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ABSTRACT. Itis well known that the study of SU (n+ 1) Toda systems is impor-
tant not only to Chern-Simons models in Physics, but also to the understanding
of holomorphic curves, harmonic sequences or harmonic maps from Riemann
surfaces to CP". One major goal in the study of SU (n+ 1) Toda system on Rie-
mann surfaces is to completely understand the asymptotic behavior of fully bub-
bling solutions. In this article we use a unified approach to study fully bubbling
solutions to general SU (n+ 1) Toda systems and we prove three major sharp es-
timates important for constructing bubbling solutions: the closeness of blowup
solutions to entire solutions, the location of blowup points and a 822 condition.

1. INTRODUCTION

Let (M,g) be a compact Riemann surface, in this article we consider the the
following SU (n+ 1) Toda system defined on M:

n
(1.1) Agvi+ ) aijHje" —K(x) = 4Ty Ymiby,, 1<i<n
j=1 m
where A, is the Laplace-Beltrami operator (—A, > 0), Hy,..H, are positive smooth
functions, K is the Gauss curvature, J,, stands for the Dirac measure at ¢, A =
(@ij)nxn is the following Cartan matrix:

m

2 -1 0 0

-1 2 -1 0

0o -1 2 0
A=

0 -1 2 -1

0 -1 2

The SU(n+ 1) Toda system is well known to have close ties with many fields in
Physics and Geometry. In Geometry the solutions of the Toda system are closely
related to holomorphic curves (or harmonic sequences) of M into CP”. In the
special case M = S?, the space of holomorphic curves of S? to CP" is identical to
the space of solutions to the SU(n+ 1) system. The g,s on the right hand side
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of (1.1) are ramification points of the corresponding holomorphic curve and %, is
the total ramificated index at ¢;. See [3, 7, 11, 12] and the reference therein for
discussions in detail.

On other hand in Physics, the analytic aspects of (1.1) are crucial for the under-
standing of the relativistic version of the non-abelian Chern-Simons models, see
[1,2,4,5,9, 15, 24, 28, 30, 31, 32] and the reference therein.

Using the Green’s function

(1.2) { —AgG(y,-) = 617 -1,

JuG(y,n)dVe(n) =0.
and a standard transformation (see [23]) we can eliminate the singularity on the
right hand side of (1.1) and rewrite (1.1) as

hje"i
() A”’+Z“”p’m D

0, in M, i=1,..n

where p; > 0 are constants, /1, ..,h, are nonnegative continuous functions on M,
and for convenience, we assume the volume of M is 1. It is easy to see that if u =
(uy,..,uy) is a solution, so is (uy + ¢y, ...,u, + c,) for arbitrary constants cy,..,c,
thus it is natural to use the following space for solutions to (1.3):

HM) = {u= (ur,un)| wi € HM); /uidngo,izl,..,n}.
M

System (1.3) is variational, as one can check immediately that it is the Euler-
Lagrange equation of

2/ Z a' Vgu,V uj— Zp,log/ hie"'dV,

l]l

where (a'/),,x, is the inverse matrix of A.

If (1.3) has only one equation, it is reduced to the following mean-field equation

he*

Sy hetdVy
which has been extensively studied ( and fairly well understood) in the pass three
decades because of its close connections with conformal geometry and Abelian
Chern-Simons theory. See [1, 2, 4, 5, 9, 18, 15, 16, 24, 28, 30, 31, 32] and the
reference therein for related discussions.

In spite of its importance in theory and the profusion of applications, SU (n+ 1)
Toda system is well known for its analytical difficulties, since many fundamen-
tal tools, such as maximum principles, Pohozaev identities, that are very useful
for single equations cannot be applied to Toda systems. Moreover, the solutions
of SU(n+ 1) Toda system have no symmetry whatsoever and are involved with
too many parameters, for example, even for SU(3) it takes 8 parameters to de-
scribe all the entire solutions in R?. When blowup solutions are considered, the as-
ymptotic behavior of blowup solutions near an isolated blowup point is extremely
complicated and the complexity increases significantly as the number of equations
increases.

(1.4) Agu+p( ~1)=0, in M.
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The purpose of this article is to prove three major sharp estimates for fully bub-
bling solution (see (1.7) below) to general SU (n+ 1) Toda systems: 1. All fully
bubbling solutions are approximated by a sequence of global solutions with sharp
error; 2. The gradient of certain functions must vanish sufficiently fast at blowup
points; 3. There is a 83 condition uniquely possessed by SU (n + 1) Toda systems.
All these estimates are crucial for the understanding of bubble interactions and the
construction of bubbling solutions in the future.

One of the major goals for (1.3) is first to determine the set of critical parameters
when the blowup phenomenon occurs, and then derive a degree counting formula
that depends on the topology of M. The project has been successfully carried
out for single Liouville equations ( [4, 5]) and Liouville systems ([25, 26, 27]).
Recently Lin-Wei-Yang [19] derived a degree counting formula for SU(3) Toda
system. For general SU(n + 1)-Toda systems there has been no degree count-
ing formula and most of the progress so far is made on the SU(3) Toda system
(which has only two equations). For example, Jost-Lin-Wang [13] classified the
limits of energy concentration for regular SU(3) Toda systems, Lin-Wei-Zhang
[21] proved similar results for singular SU(3) Toda systems, see [30] and [22] for
related discussions. In [23] Lin, Wei and Zhao made significant progress by deriv-
ing the aforementioned three major sharp estimates for fully bubbling solutions to
the SU (3) Toda system, so in this article we removed the restriction on the number
of equations and use a unified approach to extend Lin-Wei-Zhao’s estimates to the
general case.

Let uf = (uf, ..., uk) satisfy

h e”l;
(1.5) Agut +Za,]pj ———————1)=0, onM, i=1,...,n
= Juhje de

where A = (a;j)nxn is the Cartan matrix, M is a Riemann surface whose volume is
assumed to be 1 for convenience,

(1.6) hi,...,h, are positive smooth functions on M.
Let py, ..., pr be distinct blowup points. Our major assumption is
1.7 Each blowup point is a fully bubbling blowup point

which means (i, ...,u%) converges to a SU(n+ 1) Toda system after appropriate
scaling according to its maximum near the blowup point. Specifically, let

(1.8) M, = maxmax /he idV,), and Sk:e*%Mk.

Suppose pf satisfies limy_,co pt =p; (fort=1,...,L) and

max max _uf = maxu; “(p5)

i x€B(p,9)

for some 6 > 0 independent of k, then let

vﬁi(y) = uf(pf+8ky)+210g£k, i=1...n
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converges in C7, .(R?) to

AU+ Y aijhi(p)e” =0, inB2, i=1,..n
J

and [p: eV < oo. By the classification theorem of Lin-Wei-Ye [20], (Uy,...,U,) is
represented by n* 4+ 2n parameters. In other words, a blowup sequence is called
fully bubbling if no component is lost after the scaling and taking the limit.

Our first main result is on the closeness between p¥ and 47i(n+ 1 —i)L when
k — oo

Theorem 1.1. Let (ulf, 7. &H be a sequence of solutions to (1.5). Suppose (1.7)
holds and we let & and h; be described by (1.8) and (1.6), respectively. Then for
i=1,..,n

pF—ami(n+1—i)L

L
=Y cris(Aloghi(pf) +8mL—2K(pf))€g |log & + O(&;).
=1

=

where K is the Gauss curvature on M, L is the number of blowup points, 0 < ¢ <
Crig <cp<oofori=1,.,nt=1,.. L andall k.

Near a local point we write

1
G(y,n) = —Elogly—nlﬂ/(y,n)-

The second main result is on the locations of blowup points:

Theorem 1.2. Under the same assumptions of Theorem 1.1, the following vanish-
ing condition holds for each blowup point p* (t =1,...,L):

87V y(pf,p}) +8m Y ViG(pf, p) + V(logh)(pf) = O(g)
I#t

where i =1,...,n and V| stands for the differentiation with respect to the first com-
ponent.

Theorem 1.3. Under the same assumptions of Theorem 1.1, the following 2n —?2
identities hold: Forl =2,...,n,

(1.9) (A(loghu)(pf) +87L— 2K(pf)> T 14

+ (Altogh) () + 872~ 2K() )

+ (l — 1)[7’6(811 — 822)(10gh1 — loghl,l)(pf) = O(Sk)
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and

(1.10) (A(loghu)(pf) +87rL—2K<p5‘>) T 1

+ (attogh) (o) + 87~ 2K ) T
+2(1 = 1)Im d12 (loghy —logh; 1) (p¥) = O(&)

where Tlt « and Tf i are obtained by differentiating parameters in approximating
global solutions. See (4.16) for detail.

Here we briefly describe Tlt « and Tf « Around each pk the fully bubbling so-

lution u* can be accurately approximated by a sequence of global solutions U¥ =

(Ulk’t, ey U,f’t) after scaling. The definition of U/ is involved with n? +2n families
k

of parameters (cf; , and 4,) which all have finite limits. 7}/, and 7}/, are obtained by

differentiating C,’; in—ig Even though Cllj 2—in—it
bounded with respect to k. See [22] for details.

Theorem 1.1 and Theorem 1.2 were established by Chen-Lin [4] if the SU (n+
1) Toda system is reduced to the mean field equation (1.4). The 8; condition
in Theorem 1.3 was first discovered by Lin-Wei-Zhao in [23] for the SU(3)Toda
system. It is interesting to observe that this condition does not exist when n =
1 because 2n —2 = 0 in this case. The reader can see that the major theorems:
Theorem 1.1,Theorem 1.2 and Theorem 1.3, are extensions of the work of Lin-
Wei-Zhao [23] from SU (3) to SU (n+ 1) Toda system. Even for the case n = 2, the
estimates in Theorem 1.3 is stronger than the corresponding estimate in [23].

The proof of main theorems in this article is somewhat similar to the argument
in [23]. However our approach is systematic and has a number of new ideas. First
we shall use the result in [22] as the initial step in our approximation. Then we
study the algebraic structure of global solutions of SU(n+ 1) Toda systems. It is
well known that global solutions of SU (n+ 1) Toda system are described by n* 4 2n
parameters (see [20]). By carefully analyzing the leading terms of global solutions,
we obtain certain families of solutions to the linearized system that are useful in
our estimates. Third, our approach for pointwise estimate of blowup solutions is
significantly simpler than the proof in [23]. In particular we shall prove a pointwise
sharp estimate for locally defined solutions in section three. The most essential
reason of our argument is the classification of global solutions of SU(n+ 1) Toda
system and the non-degeneracy of the linearized system ( proved in [20]), which
make us overcome all the difficulties from the lack of maximum principle and lack
of symmetry.

The organization of this paper is as follows. In chapter two we analyze the
leading terms for global solutions of SU (n+ 1) Toda systems. This part is based
on the classification result of Lin-Wei-Ye [20]. In Chapter three we study locally
defined Toda systems with finite boundary oscillation on the boundary. We prove
that all fully bubbling solutions can be accurately approximated by a set of global
solutions. In this section we also establish the vanishing rate of certain function

depends on £, it is uniformly
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at the blowup point and the local version of the 83 condition. This section is self-
contained and may be interesting in its own right (see similar estimates for single
equations in [39, 38] and for Liouville systems in [25], [26] and [27]). Then in
Chapter four we use the results in Chapter three to prove all the main theorems in
the introduction.

Acknowledgments. Part of the paper was finished when the third author was visiting
Taida Institute of Mathematical Sciences (TIMS) in July 2013 and University of
British Columbia in November 2013. He would like to thank both institutes for
their warm hospitality and generous financial support.

2. LEADING TERMS FOR GLOBAL SOLUTIONS

In this section we identity the leading terms of the global solutions of

AUi+Yj qaye’i =0, in R’ i=1l,..n
2.1)
fR2€Ui<°°7 i:17"7n7

where A = (ajj)nxn is the Cartan Matrix.
Lin-Wei-Ye[20] proved the following important classification result:
Theorem A (Lin-Wei-Ye): Let (Uy,...,U,) solve (2.1) and

n
U'=)Y a'U;, i=1,.n
j=1

where A~' = (a') is the inverse matrix of A. (U',....,U") are represented by

n? 4 2n parameters:
' = —logo + Y. 4R ()P
where A, >0 form=0,...,n, -
Ao Ap = 2_”("+1>H1§i§jgn(j —i+1)72,

and
i—1
P(z) =7+ Zcijzf, for i=1,..n.
Jj=0
Other components can be derived as follows: Let f = e_U], SO
n
f=2+Y AP,
i=1
2.2) eV =2k Nger (£),  for 2<k<n,

where dety(f) = det(fP)o<pg<k—1 for | <k <n+1, P4 =079 f. Moreover
Ui(y) +4log(1+y)|<C, yeR? i=1,.,n
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Recall that

Since all
Ui(x) = —4log|x|+0(1), |x|>1, fori=1,...,n,

we have

n

Za”U (Z Nlog|x|+0(1), |x| > 1.

j=1
Elementary computation gives
n .
4y a7 = Za”—i— Z a'l
j=1 Jj=i+1

Zl, jn+1-1i) i i(n+1—j))

o on+l j:i+1 n+1
4(n+1—1 i(i+1) i (n—i)(n—i-i—l))
0 n+1 2 n+1 2
—2i(n+1—i).

Thus U'(x) = —2i(n+1—1i)log|x| + O(1) fori =1,..,n and |x| > 1.
In general we can write e~U" as the following form:

Proposition 2.1.

(2.3) e U =202 At
) o Pup1om3 13,1’3 pn(jg_l)
T N I 1
Pn,3 Pn+1—m,3 Pn+1—m,3 PrETl—Znﬁ

+ar2m(n+1_m)_2+0(r2m(n+l_m)_3), m=1,..,n

n(j % stands for the first

three terms of 8; P.for example,
Pr5713) =n""' + (n— 1)Cn,n—lzn72 +(n— 2)cn,n_2z"73,

P’ % stands for the first three terms of azj P,.

m,

Proof of Proposition 2.1: We first prove the following lemma very closely related
to the proof of Proposition 2.1.
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Lemma 2.1. Let F(m) be a function defined by F(1) =1,

1 1 1
n n—1 n+l—m
Fm) = nn—=1) (m—1)(n=2) ... (n+1—m)(n—m)
M f(n—j) M5n—j) .. T27° (n—))
form > 2. Then
(2.4) F(m) = (=1)"" D2 (m —1)1{(m—2)1..21110!, m>1.
Proof of Lemma 2.1: It is easy to see that F(2) = —1, so we assume m > 3.

We observe that if 2m + 3 > n some entries are zero, but it does not affect the
proof. First we subtract n+ 3 — 2m times row m — 1 from row m, then we subtract

n+4 —2m times row m — 2 from row m — 1, keep this process until subtracting
n+1—m times row 1 from row 2, we arrive at

F(m)
1 1 1 1
m—1 m—2 1 0
— (m—1)n (m—2)(n—1) n+2—m 0
(= DTS —)) (DI R—)) - TS a—j) 0

Then by expanding along the last column and taking out common factors from
columns, we arrive at

F(m)
1 1 1
n n—1 n+2—m
=(—=1)"(m—-1)!
H?:_o“(”_j) H?:_f (n—Jj) - H%Z;EZ(H—])
Md(n—j) MW (n—j) ... T2, (n—))

=(—=1)"" (m—1)IF(m—1).

Then it is easy to see that (2.4) holds.
Lemma 2.1 is established. [

Remark 2.1. If instead of using induction in the evaluation of F(m), we employ
the similar row reduction method on smaller matrices, then the matrix is reduced
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into the following form:
F(m)

1 1 . 11 1
m—1 m—2 e 201
(m—1)(m-2) (m—-2)(m-3) ... 21 0 O

(m—1)m-2).2  (m-2l .. 0 0 0
(m—1)! 0 . 0 0 0

If we use q;; to represent the entry in row i and column j, then q;;j =0 if j >
m+1—1i, gimy1-i = (i — 1)! Then obviously the matrix can further be reduced to
Gint1—i = (i—1)Vand qi; = 0 if j # n+ 1 —1i by row operations.

Recall that e=Y" is determined by (2.2). We write e~U" as

m B
e U =2mm=1) et <(B)L>C7L) < ¢ > )

where
2‘nPn oee )Ln+lmen+lfm
Bl: e ces e s
2fnPrEm_l) )antlmen(ill_,l,)n
y S R MPy
CA’: e e e 3
P Y ¥
B .. A
B =
5 5(m—1
Pn+1—1n ,511,2,1
and
Pow ... P
C' =
) gl

For the matrix (B;,C; ) we employ the same operations that we have employed in
the proof of Lemma 2.1. For each entry in this matrix, we just consider the leading
term. For example, the first entry in row one is represented as A,2"(1+ O(1/r))
(r = |z|)(for convenience we shall use 1* = 1+ O(1/r) in the computation below.
After doing the first set of row operations on B, as in the proof of Lemma 2.1 and
Remark 2.1 we can change B} to

WA Ap1 211 01—
¢ e DM pgo 1
* (m—2)1A, "m0

(m—1)1A,z" 1 =m 1 0 0

mZnJrlfml*

0

0

0
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Note that 1* changes from entry to entry since it just represents a quantity of the
magnitude 1+ O(1/r). Then we employ the second set of row operations to make
all entries equal O unless the the sum of the row number and the column number of
the entry is m+ 1. Thus B, is reduced to the following form: For some invertible
matrix Q,

0B,
0 0 (/R L
0 I 0
0 (m—2)1A, 12" 0
(m— )14,z m+ 0 0

If the same columns operations are employed on B’ we see that B’ can be changed
into this form:

0 * * (m— 1)1z =my
0 * oo (m=2)17 oy 0
B'Q =
0 [1zHl-mye 0
o1z H—mpx 0 0

When the same sets of row operations are employed on C; we see that the entry in
row 1 and column 1 has the highest z power: O(r"~"). All other entries have lower
powers. Clearly

0B;B'Q'
(01)2 Ay g _pr?nt2-2m 0 0
B 0 (1N Apyp_pr?nt22myx 0
0 0 o ((m—=1)1)2 4,2t 2-2my

Thus if we take 7"t~ from each row of Q(By,C;) and 7!~ from each
E/
Cvl
the order O(r*"~2™) and it is of the form: ar?"~2"(1+ O(1/r)) for some a € R. In
the computation of det(ByB' +C;C') only the ar**~" contributes to the term of
order O(rzm(”“*m)*z). Then it is easy to see that each entry in By B’ only has at
most three terms in its expansion that contribute to the form stated in (2.3). Thus

Proposition 2.1 is established. [

column of ) Q’, we see that the leading term in C;C’ is the (1,1) entry of

The following proposition determines the second term in the expansion.
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Proposition 2.2. Form > 2

Pn’3 Pn+l—m,3
(m—1) (1)
P11,3 Pn+1—m,3

:(71)m(m—1)/2(m7 1)!.“1!Zm(n+l—m)

+ <1 +mcn+1_m7n_mzl) + O ||t 1=m)=2)

Remark 2.2. Proposition 2.2 implies that for m > 2

[_’n73 Pn+1,m73
_(,',;;1) _(m.:l)
Pn,3 Panm?3

:(_l)m(mfl)/Z(m_ 1)|1 !Zm(nJrlfm)

(1+m5n+1m,nmZ_]>+0(|Z|m(n+]_m>_2)-

Proof of Proposition 2.2:

It is easy to see that the leading term is of the order O(r’"("“_’")). Thus the
second term is of the order O(r"("+1=")=1) Then we see that the second term is a
linear combination of ¢, p—1, ..., Cpt-1—mpn—m):

m
The second term = () ajppi—jn_j)2"ntmm=1
j=1
where ay,...,a,, are real numbers. We shall prove that only a, # 0. Now we

compute the determinant of the first matrix in (2.3):

Pn,3 Pn+17m,3
m—1 m—1
Pn,3 Pn+1—m,3

The leading term of Mp comes from the following determinant:
(2.6)

7" . Z2-m l-m
nZn_l (n+2—m)z”+l_m (n+1_m)zn—m
H’}Z()z(n —j)Hem H?Z;liz(n — )3 H?Z;il(n — j)gm
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After taking the smallest power of z from each row and then taking out the
common power of z from each column we see that the determinant is equal to

Zm(nJrlfm)
1 1 1
n e (n4+2—m) (n—m+1)
Mgn—j) . 504 (n—j) TG%2 (n— )

= M B () = (et lm) (_ymm=1)/2 (4 1)y 11,

Next we compute the coefficient of ¢, 1, in the O(#""1=")=1) term. We
see immediately that two columns of the corresponding matrix are the same if
J < m. For example, in the computation of ¢, ,_1, the first two columns of the
corresponding matrix are the same. Thus only the coefficient of ¢,41—mn—m may
be nonzero.

Since ¢pq1—mn—m Only comes from the last column of Mp, we only need to
consider the determinant of

Zn Zn—',—2—m Zn-‘rl—m +czn—m
nz"! e (nH2—m)rtm (n+1—m)2" "+ c(n—m)z" !
HT;OZ(n_j)ZnJrlfm H?n:;iz(n_j)zniﬁme H?Z;il((n—j)ZnJrZ*zm-&-C(n—j— 1>Zn+172m)

where ¢ = ¢, +1-mn—m- Thus we need to compute the following determinant:

2.7)

Cnt+l—mpn—m

Zn Zn+27m anm
nznfl (n+2_m)zn+lfm (n_m)znfmfl
HT;OZ(n _ j)zn+lfm H?n:;iz(n _ j)zn+372m H?Z;ﬂ(” _ J-)ZanZm

Note that the powers of z decrease by 1 from column 1 to column m — 1. How-
ever from column m — 1 to column m, the powers decrease by 2 in each row. After
taking out the power of z just like what we did for (2.6) the determinant is equal to

Cn+17m,n7mzm(n+] —m)—1
1 1 1
n e (n4+2—m) (n—m)
G (n—j) ... TE%4,(n—j) T2 2(n—j)

lem)-1
=Cp+1 —mJl—mG(m)Zm(n m-1,
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where
1 1 1
Gm) = n e (n+2—m) (n—m)
Mg(n—j) .. TE04 (n—j) T2 2(n—j)

To evaluate G(m) we apply similar row reductions as we did on F (m): first subtract

n+2 —2m times row m — 1 from row m, then subtract n + 3 — 2m times row m — 2

from row m — 1, keep this process until subtracting n —m times row 1 from row

two. Then we have

2.8) G(m)=(—1)"""m\F(m—1)=(=1)"""D2mi(m—2)1..0!, m>2.
Proposition 2.2 is established. [

Let
Cntl-mn—m = Om +V _IBm7

U™ as (for r = |z large)

by Proposition 2.2 we write e~
(2.9) eV

=22 D1 (= 1)1..01)22m L =m)
(1 +2m( Gy cos @ + By, sin0)r ! + 0(”_2))

Remark 2.3. It is possible to write the form of U; by elementary computation. We
list the result of some elementary computations:

S =2, 1<i<n—1,
bi,lzzaiﬂ(]—l):{ (n—1)(n+2), i=n.
j=1 ’

log %, i<n,
Ao

bia = Lloghnt o tloghin ) =\ ik,

J

Y (o ool _ —logi, i<n,
bz»s—; ij(log(01) + ... +log(I—1)1) {log(l!...(n2)!((n1)!)2), i=n.

Then the expression of U; can be written as
—Ui(y):bi,110g2—|—b,~72+2b,-’3+4log]y\—|—O(1/r), r:]y\ >1, i=1,.,n
Thus by (2.9) we have

oU'  2i .
(2.10) _8aj = —-cos 06;;+0(r =)
U’

2i . _
—ailgj = 781n95,'j+0(r 2),

By Proposition 2.2, in order to compute the O(r term of e~V" we
first need to compute the O(rm("+1_’”)_2) term of M, (see (2.5)). It is easy to ob-
serve that the O(rm("+1_’">_2) term is a linear combination of ¢,_;,—;—» (for i =

2m(n+1—m)—2)
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0,..,n—2)and ¢cpy1-in—iCny1—jn—j (Where i, j=1,...,n). We focus on the coeffi-
cient of ¢,—; 4—i—2. Fore™V " we only consider Cnn—2 and &, ,—2. For e=U" we only
consider ¢ g and ¢ 9. Form = 2,..,n— 1 we claim that the coefficient of ¢,—; ,—;—>
and ¢,_; ,—;—21s 0if i <m —2. Indeed, the coefficient of ¢,,_; ,—;—> comes from the

determinant of the following matrix (we use ¢ to represent ¢,,—; ,—;—2)

Mcn+277714n7m
Zn CZn7172 ZnJrlfm
nz"! c(n—i—2)7"3 (n+1—m)z" "
m—2 . +1— i+m—2 . —i—1— 2m—3 . +2-2
Mg (n—j)z"7 " ol (n— ) X2 (n—= )=
InM.,., , ... the column with c is the i —th column, which comes from the second

term of "+ ¢z"~=2 and its derivatives. All other columns come from z/ for j # i
and its derivatives. Then we see that if i < m — 2, the i —th column is a multiple of
the i + 2th column. Thus the determinant is 0. Therefore we only need to determine
the coefficient of ¢,12_ —m and that of ¢, 1—mn—1-m (and their conjugates) for
2<m<n-—1.

Before we consider the case 2 < m < n, we consider the case m = 1 and 2. By
direct computation,

dU'  2cos(20)
day  r?
where ¢, 2 = o + \/j1ﬁ2,2-

The case m = 2 is involved with computations of 2 X 2 matrices, so it is easy to
verify from Proposition 2.2 that

oU?  —2cos(20)

_oU' _ 2sin(26)
0B, 12

(2.11) +0(1/r%), +0(1/r).

dU?  —2sin(20)

_ _ -3y _ -3
(2.12) P o +0(r ), T P +0(r ).
and
2 2 :
(2.13) JdU”  6cos(20) Lo, JdU”  6sin(20) o).

0B, 2

805372 - r2

where ¢, 1,3 = 32+ vV —1B3,.

For m > 3, we take out the smallest power of z from each row of M, , , ..
and take the common power of m from each column, then we see that the term
involving ¢, 12— mp—m indet(M,,, .. ..) is

Zm(nJrlim)izanermnfm'
1 1 1 1
n n+3—m n—m n+1-—m
nn—=1) .. (n+3-m)(n+2-m) (n—m)(n—m—1) (n+1—m)(n—m)

megn—j) .. "5 .(n—j) " 2(n— j) -3 (n—j)

j=m—1
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We apply the following row operations to the determinant above: Row m minus
(n+2—2m) times row m — 1, row m — 1 minus n+ 3 — 2m times row m —2,..., Tow
2 minus n —m times row 1. The penultimate column is reduced to O except for the
entry in row 1. Then it is easy to see that starting from the second row, m is a factor
of all entries in the first column , m — 1 is a common factor among all entries in the
second column,..., 3 is a common factor in column m — 2. After taking out these
common factors the determinant becomes

it _m)_2cn+2,mvn,m(—l)mm(m —1)...3-

1 1 1
n n+3—m n+l—m
f(n—j) .. TEZ0 (n—j) TEZ4 (n—j)

= (_l)mm"'3G(m - I)Zm(n—i_l_m)_zcmrzfm,nfm
m(m—1)
= (=)™ . 3(m = DU flensam "2

Correspondingly for ¢,1-mu—1-m (m < n—1) we need to compute the follow-
ing determinant:

1 1 1 1
n n+3—m n+2—m n—1—m
nn—=1) .. (n+3-m)(n+2-m) (m+2-m)(n+1—m) (n—1—m)(n—2—m)
Wfn=J) o T2 ) 2,25 (=) 2,0 (n=J)

We employ similar row reductions as we have used for M., ., , . : Row m minus
n+1—2m times row m — 1, ..., row 2 minus #n — 1 — m times row 1. Then the

determinant is equal to

1 1 1
(m+1) 3 0
(m+ DI (n—j) ... 3IE22,(n—j) 0

=(—D)""(m+1)..3F(m—1)

m(m—1)

(—=1)™ (m+1)..3(m—2)!...0!

Let
Cni2—mp—m = Om2+ \/jlﬁm,z, for m=2,...,n,
then
Cntl—mpn—1—m = On412 + \/jlﬁm+l,27 form=1,..n—1.

Putting the estimates together we have, for m > 3, the third term of M, (see (2.5)),
which is of the order O(r""*1==2) has two parts, one part is involved with
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products of ¢,i11,,+i, Which is not needed. The other part is

Znlntt=m)=2 ((— D)™+ 3(m — 1)1(m —3)1..01¢n 12 mnm

(-1 (m+1)..3(m— 2)!...0!cn+1m,n1m>.

U

All other terms are error terms. Thus e~U" can be written in the following form:

(2.14) e V"

=200 2 it —m(m — 1)1 11)2 2 2mm)
<1 +2m(oy,cos 0 + B,,sin0) /r

+ ((=m(m—1) 042 + m(m~+1)04,112) cos(26)
+ (—m(m—1)Bp2+m(m+1)Bui12) sin(29))/r2

+ another O(1/r?) term )

+ 0(,.2m(n+27m)73)

The “another O(1/r?) term” comes from the product of terms of the type ¢, | —in—i-
(The reason that this term is not important is because when we differentiate global
solutions with respect to ¢,+1—;,—;, this term is a high order error term when r = |z
is large. ) Consequently for 3 <m <n,

au™ m(m—1)

(2.15) Sas- P cos(20) +0(r?),
_88[2] :—m(niz_l) sin(260) + O0(r ).
m,2

Similarly for 3 <m <n—1 we have

au™ m(m+1)
_aam-i-l,Z - r?

U™ m(m+1)
_aﬁm-&-],Z B r?

(2.16) cos(20) +0(r?),

sin(20) + O(r ).
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Combining (2.11),(2.12),(2.13),(2.15) and (2.16) we have

au™ B m(m—1) 5 B

(217) _aam,Z__ I"2 COS(29>+O(1/r )7 I’YL—Z,_ ,n
U™ m(m+1) 5 B

_aam-&-lg N 72 cos(20) +O0(1/r’), m=1,..,n—1

_88;3]2__m(nj,z_l)Sin(ze)+O(l/r3)’ m=2...n

a2 Sn@e)+o(/r), m=1..n-1

For j=2,...,n, let
ou _  oUu'  au"
aOCj,z N 80@-,2""’ 805]-72

)/

and
U aU! oU"

B2 9B’ 9Bia

y.

By (2.17) we have

0
oU G=1i cos(29)
(2.18) 0, (J 1) / cos(20) +0(r73), j=2,..,n
. 0
0

where the two non-zero entries are in rows j — 1 and j, respectively. Similarly

0
oU U=1i s1n(26)
@19 —gp—= (G- Digin(20) [ +00), j=2,..n
;2 0
0

where the two non-zero entries are in rows j — 1 and j, respectively.

3. SHARP ESTIMATES FOR LOCALLY DEFINED TODA SYSTEMS

In this section we prove a pointwise, sharp estimate for locally defined Toda
systems, which will be used to prove all the main results as easy consequences.
Since this section has independent interest, we shall not choose notations different
from other sections for simplicity.
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Let u* = (uf,...,uk) be a sequence of solutions to

¢

Auf+ Y ahies =0,  inQ:=B(0,6) C R?,

max,ex uk(x) <C(k), VKcCCQ\{0}, i=1,..,n,
3.1
W) ) < Co, VryeaQ, i=1,..n

1

There exists C independent of k such that |, B, h,-e”f" <C, i=1,.,n.

where A = (q; j)nx n 1s the Cartan matrix. hy, ..., h, are positive smooth functions in
Q:

1
(3.2) c, = hi(x) <Ci,  ||Vhilleyq) < G-

From the second equation of (3.1) we see that O is the only possible blowup point.

We write the equation for uf-‘ as

x)+logh;(0) _ 0.

A(uk(x) +log i (0 —i—Z ”h

Our major assumption is that «* is a fully bubbling sequence: Let

V() = i (ey) +loghi(0) +2loger, i=1,...n, e % = maxmax(u +loghi(0)).
)
Suppose & — 0 and v* = (v4,...,1%) converges in C; _(R?) to U = (Uy,...,Uy),
which satisfies (2.1).
Let ¢ be defined by

APF=0, in Q
OF(x) = uk(x) — 52= [qukdS  ondQ, i=1,..,n.

Clearly ¢i"(0) = (), all derivatives of (l)ik are uniformly bounded over all fixed com-
pact subsets of Q because u¥ has bounded oscillation on dB;.
Clearly v = (v, ...,vX) satisfies

hj(g , .
Avé‘(y)—kz a;j h((g))))evlf()):O, in Q:={y;, &yeQ}.

Let
\75(() :vf(')_¢lk(8k')’ in Qk
and

then we have

+Za,j skyef :07 in Q.

It is proved in [22] that there exists a sequence U* = (Uf,...,UF) such that the
following properties hold:
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(1) UK = (UF,...,U¥) satisfies (2.1).

(2) Let cf/. and 7L,-k be the n® +2n families of parameters in the definition of U*,

then they all converge to finite limits: cﬁ.‘j — ¢;jand AF — A,
(3) Let

n n
(3.3) U*=Y d'Uj and v* =Y d'i,
j=1 j=1
there are n? + 2n distinct points py, ..., 240, € R?, all independent of &,
such that
(3.4) Uk (p) =" (p)), 1=1,...,n*+2n.
(4) There is a C independent of k such that
(3.5) 95(y) U )| < C®)a(1+y), yeQ, i=1,..n.

The main result of the locally defined system is:

Theorem 3.1. Ler u*, q)k, hy,...hy,, \75-‘, Ul-k be described as above. There exists C >0

independent of k such that

(3.6) TF0) —UF ) < Ceg(L+ D)), for  ye .
Moreover;
G (Viogh)(0) = S Vel 0) = Oled), =
and forl =2,...,n, the following 2n — 2 identities hold:
U1k Uk
k k
38 Alloght )0) [ (-t Aogh)0) [ (-5
+ (l — 1)175(811 — 822)(10ghf‘ —loghé‘,l)(O) = O(Sk)
aUlfl,k 9Ul’k
A(loght O/—id A(l hko/——d
(logh;_1)(0) Rz( 9% )dx + A(loghy)(0) RZ( 9%) X

+2(1 = 1)z (loghk —loght )(0) = O(&)
where U s defined in (3.3) and
Cﬁ+2—i,n—i = 0652 + \/jlﬁlkz fori=2,...,n.
Proof of Theorem 3.1:

3.1. Vanishing theorem on the coefficient of the first frequency. Let

wi) =7 () —Uf(y), foryeQ, i=1,..n

1

It is proved in [22] that
(3.9) WE(y)| < Cee(1+y)).
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Using (3.9) we write the equation for w’.‘ as

(3.10) Awk +Zal, (€)™ wh ()
& zaij HHE(0)y1 + HE(0)y2)es +O(e2) (1+y])
J

where €5 is obtained from mean value theorem. Let
whk = Zaijw/j‘-
J
where (a'/),x, = A~!. Then we have
. k k _
GB.11) AW+ eYiwk = —g (1A (0)y1 + it (0)y2)e +0(ef) (1+]y]) >
where we have used w¥ = O(g)(1+[y|), A¥(0) = 1, and
k k _
e = = 0(e) (1+y])
We shall multiply to both sides of (3.11) ¢;, which solves

(3.12) Agi+ Y aize” 9; =0, inR>
J

¢; will be chosen to satisfy

G13) e =0/p), bl>1, [Va)I=001/p), Iyl>1.
Correspondingly we define
o' =) a’9;.
J
For simplicity we do not include k in ¢; and ¢’. Then ¢’ satisfies

(3.14) AP +eY =0, i=1,..n, in R

Here we recall that Q; = B(0,¢, 'c) and we define O as B(O,%e,;lc). By
multiplying ¢; to both sides of (3.11)and integrating on &, we obtain the following
equation:

(3.15) y / (AW + eV wk) g,
R
=L L @)1+t Op2)e o0 -0(eD)
On the left hand side
Y[ (et
i %

= Z/ 3 (8vwi’k¢i - Wi’kav([),') + Z/ (A(])iwi’k + eUikw;C(])i).
i an i Qk
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Since ' ‘
YA =Y A¢i(Y a"wp),
i i 1

and @' = 4", by interchanging i and [/ we have

Z/ Aq)i(Za”w;‘) = Z/ AP'wk.
RAY ] RAY
Thus
(3.16) y /Q (AW + eV wh) g,
i k
. . . k
¥ [, @onto-w a0+ X [ (a7 + e gk
i an i Qk
:Z/aﬁ (avWi’k@ - Wi’kav¢i)‘
i k
In order to evaluate different terms on d€); we need the following estimate
(3.17) Vwk=0(g?) ondly

wh=cf 4+ 0(g), on oy,

where ci-‘ are uniformly bounded constants.
The proof of (3.17) is based on the following Green’s representation of wf.‘:

G18)  who) = [ G anh) = [ aGelv s,
k k
where Gy, is the Green’s function on £:

! Loy ey
Gi(y,n) = — —log|y— | + ~— log(2 | & Y
k(y?n) o Og‘y n‘+27£ Og(ek_] b},z

The second term in (3.18) is a harmonic function on €; with O(g) oscillation
on 9. Thus its derivative is O(g?) on dQ;. Thus we only need to prove the
derivative of the first term of (3.18) is 0(813) on d€. To this end we just need to
verify that

-nl), »neEQ.

/Q VyGe(y,1) <eU"kW§‘ + &A1 (0)m) + AohE (0)12 ) eV
k
Lo+ |n)‘2>dn o), ye ooy

The desired estimate follows from (3.5), eVt (1) = O(|n|~*) and standard estimates.
Thus (3.17) is verified.
¢' will be chosen to satisfy

(3.19) ¢! = (a¥ cos @ +bFsin0) /r+ O(r2).
Then from (3.17) and (3.19) we have

y /a (@ oi—wa,0) = O(ed)
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Now we focus on the right hand side of (3.15). For each i, by (3.14)
k .
eV gy = —Ag'.
Thus integration by parts gives

(3.20) Z /Q (A HE(0)y1 + B2k (0)y2) eV

_ (})i _ ;
—zi‘,/mk(maﬂf(o)—i—y282hf-‘(0))(|y| o).

Using polar coordinates, what we need to show is
2 . .
(3.21) Z/O (cos 001 HX(0) + sin 8 hAL(0)) (0" — rd,0')rd6 = O(&)
i

_ ool
where r = & -

Recall that (UK ..., U™) are described by parameters A% (m = 0, ...,n) and cf.‘j
(i > j). Let

and
‘Péj N 88%1; 28/ cos0/r
C el U e A . +01/7),
P, — aalg}k 28] cos6/r
95, % 25/ 5in6/r
w=| =] = T [rews
g, _ 88%? 2n8]sin@/r

where we have used (2.10). For j = 1,...,n we have 2n sets of solutions to the
linearized system.

From (3.21) we observe that if
0 = l(dicose +¢;sin@) +0(1/r%)
-
we have
2 . .
y / (cos 0AHE(0) + sin 03 (0))r(¢7 — rd,07)dO
; J0
=1y (didihf (0) +gidshf (0)) + O(&)

where r ~ 8,:1.
Replacing ¢’ by ®g; and Ppg, for j=1,...,n, we have

(3.22) K (0) = 0(g), RH(0)=0(g), i=1,...n
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3.2. The vanishing rate for the second frequency terms. The estimates of wf.‘
can be improved to the following form:

Proposition 3.1. There exists C > 0 independent of k such that
Wi <Cef(1+1y]), ye
Proof of Proposition 3.1:
With the vanishing rate of V/¥(0). The equation for w can now be written as
A el = 01+ D)2,y € Qe
Recall that \7{-‘ = constant on 0,
UK(y) = —4log|y| +cix + (a¥ cos @ +bfsin@) /r+O(1/r%),  on Iy

for some uniformly bounded constants c; x, aé‘, bf-“ . Let l//l-k be a harmonic function
in Q that satisfies % — U} — y* = constant on dQ; and y*(0) = 0. Since the
oscillation of # — Uk is O(g) on dQ we have

(3.23) W) < Cetlyl, ye
Set
Wi =vi = Uf = yf

Then vT/f.‘ = constant on dQ. The equation for Wﬁ-‘ is

A 4o = O(e2)(1+1y) 2,y € Qe

where w'* = ¥ ;a'/i. Given & € (0,1), we let

)]
Ay =supsup 5——.
i xeQy 8]%(1 + |y|)6

Our goal is to prove that Ay < C. Suppose this is not the case, we use y; to denote
where the maximum is attained on ;. Let

- )
(3.24) Wwh(y) = ——
)= Rl

It is easy to see from the definition of A that

W) (D
Acgg (14 y1)° (L4 )
The equation for w'* can be written as
O((L+y)~*?) o((1+ly)?)

(1+|yil)° Ar(1+yi])?
First we claim |y;| — . By way of contradiction we assume that y; — y* € R?. In

this case we see that along a subsequence WX converges to (¢y,...,,) in C3 (R?)

) loc
that satisfies

(1+1y])°

(3.25) W ()] = (14w

— At =

A¢i+2jaij€Uj¢j =0, R2
(3.26) i) < C(1+]y])°, yeR?,
() (pl) =0, fordistinct Pls--sPp2yon € R2.



24 CHANG-SHOU LIN, JUNCHENG WEI, AND LEI ZHANG

Indeed, from (3.25) the second equation of (3.26) follows. The reason that the
third equation of (3.26) holds is because by (3.4) we have w'*(p;) = 0 for I =
1,..,n* +2n. Then from the definition of w!'* in (3.24) and (3.23) we have

W (p) =0(1/A), 1=1,...n"+2n.

Thus the third equation of (3.26) holds.

By the classification theorem of Lin-Wei-Ye [20], ¢; = O for all i. Thus a con-
tradiction to ¢;(y*) = %1 for some j. Therefore we only need to rule out the
possibility that y; — oo.

By Green’s representation formula and W' = constant on 9, we have

() . O((1+In)*?) , o((1+In)?)
400 = L (@Ow ) =GO+ T e )

Using the standard estimates on the Green’s function Gy (see Lemma 3.2 of [27])
it is easy to see that the right hand side is o(1), a contradiction to the fact that
Wik (yx) = %1 for some i. Proposition 3.1 is established. (]

Using Proposition 3.1 we write the equation for w¥ as
Aw' 4 eU"kwf
=— &R (O + Dol (O)y2)e
— (D (0)yF + 200k (0)y1y2 + I (0)y3)e & + O(eR) (1+]y]) !
= — & (I (0)y1 + Dl (0)y2) e
- (;Ahf(O) + %(a“hﬁf (0) — 92255 (0)) cos(28) + 12kt (0) sin(26)> el g2

+Oo(g)(1+y))".

Multiplying ¢; to both sides, taking the summation on i and integrating on Q, we
change the left hand side as before to

Y [ @ o n g + X [ (80400t

The second term is 0 according to the equation for ¢. We claim that the first term
is O(&?) if ¢; is of the following form:

|
(3.27) 0 = ﬁ(dicos(ZO)+q,~sin(26))+0(l/r3).
Indeed, using (3.27) and Vw# = O(&?) on d<Y, we see that
_oywre = 0(g}).
o0,

On the other hand, by [w*(y)| < Cg on 9Q; we have

/~ Wi’kavq)i = 0(813)‘

Q.
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Therefore the left hand side is 0(8,?). Now we estimate terms on the right hand
side. Using the equation for ¢’ and (3.27) we have

/~ eV ¢;cos(20) = — / r? cos(20)A¢
(073

Qy
. 20! 2% .
:—/(mk(avq)l—¢)rzcos(29)d5:—/0 (0,¢' —

.
(3.28) =47d;+O(&).

20!

r

)r?cos(260)d6

Similarly
(3.29) /Q r2eV ¢;sin(20) = 47g; + O(&).
i

Using the vanishing rate of V/¥(0) and (3.27) we have
(3:30) e [ om0y = 0(e)),
and
(331) e [ e adoni(0)yady = 0(&)).
Finally by (3.27) we have
(3.32) / P e gy = / (—Ag")r?

k Q

Q
(=0 +2¢'r)dS —4 [ ¢
QQk Qk

:_4/Rz¢l+0(8k)

where in the last line above we used [5 ¢' = [z ¢+ O(&) because for r large
(3.27) holds, the integration of the leading term is 0 and the integration of the error
term gives O(&).

Combing (3.27),(3.28),(3.29),(3.30),(3.31) and (3.32) we have,

(3.33) i (Ahf'((o)(/R2 ¢') — dim(An hf (0) — a2} (0)) —2611'77312’1{-((00 =0(&)
i=1

Now we defined 2n — 2 families of solutions to the linearized Toda system: For
m=1,...n—1,

o(r=3)
| —Juk :
dok ’
o — ¢m _ —oU* a"f“’z B m(":;rl)cos(ZG)—l—O(r”)
" . 806,’1‘”172 oy —@ cos(20) +0(r=3)
" 90,15 .

0(;*3)
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and form=n,....2n—2

O(r’s)
o _ 90U _ "t sin(26) + O(r?)
"Bk, | —MmHin(20) + 0( )
O(r_3)

where major entries appear in row m and row m+ 1 in both vectors. Here we also
recall that ¢y = Qo+ V1B 5. Chy = Qi n +V =18 1o

Using (2.18) and (2.19) in (3.33) we see that (3.8) holds. Theorem 3.1 is proved.
(]

As an immediate consequence of Theorem 3.1 we have
Corollary 3.1. With the same assumptions of Theorem 3.1, we have
1
(3.34) / hie"tdx = 4i(n+ 1 — i) + mA(log hy) (0)e%* €2 log —+ 0(&?)
Bo %

where a; . is the leading coefficient of U; :

Ui x(x) = —4log x| —I—a,-,k+0(r_l), for x| > 1.

Proof of Corollary 3.1: Recall that /¥ (x) = Z’Egg e ),

hie dx — / ik Hogh(0)0f

Bo B
= / hE (ey)e™ ) dy
B(0.g 'o)

z/ (1 +& Vi (0)y
B(0.g ")

r? 2 )
1 i,
+ EAhf(O)rzgkzer(y)dy_{_ 0(8]3)

By Theorem 3.1 we have Vi¥(0) = O(g;), Ah¥(0) = A(logh;)(0), and
0 = M1+ 01+ y])) - for ly| > 1.

Then elementary computation leads to (3.34). Corollary 3.1 is established. [

4. PROOF OF THE MAIN THEOREMS

Without loss of generality we assume

(4.1) /Mh,-e"fdvgzl, i=1,..n
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% — uk —log [, hieidV,. For simplicity we just

because otherwise we just use if; =

assume that uf‘ satisfies (4.1).
Recall that py, .., py are distinct blowup points and pf satisfies
max uf (p¥) = max max uf
! i B(pf.8)

where B(p¥,8) (t = 1,..,L) are mutually disjoint balls. Around each blowup point,
say, pk, we use the local coordinate, then ds? = eW(y"]f) (dy? +dy3) where
Vy(0) =0, w(0)=0, Ay=-2Ke’

where K is the Gauss curvature.
In local coordinates around p’{, we write the system (1.5) as

n
4.2) Auf + Z aijp}‘e"’(hje”ﬁ —-1)=0, Bs.
j=1

where (4.1) is used.
Let f; satisfy (for simplicity we omit & in this notation)

Afi—Y;aijpte¥ =0, Bs,
(4.3) {f,-:O, on JdBs.

Let ii* = u¥ — f;, then we have

n
(4.4) AdE+ Y aie™ =0, Bs
j=1
where
(4.5) RE = pkeVhel.

The boundary oscillation of ﬁf‘ is finite, because by the Green’s representation of
ui-‘ we have:

4.6) ) =+ [ Glxm)

n
k
a,-jpfhje”f dVy.
j=1

Since uf? is bounded above away from bubbling areas:
W) SC Ve M\U-,B(pk,9).
it is easy to see that the oscillation of u* on M\ UL B(p, §) is finite.
Let M) = max,cp(p, 5) Max; uf and & = e_%Mk,

7 (y) = @ (By + p¥) +21og &.

By Theorem 3.1 there exists a sequence of Uik such that
Uf(y) = —4log(1+ ) +0(1), yeR’

and
5 (y) = OF )| <C(8)&(+1y]), | <&'S.
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Thus

uf(x) = —2log&+O(1), for  x € B(p},8)\ B(p\,8/2).
Applying this argument to each bubbling area we see that

max max u¥ =max max uf +0(1), Vr#l.
i B(p:,6) i B(p ,0)

Thus we shall just use
LM

M = maxmaxuf, and g=e 2
i xeM

from now on. We also have derived from the argument above that
=-M,+0 ( 1)
and

4.7 ub(x) = =M +0(1), fori=1,..,n, xeM\U: B(pk?&).

1

Next we evaluate uf-‘ on 8B(p'{, 0), using (4.7) and (4.6) we have

W (x) = i + / G(x,n)(Y asipthse)av,
M .
J

L
(4.8) =i} +) / G(x,m)(Y aijplhje")dvy +O(e?).
=17 B(pr,9) J

From (4.5) we see that
(4.9) dVy =eVdx, pFheYe - ke i
Thus by Theorem 3.1

/ Zaijillje / _/ Zalj Sky e / dy— 87'L'+0(8k)
Bs ™ ' B(0..'9)
Moreover by similar computation we have

k
5O P =Gl ) L agpfieav = ol
13 Jj

Thus
L
ui (x) = i +87G(x, p}) +87 Y G(x, py) + O(&)
=2
L
(4.10) = i* —4log|x — pk| + 8my(x, pb) + 87 Z G(x, pF) +0(&)

=2

for x close to p’{.
From (4.10) we can determine which harmonic function ¢¥ that makes u¥ — ¢
a constant on dB(p!, §). Before we determine ¢} we first observe that

(4.11) pk=4ni(n+1—-i)L+0(&).
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Indeed,
k
pk= /M A
- ky uf 2
:Z/B( ‘ E)Pi hie"tdVg + O(g;)
=1 Prs
L ~1 ok
(4.12) :Z/BW )hf?e“fdx+0(e,§).
=1 (&

By Theorem 3.1
~7 ok
a;ilte"idx = 81+ O(g),
/B<pf',6>2,~: v (&)

which implies
(4.13) /B " kel dx = dmi(n+1— i)+ O(&y),
Pt s

thus (4.11) is verified by (4.12) and (4.13).
Let ¢)ik be a sequence of harmonic functions that annihilates the oscillation of uf
on dB;:
—A9F =0, in Bs,
{ Ok (x) = uk (x) — 515 Jony ukds,  forx € dB;.

Then we claim that

L
(4.14) of (x) =87(y(x,p}) + Y G(x, pf)) — f;
=2

L
—8m(y(pi, pY) + ) G(PY, pf)) + £i(0) + O(&).
t=2
Indeed, from (1.2) we see that
—AG(x, p*) = S — eV,
comparing with (4.3) we have

L .q..nk
(st + 360 - 222 o
=2

In (4.10) we see that —4log |x — pX| has no oscillation on dB(pX, §), neither has f;.
Thus (4.14) is verified. Correspondingly we also have

L

4.15)  V¢f(0)=8n <V1?’(P]f7plf) + ZVIG@?,pf)) — V£ (pr) + O(&).
=2

where V| means differentiation with respect to the first component. Going back to
(4.4) and applying Theorem 3.1, we have
Vhi(p})
hi(p})

L

+87t(VW(p’f,p’f) ; zvlc;(p’f,pf)) _ 0(e,).
=2




30 CHANG-SHOU LIN, JUNCHENG WEI, AND LEI ZHANG

From (4.9) we have

loghf (x) = log pf + y +logh; + f;,

and
A(log ik (0)) = —2K (p¥) + A(loghy) (p*) + 8L + O(&y).
Let
Hf =logh + ¢}
L
— log pf + w+loghi +87(y(x, p) + Y G(x, p))
=2
k k L k k
_ Sn(wpl,pl) iy G(pl,p») T £(0) +0(e0).
=2

HF corresponds to 4 in the statement of Theorem 3.1. Clearly
AH; (0) = —2K (pt) + A(loghy) (p1) +87L+ (&)
(911 — 012) (Hf — H[1)(0) = (11 — dr2)(loghy—1 —log hy) (pF)
u2(Hf —Hj_1)(0) = dia(loghy —loghy—1)(p).

Using the expressions above we obtain (1.9) and (1.10) from the vanishing estimate
for second frequencies in Theorem 3.1 around p’f. The corresponding le and le
are defined by the approximating function Ul-’fl, which satisfies

uf (ey + pY) +loghi(PY) + 0f () —US ()| < Cen(1+y]), |yl <& '6.

Forz=1,...,L, we have U}, k as the approximating global functions in B(p¥, §) with
parameters lk fori=0,. ,n cl Forl=2,...,n

jt
U1k 1 ]k
(4.16) T;,Lk:/ (———), T 1k_/
R? 8041"727[ aBzzz
aUl,k _ aUl,k
T — B S 7to— ——L), 1=2,..n,
l,k R2< aalkzr) l,k RZ( 8[_31]?2‘1)
n
Z alUf,, i=1,..n

k [ .
Cn+2—i,n—i,t l 2 it + ﬁz 2.t 1= 27 ...

From the expansion of U,’ in (2.14) it is easy to see that all the integrals are finite
and are O(g) different from the integration on B(0, ¢, ).

Finally Theorem 1.1 is direct consequence of Corollary 3.1. Main theorems
(Theorem 1.1, Theorem 1.2 and Theorem 1.3) are established. [

Remark 4.1. It can be verified that when n = 2 and | = 2, the 82 condition
(1.9)&(1.10) is the same as the (14)&(15) in [23] if the error in (]4)&(]5) of [23]
is replaced by O(&).
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