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We study uniqueness of sign-changing radial solutions for the following semi-linear
elliptic equation

Au—u+[uff fu=0 inRY, we HYRY),

where 1 < p < %, N > 3. It is well-known that this equation has a unique positive

radial solution. The existence of sign-changing radial solutions with exactly k nodes is also
known. However the uniqueness of such solutions is open. In this paper, we show that such
sign-changing radial solution is unique when p is close to % Moreover, those solutions
are non-degenerate, i.e., the kernel of the linearized operator is exactly N-dimensional.
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1 Introduction and main results

In this paper we establish the uniqueness and nondegeneracy of sign-changing radially sym-
metric solutions to the following semi-linear elliptic equation

Au—u+uftu=0 inRY wuecHY(RY) (1.1)

where 1 < p < 2*—1 and 2* = 2N/(N — 2) is the critical Sobolev exponent for the embedding
of HY(RY) into L* (RY), N > 3. More precisely, for any k € N, we will prove that the following
ODE problem

{ u”—l—%u/—u—F’U‘p_lU:O? r e (0700), NZ3, (1 2)

/ — ] —
u'(0) =0, lim u(r) =0,
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has a unique solution v € C?[0,00) such that u(0) > 0 and u has exactly k zeros. Moreover,
this unique solution is non-degenerate in the space of H! functions.

Equation (1.1) arises in various models in physics, mathematical physics and biology. In
particular, the study of standing waves for the nonlinear Klein-Gordon or Schrédinger equations
can be reduced to (1.1). The uniqueness and nondegeneracy of standing waves play essential
role in the study of soliton dynamics or blow up for nonlinear Schrédinger equations (NLS).
We refer to the papers of Berestycki and Lions [4], [5] for mathematical foundations of (1.1),
Rapahael [34], Merle and Raphael [26], Nakanishi and Schlag [31] for backgrounds on dynamics
and blow-ups of NLS.

The classical work of Gidas, Ni and Nirenberg [14] states that all positive solutions of (1.1)
are radially symmetric around some point. The uniqueness of positive radial solutions to (1.1)
has been extensively studied during the last thirty years. It was initiated by Coffman [7] with
p =3 and N = 3, and then improved by McLeod and Serrin [23] to 1 < p < %, and finally
extended by Kwong [21] to full range of exponents 1 < p < % by shooting method. Since
then there have been many extensions and refinements, see for example the works [6], [33], [35]
and references therein. An essential tool in studying (1.1) is the shooting method, i.e., one

studies the behavior of solutions u(r, «) to the initial value problem

{u”—l—%ul—u—kup:o, re€ (0,00), N >3, (1.3)

u(0) =, u'(0)=0,

for @ € (0,00) and obtains series of comparison results between two solutions to (1.3) with
different initial values. One feature of this approach is that it can be extended to the m-
Laplacian operator and more general nonlinearities, see [35] for example. However, it seems
very hard to apply it to sign-changing solutions if one does not understand the complicated
intersection between two solutions to (1.1) in the second nodal domain.

For sign-changing radial solutions, the existence results have been established by Coffman
[8] and McLeod, Troy and Weissler [24] using ODE shooting techniques and a scaling argument.
There are also other approaches including variational methods (Bartsch and William [3], Struwe
[36]) and heat flow (Conti-Verzini-Terracinni [10]). But for the uniqueness of sign-changing
solutions, to our knowledge, there are few works. In [9], using Coffman’s approach, Cortazar,
Garcia-Huidobro and Yarur study the uniqueness of sign-changing radial solution to

Au+ f(u) =0, inRY, (1.4)

under some convexity and sublinear growth conditions of f(u). In the canonical case of f(u) =
|u[P~tu — |u|?u, the condition on p and ¢ is that:

>1, 0<q<np, d < .
b=z g<p, an P+q_N_2

(1.5)

The result we present here is a contribution to this matter which covers the ¢ = 1 case and
superlinear case. We shall employ a different method—the Liapunov-Schmidt reduction—to prove
our result.

Up to now, the Lyapunov-Schmidt reduction method, which reduces an infinite-dimensional
problem to a finite-dimensional one, has been widely and successfully used in constructing
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various solutions, see for example [38], [28], [15], [30]. It can also be used to establish uniqueness
of finitely many spike solutions. For the uniqueness problem, the second author [38] applied
this method and established the uniqueness and non-degeneracy of boundary spike solutions
for the following singularly perturbed Neumann boundary problem:

{ EAu—u+uP =0 inQ,

u>0 inQandg—jjzo on 0f), (1.6)

where € > 0 is a small parameter, € is a smooth bounded domain in RY, and p is subcritical.
The main idea is to reduce the problem in H?(2) into a finite-dimensional problem on the space
of spikes and then compute the number of critical points for a finite-dimensional problem. The
same idea has also been used successfully by Grossi [17] in computing the number of single-peak
solutions of the nonlinear Schrédinger equation

{ —?Au+V(z)u=uP inRY;

w0, (1.7)

for a suitable class of potentials V' and critical point P. For critical exponent problems, M.
Grossi [18] used reduction approach to obtain uniqueness of solutions for slightly subcritical
problem
N+2 o . 1
Au+uv—=2"“=0, u>0in Q, ue Hy()
when () is a symmetric convex domain.

The purpose of this paper is to establish the uniqueness of sign-changing radial solutions to
(1.1) by the Liapunov-Schmidt reduction. After setting p = ££2 — ¢, then problem (1.1) will
become a singularly perturbed one and then we can use the 1dea in [38] and [11] to establish
the uniqueness and non-degeneracy of sign-changing solution to (1.1) for sufficient small € > 0.

Our first result concerns the uniqueness of sign-changing radial solution:

Theorem 1.1. For any positive integer k, there exists a positive constant €y such that for
p € (572 — e, X52), there exists an unique sign-changing radial solution to (1.1) with u(0) > 0
and exactly k zeros.

Remark. Using the same idea, we can give a new proof on the uniqueness of positive solution

to the equation (1.1) with an almost critical power.

Our second result concerns the eigenvalue estimates associated with the linearized operator
at u., the solutions obtained in Theorem 1.1:

Le=A—1+plul. (1.8)
We have the following non-degeneracy result:
Theorem 1.2. There exists a number ¢g > 0 such that for p € (%*3 — €, %), Ue 1S NON-
degenerate, i.e., if ¢ satisfies
Ap—¢+pluf~to=0 [g] <1, inR" (1.9)
then
¢€span{§;t,---,;;—u;}. (1.10)



The organization of the paper is as follows. In Section 2 we give some preliminary analysis.
In Section 3 a finite dimensional reduction procedure is given. In Section 4 we show the existence
and uniqueness. Finally in Section 5 we give the small eigenvalue estimate and complete the
proof of Theorem 1.2.

Throughout this paper we denote various generic constants by C. We use O(B),o(B) to
mean |O(B)| < C|B|,o(B)/|B| — 0 as |B| — 0, respectively.

Acknowledgments: The research of J. Wei is partially supported by NSERC of Canada.

2 The asymptotic behavior of the solutions

In this section, we will give some preliminary analysis. First by Pohozaev’s non-existence result,
equation (1.1) only has trivial solution u = 0 when p > 2* — 1, see [32]. So if u, is a sign-
changing solution to (1.1) with p = (N+2)/(N —2) —¢, e > 0, then u, must become unbounded
as € — 0. Moreover, by the result of Felmer, Quaas, Tang and Yu [12],

ue(0) > 00 and R.—0 (2.1)

as € — 0, where R, is the first zero point of u.. Without loss of generality, in this paper, we
assume that u.(0) > 0 and we will consider sign-changing once radial solutions to (1.1). The
proofs can be easily modified to deal with sign-changing solutions with more than one nodes.

The key estimate we shall obtain first is the relation between u.(0) and the first radius R..
To this end, we take the so-called Emden-Fowler transformation to u, as in [11]. Let

2
e(t) = ruc ) - t? = :
ve(t) = 1r%(r), r=¢€, a p—
Then v, satisfies
V' =B — (y+ e+ vl =0, t€(—o0,00), (2.2)
where
N +2 (N —2)%¢ (N —-2)2 p?
_ _ _ ) - d = = 2.3
P=N—3 ¢ P i (noge W7 4 4 (2:3)

Recall that the corresponding energy functional of equation (1.1) is
S B R o N-1 5. 1 =
E.(u) = (Jo')* + Ju?)r¥ " dr
0

T |u|P Nt dr,
p 0

2

and by the Emden-Fowler transformation,

/ |u’\2'rN1dr:/ [|v'!2+’y\v]2]e’ﬁtdt;
0

—00

oo o
/ lu|?r™ 1 dr :/ e v|?e= P dt;
0 —00



x [o@)
/ |u|p+17“N_1 dr = / |v|p+16_6t dt.
0 —00

Thus the corresponding energy functional for equation (2.2) is

1 [ 1 e
) =5 / [|v'|2+<7+62t)|v|2}e-ﬁtdt—m o] Hleb dt, (2.4)

and u(r) € HY(RY) if and only if v(t) € H, where H is the Hilbert space defined by
H={ve Hl(R)|/ (107 + (3 + o] e dt < o0} (2.5)
with the inner product

(v,w), = / [v’w' + (v + egt)vw] e P dt. (2.6)
Similarly, we define the weighted L2-product as follows:
(v, W), = / vwe P dt. (2.7)

To get the asymptotic behaviour of the solutions, by standard blow-up analysis, we first
have the following Lemma:

Lemma 2.1. Let v, be a solution of (2.2). Then there exists a positive constant C = C(N)
such that

[ve]loo < C. (2.8)

Since the uniqueness of positive solutions is known for « in ball and annulus, so is it for v
and we have the following a priori estimate of energy of v.:

Lemma 2.2. Let v, be a solution of (2.2). Then there exists a small positive constant § such
that

E.(v.) < 2E.(wo) + 6 < 3E.(w), (2.9)

where wy 1s the unique positive solution of the following problem

4

W' — N2 = 0,w>0 iR .
w(0) = maxw(t), w(t) =0, as || = co. (2.10)
S

Using the above a priori estimate of energy, we can follow the argument of [27] to prove the
following asymptotic behavior of v,:



Lemma 2.3. Suppose v, is a sign-changing once solution of (2.2), then v, has exactly one local
maximum point t1 and one local minimum point ts in (—oo,00), provided that € is sufficiently
small. Moreover,

Ve(t) = wo(t — t1) — wo(t — ta) + o(1) (2.11)
and
t1 <ty, t3 — —00, ty3— —00, |ta—1ti =00, ase—0 (2.12)
where wy is the unique positive solution to equation (2.10) and o(1) — 0 as € — 0.

Proof. First we show that the local maximum point must go to —oco as € — 0. Suppose not,
there exists a sequence of local maximum points t. of v, such that t. — t5. By the estimate of

energy of v, we get v (t +t.) — vg in C’ZQOC, where vy satisfies

V" — (o + e +0vP =0, v>0in R, (2.13)
v(t) — 0, as |t| — oo,
where vy = %. But by Pohozave’s identity, vg = 0. This contradicts with vy(0) >
1/(2°-1)
Yo > 0.

Next we show that the distance of local maximum point and zero point of v. goes to oo.
Suppose not, using the same notation above, there exists d € R such that, v (t + t.) — vo in
C? ((—o00,d)), where v, satisfies

loc
o~ (o + e+ v* T =0, v > 0in (~o0,d), (2.14)
v(d) =0, wo(t) =0, as [t| = oo.

This is also a contradiction to the Pohozave’s identity.

Now we show that there only exists one local maximum point. Suppose not, there are at
least are two local maximum points ¢; and t5. We first show that |t; — ] — oo. Suppose
not, |t; — t3| is bounded, then using the same notations, v (t 4+ t;) — v in C?_.(R), where g
satisfies (2.13). Moreover since v.(0) = 0, v5(0) = 0 and then applying Lemma 4.2 in [27] and
the arguement right after the proof of Lemma 4.2, we get a contradiction. Thus [t; — t5] — 0.
Then we have a lower bound of the energy functional E.(v.) > 2E.(wg) + C; > 2E.(wg) + 6 for
some C7 > 0 independent of € small, which contradicts with Lemma 2.2.

For the negative part, we can get the similar result and complete the proof.

Now we set

S v] = v" — Bv' — (v + e*)v + [v|P~ M. (2.15)

To get more accurate information on asymptotic behaviour, we introduce the function w be
the unique positive solution of

n_ (N-2)? P _ : .
{w T w+wl =0 inR; (2.16)

w(0) = maxeg w(t), w(t) — 0, as [t| — occ.



It is standard that

w(t) = A e N2 4+ O(em?WV=2H2) - ¢ > 0;
(2.17)

w’(t) — _¥A57N€7(N72)t/2 + O<67p(N72)t/2>7 t > 0’

where A x > 0 is a constant depending only on € and N. Actually the function w(t) can be
written explicitly and has the following form

At ~1 REE
wit) =" ()7 [eosh (o =ay0)] 7

Testing (2.17) with w and w’ and integrating by parts, one arrives at the following identity:
1 1 -1
/ P dt = (2 — —) / W dt = (20 / W dt. (2.18)
R 2 p+1" ) p+3" Jr

Note that w ¢ H when N = 3,4. For t;,t, obtained in Lemma 2.3, we set w;,, to be the
unique solution of

V" — (o + €*)v + wy, =0, where wy(s) =w(s —t;), j=1,2 (2.19)

in the Hilbert space H. The existence and uniqueness of w;;, are derived from the Riesz’s
representation theorem.

Using the ODE analysis, we can obtain the following asymptotic expansion of w;; ., j = 1,2
for whose proof we postpone to Appendix A:

Lemma 2.4. For e sufficient small,

Wy, =Wy, + Gy, + O(e”), (2.20)
where for N = 3,
B, (s) = =€ Az e (1 —e); (2.21)
for N =4,
Gjt;(s) = =€ Acge™*[1 - Po(}le%)}, (2.22)
and

pO(r) = 2\/;K1(2\/F)7
where K;(z) is the modified Bessel function of second kind and satisfies

2K (2) + 2K (2) — (22 + 1)Ky (2) = 0;



for N =5,
By (5) = =124 52 1 — (14 €)e™|;

for N =6,

1
_ 2t —2s 4s
Gji; = —e" Acge [1 - u0(1—626 )],

where
uo(r) = 8/ Ko (414,
where Ks(z) is the modified Bessel function of second kind and satisfies
K (2) + 2K5(2) — (22 + 4)Ky(2) = 0;
Jor N > 6, ¢;:. = 0.
Remark. By the mazimum principle, we have the following useful estimates:
0 <wjp;, <wg,, —wy < @i, <0,
and
lwi, | < crwy; < eoy W)y | < crwjy; < oo,

where ¢1, co are two positive constants independent of € small.

(2.23)

(2.24)

(2.25)

From the above Lemma 2.4 and (2.12), we see that w;,, = wy; + o(1) = wo,,; + o(1) in all

the cases for j = 1,2. Thus by (2.11),
ve(t) = wer + 0(1),
where

Wet(t) = Wi g, (1) — war,(t).

(2.26)

(2.27)

Before studying the properties of w, ¢, we need some preliminary Lemmas. The first one is

a useful inequality:

Lemma 2.5. Forx >0, y >0,

—yl? if 0<p<1
D _ Pl < |'CIj y| ) 1 p )
2" =yl < { plz —y|(aP~t + 477, if 1 <p < 0.

The following Lemma is proved in Proposition 1.2 of [2].

(2.28)



Lemma 2.6. Let f € C(R) N L*(R), g € C(R) be even and satisfy for some o > 0, 5 > 0,

70€R7

f(@)exp(alz])|z|” = o as ] — oo,

/ lg(z)|exp(alz])(1 + |2|?)dr < oco.
R

Then

con(alyDlyl® [ ale+)f(@dr =0 [ gle)erp(—ar)ds as |yl = .

R

Next we state a useful Lemma about the interactions of two w’s:

Lemma 2.7. For |r —s| > 1 and n >0 > 0, there hold

w(t = r)w’(t —s) = O(w’(Jr - s]));

o

/Oo Wt — Py (t— s) dt = (1+o(1))w9(|r—s|)/ W (£ it

—00 —0o0

where o(1) — 0 as |t — s| — oc.

(2.29)

(2.30)

Proof. The conclusion follows from (2.17) and the Lebesgue’s Dominated Convergence Theo-

rem, see for example [22].

Now we have the following error estimates:

]

Lemma 2.8. For e sufficiently small and ty,ts satisfy (2.12), there is a constant C' independent

of €,t1 and ty such that

[e.o]

Selwe 4 e Ptdt < C[ﬁ +em2 4 e*T|t1*t2\/2] for N = 3;

1.l + |

—00

[e.e]

Se[we 4] e Ptdr < C[ﬁ N e‘Tltl_tQ‘] for N = 4;

ISl + |

—00

o0

ISl + |

—0o0

where T 1s a constant satisfying % <7< %

Proof. By the equation satisfied by w;,, we have

Selwet] = =Pwly — (7 = 0)We + [wee|" " wey — wh, +wh,.

Se[we 4] ‘e‘ﬁt dt < C’[B + et e_T(N_2)‘t1_t2|/2} for N > 5,

(2.31)



2

From the exponential decay of w;, (2.24), (2.25) and v — v = —%, we deduce that
|ﬁwé,t| < CB(wyy, + wy,),
and
(v = 0)wes| < CB(wy, + wry)-
Next, we divide (—o00, 00) into 2 intervals I, I defined by

t1 + to
2

t1 +to
9 )

]1 = (—OO7 ), IQ = [ OO)
Then on [;, i = 1,2, we have w;; < wy, and then w;;, < w;;, by the maximum principle for
i # j. So on I; we use inequality (2.28) to get

p—1 p p p—1 p—1
Wey — wy, +wy,| < Cwp wy, +Cwy,  dryy

‘ |we,t

—T —T
< Cwy "wi, + Cwy, T

for any 7 € (0, 1].
Similarly on I, the following inequality holds,

p-1 p p p—1 p—1
we’t - wtl + th S th2 wtl + thQ ¢27t2

‘ |we,t

p=7,.T P—=T /T
< Cwy, "wy, + Cwy, ¢27t2,

for any 7 € (0, 1].

By the above inequalities and using Lemma 2.6, the desired result follows.
O

In order to obtain the a priori estimate of ¢1, t; and compute the energy expansion E,[w,],
we need to estimate

|ve — Wetlloo and ||ve — weyl n-
Lemma 2.9. For e sufficiently small, there is a constant C independent of € such that
Ve = Wet + gbe, (232)

where

Ielloo + ¢l < C[B + €72 + eh—tl/2]  for N = 3;
[éclloo + @l < OB+t 4 e~ 1=0] - for N = 4; (2.33)
[Gelloc + |0l < C[B + €2 + e "W =DI=LI2] - for N > 5,

where T satisfies 3 < T < %.

10



Proof. We may follow the arguments given in the proof of Lemma 2.4 in [19]. First by the
properties of w;;,’s we can choose proper ¢;’s such that the maximum points 7. and minimum
points s, of v, are also the ones of w,, respectively. Let v, = w, ¢+ ¢., then ¢ — 0 and satisfies

" — B¢’ — (v + 62t>¢ _’_p|w€’t|p—1¢ + Se[w6,t] + Nng] =0,
where
Ne[¢] = ’we,t + ¢‘p_1(we,t + ¢) - |we,t‘p_1we,t - p‘we,t’p_l¢'

Now we prove the estimates for ¢. by contradiction. Denote the right hand side order term of
(2.33) by K. and suppose that

[@elloo/ Ke — 0.

Let ¢e = ¢c/||de||o0, then ¢, satisfies

p—17 Se [we t] Ne[¢e]
’ = 0. 2.34
*F ol T Todm 0 (2:34)

¢ = B0 — (v + )0 + pluwes

Note that

< Cllgfmir=1. (2.35)

< OKc/|¢elloo

|!¢e|!oo [@elloo

Let t, be such that ¢.(t)) = [|[¢c]lc = 1 (the same proof applies if ¢(t.) = —1). Then
by (2.34), (2.35) and the Maximum Principle, we have [t — t;| < C or |t — t5] < C. Thus
lte —r| < C or|te — s| < C. Without loss of generality, we assume that |t — r.| < C. Then
by the usual elliptic regular theory, we may take a subsequence (be(t + 1) — ¢0( ) as € — 0 in
CL.(R) since |r. — t1] — 0, where ¢o satisfies

loc
n (N )2~ N+2 4/

0 G0+ r—5wo o =0, and 6;(0) =

which implies $0 = (0. This contradicts to the fact that 1 = $€(t€) — 50(t0) for some t.
Therefore we complete the proof.
]

The following is the basic technical estimate in this paper which gives the a priori estimates
for t; and t5:

Lemma 2.10. For € sufficient small we have for N = 3,

(2.36)

t; =loga + 2logb + 3log 5;
ty = loga + log g3,

where a,b are constants and

a — ap,3, b— bo’g.

11



For N =4,

t1 —to = logb + log 5;
[yt .

where a,b are constants and
a — ap 4, b— b0’4.
For N > 5,

J— N )
{ t = Jloga+ 25 logh + 5% log B (2.38)

ty = %1oga+ %logﬁ,
where a,b are constants and
a — ag N, b— bO,N-
Here ag n,bo N are positive constants.

Proof. Here we only give the proof for N = 3, for N > 3, the proof is similar. From S.[v] =0
and ve = we g + ¢ we deduce

Let[6] + Se[wet] + Nel¢] = 0, (2.39)
where

Le,t [(b] = (b” - ﬁ(b/ - (7 + 62t>¢ +p‘we,t|p71¢7

and
N6] = e+ 6P g +0) — e e — e,
Multiplying (2.39) by w} ,, and integrating over R, we obtain
| rdos e [ sidugduty, + [ Mol de=o.
Integrating by parts and using Lemma 2.9 we have

/ Ly [Gb]wi,tl dt :/ |:w/1,,/t1 + 5“1,1,,“ —(v+ €2t)w/1,t1 +p|we,t|p_1wi7tli| odt

o0 —00

_ /Z Bl(vo + eNwiy, —wh |pdt — (v — 70)/

[e.e]

witlgbdt
oo

o0 o0
w2 [ Pugodiip [ lua el - ol el Jod:

—00 —0o0

=o([B + e + e + eI T2I2]),

12



Similarly we can obtain

/ Le,t [Qﬂwé’tz dt = 0([5 + etl + etz + ef\t17t2|/2]).

o0

For the nonlinearity term using (2.28) we get

[N9]| = [lwes + 0 (e + 0)

p—1¢

- ’we,t‘p_lwe,t - p‘we,t

< C|¢|min{p,2}.
So using the exponential decay of w and taking 7 > max{3, %} we deduce
| Mol de = O6l%) = of 5+ ¢ ¢ 4 e 012))

Similarly we can obtain

To estimate [~ Sc[wegw],, dt, we write

/ Se[weelw! ,, dt :/ [ — Bw,y — (7 = Y0)Wer + [We s P we g — wh + wa} w4, dt

=F, + Ey + LEj,

where
B, = —B/ w;twll,tl dt;
Ey=—(v— 'Yo)/ We W) 4, dt;

o

oo
_ -1 D D /
Es; = / [\wat]p Wy — Wi, + th] wh ,, dt.

(e e}

Using (2.25) and Lemma 2.7 we obtain
E, = —5/ |w’17t1]2 dt + B/ u/l,tlwgﬂf2 dt = —B/ [w'|? dt + o(B).
Note that v — vy = —3%/4 and using (2.25) we get

E e
EQ = Z/ wejtwll’tl dt = 0(52)

13



To estimate Fj3, following the argument in the proof of Lemma 2.8. We divide (—o0, 00)

into two intervals Iy, Iy defined by

t1 + 1o
2

t1 + 1ty

-[1 = <_OO7 9 9

)v IQ:[

On [ the following equality holds:

1
p p
|we,t Weg — Wy, + Wy,

— _ P _ P p—1 ] VN g
- [(w17t1 w27t2) wl,t]_ + pwl,tl w27t2 pwl,tl w27t2

+[(wey, + d14,)? — Wl — owl_lcbul} +puwl oy,

We use inequality (2.28) to get

p—06 5
< Cwy, “wy,,

_ P _ P p—1
‘(wl,h w2,t2) wl,t1 + pwl,t1 W2ty

p—3 8
< thl 1,t1)

—1
‘(wtl + ¢10,)F —wy — pwi 1y,

for any 1 < 4 < 2.

Then using Lemma 2.7 and integrating by parts, we get
-t —w? Plwy, dt
}weyt’ We t — Wy, —i—wtz Wy 4,
I

- / wy wy, dt — / wy, @, dt + o(e1t1tl/2y 4 p(etr).

[e.9] o0

On the other hand, on Iy, using wy 4, < way,, (2.25) and inequality (2.28) we get

5 pt+l—é 5 ptl-é
< Cw; wy, + C¢27t2wt2 ,

p—1 D D /
‘ Hwe,t| Wet — Wy, + wtz}wl,tl

for any 1 <4 < 2.

Using Lemma 2.7 we get

[ Tl s =t + g, e = o477 o),

Ip)
Thus
| T— > /2 1, > t/2
By = 56 1mRIEA 5 wPe dt+§€1A5,3 wPe'* dt
+ o(e7mt212) 4p(et2),
and then
o o 1 oo
/ Sdwedut, dt = —p / WP di 4 Lo, / e dt

+ o(B) +o(e 1 72I2) 4 o(e).
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Similarly,
oo o 1 oo
/ Sg[wgt]w;,tz dt = B/ lw' | dt + 3 [e_‘tl_b'/z - eﬂ Az / wPe'’? dt (2.41)

+ o(B) +o(e " 71212) 4 o(e').

Combining all the estimates above, one can see that 3, e’? and e~ ~*l/2 must have the same
order.

Therefore,
—B [T WP dt + fe T2 A 5 [ wPet2dt = o(B);
B 7 |w)Pdt+ 4 [e"tl_mw — €t2:|A6,3 [22 wret’2dt = o(B).
Let
et? = qp, e lhThIZ = pg
then
AL |2t
“= Acs [ wret/2 dt Toll) = dos,
and
po 2l
Acs [22 wret/? dt "
where a3, by 3 are positive constants.
Thus
{ t; =loga + 2logb + 3log ;
ty = loga + log g3,
where

a — g 3, b— bo’g.

O
We now introduce the following configuration space:
( {t = (t1,t2)]3a038 < €2 < 3ag3p, 1bo 3B < 172/ < 3b035} for N = 3;
A= {t (tl,tg)‘ ao, 48 < =2t e?t2 < (IQ 4, bO,4ﬁ <eht™t2 < %b0’45} for N = 4;
| {t (t1,t2)[2aonB < €2 < 3ag N, $bo B < e 2D (-12)/2 < 3501\75} for N > 5.
(2.42)

Then by Lemma 2.10, for € sufficient small, t = (¢1,%2) € A if v, is a sign-changing solution
to equation (2.2). In the next section, we will show an one-to-one correspandence between the
sign-changing solution of (1.1) and the critical points of some functional in A.
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3 The existence result: Liapunov-Schmidt reduction

In this section we outline the main steps of the so called Liapunov-Schmidt reduction method
or localized energy method, which reduces the infinite problem to finding a critical point for a
functional on a finite dimensional space. A very important observation is the reduction Lemma
3.6. To achieve this, we first study the solvability of a linear problem and then apply some
standard fixed point theorem for contraction mapping to solve the nonlinear problem. Since
the procedure has been by now standard (see for example [22] and the references therein), we
will omit most of the details.

3.1 An auxiliary linear problem

In this subsection we study a linear theory which allows us to perform the finite-dimensional
reduction procedure.
€,t

. . . ow
First observing that orthogonality to ==

> in H, j = 1,2, is equivalent to orthogonality to

the following functions
Zey, = —(0ywee)" + B0, we) + (7 + €2t)3tjwe,t, J=12, (3.1)

in the weighted L2-product ( , ).

By (2.27) and elementary computations, we obtain for j = 1,2,
Oy Wep = (—1)j+18tjwj’tj = (—1)j+1(8tjwtj + 6tjgbt’tj) + O(e?), (3.2)
and
Zegy = (=17 [pu M, = B@ywia,) = (v = 70)Duyts, | (3.3)

In this section, we consider the following linear problem:

2
Leg[o] = ¢" — B¢ — (v + ) + plwee|P ' = h + 2—31 CjZetss

J

(3.4)
<¢7 ZE,tj>€ - 07 .] - 1727

where t € A.

For the above linear problem, we have the following result:

Proposition 3.1. Let ¢ satisfy (3.4) with ||h|| < 0o. Then for € sufficiently small, we have
[8lloc < CllA]lco, (3.5)

where C' is a positive constant independent of € and t € A.

Proof. The proof is now standard, see for example [22].

Using Fredholm’s alternative we can show the following existence result:

16



Proposition 3.2. There exists ¢g > 0 such that for any e < €y the following property holds
true. Given h € L>®(R), there exists a unique pair (¢, cy,ca) such that

2

Ls,t[¢] =h + Z CjZe,tj;
=1

(3.6)
<¢7 Ze,tj>e = 07 j = 17 2.
Moreover, we have
2
18llec + D les| < Cllhlloo (3.7)
j=1

for some positive constant C'.

Proof. The result follows from Proposition 3.1 and the Fredholm’s alternative theorem, see for
example [22].

[
In the following , if ¢ is the unique solution given in Proposition 3.2, we set
¢ = Ac(h). (3.8)
Note that (3.7) implies
[Ac(h)]loo < CllR|os. (3.9)
3.2 The nonlinear projected problem
This subsection is devoted to the solvability of the following non-linear projected problem:
2
(Wet + )" = Blwee +0)' — (v + ) (Wet + @) + [wee + P (wee + ) = 3o ¢ e,
j=1
<¢7 Ze,tj>e - 07 ] = 17 2.
(3.10)
The first equation in (3.10) can be written as
2
¢// . ngl o (/y + €2t)¢ +p|we,t|p_1¢ = —SE[’LUEJ;] — NE[¢] —+ ZCjZ€vtj7
j=1
where
Neld] = Jweg + O (wee + @) — [weel” wee — plweel”™ dee. (3.11)

First, we have the following estimates:

17



Lemma 3.3. For t € A and e sufficiently small, we have for ||¢|lso + ||01]|cc + [|®2]/c0 < 1,

IN[0]]|oo < Ol 22 P2; (3.12)
IN[@1] = Nelga]lloo < O34 4[| o524 ) |61 — @olloc- (3.13)
Proof. These inequalities follows from the mean-value theorem and inequality (2.28). ]

By the standard fixed point theorem for contraction mapping and Implicit Function Theo-
rem, Lemma 2.8 and 3.3, we have the following Proposition:

Proposition 3.4. For t € A and € sufficiently small, there exists a unique ¢ = ¢ such that
(3.10) holds. Moreover, t — ¢ is of class C* as a map into H, and we have

C[B+e2+ e M=RI2] for N =3;
2
| Petl] o0 + Z il < {4 C[B+15e*2 + el for N = 4; (3.14)
=1

O[/@ + eQTtQ + efT(N72)|t17t2‘/2:| for N Z 5’

. 1 72
where T satisfies 3 < T < %.

3.3 Energy expansion for reduced energy functional

In this subsection we expand the quantity
K (t) = EJwes + ¢et) : A= R (3.15)
in terms of € and t, where ¢, is obtained in Proposition 3.4.

Lemma 3.5. For t € A and € sufficiently small, we have for N = 3,

1 1 & 1 o
K (t) = (5 — p—+ 1)(6_6t1 + e_’%) /OO wPThde + §et2A673 /Oo wPet/? dt

+ e_ltl_tQ/QAe,g/ wPel’? dt + o(B) + o(e”) + 0(6“t1_t2|/2)

—00

= R(t) +0lB) +ofe) + ofe 111,

For N =4,
K.(t) = (1 b )(e_ﬁtl + e7Pt2) /00 wPt dt — 17526275214 4/00 wPe' dt
€ 9 D+ 1 . 4 €, .
+ 6_|t1_t214574/ wPe' dt + o(B) + o(t2e*?) + o(e~ 1 7P21)

= K.(t) + 0o(B) + o(tye*?) + o(e” 17121,

18



1 1 o 1 o
K. (t) = (5 — m)(e_ﬁtl 4 e7P2) /OO wP dt + 56%2 /oo w?e?" dt

+ 6_(N_2)|t1_t2|/2145 N /OO wPeW™N=2t/2 gt + 0(6) + 0(6%2) + 0(6—(N—2)|t1—t2\/2)

—0o0

= Ro() + o(B) + oe?) + o(eN-DIn—tal/2)

Proof. Here again, we only give the proof for N = 3. By the definition of K,(t), we can re-write
it as

Ke(t) = Ee[weyt] -+ Kl + KQ - Kg, (316)
where
K= / [w;tgbé,t + (v + 62t)we,t¢e,t] e Prdt — / |w6,t|p_1w€,t¢e,te_ﬁt dt;
1 [ _ _
Ky = 5/ [|¢/et|2 +(v+ 62t)|¢e,t|2 — plweg|” 1|¢e,t|2:|€ Pt dt;
o= — [ [+ 60l = fweal™ = -+ Dl w060
P + 1 e € €, €, €, e,t%e,
1
= 5P+ e oeal? e dt.
Integrating by parts and using Lemma 2.8, 2.9, we have
[ee]
K| = ’ - / Sclwet]pere™™ dt’ = 0([6 +e? + e—‘tl—t2|/2}). (3.17)

To estimate Ky, note that ¢, satisfies

¢gt - Bﬁbét —(v+ 62t>¢e7t = —|wes + ¢e,t|p_1(we,t + Get) (3.18)

2
 [weel’ ™ ey — Selwee + Y 52,
j=1

Integrating by parts and using the orthogonality condition (3.10), we have

2K2 - / [lwe,t + ¢e,t|p_1(we,t + ¢e,t) - ‘we,t p_lwe,t

- p|we,t |p_1¢e,t + Se [we,t]] ¢5,t6_5t dt

By the mean value theorem and inequality (2.28) we get

|wet + ¢e,t‘p_1(we,t + Pet) — ’we,t‘p_lwe,t - p‘we,t|p_1¢e,t < C|¢e,t’min{p’2}-
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So using Lemma 2.8 and 2.9 we deduce

Ky = o [B+ e 4 eI ), (3.19)

For K3, using the mean value theorem and inequality (2.28),
|we,t + ¢e,t‘p+1 - |/I'Ue,t|p+1 - (p + 1)|we,t|p_1we,t¢e,t

< C|¢e . ’min{p+1,3}.

1 _
— 5]?(29 + 1)’we,t|p 1‘¢E,t|2

So, again, using Lemma 2.8 and 2.9 it follows that
Ky = o([8+ ¢ + elnmnll2]), (3.20)

Combing with (3.16), (3.17), (3.19), (3.20), and the estimates in Appendix B, we obtain the
desired estimates.
]

We will end this section with a reduction lemma which is important for both the existence
and uniqueness:

Lemma 3.6. vt = Wt + ¢t 15 a critical point of E. if and only if t is a critical point of K.
in A.

Proof. The proof follows from the proofs in [16], [38]. For the sake of completeness, we include
a proof here.

By Proposition 3.4, there exists an €y such that, for 0 < € < €y, we have a C' map t — ¢4
from A into H such that

S€ [Uﬁ»t] = Z Cj (t)ZE,tj7 Ve,t = Wet + ¢e,t7 (321)
j=1
for some constants ¢;, which also are of class C* in t.

First integrating by parts we get

O, K(t) = / |:Ué,t (atj We g + Oy, ¢e,t)/ + (v + €¥)veg (atjwe,t + 0, @,t)} e Pt dt

—00

- / et 00 (B wes + O, de) e di (3.22)

= — / Se [U@t] (8tj ’LUEJ; + atj ¢e,t) e_’Bt dt

—00

If Vet = Wwet + Pet is a critical point of E, then Sc[v.¢] = 0. By (3.22) we get

athe(t) = - / Se[ve,t] (atjwe,t + 8tj¢5,t)e_ﬁt dt = 07

(e}
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which means that t is a critical point of K..

On the other hand, let t. € A be a critical point of K., that is 9, K.(t.) =0, j = 1,2, by
(3.22) we get

0= athe(te) = —/ SE[Ue,te] (thng + 8tj¢6,t€)e_5t dt
for 7 = 1,2. Hence by (3.21) we have
2 00
Z Ci<t€) / Zeate,i ((%wa,tG + atj ¢e,t€)6_ﬁt dt = 0.
=1 -

By Proposition 3.4 and the fact (¢cg,, Zet.,)e = 0,

<Ze,t5,i7 8tj¢e,te>e - _<¢e,t€7 atj Ze,t€7i>e - O<1) (323)
On the other hand,
/ theyi@tjwe,tee’ﬁt dt = (Zey,,, (57th0€¢€)€ = (5ijp/ wpfl\w’IQ dt 4+ o(1). (3.24)

By (3.23) and (3.24), the matrix
/ Zevteyi (atjwﬁte + atj Qbe,te)eiﬁt dt

is diagonally dominant and thus is non-singular, which implies ¢;(t.) = 0 for i« = 1,2. Hence
Vet, = Wet, + Get. 1s a critical point of E,. This finishes the proof.
O

Remark. Note that in the proof the theorem, we assume that the solution v, of equation (2.2)
can be written as ve = Wet + Qe with ¢ satisfying

<¢6a Z€7tj>€ = Oa J = ]-7 2 (325)

In general, using (3.24) we can decompose
2
¢e = (be + Z djatjwe,ta
j=1
where ¢, satisfies (3.25) and d; = O(||éc||lso). Thus we can write

2
Ve = We,t + Z djatngt + a

J=1

2
and get the desired result using the same argument for we s+ Y djatjw€7t.
j=1
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4 The uniqueness result

By Lemma 3.6, the number of sign-changing once solutions of (2.2) equals to the number of
critical points of K,(t). To count the number of critical points of K (t), we need to compute
0K (t) and O*K(t).

Recall that K. (t) and K,(t) are defined in (3.15) and Lemma 3.5. The crucial estimate to
prove uniqueness of v, and u. is the following Proposition:

Proposition 4.1. K.(t) is of C? in A and for € sufficiently small, we have
(1) K(t) — K(t) = o(B);
(2) OK.(t) — OK.(t) = o(B) uniformly for t € A;

(3) if t. € A is a critical point of K, then

82Ke<t6) - a2l~(6(te) - O(B) (4'1)

The proof of Proposition 4.1 will be delayed until the end of this section. Let us now use it
to prove the uniqueness of v,.

Proof of theorem 1.1 By lemma 3.6, we just need to prove that K (t) has only one critical
point in A. We prove it in the following steps as in [38].

Step 1. By (2) of proposition 4.1, both K,(t) and K,(t) have no critical points on A and
a continuous deformation argument shows that OK(t) has the same degree as 9K (t) on A.
By the definition of K,(t), we have deg(K(t),A,0) = 1 and thus deg(0K.(t), A,0) = 1.

Step 2. At each critical point t. of K (t), we have
deg(0K(t), AN Bs,(t:),0) =1,

for ¢, sufficiently small.

This follows from (3) of Proposition 4.1 and the fact that the eigenvalues of the matrix
B71(0,,0,, Kc(t.)) are positive and away from 0.

Step 3. From step 2, we deduce that K (t) has only a finite number of critical points in A,
say, k.. By the properties of degree, we have

deg(AK.(t), A, 0) = k..

By step 1, k. = 1 and then Theorem 1.1 is thus proved.

In the rest of this section, we shall prove Proposition 4.1.
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Proof of Proposition 4.1 The proof of part (1) follows from Lemma 3.5. We now prove part
(2) of Proposition 4.1 as follows:

o, K. = f [ (O, ves) + (v + eZt)vsytﬁtjvat] e Ptdt— [ |v€,t|p*11)57t8tjv€,te*5t dt

—00

= — f Se['l)at]atj’l}ateiﬁt dt

—00

=J1 + Jo,

where

o

Jl = — / Se[w@t + gzﬁe,t]@tjwe,te_ﬁt dt,

—0o0

and

o

J2 = — / Se[w@t + ¢€7t]atj¢e7t€_5t dt.

—0o0

Using similar argument as in Lemma 2.10,for N = 3, we can obtain

=B [ |w'*dt + %e(tl_tQ)/erjg [ wret’?dt + o(B),j = 1;

-5 [ Jw'Pdt - %[e(t“t?)ﬂ — etQ} Aes [ wPet’? dt + o(B),] = 2.
By (3.10) and Proposition 3.4,
JQ = — Z Cl<t) f Zatiat]ﬁbg,t@iﬁt dt

(4.4)
= 223 ¢i(t) T GO, Zeg,e Pt dt = o(3).
=1

—00

Combining the above two estimates (4.3) and (4.4), part (2) of Proposition 4.1 is thus
proved.

In the rest we shall prove part (3) of Proposition 4.1. Using (4.2),
(%.atj Ke(t) = @gi |: — f Se [Ueyt]@tjvgte’ﬁt dti|

o0

= — f Se[Ve |01, 01, ve e Bt qt — f 01, SelVet] O, ve e =Bt qt.
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By (3.21) we get

2
Selvet] g cx(t)0, etk+E Orck(t) Ze,

k=1 k=1

9,5

Let t. be a critical point of K (t) in A, then
Se[vet.] =0 and ¢ (t) =0,

which implies

at Ue t

E atck etk
t=t,

Note that

01, Se[vet] = Le|Or,ve t] +p[|Ue,t‘p71 — |we,t’p71]ative,t =: ze[ative,t]' (4.5)

As in Lemma 3.2, multiplying (4.5) by 0;,w;,, and integrating by parts, we get 9, c(t.) =
O(5). Hence

) 9 00
/ 8151.5’6 [ve,t]atj Qﬁe,t@_ﬁt dt‘t—t = Z atiCk (te) / Ze,teyk (81,‘]- ¢e,t6)€_’8t dt
—00 - k=1 —00

. Z Oy crlt. / (O Zer. ) bene ™ dt = of ),

and then
0,0y, Ko (te) = — 7 01, SelVe ) O vere™ ot
- _ 756[8%11)6;5 + atiqbe,t]@tjwe,te_ﬂt dt e + o(5).
Note that
7fe (01, Pe) O, wepe ™ dt = 70ati¢e,tze [0y, weele™ dt = o(P3),
since - h

ze[atjwe,t] = —Zet; +p|ve,t|p_latjwe,t =0(f").
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Therefore,

o0

8ti5’the(te) = — /fe[(?tiwat]atjwe,tem dt + O(ﬁ)
t=t,

Using the following important estimate:

(

o
—lelti=t)/24 o [ wPet?dt 4 o(B), fori=j=1;

/ fg[@iwgt]@tngte_ﬁt dt = tetr=2)24 5 [ wre’?dt +o(B), fori# j; (4.6)

—00

— [%e(tl‘tzw + %etQ}Ae,g_f whe'? dt +o(f), fori=j=2,

\

which will be proved in Appendix C, we get the desired result.

0O
5 The non-degeneracy result and eigenvalue estimates
In this section we shall study the eigenvalue estimates for
Le(¢) = A¢ — ¢+ p|u6’p—1¢ (5.1)

and prove Theorem 1.2.

Proof of Theorem 1.2. Let g, ex(6) with # € SY~! be the eigenvalues and eigenfunctions of

the Laplace-Beltrami operator on S™¥~!. Then
>\0:O<)\1:...:)\N:N—1<)\N+1S...7

and e, are normalized so that they form a complete orthonormal basis of L2(SV1). In fact

the set of eigenvalues is given by {j(N — 2+ j) | j > 0}.

Suppose ¢ satisfies
L(¢)=01in RY, ¢(x) — 0 as || — oco.

Put
o (r) = /S olr)e(6)ao,

then ¢y (r) — 0 as r — oo, and it satisfies

¢r=0 in (0,00) and lim ¢x(r) =0, (5.2)

T—00

r ¢, — Ok + plue’ or +

N -1 (=Ax)

r

for k=0,1,---. We claim that ¢, =0 for k > N + 1.
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To this end, let us consider the eigenvalues of the problem

//
[

N -1
o) — O + plucP oy + T—I/Qqﬁk =0 in (0,00) and lim ¢x(r) = 0. (5.3)

r r—00

The [-th eigenvalue of (5.3) can be characterized variationally as

v(p) = max inf fooo U(b/P i ‘¢|2]TN_1 dr — pfooo |ue’p_1’¢‘27’N_1 dr
dim(V)<l pcV+ fooo |¢|2TN—3 = 7

(5.4)

where V' runs through subspaces of H!(RY) and V* is the set of ¢ € Hj,(RY) satisfying
I~ purN =3 = 0 for all w € V, and H}(RY) be the space of radial functions in H'(R"). Thanks
to Hardy’s inequality:

N —2 2 00 o8]
( 7 ) / ’¢|27,,N—3 dr S / |¢/‘27"N_1 dr,
0 0

the eigenvalues v1(p) < v(p) < --- are well defined. Using Hardy’s embedding and a simple
compactness argument involving the fast decay of |u.|P~!, there is an extremal for v;(p) which
represents a solution to problem (5.3) for v = v;(p).

To prove Theorem 1.2 we need to know whether and when v(p) equals —\;. To show this
more information about solutions is required. So we consider the corresponding problems for
v using the Emden-Fowler transformation. Then the eigenvalue problem (5.3) becomes

L] := 9" = B¢ = (v + ) + plo" ™' = v in (—o0,00) and lim ¢(t) = 0. (5.5)

[t| =00

For the proof of Theorem 1.2, let us consider first the radial mode k& = 0, namely Ay = 0.
The following result, which contains elements of independent interest, gives the small eigenvalue
estimates of L, and shows that 1, = 0 for the mode k = 0.

Proposition 5.1. For e small enough, the eigenvalue problem

Le¢e = /’LE¢€

has exactly two small eigenvalues p?, j = 1,2, which satisfy

J
He _, —coj, up to a subsequence as e = 0, for j =1,2, (5.6)
€

where &;’s are the eigenvalues of the Hessian matriz VQI?E and cy is a positive constant. Fur-
thermore, the corresponding eigenfunctions ¢!’s satisfy

2

oL = lai+o()]wes+0(), j=1,2

i=1
where a; = (ayj,...,a2;)" is the eigenvector associated with &;, namely,

VQ}?ECLJ‘ = fjaj.
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Remark. By (5.6) we know that . # 0 and then obtain the non-degeneracy of v. in the space
of H'-radial symmetric functions.

Proof of proposition 5.1. To prove this Proposition, one may follow the arguments given in
Section 5 of [38] or Section 2 of [19] and the following estimates

(

—let=t)24 o [ wre?dt + o(B), fori=j=1;

/fg[@iwe,t]@jwe,te‘ﬁtdt: TetTR2A o [ wPe?dt 4 o(B),  for i # j; (5.7)

—00

- [ie(tl_hw + %etQ}Ae,s [ wretdt +o(B), fori=j=2,

\ —00

given in Appendix C.
O

Let us consider now mode 1 for (5.2), namely k = 1,..., N, for which \y = N — 1. In this
case we have an explicit solution u.(r). Now we show that ¢, = Cyu. for some constants Cj,
for k =1,..., N. This is not trivial since u.(r) changes sign once. Suppose that ¢ solve (5.2).
We first multiply equation of ¢ by u. and the equation of u. by ¢y, and integrate over the ball
B, centered at the origin with radius r. Since they satisfy the same equation, we get

O (r)uc(r) — or(r)ul(r) =0,
from which we get ¢ = Cyul for some constants Cy.

Finally let us consider modes 2 and higher. Assume now that & > N +1 for which A\, > 2N.
Since wu.(r) has exactly one zero in (0,00) and A\r > Ay, by the standard Sturm-Liouville
comparison theorem, ¢y does not change sign in (0, 00). On the other hand, by Sturm-Liouville
theory, it is well known that the eigenfunctions corresponding to ; much change sign in (0, c0)
at least [ — 1 times. Thus the only possibility for equation (5.2) to have a nontrivial solution

for a given & > N + 1 is that Ay, = —v1(p). In the next proposition we shall show that
—v1(p) = A = N — 1 as p — Y22, Therefore we get A\, # —v(p) for k > N + 1 when p is

closed to % and then complete the proof of Theorem 1.2.

O

Proposition 5.2. Asp 1 %, we have that —v(p) = A\ = N —1 forl < 2.

Proof of proposition 5.2. One may follow the arguments in Section 3 of [11]. Note that by
the Emden-Fowler transformation, the eigenvalues have a variational characterization

) ot o [P+ (v + ) plPle? dt —p 72 fve|P~ y[?e 7 dt
P = [oPeridi 7

(5.8)

where W runs through the subspaces of H and W+ is the set of 1) € W satisfying ffooo Yve Pt dt =
0 for all v € W. Note that the term involving the weight is relatively compact and it follows
from a previous argument that the eigenvalues exist.
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Observe that the limiting eigenvalue problem

(N —2)? N+2 75
4 ¢+N

V- T =, P(£o0) =0,

admits eigenvalues
MIIN_17 :u’2:07 :u3<07 ) (59)

where the corresponding eigenfunction for the principal elgenvalue (1 is positive and denoted
p+1

by ¥;. A simple computation shows that we can take U; = wg 2. Now we take (s wig
j=1,2. Let W be a given one-dimensional subspace. Then there ex1sts ¢1, ¢z (not all equal to

0) such that [ ( cj;)ve Pt dt = 0 for all v € W. We then compute that
J_

TS [P+ (v +e)pPle?dt —p [75 [vPH o] dt
2
<Y A(—m+o(l)) [72 [P dt,
j=1

and hence by variational characterization of 15 we deduce that
np) <) < =(N-1)+o(1), =12 (5.10)

On the other hand, according to (5.9), v;(p) — ux > —(IN — 1) for some k. Thus we have
v(p) = —(N —1) as p — 22 for | < 2.
[

6 Appendices

6.1 Appendix A

In this subsection we shall give the estimates of w;;,, 7 = 1,2. Recall that w;;, is the unique
solution to the following equation

V" — (0 + €*)v + wp, =0, veH (6.1)

whose existence is given by the Riesz’s representation Theorem. Here w is the unique positive
even solution of

w” = yow + wP = 0. (6.2)

In fact, the function w(t) can be written explicitly and has the following form

2

1 -1 Tp—1 T
w(t) =15 (p;r )rT [cosh(T%/?t)] N I ]

28



Note that now w has the following expansion

w(t) = Acye VIl + O(e PV1H) | ¢ > 0;

w'(t) = =\ AoAene VI + O(eV), >0,

where A,y > 0 is a constant depending on € and V.

To get the estimates of w;,;, we write w;;, = w;, + ¢, then by (6.1) and (6.2), ¢ satisfies
¢" — (o + €*)p — e*wy, = 0. (6.3)

N—-6

Note that as s — o0, e*wy,(s) — e¥tjA€7Ne’Ts. Hence when N > 6, ¢ € H and
¢ = O(e*i) . Therefore,

wjy, = wy, +O0(e*),  when N > 6. (6.4)

Next we consider N < 6, let ¢y be the unique solution of
O = (o +e®)p—e T =0, |o(s)| =0, as [s| = oc, (6.5)
then
. N=2,. 2%\ . ot
=wy, +e 2 TAnoN +O(e™) = wy, + ¢jy, +O(e”7), when N <6. (6.6)

The rest of this subsection will be devoted to the solvability of ¢n. A key observation is
that

o =—e2° (6.7)
is a special solution of (6.5). Thus if we write
ON = ¢o + &,
in order to find a solution of (6.5) which satisfies the decay condition at oo, let
o(s) = e‘¥8$(ANe(N_2)S), where Ay = (N —2)~V=2), (6.8)
Then 5 satisfies
§'(s) =5 NF(s), B0) =1 G(o0) =0 (6.9)

and thus

by = —e~ 5% [1 B 5()\N€(N—2)s)].
In the case of N =3, \3 =1 and 5: e ®. Then

by = —e2(1— ).
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In the case of N =4, \y, = 1/4 and
O(r) = 2V/rK1(2v7) =t po,
where K7(z) is the modified Bessel function of second kind and satisfies
2K (2) + 2K (2) — (22 + 1)K (2) = 0,

see for example [25]. Then

For N =5,

In the case of N = 6,

where ug satisfies

u"(r) = ur) u(0) = 1,u(o0) = 0.

r3/2°
Actually, we have
o (1) = 8v/r Ky (4r/4),

where K5 (z) is the modified Bessel function of second kind and satisfies

2K} (2) + 2K)(2) — (22 +4)Ky(2) = 0.

6.2 Appendix B

In this appendix we expand the quality E.[w.¢] in terms of € and t.

Lemma 6.1. For t € A and € sufficiently small, we have for N = 3,

1 1 -t —Bt2 > p+1 1
Ee[wgt] = (5 — m) (6 + € ) . w dt + 56 A€73

o)

wPel’? dt

o

+ e_tl_t2|/2A€73/ wPel’? dt + o(B) + o(e”) + o(e"tl_t?l/Q).

—00

[e.9]

Eﬁ[wg,t] - (5 - m)(e_ﬁtl + 6_6t2)/_

1
pr dt — ZtQ@QtQAEA/

o0

—00

Lo, / e dt 4 o(B) + otae?) + ofe 1121,

[e.e]
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For N > 5,

1 1 o 1 o
E w4 = (5 — ][m)(e’m1 + e7P2) /_Oo wPtt dt + 56%2 /_OO w?e? dt
+ 67(N72)\t17t2|/2A67N /00 wpe(NfQ)t/Q dt_'_o(ﬁ) + 0(62t2) + 0(67(N72)\t17t2|/2).

Proof. Since the proofs are similar for different cases, we give the details for N = 3 here.
Integrating by parts we get

1 [ 1 ee
Eg[we,t] = 5 / [ — Se[weyt] + ]we,t\p_lw@t} we,te_ﬁt dt — m ’w67t‘p+1€_ﬂt dt
L[ / D D —pBt 1 = p+1 _—pt
=3 - [ﬁwgvt + (7 = Y0)We + Wi, — wt2]w€7te dt — Pl |we [P e dt

=FE+Ey+ B3 — By + B,

where

o0 2 e%]
E, = g/ W, wege P dt = Z/ w?pe M dt = O(5%);

_ [ee) 2 e’}
Ey = —(7 270) / wite_ﬁt dt = —%/ wf’te_ﬂt dt = 0(52);

—00 —00

1 [ 1 [
ES = __/ wf1w2,t2€_/3t dt — 5/ thlwae_ﬁt dta

2 —00 —00

1 o0
- +1 p p —Bt ;.
E,= —— [|w1,t1 — W, [P — Wi wi g, — ththQ} e P dt;
p+1J

1 1 > _ > -
B (gl [ st [ utwsne e

First for E3, by Lemma 2.6 we have
Ey = _@_tl—t2|/2A€’3/ wPel’? dt + o(B) + 0(€t2) + O(e_|t1—t2‘/2)‘
To estimate Fj, we divide R into two intervals I, I defined by

t1+ 1o
2

t1 +to
2 7

]1 = (-OO, ), IQ = [ OO)
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So on I; the following equality holds:

1

m [|w1,t1 — Wy ¢, |p+1 - wflwl,h - wng,m}

1
= m [(wl,t1 - wz,t2>p+1 - wﬁll +(+ 1)w€,t1w2,t2] - w:itle,tQ

-1 p

+m [(wtl + ¢1,t1 )p - wfl - pwfl ¢1,t1:|w1,t1 + mwtpl ¢1,t1

D 1
+p+1 gbltl - +1 fw27t2'

As in the proof of Lemma 2.10, by the mean value theorem and inequality (2.28) we have
1 p+1 p p
m |w1,t1 - wz,t2| = Wy, Wity — Wy, W2ty

wfl ¢1,t1

p
+wit1UJ27t2 — m
for any 1 < 4 < 2.

Using Lemma 2.7 and integrating by parts, we get

1 —
[ + 1 |:|wt1 - th |p—"_1 - wflwl,tl - wf2QU2,t2:| e Bt dt
= — i 1et1A573/ wPet’? dt — €—|1t1—t2|/214673 wPet!? dt + 0(6_|t1_t2‘/2),
p oo .
Similarly,
1 p+1 D D _Bt
p + 1 |:|wt1 N wt2| - wtlw17t1 - wt2w2,t2:| (& dt
= — i 1et2AE73/ wPet’? dt — €—|t1—t2|/2A€73/ wPet!? dt + 0(6_|t1_t2‘/2),
p oo .
Hence
b= i 7€ A / whe' dt - 26_|t1_t2|/2145,3/ wPe'’? dt + ofe” 1121/,
p oo -

Regarding the term Fs, by the Lemma 2.6 we have

1 1 00 00
Es = (_ _ >|:/ wfl—&—l —pBt dt‘|‘/ wfl¢l,t16_ﬁt dt

2 p+l7L) & o0

+ / wh e dt + / wh, da e dt]
1 1 o

= (5 — m)(e_ﬂtl + 6_5t2)\/ wp+1 dt
1 1 to Oo D t/2

_ (5 - m)e Acs wPe'’? dt + o(B).
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Combining the above estimates for E, Fs, 3, Fy and E5, we obtain

1 1 o 1 o
Ejwet] = (5 — m)(e_ﬁtl + 6_&2) /_OO wPT dt 4+ §et2A€,3 /_OO wPel’? dt
e lhmtal2 g g / wPe? dt + o(B) + o(e'?) 4 o(e~ 11 ~21/2),
[
6.3 Appendix C
In this section we give the technical proof of (4.6) for N = 3, that is,
—1eli=2)24 o5 [ wPe'?dt 4+ o(B), fori=j=1;
/ ze [8tiwe,t]atjwe,teiﬂt dt = ie(tl_b)ﬂAe,S f wpet/Z dt + 0(6)7 for 7é .]a (610)
— [%e(“*t?)n + %€t2i|AE’3 [ wret’?dt + o(B), fori=j=2.
Proof. Note that by (3.1) and (3.3), we obtain
Ze [atjwe,t] = - Ze,tj ‘l’p‘ve,t’p_latjwe,t (611)
=(—1) [ - pwtpj_lwéj + B0 wje,) 4 (v = 10) O, wie, — p‘ve,t|p_1atjwj,tj] ;
and by the definition of weg,
O wep = (—1) O wjy, = (1) (O wy, + Oy, dj4,) + O(29). (6.12)
In order to calculate the integration, we divide (—oo, 00) into two intervals I, I defined by
1+ ¢ t t
11:<_OO7 1—;2)7 12:[1;_2700)'

First we computer the case of ¢ # j. By (6.11) and (6.12) we get

[e.9] o0

/ze[atlwe,t]atzwe,teﬁt dt = /pwf11w£1w£2 _/ plves|P ™ wr wy, _/ plveel" ™ wy, wi, + o(B)
11 12
= _/pwfg_lwi/ﬁwi/fz +O<ﬂ)
Iz
= [ whai +o(9)
1 (t1—t2)/2 D t/2
= ¢ Az | wPe’dt + o(B).
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For the case of i = j = 1, recall that vy = wct + ¢, where ¢ = ¢ is given by Proposition
3.4. Then on I;:

Plvee "™ (wr,)* = plwe, [P (w, )?
= —plp = Dwi, " (wi, ) we, + plp = Dwp, " (w;, )6 + o(B).
So by (6.11) and (6.12) we obtain

/ L. [8t1w57t]0t1w67t6_6t dt (6.13)

—00

— —/pwtpl1(w£1)26_6tdt+/p|ve7t|p_1(w£1)2e_5tdt+O(B)
I

I

=~ [ Pl Dt P+ plp - 1t 6+ o9
= TV +Ty+o(B).
Recall that w;, satisfies
w = (o + €wse, +wl, = 0.
So Oy, wj;, and 8%_ wj¢, satisty
(O, w50,)" — (Y0 + €%) (B, wj,) + pwl (D, wy,) = 0,

and

(07 wia,)" = (o + €*) (8} wye,) + pwl (3 wy,) + p(p — Vw?(9,wy,)* =0,
which implies

p(p = Dwf, (w),)? = =L} wi,] + o(5).

Hence

Ty =— [ L0} wiy,] + o(B).

I
By (2.31) and Proposition 3.4, on I; we have on I;
Lel¢] = By, + pup, "wy, + o(B).
Thus
Ty, = — [pw! [Bw), +pwl 'w,] dt + o(B) (6.14)

= — [pwl pwl wy, dt + o(B).
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On the other hand,

T = [ oo = Dt 2wl P e+ o(B)
_ /R Lofw! Jw, dt + o)
_ /R W, Lofuwr,) dt + o(5)
= [ [+ put ] e+ o)

_ / W dt + / W pud L, dt + o(B), (6.15)
R R

where

Lol¢] == ¢" — 00 + pul "¢

Combining (6.13), (6.14) and (6.15), we get the desired result for i = 5 = 1. The proof for
t = 7 = 2 is similar, we omit the details here.

]
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