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Abstract

We study the following nonlinear elliptic problem

—Au = F/(u) in R"

where F'(u) is a periodic function. Moser (1986) showed that for any minimal

and nonself-intersecting solution, there exist & € R™ and C' > 0 such that

(*) lu—a-z| <C.

He also showed the existence of solutions with any prescribed o € R™. In this
note, we first prove that any solution satisfying (*) with nonzero vector o must

be one dimensional. Then we show that in R?, for any positive integer d > 1
there exists a solution with polynomial growth |z|%.
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1 Introduction and Main Results

In search of analogue of Aubry-Mather theory for quasilinear partial differential
equations in R™, Moser [6] studied the following equation

n
i=1

which is the Euler-Lagrangian equation for the functional

68 Fp, (z,u, Du) — Fy(x,u, Du) =0 (1.1)
T

F(x,u, Du)dx (1.2)
Rﬂ,

where F is 1—periodic in all variables z1,...,z, and wu, elliptic and of quadratic
growth in p = Du.
A solution u(z) of (1.1) is called minimal if

/ [f(ac,u + ¢, Du + Do)dx — F(x,u, Du)} dx >0, V ¢ € C5°(R™). (1.3)

A solution of (1.1) is said to be without self intersections or WSI if (i) for each
Jj€Z" and jpi1 € Z,u(x + j) — u(x) — jp1 does not change sign for x € R™, or
(ii) for some j € Z™ and jy41 € Z,u(x + j) = w(x) + n+1-

For minimal and WSI solutions to (1.1), Moser [6] showed: (1) There exists a
unique vector a € R™, the so-called rotation vector and a constant C, such that

lu(z) —a-z| <C, VoeR™ (1.4)

(2) Conversely, for every vector a € R™ there exists a minimal solution w with
rotation vector o and a constant C' and satisfying (1.4).

Moser’s paper [6] has received lots of attention in the literature. Among many
results, we mention that Bangert [2] showed the existence of heteroclinic states
under some gap conditions, and Rabinowitz and Stredulinsky [8, 9] developed vari-
ational gluing methods for mixed states of Allen-Cahn type equations. (See also
[10] for non-autonomous case.) There is also a strong connection between Moser’s
problem and De Giorgi’s conjecture. See Farina and Valdinoci [5]. For the latest
developments, we refer to the survey paper by Rabinowitz [7] and the references
therein.

In this note, we consider the autonomous Moser’s problem, namely we study the
following problem

—Au = F (u) in R" (1.5)

where F(u) is a smooth periodic function. A typical example is the so-called sine-
Gordon nonlinearity F(u) = 1 — cos(u).
Our first result is a classification theorem on solutions to (1.5) satisfying (1.4).
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Theorem 1.1 Let u € C?(R™) be a solution of (1.5). Assume that there exist a
nonzero vector a € R™ and a constant C' > 0 such that

lu(z) —a- x| < C for Vo eR"™ (1.6)
Then there is a function v € C*(R™) such that u(x) = v(a - x).

In the above theorem, a # 0 is necessary. In fact for Allen-Cahn or Sine-Gordon
equations, there are bounded solutions with multiple transitions ([1, 3, 4]). Theorem
1.1 also holds when —Awu = f(u) where f is periodic. Note that it can be directly
shown that one dimensional solutions satisfying (1.6) have no self-intersection.

Theorem 1.1 has been proved by Farina and Valdinoci [5] under the minimality
condition. Here we have removed the minimality assumption. Theorem 1.1 shows
that unbounded solutions to (1.5) with linear growth are all one dimensional. Notice
that « - z is the simplest nonconstant harmonic function in R™. Based on this, J.
Byeon and P. Rabinowitz ! asked

Question: given any harmonic function, w, on R™, is there a solution, u, of (1.1)
with ||u — w|| oo ) bounded?

The following theorem answers the question partially.
Theorem 1.2 Letn =2 and d > 2. Assume that F(u) is even. Let o(x,y) be the

real part of the harmonic polynomial z%. (Here z = x + iy.) Then there exists a
solution to (1.5), enjoying the same symmetry as o(x,y) and satisfying

[u(e,y) = @(e.y)| < C(1+[2])2. (17)
Furthermore, for d > 3 we also have the following improved upper bound:

u(z,y) — oz, y)] < C(1+]2])>7%. (1.8)

Remark 1.1 Ifd > 4, then % > 2. Thus ford > 4, we answered Byeon-Rabinowitz’s
question affirmatively, in the autonomous setting (1.5). Note also that for d > 4,
we have better decay estimates. The key to obtain (1.8) is some oscillatory integral
estimate (see (4.6) below). For d = 2 or 3, this estimate is not sufficient. We
believe that the L bound should also hold for d = 2, 3.

Remark 1.2 Another interesting question is whether or not the evenness condition
18 mecessary.

In the rest of the paper, we prove Theorem 1.1 in Section 2, the estimate (1.7)
of Theorem 1.2 in Section 3 and the better estimate (1.8) of Theorem 1.2 in Section
4 respectively.

Acknowledgment. The second author thanks Professors J. Byeon and P. Rabi-
nowitz for suggesting the problem and nice discussions.
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2 Proof of Theorem 1.1

In this section, we prove Theorem 1.1 by the method of moving planes.

Without loss of generality, assume that || = 1 and « is the x,, direction. We
use the notation that x = (2/, z,,) where 2’ € R"~!. For any unit vector e such that
e-a > 0, we will prove that for every ¢ > 0,

u(z +te) > u(z) for all z e R™ (2.1)

This then implies that e- Vu > 0 in R™. By continuity, this also holds for e and —e,
if e - @ = 0, which then implies that e - Vu = 0 and that u depends only on « - z.

For any t > 0, define u’(z) = u(z + te). First we note that, since e, = e-a > 0,
for ¢ large, by (1.6),

ut(x) >z, +te, —C >z + C > u(x).
Hence we can define

to ;= inf{t : Vs >¢,(2.1) holds}.

Assuming that tg > 0, we will get a contradiction. First note that u® > u by
continuity. It is impossible to have u!® = u, because this would imply that u is
to periodic in the e direction, which contradicts (1.6). (e -« > 0 implies that u
goes to infinity when x goes to infinity along the e direction.) Hence by the strong
maximum principle we have

u' > u. (2.2)

By the definition of ¢y, there exists tx < tg such that

. te
1]1£1ﬂf(u u) < 0.

In particular, there exists z; € R™ such that
(u'* —u)(xy) < 0. (2.3)

Assume the period of F(u) is T. By (1.6), we can take a constant aj, which is
a multiple of T such that

ug(z) = u(z + z) — ak
satisfies |ux(0)] < T. (2.2) and (2.3) imply respectively that
ul > ug. (2.4)

(uf¥ — uy)(0) < 0. (2.5)

Note that uy still satisfies (1.6) with a larger constant 2C' +T', which is independent
of k. By the elliptic regularity, uz, is uniformly bounded in C3(Bg(0)) for any R > 0.
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Hence we can take a subsequence of u, such that uy converges to us, in C%(Bg(0))
for any R > 0. Letting k — 400 in (2.4) and (2.5), we get

ul® > e, u'(0) = une(0).

By the strong maximum principle, u!® = us,. That is, us is ¢y periodic along the
direction e. Since u, satisfies (1.6), this is a contradiction and also finishes the
proof of Theorem 1.1.

3 Proof of Theorem 1.2

In this section, we prove the existence of solutions satisfying estimate (1.7) in The-
orem 1.2.

We denote z = x + iy € C. We also identify z = re?? with (z,y) € R Let
d > 2 be a positive integer and ¢(x,y) = Re(z?). Denote G the rotation of order
2d. Note that p(Gz) = —p(2).

Let D = {—35 < 6 < 35} be a nodal domain of . For every R > 0, take

2d
Dgr = Bg(0) N D and u’ to be a minimizer of the functional

1
/ Ll + P,
Dpgr 2

with the Dirichlet boundary condition u = ¢ on 0Dg.

First, the minimizer exists since F(u) is a bounded periodic function. Second,
we may assume that u® > 0 in Dpg since otherwise we may replace the minimizer
with |u®| (noting that F is even and F(|u|) = F(u)). Since F’(u) = 0, the strong
maximum principle implies that ug > 0 in Dg. Once again by the oddness of F”'(u)
and the fact that F’(0) = 0, by rotational symmetry of %ﬂ, uf can be extended
to Br(0) and it satisfies the equation —Au = F'(u) in Br(0). By construction,
uf! has the same symmetry as ¢, that is, u®(Gz) = —ufi(z) for z € Bg(0).2 In
particular, the nodal domain of u® is the same with ¢ and {uf = 0} is composed
by 2d rays with the form reisi for k = 1,3,--+,4d — 1 and r € [0, R].

For any r € (0, R), let ©" be the solution of

Ap" =0, in B,
©" =uf', on 0B,.

Since ! has the same symmetry as o, by the uniqueness of the solution to the
above problem, ¢" has the same symmetry as ¢, and {¢” = 0} is composed by
2d rays of the form re‘5i for d = 1,3, --,4d — 1 and r € [0,7]. This implies that
" =uf* on OD, and " is also the harmonic extension of u* from 0D, to D".

2 Another method to get u’® is to find a minimizer of ]BR %\Vu|2 + F(u) in the invariant class

{u=¢ on 8BR, and u(Gz) = —u(z)}. uf® can be proved to satisfy —Au = F (u) in BRr(0) by
the heat flow method. Note that because F'(u) is even, the invariant class is positively invariant
by the heat flow.
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Lemma 3.1 There exists a constant C, independent of r and R, such that

/ |V — Vul|? < Cr?. (3.1)
B, (0)

Since we expect uf* grows like |z|? and |Vu®| grows like |z|9~! with d > 2, this
estimate implies that u* and ¢" are close to each other (after a rescaling) at large
scale. Below we will use this inequality to estimate the error uf* — .

Proof. By the minimality of 4, we have

1 1
| vt rat < [ Sver e pe

J,

since F' is a bounded periodic function.

which implies

|VuR|2 — |V ?| <Cr? (3.2)

On the other hand, an integration by parts using the fact that «* = ©" on 9D,

shows that
/ ww—vwﬁz/|VWP—w¢ﬁ
D,

D,

Substituting the above equality into the inequality (3.2), we get (3.1).

Lemma 3.2 There exists a constant C, independent of v and R, such that for all
0<r<R,
sup |o" —uf| < Crd/2,
B, /2(0)

Proof. We will assume that 7 is large enough. Let 4" (z) := Luf¥(

Lo (rz) for z € B1(0). By (3.1),

rz) and @"(z) :=

/ Vg™ — Va'|* < or?=24,
B1(0)
Since u" = ¢" on 9B1(0), by the Poincare inequality,
/ lg" —a"|? < Cr¥2, (3.3)
B1(0)
Note that

IA(@" —a")| = [P F (rda")| < Or*d. (3.4)
Take a 79 € (3/4,1) such that

/ |¢r _ ﬂ7"|2 < 80T2_2d
9By (0)
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which is possible because of (3.3).

Take the decomposition " — @" = h + g, where h is harmonic in B,,(0) and
h =¢@" —a" on 0B,,(0). By the mean value property of harmonic functions, we
have
sup |h| < Crl7d,
Bs/5(0)

Since g = 0 on 9B,,(0) and

[Agl < v = —A(=— (5 — |2*),
comparison principle implies

sup |g| < Cr*d
Bs,5(0)

Combining these two we obtain

sup |@" —a"| < Cr?7e.
Bs/5(0)

Combining with (3.4), by elliptic estimates we see

sup |V(g" —a")| < or*e (3.5)
By /16(0)

By (3.3), o )
{lg" —a"| > r3/?~ } N Bg16(0)] < Cr .

In particular, for any ball B),.—1/2(2) C Bg,15(0) where M is a large constant, there
exists y € Byy—-1/2(2) N {|@" — @"| < r3/27}. Integrating along the segment from
y to x and using (3.5), we get

1" () — @ (x)| < Cr¥/*~¢ for any x € B /2(0).

Rescaling back we can finish the proof.

Lemma 3.3 There exists a constant C, independent of r and R, such that for any
r e (0,R/2),

C
sup |V2p" — V2p¥| < —. (3.6)
B,./2(0) r
Proof. By (3.1) we get
/ V" — V|2 < Cr®.
Br(0)

Since both ¢" and " are harmonic, by interior gradient estimates we obtain the
claim.
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Lemma 3.4 For any r € (0, R),

sup | —uf| < Cr®/2,
B,./2(0)

Proof. Take an ig such that R/2 < 2%r < R. Checking the proof of the previous
lemma we see

2 2ioy 2
sup |Vip® " = Vip| < —.
Byig-1,(0) Zor

Adding this and (3.6) from ¢ =1 to i = iy we get

sup |VZp" — V2| <
B,./2(0)

(3.7)

~1Q

Since for each r, ¢" has the same symmetry as ¢ and it is harmonic (recall that the
degree of ¢, d > 2), we have

©"(0) = ¢(0) =0, V"(0) = Vi(0) = 0.
Integrating (3.7) twice we obtain,

sup | — | < Cr. (3.8)
B,./2(0)

This combined with Lemma 3.2 implies the required claim.

A direct corollary of this lemma is the uniform boundedness of © on any com-

pact set. Hence we can take the limit v := Rlim uft which is a solution of (1.5)
— 400

on the entire R?, enjoying the same symmetry as ¢, {us > 0} = {¢ > 0}, and
satisfies
oo (2,9) = @@, y)| < C(lz| + y])*/>.

In particular, u, is unbounded and grows at least quadratically.
This proves Theorem 1.2.

Remark 3.1 By [1], there exists a second solution u of (1.5) satisfying the sym-
metry u(Gz) = —u(z), which is bounded in R%. For example, if F(u) = 1 + cosu,
we can construct a solution such that —m < u < 7 in R2. In fact, in this case, if
we modify F(u) outside [—m, 7] to get a standard double-well potential, it becomes
exactly the problem studied in [1, 3]. The bounded solution produced by this method
takes values in (—m, ) and it is still the solution of the original problem (1.5).

4 Proof of the Improvement Estimate (1.8)

Let u be the solution constructed in the previous section. Written in the exponential
polar coordinate (r,0) = (et,0), u satisfies

O2u+ Opu + e*' f(u) = 0.
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Let v(t,0) = e~ %u(t,0). Then v(t,0) satisfies

020 + 2ddyv + d?v + 9zv + PVt f(edty) = 0. (4.1)

By the error bound established in the previous section, for ¢ > 0,

[u(t,0) — cos(df)| < Ce3/2=Dt, (4.2)

By interior gradient estimates, for any € > 0 there exists a constant C' such that
for any ball By(t,0) C R x St (with respect to the product metric on R x S') and
u € C?(By(t,0)),

C
sup |Ggu| + [Opu| < e sup |0u+ Fu| + — sup |ul. (4.3)
Bi/2(t,0) Bi(t,0) € Bi(t.0)

Since |e=Dt f(edty)| < Ce~Dt applying (4.3) to v — cos(df) with e = e~ & we get
a constant C such that for all ¢ > 0,

109 (v(t, 0) — cos(dB))| + |8yv(t, 0)] < Celd—Dt, (4.4)
Differentiating (4.1) in ¢ we get
070 + 2d0,0pv + d*0pv + 0504w + € £ (e¥v)dyv = 0.

By the bound on dv, we have |2t f/(e%v)dv| < Ce(i 2=t By taking ¢ = e~ in
(4.3) we obtain
1090pu(t, 0)| + [02v(t, 0)| < Celiti=Dt,

Substituting this and (4.2), (4.4) into (4.1), we get
A2 (v t,0) — cos(df))| < Celiti-d)t, 4.5
0

If d > 3, this gives the exponential convergence of v to cos(df) in C?(S*t).
Below we assume that d > 3.

Let v(t,0) = >_;50¢;j(t) cos(jO) be the Fourier decomposition of v(t,-). Note
that because v is even in 0, there are only terms cos(j6) appearing in this decom-
position. Moreover, by our construction,

ch(t) cos(j0 + %) =u(t, 0 + %) =—v(t,0) = — ch(t) cos(j0),

J=0 =0

so ¢j(t) = 0 if there is no nonnegative integer k such that j = (2k + 1)d. In
particular,
¢i(t) =0 for j<d.
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Hence below we concentrate on those ¢;(t) with j = d and j > 3d.

Multiplying (4.1) by cos(j6) and integrating, we get the equation for ¢;(t)

2
dFc; + 2ddscj + (d? — §)c; + D! (/ f(ett) cos(jﬁ)d@) =0.
0

Denote g;(t) = e~ ( OZW fletv) cos(j@)d@). Since cos(df) has only non-degenerate

critical points and v(t,0) — cos(df) in C?(S!) as t — +oo (cf. (4.4) and (4.5)), for
t large, v(t,-) has only non-degenerate critical points. By the oscillatory integral
estimate ( [Section 8.1, [11]]) we get a constant C; such that

Sdt

), lgi()] < Cjel~ %)

27
f(ev) cos(j0)dh = O(e_%
0

(4.6)

For t > 0, we have the representation formula

—+o0 S
o(t) = Ayt | B e (a=it +e—(d—j)t/ e(d—j)s/ N5 g (7)drds.
t 0
(4.7)
Substituting (4.6) into this and integrating directly, we see the last integral is
bounded by %6(27%)75. In particular, for j = d,

lca(t) — Bg| < Ce?= %)t (4.8)

Here, by (4.2), By = 1.

It remains to estimate vl := v —c4(t) cos(df). First note that for j > d, |c;(t)| <
Ce3/2=d)t by (4.2). Hence we must have B; = 0. Next we have

Lemma 4.1 Fort large, when measured in L>°(S!),
o = Zef(dfj)t/ e(dﬂ)s/ e(d+3)(775)gj(7') cos(j0)drds = O(e(zf%ﬁ).
i ¢ 0
Proof. Direct calculations give, for ¢t + 7 < 2s,

cos(d + 1) — et*7=2% cos df)

$ e (D=3 () (T=3) g () = ¢t (24+Ds (21T

— 1 — 2ett7—25 cog f + 62(t+7'725) :
J

Using this kernel, v” can be written as

+ : 2m t4+T1—2
coy= [ [Tt O DI O ot 0)daards,
t 0 0

1— 26t+7'72s cos @ + e2(t+7'72s

where g(1,0) = e@=D7 f(e?v(r, 0)).
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Note that
cos(d+ 1)8 — et*7 =25 cos df)

1— 2et+T—2s cos @ + 62(t+7—2s)

is uniformly bounded in C3(S') when t + 7 — 2s < 0. Hence by the oscillatory
integral estimate ([11]),

3d

(1,0)df = O(e®~2)7).

™ cos(d 4 1) — et 2% cos df
o 1— 26t+772s cos @ + e2(t+772s) 9

Substituting this into the above representation formula of v* we finish the proof.

Lemma 4.2 Fort large, when measured in L>(S'),

_d—1+417d%2—2d+1
vf =0l —0* = 0O(e 2 5.

Proof. Direct calculations show that
(02 4 2d0, + 9% + d*)0° + =Dt f (et (t,0)) = 0.

Hence
(0% 4 2d0; + 9} + d*)v* = 0.

Multiplying by v* and integrating on S*, we get

d2 27 d 27 27 27
= / (v*)%do + (2d — 2)7/ (v*)2d6 + 2d2/ (v%)2do — 2/ (Dpv*)%db = 0.
t* Jo dt Jo 0 0

By our construction, for any ¢ > 0, v* is orthogonal to cos(j6),sin(jf) for every
|7] < 3d — 1. Hence

27 27
/ (agvﬁ)Zdez(gd)Q/ (v*)2de,
0 0

and

27 d2 27 d 27 27
L/ (v%)2df := 7/ (v*)2d + (2d — 2)7/ (v*)2do — 16d2/ (v%)2dh > 0.

By (4.2), (4.8) and the previous lemma, we have the decay estimate
2m
/ Vi (t,0)%d0 < CeB32t,
0

Let ( ozw(vﬁ(o, 9)2d9> e~ (@=1HVITd2=2d+1)t 16 5 solution of Lh = 0 which has the

same boundary value at ¢t = 0 and ¢ = 400. By the comparison principle we get for
any t > 0,

2m 27
/ v*(t,0)%dh < (/ Uﬂ(0)2d9)67(d71+\/m)t‘
0 0
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Then by applying standard elliptic estimates to v* we get its L°°(S*) bound.

For d > 2,
_ 2 _
d—1++17d 2d+1>37d72.
2 -2
Putting the above estimates together we see for every d > 3,

sup |v(t, ) — cos(df)| < Ce= (321,
Coming back to u, we get a constant C such that for all z € C
[u(z) = ¢(2)] < C(L+J2)) 2

which proves (1.8).
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