lcsgn-1y = 0.
—00

|z| =400
Therefore lim;_,o, F(w) = 0. We have also lim;—,_~, F(w) = 0 because u is regular at the origin.
Finally we conclude

/ / 1 <K1wt2 — K5 |Vgn-1wy|* — ng,?t) dodt = 0.
R JSn—

So wy =0, hence w = 0 as lim;_,_ o, w = 0, but this contradicts the positivity of u. O

Back to Theorem 1.1. Suppose that u is a stable solution of (1.1), we may assume again u is
bounded, recall (2.11) and (2.16).

(2.21) / v2dx < CR472¢ / u¥dr < CR" %72 VY R>0.
Br Br
Applying now the Sobolev embedding of H?,
_ 2n
[0l ) < C) (180032 ) + B olZa(pyy ) o where po= .

Combining with (2.21), there exists C' > 0 such that for any R > 0,

2 —8—2
(2.22) [0l Zpe By < CR™777
As g = %5, we have n — 8 — 2a = 0. The above estimate means just
(2.23) / vimid < oo,

Now we are ready to prove the fast decay of v and v. Instead to use the Harnack argument in
[16] (see [4]), let us recall a special case of Theorem 4.4 in [10]: For any p € [2, 00), there exists

€(p) > 0 such that if Aw + pw = 0 in By with ||pHL%(B < ¢(p), we have

2)
(2.24) |wllpr(B,) < Cllwl|r2(py)

where the constant C' depending only on p and n.

Let zyp € R™ with |z9| > 4Ry and R = @, consider the function w(y) = v(xo + Ry). Then w
satisfies Aw + pw = 0 where

ud

= R

p(y) »

7
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— —1
Using (2.3), 0 < p(y) < CR%L%(%Q-FRy) < C’R%ﬁ(azo—FRy) Asq= "o, 0 = g;} XG =
p«. Therefore, by (2.23)

/ |P|%d$ < C/ R"P*(xo + Ry)dy = C vP*dr — 0, when |zo| — 0.
By By Bar(zo)

From (2.24) and Holder’s inequality, we derive that for any p > 2, as |zo| — oo,

0]l Lo (B (o)) = B? |wllr(y) < OR? |wllp2(py) < C'R? |wl|1r- (5,)

(2.25) < C'R» o= ||v]| Lo (Bar(x0))

=0 (R_Q_O‘Jr%) )

Using classical elliptic estimates (see Theorem 8.17 of [7]), there exists C' > 0 such that

(2.26) sup v < C |R™2 0]l 2By (ao)) + RHAUHL”(BR(IO))} -

Bg(ﬂﬁo)

It is clear that ¢ = ¢ 2”‘1 > 2 and |Av|® = ™ < Cv?. Thanks to (2.25), when |zq| — oo,

4 14+(-2—at+2)Z 9w
RHAvHLn(BR(m»§CRHsza(BR<xU»—O<R ( q>”) =o(R7*7).

Substituting the above estimate into (2.26), applying (2.25) with p = 2, we conclude then
v(z) =o(|z|27%) as |z] = .

We get also u(x) = o (Jz|~%) at infinity by (2.3), hence the decay estimate (2.17) holds, we reach

then a contradiction seeing Proposition 2.4.

2.3. Step 3. Here we will prove that no stable solution exists for exponent ¢ slightly higher

than ¢ if n > 9. The main idea is a blow up argument.

Suppose that the claim (ii) of Theorem 1.1 does not hold, there exist then a sequence d; > 0,
d; — 0 and a sequence of stable solutions u; to (1.1) with ¢; = "5 4 ¢;. Lemma 2.1 permits to

assume that u; and v; = —Awu; are bounded in R™. Choose A; > 0 such that
1 ot
lvillo — "7
_4
Let uj(z) = )\q] u;(\jx), so A%u; = ug , U = —Au; satisfies [|Uj[loc = 1. Up to a translation,
we assume also 0;(0) € (3,1]. Using (2.3) to u;, we have also [|;o < C.

By standard elliptic theory, there is a subsequence still denoted by ﬂ] which tends to a

bounded nonnegative function u, in C’lkoc(R”) for any k € N, so A2y, = ul % in R™. As uj; are

stable, it is easy to see that u, is stable (taking the limit in (1.2) with @; and ¢;). Finally, since
—Au, > 0 in R™ and —Awu,(0) = limv;(0) > 0, u, is nontrivial, hence positive in R™. This is

impossible by the previous step, the claim (ii) is then proved. O
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3. SOME APPLICATIONS

As we have mentioned yet, the nonexistence result of entire stable solution yields immediately

(with blow-up and scaling argument as in [13, 18])

Corollary 3.1. Assume that € is a proper subdomain of R™ and u is a classical, positive and
stable solution of A*u =u? in Q where 1 < q < oo if n <8; or 1< q< 5+ ey if n>9 with
€, tn Theorem 1.1. Then

u(x) < Cpqd(z,00)™%, |Au(z)| < Oy 4d(z,00)" 2 where o = p
q—

the constant C' depends only on q and n.

Consider now
A%y =yl inR:‘_:R+XR”’1, n>2
(3.1) u>0,-Au >0 in R%
u=—-Au=0 on {0} x R*~1.

The following result is due to Dancer (Theorem 2 in [3], see also Theorem 10 in [17]).

Lemma 3.2. Suppose that u is a classical solution of (3.1) such that u and —Au are bounded
in RY, then O, u > 0 and —0y, Au > 0 in R7}.

Therefore, under the condition of this lemma, w(y) = limg, o u(z1,y) exists for all y € R~
and A%w = w? in R""!. It is not difficult to see that if w is unstable, then ind(u) is infinite.
Indeed, let ¢ € CG°(R™™1) verify A, gn-1(¢)) < 0, we choose ¢ € C*°(R), supp(¢) C [1,2] and
denote ¢r(z) = ((z1/R)Y(Z) where T = (z2,...,2,) and R > 0. Obviously ¢p € C{°(R").
By the locally uniform convergence w.r.t.  of u to w when x; — oo, we check readily that
Ay(¢Rr) < 0 for R large enough, and similarly A, (¢r(x + per)) < 0 for any a > 0. Therefore,
taking a suitable sequence pu; — oo with R fixed, we observe easily that ind(u) = co. In other
words, if ind(u) < co, then w must be stable. This enable us the following classification result.
Theorem 3.3. Let u be a classical solution of (3.1) with n > 2. Assume moreover u and —Au

are bounded. Then ind(u) = oo, when ¢ > 1 andn < 9; or 1 < q¢ < Z—:é + en—1 and n > 10.
Here ¢, > 0 are given by Theorem 1.1.

Finally, Consider the bounded domain situation with polynomial growth:

{ A%y = Au+1)? in a bounded smooth domain Q C R, n >1

() u=Au=0 on 0f).

It is well known that there exists a critical value A* > 0 depending on ¢ > 1 and 2 such that

o If A € (0,\), (P,) has a minimal and classical solution which is stable;
e If A = \*, a unique weak solution, called the extremal solution u* exists for (Py«);

e No weak solution of (P)) exists whenever A > \*.
In the same spirit of Corollary 3.1, we can prove

Theorem 3.4. There exists €, > 0 such that the extremal solution w*, the unique solution of
(P\+) is bounded provided that

n<8 g>1 or n>9, 1<q<L8+’€n.
n_
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Here we need just to consider stable minimal solutions u)y to (Py) since u* = limy_,\« uy, SO

the conclusion comes from contradiction with (ii) of Theorem 1.1 or Theorem 3.3, whenever the

blow up occurs, we omit the detail. The case 1 < q¢ < (

"778);1 was proved in [2] by different

approach.
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