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1. INTRODUCTION

This work is concerned with the asymptotic behavior of the energy solutions of the mixed
boundary value problem
Au+uw =0 in Q

;=0 on [, (L.1)
u
a_v=0 Onrl,

where:

e Qis a C”! and bounded domain in R?;

e 9Q consists of two pieces I, and I';, where the one-dimensional Hausdorff measure of T,
is greater than 0;

e I, is smooth and I is piecewise smooth;

o [, and I are relatively closed in 9Q;

e v is the unit outer normal of Q;

e p is a large parameter.
In this work, we shall only consider the least energy solutions, although the method can be used
to study other solutions with the same decay rate of energies. Let

@, =fve W3 Q):v =0on Ty, [vZ*(Q) = 1)
be the admissible set. Define the energy

J,(v) = S |vo|? dx
a

on the admissible set &@,. Standard argument shows that for any p > 1 J, is bounded from
below and the infimum is obtained by a function u, in @,. By the inhomogeneity of (1.1) we
know that a positive multiple of u, solves (1.1). Throughout the rest of this paper we denote
such least energy solutions by u,,.

Our goal here is to understand the asymptotic behavior of u, as p, serving as a parameter,
approaches co. It is known in [1] that for the pure Dirichlet problem, i.e. I} = (J, the solutions

T Current address: Department of Mathematics, Brigham Young University, Provo, UT 84602, U.S.A.
! Current address: SISSA, Via Beirut 2-4, 34013 Trieste, Italy.

587



588 X. REN and J. WEI

u,, develop single or double bounded peaks in the interior of Q as p — co. In the current mixed
problem, we shall see peaks on the Neumann boundary I'; and show that u, can develop no
more than either one interior peak or two boundary peaks on I',. We start to investigate c,

where
172
Cpi= inf[l:j |vul? dx} ‘ue (i,,}. (1.2)
Q

According to the construction of the least energy solution u,,,

2 _ Sﬂ |Vup'2 dx
P UQ ug-ﬁ-l dx]Z/(p+l) ’

and ¢, ! is the optimal constant of the Sobolev embedding
V(rl ’ Q) « Lp+l(Q)s

where V(I,,Q) = {ve W *Q):v =0o0nT,} is a Hilbert space equipped with the inner
product

1.3

{u,v) = S (Vu, Vo) dx.
Q

We shall see that ¢, possesses nice decay property as p = o, Next we extend some L' estimates
of Brezis and Merle [2] for A with Dirichlet boundary condition in R? to mixed boundary
condition. After these preparations we shall prove the following theorem.

THEOREM 1.1. There exist C,, C,, independent of p, such that
0<C < upl=<C, <0
for large p. Indeed
. . 1+«
1 < lim inf|u, || =gy < lim supl|upl z=(ay < exp 3 e,

po™ p—o>

where «, defined later in (4.4), is a constant dependent only on the pair (I}, Q).

To state our second result, we need a few definitions. Let

up

. (1.4)
fo u,’,’
For a sequence {u, } of {u,} with p, > « as n — o, we define the blow-up set S to be the
subset of Q such that x € S if there exist a subsequence, still denoted by {p,}, and a sequence
X, in Q with

Up=

Up, (Xp) = @ and X, = X. (1.5)
Define
S;=8NQ,
Se=SN{T, NI,
Sp = SN T\ N 1Y),
Sy = SN T\T, NIY)).

(1.6)
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So every blow-up point must fall in one and only one of the above four classes. We shall see
later that S contains the set of peaks of the sequence {u, }. By a peak P € Q we mean that {up,}
does not vanish in the L” norm in any small neighborhood of P. Theorem 1.1 in particular
implies that the set of peaks of {u,} is not empty. In this paper we are mainly concerned with
Srand Sy. We will use #S; (#Sy) to denote the cardinality of S; (S;, respectively). Our second
result is the following theorem.

THEOREM 1.2. For a domain Q with the properties stated in the beginning of this paper, we have
1) Sp =, #S,UScUSH) = 15
2 #S;+ Sy <1

if I'; is smooth;
3) | S; =, and #Sy =1

if T} has convex corners; furthermore in this case if x, is the point in Sy, x, must be a corner
point with the least angle among all the corners on I .

Here by a convex corner, we mean a corner having angle less than 7.

We shall also see that under the extra condition of Q, I, and I, u,, can develop only one peak
on the Neumann boundary I'; . We would like to point out that as in [3], most of our results can
be extended to higher dimensions with A replaced by Ay, the N-Laplacian operator
(Ayu = div(|Vu|¥=% vu)), in (1.1) if Q is a domain in R”. However, we do not know anything
about S if I, N I is nonempty.

Our paper is organized as follows. In Section 2, we give some background materials for the
mixed boundary value problem. Then in Section 3, we prove the decay rate of c,. We prove
theorem 1.1 in Section 4. In Section S, we present some L! estimates. Section 6 is devoted to the
proof of theorem 1.2. Finally we consider some special domains and some examples in
Section 7.

2. PRELIMINARIES

Let Q be a domain in R? with conditions stated in the beginning of this article. Let I, and I
be two parts of the boundary of Q with I, having positive one dimensional Hausdorff measure.
We recall that the isoperimetric constant of Q relative to I, Q(Iy, Q), is defined to be

1E|1/2
Pg(E)’

o, Q) = sup Q.1

where the supremum is taken over all measurable sets of Q such that dE NI, has one
dimensional Hausdorff measure 0, and Py(E) denotes the De Giorgi perimeter of E relative to
Q, i.e.

Py(E) = sup{” div y/d.x‘: v € [CTQ), vl = l}. 2.2
E
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Some properties of Py(E) are stated in [4, 5]. We also refer to [6} and [7] for more
information about the De Giorgi perimeter and isoperimetric inequalities. In particular we
notice that

oy, Q) = 2737,
where the second is the absolute isoperimetric constant; and if H'(I}) > 0,

oI, Q) = (2n/2)712,
From here we deduce that if H'(T'}) > 0 and Q(I'}, Q) < o, there exists « € [0, 7] such that
O, Q) = (V2a)~! where « is the angle of the unitary sector

e, )={x=(,0eR:0=<r=<1,0¢€l0,al.

We denote by &, the class of all pairs (I';, Q) of the type considered above such that

oy, Q) = V2. 2.3)

By virtue of an isoperimetric inequality described in [5], any pair of a convex sector and its
noncircular boundary (I}, Z(«, 1)) belongs to &, once we denote by I the circular part of
¥(a, 1). Therefore,

oIy, X(a, 1)) = (V2a)™!

if Z(«, 1) is a convex sector. By the way, if (I}, Q) € §, and f is the smallest angle among all
convex corners on I,

B=a. 2.4

Recall V(I, Q) the Hilbert space defined in Section 1. Assuming (I, Q) € &, for some
a € [0, n], we have the following two dimensional Moser type embedding while the proof of
this result in any dimension can be found in {5]. See also [8].

ProrosiTioN 2.1. There exists a universal constant C such that

2 2
j exp[(—g)lz—ul—] =< C|Q|
) ||Vu"L2(n)
for any u € V(I,, Q) with (I';, Q) € &,,.

We also need some results concerning the relative isoperimetric constants near the boundary
I',. Let us fix our notation first. For each smooth point x € I';, we can associate a smooth
flattening map ®, in a neighborhood of x that maps the neighborhood of x to a neighborhood
of (0, 0) in

(yeR:y = (31,2, 5> 0}
and maps I' near x to

(yeR:y=(1,y)0=0
near (0, 0). For a corner point x on I'; we associate a similar map ®, in a neighborhood of x that
maps the neighborhood of x to a neighborhood of (0, 0) in

{yeR:y=(pcosh, psinh), 0 < 8 < Bj,
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where f is the angle of the corner at x and that maps the boundary near x to the boundary near
(0, 0). We further require that D®, = I at x, and ®, varies smoothly with respect to x. From
now on throughout the rest of this paper, for any x on I3, by a ball B.(x,), we mean
@ (B,(0, 0)). Clearly it is well-defined if r is small. We can now state the following result
concerning the asymptotic behavior of the relative isoperimetric constants and the quantities o
defined in (2.3) of (I, N B,(xy), Q N B,(x,)).

ProrosiTioN 2.2. (1) Let x, € T, such that I, is smooth near x,. Then as r — 0,

1
Q(rl n Br(x())a Qn Br(xo)) - E ’
oy N B, (xp), @ N B,(xp)) — m,

where o(I; N B,(xy), Q N B,(x,)) is the angle of the unit sector whose relative isoperimetric
constant is the same as the one of (I, N B,(xy), Q N B,(x,)).

(2) Let x, € I, such that x; is the vertex of a convex corner with angle 8, in I,. Then as
r—0,

1
Q(rl n Br(x0)9 Q n Br(xo)) - Tﬂ ’
(]

i.e.
a(ly N B, (x), Q N B,(xg)) = f-

To prove this proposition, one just invokes the variable change formula in standard
integration theory to compare the relative isoperimetric constants above with the relative
isoperimetric constants of the sectors computed in [5]. We leave the details of this argument to
the reader.

3. SOME ESTIMATES FOR ¢,

Recall ¢, defined in (1.2). We have the following refined Sobolev embedding.

LeMma 3.1. For every ¢ = 2 there is D, such that
lull e < D 22| Vulll 2
for all u € V(I,, Q) with (I}, Q) € &,; furthermore,

lim D, = (4oe)™ "2
{—*©

Proof. Let u € V(I'}, Q). We know

1 5 X

—_— <
Te+ )" =€
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for all x = 0, s = 0 where I' is the I function. Using proposition 2.1, we have

L exp[Za(—"—VZTL)de < C|Q|,

where C does not depend on anything and || is the Lebesgue measure of Q. Therefore,

1 1 v \2172 "
-_— 4 - 2 % 2002 Vullt
T@/2 + 1) L “ = Fa2 L[ "<||Vu“L2>] dx20)™" || Vul| 72

u 2]
< | exp| 20| —— ) | dx Qa)""?|| V.2
J o 2o | o
< ClQIQa)™2||Vul|2.

1/t ¢ 1/t
G u’dx) < <F(§ + 1)) CY'2a) V2| | Vull 12¢q) -
Q

Notice that, according to Stirling’s formula,

1/t t/2 1/t 172
(L 1)) < ((2) Vieer) ~ (L) i~
2 e 2e

where 0 < 6, <75. Choosing D, to be

t 1/t
(r(i + 1>> Cl/t(za)—l/2|Q|1/tt—1/2

we get the desired result. W

Hence

An immediate consequence is the following corollary.

COROLLARY 3.2.
: : 172 172
llIrJrL lul;lf P, = (4ae) ",

Next we prove an upper bound for p'’c,.

LemMA 3.3. For domains Q with smooth I’y

lim sup p'%c, < (4ne)"’?;

P2
if the domain Q has convex corners on I,

lim sup p'"%c, < (4Be)'"?,

p—ee

where £ is the smallest angle among all convex corners on I;.
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Proof. Let us first assume that Q contains {(X;,x,):x, >0, x + x2 < L} with
{(x, x): x, = 0, x> + x3 < L} being part of the Neumann boundary. We construct a Moser
type test function near (0, 0). Letting

(log L — log )'/?, 0<|x|s1!

1 log ! — log|x]|
) = 72 ) log L = log 172"

0, x| = L,

Isixl=L 3.1

we have m; € V(Ty, Q), [|[Vmy |l 2, = 1 and

. 1 L 1727 p+1 1 L -1/2p+1 L p+1
Ml dx = | — <lo —) jl B, + [— <lo —) ] g <lo —) dx
L 71 (x) [ﬁ g |B,| NTAGN retles g

= Il +12,
1 L 1727 p+1
Il = [ﬁ(log7> ] 71'12

1 L —I/Z}p-flj‘ < L>p+1
L =|—{log— log — dx.
2 [\/_7—[< s l> I<|x|<L glxl

Choosing / = Le™P*Y’4, we have

where

1/2
llmyll s = 1/P*D 2 [4—17;] (p + VA2V D,

Hence
Cp < [4n.e]1/2(p + 1)—1/2(n,L2)—1/(p+1)’
i.e.
lim sup p'%c, < (4ne)">.

p—®

For a domain Q with smooth I}, we can first flatten the boundary and construct the same test
function with small L. Sending L to 0, we still get the desired result.

If the domain Q has a corner on I';, we can first transform it into a sector by a smooth map.
Then we construct a similar test function on that sector. Finally, we let L tendto 0. W

COROLLARY 3.4, (1) For domains Q with smooth I,

lim sup p § ul*' < (4me) and  limsupp S |Vu,|? < 4ne.

p Q poeo Q

(2) For domains  having convex corners on I,

lim sup p X ut*' < 4fe and  limsupp g |Vu,|* < 4pe,
2 Q

pow poo

where f is the smallest angle among all convex corners on I.
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Proof. From (1.3), we know that

_ IV, 220y .
? ”up”LP“(n)

If we multiply (1.1) by u, and integrate by parts, we have

j [Vu,|? =j ub*l.
Q Q

P+l _ o@P+DY/(p-1) 2 _ QD (p-D)
L ub*! = cf and L [V, |* = cf .

Therefore,

The results follow immediately from lemma 3.3. W

As another consequence of lemma 3.3, we prove a crucial estimate for the quantity

pinu{,’

L, = lim sup 3.2)

poo

The proof follows easily from lemma 3.3 and Holder’s inequality.

CoroLLARY 3.5. (1) For the domains Q with smooth I,
Ly < 4m;
(2) for domains Q having convex corners on I,
L, < 4p,

where £ is the smallest angle among all convex corners on I .

4. PROOF OF THEOREM 1.1

A uniform lower bound indeed exists for any positive solutions to (1.1). Let A, be the first
eigenvalue of —A with the same boundary condition as the one in (1.1) and ¢ be a
corresponding positive eigenfunction. Then for any solution u

_ op _ ,0u| _
L[uA(p—(pAu]—Ln[uav (pav]—-o. @.1

Therefore,

S WP — A ) = 0.
Q

Hence
"u||L°°(n) = }»i/(p_l) =1 4.2)

as p — oo which yields a uniform lower bound in p for |ul| =g, when p > 1 + &, € > 0.
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To get an upper bound for {u,}, we use an iteration argument. Define

Yo = B/a,

595

4.3)

where f is the smallest angle among all convex corners on I and (I}, Q) is in class &,. Then

yo = 1 by (2.4). Let o, be such that

exp ag = Yo(l + o).

(4.4)

Fix ¢ and ¢ that will be chosen later. Letting v = (1 + #)(p + 1), from lemma 3.1, we have

1/v
-1/2 172
l: Sﬂ U;] < (4we) Eq iV ”Vup“LZ(ﬂ),

where

lim E(l+l)(p+1) = 1.
P>

However, from corollary 3.4 we know that

lim sup p S |Vu,|? < 4pe.
Q

p—eo

Hence, there exists P, such that for all p > P,

j uy < [yl + £ + )72
Q

Multiplying both sides of (1.1) by u2*~", we get, after integrating by parts,
2s — 1
s2 S lvuls’lz — S ug—1+2s.
Q Q

Using lemma 3.1 again, we have

/v
s
S up] <D,
Q
2y s2
vs D—1+2s p—1+2s
nup SCOVZS—ISQu” sClvsSnup R

where D, is defined in lemma 3.1 and C, and C, are constants independent of p > P,

we have
2/v
vs p-1+2s
S up} =G vsS u, .
Q Q

We now define two sequences {s;} and {M;} by

vaVu;‘,lle(m >

Pp—1+25=v
p—1+2s,,=yvs
My = [yo(1 + t + )"
M., = [Cyvs; M),

4.5)

4.6)

. Hence,

4.7

4.8
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where C, is the constant in (4.7). From (4.5) and (4.7), we have, by induction, that

L uit < M;. 4.9
Next we claim that
M; < explm(y,, t, p, €)vs;_4, (4.10)

where m(y,, ¢, p, €) is a constant depending on Yo, t, P, € and
. 1+¢
lim m(y,, ¢, p, &) = 57 108y + £ + &)l
P o

In fact, we can write down {s;} explicitly
1 v J+1
= = -1-p-1 - 1. 4.1
8 v_2{<2> (v-1-p-D+p } 4.11)

v
g; = Elog(C1 vs;), u; = log M;.

Put

Hence,
VU,
Hjs1 = 71‘ + g;.

Therefore, it is easy to see that

i+1
o, = §<log[v—ci—v2] + log[<§>j G-p-D+p- 1]) < [vlog V2C,vI(j + 1).

Now we define {;} by
To=Hy Tipp =3y + (v1ogV2C,v)(j + 1). 4.12)

Clearly, u; < 7;. Moreover, we have

J 2
7= G) [ o + 27108/ 2C) _VZ)Z] - = <v log(V2C; v)(j += Y 2))

Mo+ 2 log(V2C, v)v/(v — 2)
ST - v-p-np

Uo + 2v1og(N2C, v/ (v — 1 v = 2
= vs;_;
v—p-1 v

= m(yo, t, p, €)vsj—1!

where
1+¢
2t

lim m(y,, ¢, p, €) = log[yo(1 + ¢ + &)].
p—’&
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Therefore, we get
||up”L"j~1(ﬂ) < exp[m(y,, t, p, )].
Sending j — o, we see
4, =0y = explm(yo, t, p, &)1
Sending p — oo, we have
lim supllu, |l < [pe(1 + £ + )+

p—®

Sending ¢ — 0, we deduce

lim supllu, |l = < [pe(1 + HI¢HO7Z.

P

If welet f(1) = [po(1 + £)]**"’%, the standard calculus argument shows that log f(¢) achieves its
minimum at «,, where

oy = log[ye(l + o)l
defined in (4.4). So we obtain

+ oy

1
lim sup|ju, [~ < exp |

p—vao
We include a consequence of theorem 1.1 here which will be used later.

CoROLLARY 4.1. There exist C, and C, such that

Proof. The first inequality follows from theorem 1.1 and the first limit of corollary 2.3; the
second inequality foliows from the first limit of corollary 2.3 through an interpolation
argument. W

5. SOME A PRIORI ESTIMATES

In this section we collect some less well-known estimates for A on two dimensional domains.

We first state a boundary estimate lemma. The proof of the lemma is standard. One
combines the moving plane method in [9] with a Kelvin transform. We refer to [9, 10] for
details. This lemma actually excludes the possibility that u, develop a peak on Iy. See remark
6.5.

LemMa 5.1. Let u be a positive solution of

{Au+f(u)=0 in Q C R?

u|F0 = Oy
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where I is a smooth piece of dQ and fis a smooth function. Then for every I' CC int(T) with
respect to the relative topology of 9Q there exist a neighborhood w of I and a constant C both
depending on the geometry of Q and I' only such that

”u“L‘”(w) = C”””L'(ﬂ)-
Next we state an L' estimate of Brezis and Merle, theorem 1 [2].

LEMMA 5.2. Let u be a solution of
-Au=f inQ
{ulan =0,
where Q is a smooth bounded domain in R*. We have for 0 < & < 4n
4 — &)lu 4m Area(Q
J, o] o s A

Remark 5.3. In their paper, Brezis and Merle used (Diameter(Q))? instead of Area(Q) in lemma
5.2. 1t turns out from the following symmetrization approach that Area(Q) is more
appropriate.

We need a similar L' estimate as above to take care of the mixed boundary condition.

LeMMA 5.4, Let u be a solution of

-Au=f inQ
u|p0=0

oul
wlr,

where the boundary condition is the same as the one in (1.1) and (I, Q) € §,. Then for every
0<ée<2a,

S exp[(za - £)|u(x)|] i < 20 Area(Q).
0 A1l €

Proof. Owing to the maximum principle, we may assume f = 0. Otherwise, we just replace
by | f|. We use the symmetrization approach here. Let Z(«r, R) be the sector having the same
areas as Q and the same relative isoperimetric constant as €. Define as in [4] the
a-symmetrization to be the transformation that associates u(x) with

%=m@m§

for x € X(a, R), where u, is the standard decreasing rearrangement. Namely

u, = inf{t = 0: u(s) < t}
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and
u(t) = measfx € Q: |u(x)| > t}.

u,, has similar properties to those of the standard Schwartz symmetrization. In particular

S Flu(x)) dx = j Flu, (x)) dx 6.1
Q

Z(a,R)
for real Borel function F. Moreover, let ¥ be a solution to the equation in lemma 5.4, and v be
the solution of
—-Av = f, in X{a, R)

U|fu =0

dv

P

T,

where
[, = {x € 3Z(er, R): |x| = R},
I, = {x € 3Z(c, R): |x| < R}

and f, is the a-symmetrization of f. Standard argument shows that v is radially symmetric.
From [4], we assert that

Uy (x) = v(x), (5.2)

where u, is the a-symmetrization of the solution « in lemma 5.4. However, since it is radially
symmetric, v satisfies

vty + ltv’(t) +f,@8)=0
v0)=0
u(R) = 0.

Therefore, solving the O.D.E., we have

R
v(r) < log(?) § sf,(s)ds
0

exp[ Qo — e)v] _ 20 Area(X(a, R)) _ 20 Area(Q)
JZ(a,R) ”fa“L‘(n) & & ’

Combining this with (5.1) and (5.2), we have the desired result. W

6. PROOF OF THEOREM 1.2

Lemma 5.4 implies that {v,} is uniformly bounded in LY(Q). Therefore, lemma 5.1 implies
that {v,} is uniformly bounded in L*(w) where w is a neighborhood of any compact subset of
int(I,). Since

C
max v,(x) = — — oo,
xe an
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from theorem 1.1 and corollary 4.1, we deduce S # . However, since S, = ¢, we conclude
that #(S; U S U Sy) = 1. This proves part 1. To prove the rest of the theorem, define

L, = Iim 22, 6.1)
pox €
where
Vp = j up. 6.2)
Q

We denote any sequence u,, of u, with p, > o by u,. Let

Uy

Up 3= Uy, i= v——; (6.3)
DPn
uf,"‘ Pn—1
Jni=tp, = [oum = virly,. (6.4)
Since
§ fn =1,
QuUT,

we can subtract a subsequence of f,, still denoted by f,,, so that there is a positive bounded
measure u in M(Q U I), the set of all real bounded Borel measures on Q U I, such that

S fm—*j ¢ du (6.5
QU QU

for all
peCr(QUTL).

Recall S; and Sy defined in (1.6). For any d > 0 we call x, € Q U (I;\(I; N I})) a -regular
point if:
® x, € Q and there is ¢ € Cy(2), 0 < ¢ < 1, ¢ = 1 in a neighborhood of x,, such that

4n
du < , (6.6
jﬂUFl ¢ Lo + 26 )

where L, is the quantity defined in (3.2); or
@ x, e [)\(I1, NI,) and thereis p € Co(Q UTY), 0 < ¢ < 1, ¢ = 1 in a neighborhood of x,,

such that
20(x,)
du < s 6.7
LUFI¢ A= T+ 26 ©.7)

where a(xp) := lim,_, o (I} N B,(xp), Q N B,(x,) considered in proposition 2.2.
We let alxy) = 2n if x, € Q. We say that x, € Q U T)\(I, NT}) is J-irregular if x, is not
Jd-regular.
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LEmMA 6.1. If x, is a J-regular point for 4 > 0, then {v,} is uniformly bounded in
L*(Bg,(xo) U Q) for some R, > 0.

Proof. We first consider the case where x, € I[')\(I;; N I). Let x, be a d-regular point on
I'\(I, N T). Then there exists R, such that

g » 2a(xp)
Bryr)U & Lo+ 0

for n large enough.
Split v, into two parts, v, = v,, + v,, where v, solves

Av, +f,=0 in B (xo) N Q

Uin=0 on dBg (xo) N Q 6.8)
v
a;” =0 on B (xp) NT,
and v,, solves
Avy,, =0 in By (xo) N Q
v, = U, on dBg (xo) N Q 6.9)
av,,
a: =0  onBglx)NT;.

Then v,, < v, and v,, < v, by the maximum principle. Now from the standard elliptic
boundary estimate for harmonic functions with Neumann data, we have

”l)2n||L°°(BR0/2(x0)ﬂﬁ) = C”vznnL‘(Bkonﬁ) =C,

where C’ is a constant independent of » and the last inequality follows from lemma 5.4. So we
only need to estimate v,,,.

We first claim that when n is large enough

Jn(0) < exp(Ly + 6/2)v,(X) (6.10)
for all x € Q.
Now observe that

logx < (6.11)

(R

for x > 0. We have

u, DPn U, <L0+5/3 U, t'——(5/6ﬁ<

p,log = — t’&
PRV T e yl/Pn T

<
v,  vi/Pn Vi oy, Vyu

for n large enough because

lim v}/Pn = 1,

n—o
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which follows from corollary 4.1. Hence,
Jn = expl(Ly + 6/2)v,].

Next we claim that {f,} is uniformly bounded in L'*%(Bg 2) for &, sufficiently small. Since
{v,,} is uniformly bounded in By ,(x;), we see from the previous claim that

j [l < j expl(1 + dp)(Lo + 0.56)v,]
Bg,/2 Bp,/2

< CE expl(1 + dp)(Lo + 0.58)v,,]
Bg,/2

<C g exp 4n(l + do)(Lo + 0.56)/(Lg + ) U1y _ c
BR1/2 sBRl/z(Xo)fn

with the aid of lemma 5.4 if we choose d, sufficiently small. So we have proved lemma 6.1.

Now take Bg,/4(xo). We conclude from the weak Hanack inequality [11, theorem 8.17]

|Ivn“L°"(BR1/4(x0)) = C[”vn”Lz(BRl/z(xo)) + ”fn”L“"sO(BRl,z(xo))] =C

Here the boundedness of {v,} in LZ(BRl ,2(x0)) follows from lemma 5.4.
The case where x, € Q is similar. We just use lemma 5.2 in place of lemma 5.4. B

LeEMMA 6.2, For any d > 0, x, € S; U Sy if and only if x, is d-irregular.

Proof. Let x, be a d-irregular point. Then by lemma 6.1, {v,} is bounded in L*(Bg, N Q) for
some R, . Hence, x, ¢ S; U Sx. Conversely, suppose x; is a d-irregular point. Then we have for
every R > 0

’}i_{l;lollvn”L”(BR(xo)ﬂﬂ) = 0.
Otherwise, there would be some R, > 0 and a subsequence, still denoted by {v,}, such that
01l =@repy nay < €
for some C independent of n. Then

M Pp—1
fn - v";n-lvgn < (p_) Cpn — 0

uniformly as n = o on Bg (xo) N Q. Here M is a uniform upper bound of u, obtained in
theorem 1.1. Then

2
€ < a(x,)

Ly + 26

Ju=

j‘ BRo(xo) n ﬁ

which implies that x, is a d-regular point. A contradiction. W
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Back to the measure u defined earlier in this section. Clearly, we have

E 2a(x0)

1> ul,UQ) =
! xeSusy Lo + 20

which in turn, if we let 6 — 0, implies the following proposition.

PROPOSITION 6.3.
Z alxy) < %Lo-

xo€ SfUSN

From this proposition, with the aid of proposition 2.2 and corollary 3.5, we obtain part 2
and part 3 of theorem 1.2.

Remark 6.4. We see that every peak P in Q is a blow-up point of v, = u,/v, because by
corollary 4.1 v, = 0 as p = oo.

7. FURTHER RESULTS AND EXAMPLES

In this section we shall focus on some special domains Q where the corresponding quantities
L, are indeed smaller than what we get in corollary 3.5. In these special cases, we can actually
prove that the solutions of (1.1) possess single-peaks on the Neumann boundary of Q. Let us
first formulate a general result.

THEOREM 7.1. Let (I}, €2) be a pair such that o, defined in (4.4), with respect to this pair is
strictly less than 1, i.e. yo < e/2. Then for every sequence {u, } of solutions on Q with the
Neumann boundary I, there is a subsequence, again denoted by {u,, }, such that the interior
blow-up set S; is empty and the I';-boundary blow-up set S, contains at most one point.

Proof. If we check the proof of lemma 6.1 carefully, we can see that we can use a refined
inequality

log x < log y
X Yy
if x = y < e instead of (6.11). Notice that since we assume o < 1,

lim sup ?/" <
7 oo vn Pn

Let

o lim sup, .. (1 + ap)p §q ub
0 2expl(1 + a)/2]

We still have, as proposition 6.3, with the aid of corollary 3.5,

Y alx) = 3L, <28 (7.1)

Xg€S;USN
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If S; # (7, then, with the aid of proposition 2.2, a(x,) = 27 for some x; € S;. If #Sy = 2, then,
with the aid of proposition 2.2 again, a(x;) + a(x,) = 28 for two different x; and x; in Sy. In
any case, we reach a contradiction to (7.1). W

Example 7.2. Let
Q={xeR:r<|x] <R}, T,={xeR%|xl=r] and T,={xeR*|x| =R

In this case the constant « with respect to (I, Q) is equal to = (see [4, example 3.3]) and the
constant B is clearly n. Hence, y, = 1 < e/2 and the condition of theorem 7.1 is satisfied.
Indeed, since the two boundaries has no intersection, passing to a subsequence if necessary,
Sn = {xo}.

Example 7.3. Let Q = Z(a, R), 0 = o < 7, and I} be the union of two sides of the sector.

In this case f = « (see [S]). hence, y, = 1 < e/2 and the condition of theorem 7.1 is again
satisfied.
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