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Abstract

In this paper, we study the existence of solutions for a critical elliptic problem for
polyharmonic operators. We prove the existence result in some general domain by
minimizing on some infinite-dimensional Finsler manifold for some suitable perturba-
tion of the critical nonlinearity when the dimension of domain is larger than critical
one. For the critical dimensions, we prove also the existence of solutions in domains
perforated with the small holes. Some unstable solutions are obtained at higher level
sets by Coron’s topological method, provided that the minimizing solution does not
exist,.
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1 Introduction

Let K € Nand Q ¢ RY(N > 2K + 1) be a smooth bounded domain in RY. We consider
the semilinear polyharmonic problem with homogeneous Dirichlet boundary condition

(—A)Eu = [ul*2u+ f(z,u) in Q (1)
u=Du=---=DK"1y=0 ondQ

where s := N%]; = denotes the critical Sobolev exponent for (—A)X and f(z,u) is a lower-

order perturbation of |u|*~2u (see the assumption (H2) below). The equation (1) is of
variational type: Solutions of (1) correspond to critical points of the energy functional

1 1 \
Ew) = slullkcon - [ Jul = [ Feaw). e)
Q Q
defined on the Hilbert space
HE(©Q) ={ve HX©Q)| Dv=0omoQ v 0<i<Kk}

which is endowed with the scalar product

(0,0)q = /Q((—A)Mu)((—A)Mv) if K =2M is even 5
T Q(V(fA)Mu)(V(—A)Mv) if K=2M +1 is odd
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u
and || - || k2,0 is the corresponding norm, F(z,u) := / f(x,t)dt is the primitive of f.
0

We assume that

(H1) f(z,u): QxR — Ris continuous and  sup |f(z,u)| < oo for every M > 0;
z€Q,|ul<M

(H2) f(z,u) = a(z)u + g(z,u) with a(z) € L=(Q) N C>®(Q), g(z,u) = o(u) as u — 0
uniformly in = and g(z,u) = o(|u|*"!) as u — oo uniformly in z.
From (H1) to (H2), it follows f(x,0) = 0 and that f is a lower-order perturbation of

u at infinite in the sense that lim f@,u)

|s—2
U—00 ‘u|3—1

|u = 0 uniformly in z € Q. Moreover, we

assume that f(x,u) satisfies

(H3) %(ac, w) is continuous on  x R;

(H4) |2 (2,u)] < C(1+ ul*~?), Vu € R uniformly in = €

(H5) fi(z,u) = f(a;’u) is non-decreasing in u > 0 and non-increasing in v < 0 for a.e.

r € Q.

For K =1, f(z,u) = Au and X € (0, 1) where \; is the first eigenvalue of —A for
Dirichlet boundary condition, the problem has a strong background from some variational
problems in geometry and physics, such as the Yamabe’s problem with lack of compactness.
This was considered by Brezis and Nirenberg for positive solutions in their pioneer work
in [5]. Then it has been studied extensively in the last three decades. We recall briefly
some results about the existence and multiplicity of sign-changing solutions to the problem
(1) for K = 1 and f(z,u) = Au. For any fixed A > 0, the first multiplicity result was
due to Cerami, Fortunato and Struwe [8]. They obtained the number of the solutions of
(1) is bounded below by the number of the eigenvalues of —A lying in the open interval
(A A+ S|Q2/N), where S is the best constant for the Sobolev embedding D2(RN) —
L*¥ (RN) (see the definition below) and |©2| denotes the Lebesgue measure of Q. Capozzi,
Fortunato and Palmieri in [7] established the existence of a nontrivial solution for A > 0
which is not an eigenvalue of —A when N > 4 and for any A > 0 when N > 5 (see also
[50]). In [11], Devillanova and Solimini proved that, if N > 7, then (1) has infinitely
many solutions for every A > 0. They proved also in [12] that, if N > 4 and A € (0, A1),
then there exist at least % + 1 pairs of nontrivial solutions. Clapp and Weth [9] has
extended this last result to all A > 0 with N > 4. In the same paper they also obtained
some extensions to critical biharmonic problems for N > 8. When the domain € is a ball
and N > 4, Fortunato and Jannelli [15] proved there are infinitely many sign-changing
solutions which are built using the symmetry of the domain Q. Schechter and Zou in [40]
showed the same result for any domain 2 when N > 7. In particular, if A > Ay, it has
and only has infinitely many sign-changing solutions except zero. Their work is based on
the estimates of Morse indices of nodal solutions.

Concerning the polyharmonic case, Pucci and Serrin in [37] has studied the problem
(1) for K = 2 and A > 0 when Q is a ball. They proved that it admits nontrivial
radial symmetric solutions for all A € (0, ;) if and only if N > 8. If N = 5,6,7, then



there exists A\, € (0,\1) such that the problem admits no nontrivial radial symmetric
solutions whenever A\ € (0,\,]. Here )\; is understood as the first eigenvalue of A? for
Dirichlet boundary conditions. This is the counterpart of the well known result of [5]
on the nonexistence for radial symmetric solutions for small A in dimension N = 3 and
K =1 (where A\, = A;/4). They called these dimensions as critical dimensions. They
conjectured that for general K > 1, the critical dimensions are 2K +1,---,4K — 1. The
conjecture is not completely solved for all K > 1. Grunau [24] defined later the notion
of weakly critical dimensions as the space dimensions for which a necessary condition for
the existence of a positive radial solution of (1) in By is A € (A\*, A1) for some A* > 0. He
proved that the conjecture is true in the weak sense. Gazzola, Grunau and Squassina [19]
proved nonexistence of positive radial symmetric solutions for Navier boundary condition
for small A > 0. They established also some existence results for A = 0. Their result
strongly depends on the geometry of domains. For biharmonic operators, Bartsch, Weth
and Willem in [3] and Ebobisse and Ahmedou in [13] have studied the problem (1) on
domains with nontrivial topology under Dirichlet boundary condition and Navier boundary
condition respectively. For related problems, we infer to [4], [14], [16], [17], [23], [25], [33]
and the references therein.

For general case K > 1, Ge has studied in [22] the same type of equation (1) for Navier
boundary condition when f(x,u) = Au with 0 < A < A; and A; the first eigenvalues of
(—A)X. He established the existence of positive solutions in some general domain under
the suitable assumptions. In particular unstable solutions in higher level set are obtained
by Coron’s topological method in domains perforated with the small holes.

The purpose of this paper is to continue the study of the semilinear polyharmonic
problem (1) to general K > 1 with Dirichlet boundary condition for general domains. Let
us denote the polyharmonic operator

L:=(-A)F —a(z)

and A\ () < X(R2) < -+- < Ay (2) < -+ the eigenvalues of £ under the homogeneous
Dirichlet boundary condition. It is well known that each eigenvalue A\;(£2), £ > 1, can be
described as the minimax value

vLv
A () = min_ max “<2 .
veHE Q) dimy= veV /U2

Q

It follows that Ar(€2) is a non-increasing functional on the domains, that is, if Qs C
Qq, then \g(Q2) > A(Q1). Moreover, from the unique continuation principle, we have
A(Q2) > A\ (Q) for any k > 1, provided §2; is connected (see [28, 36]). For the perforated
domain Q := Q5 \ Q2 with the smooth bounded domains Qo C €2, with the help of the
above description, we have

lim /\k(Ql \ Qg) = )\k(Ql),

where the limit is taken as the diameter of {29 goes to 0. To this aim, it suffices to consider
Q9 = B(z,€) balls with small radius € > 0 in the sequel.



Assume now A, () < 0 and A\,4+1(©2) > 0 for some n > 1. Under our assumptions, the
energy functional £ is not bounded from below. Thus, we could not use directly the min-
imization procedure. We split the tangent bundle into two parts: at any tangent space,
TuH({{ = Ty @& 15, where T is a finite vector space and 15 is infinite one. The second
differential d?£ is non-positive on T} and is definite positive on Th. First, we solve the
equation d€(u)|, = 0, which leads to consider an infinite dimensional Finsler manifold.
Then, we study the energy functional £ on such manifold in order to solve d€(u)|r, = 0.
In such way, we get a solution of the initial problem. Compared to the classic Lyapunov
reduction method, we follow the similar strategy, but inverse the procedure.

More precisely, let e;(x) be an eigenfunction associated to A,(€2) with |le;||k 20 =1
for any 1 < i < n. Define

M :={ve HEQ)\ {0} dEw)(w)=0, VYw e Span(v,eq,---,en)}.

We prove in Section 2 that under the hypothesis (H1) to (H5), M is then a complete C!
Finsler manifold and it will be a C*! Finsler manifold with additional assumptions (H6)
to (HT7) (see Section 2). This permits to consider the following minimization problem

= inf .
: vlen./\/lg(v)

We prove then k < %(SK(Q))% for any f satisfying (H1) to (H5), where we denote

Sl Iollicaq
verf @0} vl1Zs g

the best constant for the embedding H{ () — L*(€2). Here, as for K = 1, it is well known

2
that Sk (Q) is independent of Q and Sk (Q) = Sk(RY) :=  inf Il 2 (see
veHK RN} [[V]1 74 gy

[17, 21]). Therefore we denote it by Sk in the sequel. Our first result concerns the non
critical dimension case, i.e., we prove that if we have the strict inequality x < %(S K (Q))%,
then the infimum for x is achieved by some u € M which is a solution of (1). Such
situation is realized for example by either N > 4K and A,(2) < 0,A,11(©2) > 0 or
N > 2(v/2 + 1)K and \,(Q) < 0,X,11(22) > 0, see Proposition 2 below. Notice that
this existence result in Proposition 2 is similar to the main result of [16] of Gazzola.
The method we used is a reduction type method which is different from the method
used by Gazzola. This reduction method can be seen as an alternative approach to the
linking method (see [42]). The manifold M we defined here is a generalization of the
Nehari manifold [32], which is equivalent to the manifold defined in [35, 38, 44, 45]. They
employed a similar variational approach-reduction method, for existence of solutions to
the stationary Schodinger equation and some semilinear elliptic equations.

We have even an improvement under some suitable conditions on the eigenfunctions
when the dimension is less than 2(v/2 + 1)K. This is stated in Proposition 3 and in
Corollary 1. In particular, when K = 1 and N = 4, if A > Ay, with A; is a simple
eigenvalue, there are ground state solutions for (1). The existence result in such cases is
not new and is proved by Clapp and Weth in [9] even under some weaker assumptions on



the eigenvalues. However, the new part is that the solutions we obtained here are ground
state solutions.

For the critical dimension 2K < N < 4K, the existence of solutions to (1) is a deli-
cate issue. To our knowledge, there are few results on it, even for the case K = 1. The
reason is that the minimizing method fails, for example, for K = 1, when Q C R3 is a
ball and when f(x,u) = Au with 0 < A < %. It is well known that there are no positive
solutions. In Section 3, we study the existence of solutions for some perforated domains in
such critical dimensions. We analyze the concentration phenomenon when the minimizing
solutions do not exist. Then following Coron’s strategy of topological argument, we obtain
the existence of unstable critical points in higher level sets for domains perforated with
small holes. The approach of combining the variational method and Coron’s topological
strategy is new for the existence of non trivial solutions in the indefinite case.

In all this paper, C,C’ and ¢ denote generic positive constant independent of u, even
their value could be changed from one line to another one. We give also some nota-
tions here. The space D2(RY) (resp. D%(RY)) is the completion of C§°(RY) (resp.
Ce(RY)) for the norm |- [z (resp. |- [lcomy).

2 Study of the energy functional £ on M

We begin this section by studying some properties of the set M. Observe that v € M is
equivalent to say v # 0 and satisfying

h(®) = lolan = Il = [ oy =0

4
li(v) (v,ei)a — /Q [v|*2ve; — /Qf(x,v)ei =0, V1<i<n. @

Let us denote Vj) := Span(ey, - - -, €, ) the n—dimensional vector space spanned by eq, - - -, €.
We prove now the following proposition.

Proposition 1 Suppose (H1) to (H5) are satisfied. Then M is a complete C' Finsler
manifold. Furthermore, suppose that

(H6) %(:p,u) is continuous on Q x R and u — |ul*"2u is C? on R;
(H7) |25 f(z,u)| < O(lu] +1)*73, Yu € R uniformly in x € Q.
Then M is a complete CY' Finsler manifold.

Proof. The proof is divided into several steps.
Step 1. M is not empty.

By the assumptions (H1)-(H2), £ is a continuous functional on H (). Fixing v & Vj
and let V := Span(v,eq,---,e,). Clearly, for all w € V| we have

1 1 1 )
Ew) < g lulkan — 5 [ a@ye? == [ jul )



since it follows from (H2) and (H5) that W > 0and F(z,u) > La(z)u? for all u € R\{0}
and for a.e. © € 2. As V is a finite dimensional vector space, all the norms on it are

equivalent. In particular, the norms || - ||x20 and || - |1s(q) are equivalent on V. This
implies
lj = —o0.

On the other hand, again from (H2), we infer for any given £ > 0, there exists C' > 0 such
that for all u € R and for a.e. x €

1 C
glou) < elul + ClaP™, Flo,u) < Sla@) +2)u + —Jul’, 7)
so that for all w € V
1 1 1+C )
Ew) > Slwlizn ~ 5 [ (alw) +eu? = 5 [ e
Q S Q

Since v ¢ Vp, we can choose v’ € V N (Vp)* such that |[/|
taking a sufficiently small € > 0, we have

K20~ 3 Joa(@)(@)? > 0. By

1 1
Sl 20 - / S(a(@) +e)(W)? > e|lv'|[% 2.0 (8)
2 Q2
As a consequence, we obtain
sup £(w) > 0. 9)
weV

Together with (6), there exists © € V such that £(0) = maxyecy £(w) since V is a finite
dimensional vector space. Clearly, v € M.

Step 2. M is closed.

We define the map

L: HE®Q) — Rt
v = (lo(v), -, (V).

In view of the assumptions (H1)-(H2), L is continuous on H{(Q). Let (vx) C M be a
sequence in M such that vy — v in HE(Q). Then we get L(v) = 0. Now it suffices to
show v # 0. First, we note vy € Vj for all £k € N. Indeed, we have

lonlean = [ a(e)of = ol + [ o von, (10)

If we have vy € Vj for some k > 1, the term on the left hand is non-positive. But that
one on the right hand is non-negative. Thus, [vi||7 ) = 0 and the desired contradiction
v # 0 gives the result. Now, we claim there exists some positive number ¢ > 0 such that
|lvkllk,2,0 > c. We denote the orthogonal projection of vi on Vy by



and U,ﬁ its orthogonal complementary

vt =g — v,!.

As v € M, we obtain

— g\x, Vg
(vk,vﬂ)g—/ﬂa(ﬂc)vkvﬂ:/Q(|vk|s 24 (Uk ))vkv,‘l.
Together with (10), we have

ot ezn = [ a@@)? = (od* = [ a@)h)?)
= [+ 22 (2 — (o))

Vk

which implies

ot ez — [ o)t < [ (ul+ L2802 )

since
HUIIgIH%{,Q,Q - /Q CL(DU)(”U’LI)Q <0.

Gathering (5), (8) and (11), we get

2¢]v; |

eaa I = [ (a@) + (@) < (1+0) | (0’
< (14 Ol o 130y < €1+ Ol o7 a0

Finally, |lvg|/zs() = ¢ > 0 and the desired claim follows.
Step 3. dL(v) is surjective and its kernel splits for all v € M.

By (H3) and (H4), f(z,u)u and f(z,u) are C! on Q x R and

O(f (z,u)u)

3 (z,u)] < C(1+|ul*"), uniformly in z € Q and Vu € R. (12)
u

Therefore, L is C* on HI(Q) provided the assumptions (H1)-(H4) hold. A direct calcu-
lation leads to

dlo(v)(w) = 2(v, w)a —S/Q\vys—%w— /Q(f(x,v) +v8féf)’”))w, -

di(w) () = (w,e)o — (5= 1) [ ol 2wei = [ @) ey, i<i<n

We claim dL(v)|y, the restriction on V' of dL(v), is a bijective endomorphism from V' on
R™*1. As V and R™™! have the same dimension, it suffices to prove Ker(dL(v)|y) = {0}.



Let w € Ker(dL(v)|y) and write w = po+> 1 pie; where pi, pu; € R for each ¢. Combining
(4) and (13), we get

dio()(w) =~(s-2) | |v|s2vw—/(—f(x,v)+vaf(af;v))w:0,

Q
dl;(v)(w) :_/Q(_f(ar,v) af(%vsz)uvei— s—2) /\v[s_Q,uvei

v v
. (9f (z,v)
+(E] 1#]63761)9 - 5 -1 / ‘U’ 2612#]% /Q Z:ujej =0,
7j=1
(14)
for all 1 <7 <n. On the other hand, we have
pdly(v) (w) + Zuzdz
Together with (14), we infer
_ L of(x,v)
_ 9 s-2. 2 / 52 N2 /_f(x,v) ) 2
(5=2) [l P20 e+ [ (20 S
g 1’,1} n n n n
+/Q (1) )(Z,Uj@j)z_(ZNjemZMzez Q+/ Zﬂjej 220-
=1 j=1 = =1
We know from (H2) and (H5) that —f(IT’U) + 8f(z v) >, (x ) >0 and
(D wiejs ) miei)o —/ Z
j=1 i=1 j=1
Finally, we deduce
vw(z) =0, vZujej(x) =0 forae z€) (15)

and
n

(- miess Yo medn — [ a@)(3 ey = 0. (16)
j=1 i=1 Q j=1
Thus we have .
,sz :vw—vZujej =0
j=1
which yields ¢ = 0. Moreover, it follows from (16) that

Lw=0.

By the unique continuation principle, we have either w = 0 or w(z) # 0 for a.e. x € Q.
Indeed, we state first w is regular. All the derivatives of w vanish a.e. on the set {z €
Q;w(x) = 0} provided this set is not a negligible measurable set. Thus, w vanishes of
infinite order at such points. By the strong unique continuation principle [28], w vanishes.
Going back to (15), we have w = 0 and the desired claim follows. As a consequence, for
all v € M, dL(v) is surjective and H{ () = ker(dL(v)) ® V. M is thus a complete C*
Finsler manifold (see [27]). Furthermore, M is a complete C1:! Finsler manifold provided
(H6) and (H7) are satisfied. |



For any v € H(Q) \ Vo, we denote by
V= {tv+ Z,uiei\ for all t >0, p; € R},
i=1

the (n + 1)—dimensional half space spanned by v and {e;} for all 1 <i <n. We have the
following

Lemma 1 Under the assumptions (H1) to (H5), then there exists an unique vg € M such
that

MNOVT = {u}. (17)
Moreover we have
E(vg) = max E(w). (18)
weV+

Proof. Given v € HI(2) \ Vo, we define for any ¢+ > 0 the n—dimensional affine vector
space
Vi =tv+ V.

We divide the proof into several steps.

Step 1. For any t > 0 there exists an unique v(t) € Vi such that £(v(t)) = max&.

Vi

Moreover, {v(t),t > 0} is a C! curve in V.

From (H1) to (H4), it is known that &£ is C? on V. Thanks to (6), we have

lim &(w)= -0
we Vi, w—o0
Thus there exists some v(t) € V; such that £(v(t)) = maxyey, £(w). A direct calculation
leads to

e [ al@w? = [ (= el 2Ly

Q

d*E(v)(w, w) = ||w]

By (H5), we infer

Hence, d?£(v) < 0 on V;, that is, the functional & is strictly concave on V;. This yields the
uniqueness. We note {v(t),t > 0} = {w € V| d€(w)|y, = 0}. As the second variation
d’€ of £ is negative define on Vjp, it follows from the Implicit Function Theorem that
{v(t),t > 0} is a C! curve in V' which finishes the proof of step 1.

Step 2. For allw € MNV™, the restriction of € on VT has a strictly local mazimum
at w.



Recall V' := Span(v,ey,---,e,). Let v # 0 satisfying d€(v)|ly = 0 and w = pv +
Yoieq iei € V. As in the proof of Proposition 1, we have by (H2),

= —(s— ,Us—2w2_ ,Us—2 - ‘6'2
PO ww) = ~(5=2) [l = [l e
flav) | 0f(a,0 oz, <"
- [(FE 2 | 3 mes?

v v
n n n

+(Q_ mies, Y mieia — /Q a()(D_ nje;)”
j=1 i=1 J=1

which implies from (H1) to (H5)

d?E(v)(w,w) <0  provided w # 0.
Therefore, the desired claim follows.

Step 3. There exists an unique ty > 0 such that v(ty) € M. Moreover, d€(v(t))(v(t)) >
0 for any 0 < t <ty and d€(v(t))(v(t)) <O for any t > to.

With the same arguments as in the proof of Proposition 1, we have

sup E(w) > 0. (19)

weV+t

On the other hand, it follows from (5) that Vw € Vj
E(w) <0. (20)
In particular, we obtain

sup E(w) = sup E(w) =sup&(v(t)),
wev+ weVT >0

Wher@ is the closure of V. Combining (6), (19) and (20) and using the continuity of
& on VT, there exists some vg € M N VT such that

E(vg) = sup E(w).

weVt
We know
MﬂV+C{w€V+| d&(w)|y, =0} ={v(t)] t>0} (21)

so that there exists tp > 0 such that v(tg) = wvo. Set a(t) := E(v(t)) then o/(t) =
dE(v(t)) (v'(t)) = 20 gince o/(t) — v € Vp and dE(v(t))|y, = 0. We claim M N VH =
{v(t)] (t) = 0}. Obviously, M NV™T C {v(t)] o(t) = 0}. Conversely, for any v(t)
with o/(t) = 0, by the method of Lagrange multipliers, there exists u1,- -, uy, € R such

that d€(v(t))|v + Zuidli(v(t))h/ = 0. Hence, we have on Vj,

=1

Z wid*E(v(t)) (-, e;) = 0.
i=1

10



By virtue of the fact d>€(v)|y, < 0 for all v € V;, we infer y3 = -+ -y, = 0 which proves
the claim. Applying (6), we infer

lim a(t) = —o0,
t—+00

since

lim  inf = +too.
Jim | inf flwl|xz,0 = +oo

It follows from Step 2 that there exists only strictly local maximum points for a(t). Hence,
to is the only critical point of «a(t). Moreover, o/(t) > 0 for any 0 < ¢t < ¢y and o/(¢) < 0
for any t > tg. The lemma is proved. ]

Now let us consider the minimization problem

K= vgl/\fA E(v). (22)

We have then

Lemma 2 Under assumptions (H1) to (H5), there holds

SJ=

)< %(SK)z . (23)

Proof. Let B(zg, R) C Q for some xo €  and R > 0. We consider for some small number

v > 0 and for all € € (0,v), the function
((N—2F) /2

UG(CL‘) = CN,K (62 + ‘Cl’,' _ Q}O‘Q)(N_2K)/2,

where the constant Cy g independent of ¢ is chosen such that [ju||; . RN) = Hue”%(,Q,RN =

(S’K)% Let & € C3°(B(zo, R)) be a fixed cut-off function satisfying 0 < { <1land £ =1
on B(zg, R/2). Putting we := {ue € C§°(2) as in [5] and [25], we obtain as € — 0

lwellfe = (Sk)7K + O(N) and  |lw |} 00 = (Sk)7% +O(N2K).  (24)
It is clear that as ¢ — 0, we have

we — 0 weakly in HI (),
we — 0 weakly in L*(€2), strongly in L4(©2) (Vg < s) and a.e. in €.

Therefore, there holds
flz,w) — 0 strongly in L51(€). (25)
Indeed, for any M > 0, let

flz,u), it |u] <M
0

far () ‘:{ , it |u] > M.

11



From (H1) to (H2), it follows that ¥é > 0, there exists M > 0 such that
|far(@,u) — f(z,u)| < SJul*~!  for ae. 2 € Qand Vu € R.
Therefore, we have
s+ 1 far (2, we|

1@ w)ll, = <1 w) — farle, wll, =
< lhwellg= + | far(ar wo)

- = @
Ls-1°
Using Lesbegue’s theorem, we infer that V3 > 0

12 (2, we)ll s — 0.

Letting € — 0 in (26), we obtain

| = <25C.
Ls—1

lim sup || f(z, we)
e—0
Thus (25) is proved. Similarly, we have

lim [ F(z,we) = 0.

e—0 /O

Set eg = we. Clearly, eg, e, -, e, are linearly independent. Denote V¢ the n 4+ 1 dimen-
sional vector space spanned by eq, -, e, and let w. € V<N M. We claim

lim [|we — We|| k2.0 = 0.
e—0

For this purpose, fix some small number r > 0. For all (g, - - -, 7,) € R*" with Y"1 42 =
r2, with the same arguments as above, we have the following expansions:

n n
/QF(:L",wH-Z’%ei) = /QF(%Z’%G@')JFO(U’
1=0 i=1

n
lwe + Z'_Yiei”%(z,ﬁ = (1+ '70)2”%”%(,2,9 + |l Z’_Yz'eiH%(,Q,Q +o(1),
z:On z:nl
fluceSmed = ol [ ud+ [ 13 el o)
@ i=0 @ L]
where o(1) tends to 0 uniformly with respect to (7o, -+, 7). As a consequence, we infer
1

_ _ 1 _
E(we+ Xiodie) < 5(1+50) [wellfezn = 11+ Tol llwellie(o)

2

1, 1S s (27)
+5 20X (Q) = Sl 2 Feillie ) + (D),
i=1 i=1
since F(z,u) > fa(z)u® for a.e. z € (). Gathering (24) and (27), we deduce
E(we + Z%ei) < E(we) (28)

=0
provided e is sufficiently small. On the other hand, £(w¢) = sup,ecy« £(v). Hence, we have
We — we = 1o yie; with T' = (y0, -+, 7n) € R satisfying |T|? = Y7 ;72 < r?, that is,
the claim is proved. Now, applying (24) and (27), we infer

S

lim E(w,) = lim E(w,) = %(SKP .

e—0 e—0

This yields the desired result. ]
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Now we state our main result of this section.

Theorem 1 Suppose (H1) to (H5) and

k< %(SK)M (29)

are satisfied. Then there exists uw € M such that £(u) = k and u is a solution to (1).

Proof. The strategy of the proof is standard. Let (u;) C M be a minimizing sequence for
E. We prove first that (uy) is bounded and then we can extract a subsequence, if necessary,
which converges to some limit u. We prove then u # 0, u € M and wu is a minimizer for k.

Step 1. (uy) is a bounded sequence in HE(Q) .

Recall that (uy) satisfies (4) and

1 1, .
Sl an = i = [ Flem) =+ o(0) (30
so that % i )
s T, Uk )UL
ot + [ (P - Pw)) = x+ o). 31
Q

From (H5), for a.e z € Q and Yu € R, we have
1
F(:Eau) < if(xau)ua
which in turn (31) implies
s N
lurllze (@) < 7o +o(1). (32)
We infer from (H2) that for a.e x €  and Vu € R, we have also

2¢|ul®

F(z,u) < —a(z)u® + +C, (33)

thus o )
| F @) < = el + 5 [ty +.
Together with (30) and (32),
luelBea =Sl +2 [ Fau) + 26+ o(1)
< Okl + el o) + C + 26+ (1) < €

Hence Step 1 is proved.

Extracting a subsequence, there exists some u € H{ () such that

up — u  weakly in HI(Q),
up — u weakly in L*(Q), strongly in LI(Q2) (Vg < s) and a.e. on §2,

13



so that

li(u) =0 Vl<i<n. (34)
Setting v = up — u, we have
lulk oo = llvallican + lullfk 20 +o(1) (35)
lanllgoqy = Nulleon + 06050 + o(1).

Step 2. We have u # 0.

Suppose by contradiction that v = 0. As in the proof of Lemma 2, we have
flzu) > 0in L¥1(Q)  and  F(x,u) — 0 in L'(€). (36)

Combining (4), (30)) and (36), we deduce

N N
el = 5+ 00, urllican = Zm+o(1)

which yields

s—2

luelloe (N N\ .
e = | =K +0(1) < Sk for sufficiently large k.
(| | 5(Q) K

This contradiction gives u # 0. Consequently, we have u ¢ V) because of (34).
Step 3. We have u € M and E(u) = k.

We need to prove lp(u) = 0 to conclude that u € M and £(u) = k. So we should
exclude two cases: (i) lp(u) < 0 and (ii) lp(u) > 0. First we suppose that the case (i)
occurs. In this case there exists t € (0,1) such that u(t) € M because of the Step 3 of
Lemmal. Set vy := up —u as before and @y := tup + u(t) — tu = tvg + u(t). We define for

all w € HE(Q),
1 1
Encl) 1= 5wl n0 = [ ol

As v — 0 weakly in HE (), we obtain
E(uy) = Exo(tvg) + E(ult)) + o(1).

Suppose £(u(t)) > &, otherwise £(u(t)) = x and then we finish the proof. By Lemma 1
and the fact 4, — tup € V, we have

E(ug) < E(up) =k +o(1)

which implies o (tvr) < 0 for sufficiently large k. In particular, vy # 0. Consequently,
for sufficiently large k,

S S
ltvrllze ) > 5 l1tvel K20 > §SKHtUkH%S(Q) > Skcl[tolZs (37)

14



so that

w\z
.

[U8)
X

[0kl|Zs () > (SK)?
On the other hand, we have

==
=

[0kl s ) = llukls (@) = lulls @) +0(1) < 2ok = [[ullzs () + o(1), (39)

which contradicts (38) by using Lemma 2. Thus case (i) is impossible.
Now we treat the case (ii). By the same arguments in the Step 2, we have

/ s )y, = / flz,u)u+o(1) and / Fla, u) = / F(a,u) +o(1).  (40)
Q Q Q Q
Thus, according to (31) and (40), we have
. N N 1 .
lkllze @) = o0+ 5 /Q(F(xvu) = 5 f(@ wu) = Jluflzs ) + o(1). (41)
Similarly, we have
N N
okl 2.0 = ra ?/QF(%U (1- = / flz,u)u —Jul% o0 + o(1). (42)
Combining (40) and (42), we see that lp(u) > 0 implies for sufficiently large k
lvellZs ) > ||Uk||%<,2,Q'

Consequently, by the definition of Sk, we obtain |lvy||} . @ > (S K)% for sufficiently large
k. This is (38) and as before, we conclude that (ii) does not occur and thus u € M.
Moreover

E(up) = E(u) + Exc(vr) +0(1)  and  [lvrlls ) = llvellk 2.0 + o(1).

Thus K
E(u) = E(ux) — NHUI@H%{Q,Q +o(1).

Finally, we deduce ||vk||%{29 = 0(1) and therefore £(u) = k.
Step 4. u is a solution to (1).

In fact u is a critical point of £ on M. By the method of Lagrange multipliers, there
exists p, p11, -+, i € R such that

d€ (u) + pdlo(u) + Z pidli(u
We consider its restriction on V, this means
n
(,udlo(u) + Z uidli(u)> ly =0
i=1
since d€(u)|y = 0. On the other hand, we have seen from Proposition 1 that dL(u)|y is an

isomorphism from V on R"*!. Consequently, y = p3 = --- = p, = 0, that is, d€(u) =
Finally, u solves the problem (1) which finishes the proof. |
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The following propositions concern the linear perturbation problem for the non critical
dimensions case where the assumption (29) is justified. Some similar existence results
under various assumptions have been obtained by other approaches for example for the
polyharmonic operators in [16] and for harmonic and biharmonic operators in [9].

Proposition 2 We suppose f(x,u) = pu for some p > 0. Then (29) holds provided either
N > 4K and A\y(Q) < 0, \y41() > 0; or N > 2(v/2 + 1)K and M\ () < 0, \11(Q) > 0.

Proof. We keep the same notations as in the proof of Lemma 2. Direct calculations lead
to

lwel[-h = O(N=2) | = OV 292) and - lwe|7 > 1 (43)
for some positive constant ¢; > 0. Notice that when N = 4K, we have more precise

estimate
w72 = 1| logel.

On the other hand, we have for any i =1,---,n
(w676i>Q - /Qw€(_A)K€Z = O(€(N72K)/2).

We prove the lemma in two cases.
Case 1: N > 4K and A\, (Q2) <0, \,41(2) > 0.

Set K = min{2K, (N—2K)/2}. Asin Lemma 2, we write W, —we = Y1 vie; with T’ =
(Y0, ,n) € R™™1. We claim that T2 = 37 (72 < 2K |log e, provided e is sufficiently
small. We want to prove for all sufficiently small € and for all T' = (%9, -+, %,) € R**!
satisfying |T'|? = ?,0 72 = 2K log €|, (28) holds. As before, we have

[we + 3250 Yiei = (1430wl ke p.0 + | Sy Bieilk 2.0 + O(2F | log € 1/2),
(44)
and
e+ S Tieal 2y = (14 50) 2wl 2oy + 1| 0y Foeal 2 + O log e 2).
(45)
From the fact that function - — | - |* is convex on R, we have
n
lwe + 3 i0 Vi€ill s ) 2 /(1 +%0)*leol® +/ s(1+750)*eol* %e0 Y _ iei
& @ i=1 (46)
> / (1 +50)*Jeo|® + O(e*X | log e[ /).
Q
Gathering (44) to (46) and using (24), there holds
_ 1 _ 1 _
E(we+ Xiodie) < 51+ [welfzn - *ll + ’Yols\lweHi
[,
=5 (1+50)* [well T2 + 5 27 ) + 0O( QKUOgdl/Q)
< Slwden - *HweHLs 7 253 5)%
||weHL2(Q +5 Z%QA +0(*" [ log e|'/?).
i=1
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Here we use the facts 3(14¢)2 — 1(1+1¢)* < & — =242 provided ¢ small and |]wEH%2(Q) =

O(eX). Therefore we obtain (28) and the desired claim follows.
By (24) and (47), there exists some positive constant ¢ > 0 such that
K

E(e) < N(SK)%—ce2K|1oge|+0(e2f<|1oge|1/2)<%(5K)z ,

5=

provided e is sufficiently small since we have €25 > 2K |loge| for small € when N > 4K
and ||w[|2; > c1¢2K|loge| when N = 4K. This implies (29).

Case 2: N > 2(v/2+ 1)K and \,(Q) =0, \11(Q) > 0.

Assume A\, ;(2) =+ = X, (2) =0 and \,—;—1(Q2) < 0. Set B = By x By where

n—Il—1 _
Bl = {(5’07' o a’_)/n—l—l) € Rn_l‘ Z ’_)/12 < 62K‘ loge‘}

i=0
and
n 2A(N—2K)K
By =1 (Gntse++,9n) € RS0 32 < w0 [loge|= b .
i=n—I
We claim for all sufficiently small e there holds
n n
sup E(we + Y Fiei) < supE(we + Y Fiei)- (48)
9B i=0 B i=0

We write we + > i viei = (we + Z;‘z_ol_l miei) + (3, viei) := wy + we. We have
Lwy = (—A)ng — pwy =0,
so that
(we, w1 ) — ,u/wal = (wg,w2)q — u/w% = (e, w2)q — u/egwg =0. (49)
As a consequence, we deduce
Elwr +uz) = S lwnlkan — Sl - 5 [ w1+ wsl (50)

We want to prove the claim by two steps.

Step 1. There exists some ¢y > 0 independent of (%,_;,---,%,) such that for all
€ € (0,€0) and for all (§,,_;,--+,7n) € Ba there holds
n n
sup E(we + Z%ei) < E(we + Z Jiei)- (51)
(305 ¥n—1-1)€O0B1 i=0 i=n—1
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With the same arguments as in the Case 1 and by (49), we have for all (79, -+, ¥p—i—-1) €
0B

m _
0)*lleo + w2k 0.0 — 5(1 +90)°lleo + w2720
—1

H 2 _ 1
0~ §||w1||L2(Q) = 5(1
+

.Ml Q\

1" _
5 TN (Q) + O [log e]'/?)
=1
(52)
and
/|w1+w2|5_ /|wl+(1+’_Yo)102—70w2|S
n—I[—1
> S/( +’70) |60+w2‘s ( +’70 s 1/|60+w2|s 2(60+W2 Z ’ylel 70102)
=1

1 52 i
> [0 e+l + O |1ogel ).

(53

)
Here we use the facts |a + b5~ < 257 1(|a|*=1 + |b]*~!) for all a,b € R and (1 + 79)® >
1+ s% + %73 for small 5. Gathering (52) and (53), we obtain

n—I[—1 B
wﬁ—Z%el < E(we + Z Jiei) _|_, Z ﬁ +O(€2K|1Og6|1_1/28)

5) (54)

i=n—I

+o(lleo + w2l 2.0 o +unlfag — [ leo+ sl

S
— tleo -+ wallfa) 3 [ leo+wal").

1 o
+§70(|
From the inequality

lla+b* —la* = 6| < C(lallo]*"! + [bl|al*™), Va,beR

and for some constant C' > 0, we infer from (43)

[leo+wat = [feat = |

which implies by (24),

2K+(N 2K)K

N2k |log e|V/2%), (55)

< O(e

/|eo 4 wal* = (k)3 + oK), (56)

On the other hand, again by (24), we have
N _
lleo + w2l % a0 — Hlleo + w2172y = leollk 2.0 — el o) = (Sx)2% +O(F),  (57)

since Heo||%2(m = O(eX). Combining (54) to (57), we get finally

n n—Il—1
Ewe+ Y Fiei) < E(we+ Z Fiei) +f Z 58)
=0 i=n—I 58
2
=25 + O gtV
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This gives the desired result (51).

Step 2. There exists some €; > 0 independent of (79, --,9,—_;—1) such that for all
€ € (0,¢1) and for all (g, -+, 9n_1_1) € B, there holds

sup g(we + Zf_}'lez) < E(u)e) (59)
(Fn—157n)EOB2 i=0

Using (49), (55) and (58), we estimate

n 1 )
E(we + Y 7iei) < E(we) - 7(/ leo + wa|® — |eo|®) + O(e*] log e ' 1/2%)

2K+%“Og6’1/25+E2K“0g6‘1 1/28).

(60)

< £(w) -, [ lusl +0(”

As all the norms on the finite dimension vector space are equivalent, we have

/|w2|s > ¢ Z 2)s/2 (61)

which implies for all (3,_;,- -, 5n) € 0Ba,
- o _ 2K 1/2 e 1/2s | 2K 1-1/2s
E(wetY_ Aies) < E(we)—ceNF2K [ log el +O( R lloge\ +e° |log €] ).
i=0

Hence, we prove the desired result in Step 2 since A?fg( < 2K and ]\%\:ﬁ( < XN EQK +
(N—2K)K

~Niorc - ULherefore, claim (48) follows. Now we write W = we + > i vie; with I' =
(Y0, +7m) € By x Bsy. Using (60), we have

N—2K , (N—2K)K

w)+0( 5 +W‘loge‘l/25+62K|log6|l 1/25)
( ) 062K+O( W\loge\l/zs—i—ez[(\loge\l 1/25)
K)?

(S

provided e sufficiently small since N > 2(v/2 + 1)K implies 2K < &~ _22K + %{f? 122) We

finish the proof. [ |

E(we)

IN
2

VAN VAN
Z‘NZ\N
w\z w\z

Under more assumptions on the eigenfunctions, we have the following improved result.

Proposition 3 Under the same assumptions as in Proposition 2, we suppose A, () =
=M () =0, A\11(2) > 0 and A\y—1—1(2) < 0. Moreover, we assume

={ze® en(x)=-=eulz) =0} #0 (62)

Then (29) holds provided either N > 4K and K < 4; or N > 2(K —1+v2K? — 2K + 1)
and K > 5.
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Proof. We keep the same notations as in Proposition 2. We need only to consider
the case 4K < N < 2(1 + v2)K so that K = (N — 2K)/2. Let 29 € ¥y and o :=
min{2K /s, (K +2)/(s — 1)}. Set B’ = By x B} where Bj is defined as in the proof of
Proposition 2 and

n 2
Bé = {(F_yn—la"' 7’711) S RH—l‘ Z 5/7,2 < EQQHOge’s} :

i=n—I
Similar to (48), we claim for all sufficiently small e there holds
n n
sup & (w, + Z viei) < sup €(we + Z’%ei). (63)
9B’ i=0 B’ i=0
We write again w, + Y ;- Jie; = w1 + wa. To prove (63), we divide the proof in two steps

as before.

Step 1 With the same arguments as in Step 1 of the proof of Proposition 2, there
exists some € > 0 independent of (y;,—s,-+,%,) such that for all € € (0,€2) and for all
(-1, +9n) € B, (51) holds. In fact, we observe (s — 1)a > K and we infer thus

n B n - 1 n—I{—1 -
E(we + Z%ei) < E(we + Z yiei) + 3 Z 2N ()
i=0 =t i=1 (64)
— S (SK) T + O log e[ 1?),

which proves the desired claim in the step 1.

Step 2. There exists some e3 > 0 independent of (o, -, J,—;—1) such that for all
€ € (0,€3) and for all (g, -+, 9n_1_1) € B1, there holds

sup E(we + Z%ei) < E(we). (65)
(fvn—lv"'vﬁn)eaBé =0
First we have similarly,
n 1 —
E(we+_Fier) < E(wed) — —( / leo + wal® — leol®) + O( | log ¢'/?). (66)

i=0
We will estimate carefully the second term on the right side. Observe the basic inequality
lla+0]* —lal* = [b]° = slal*~2ab|] < C(lal|b]*~" + [b]*|a|*"?), Va,beR.

Using the facts

/!w -2 = O(e*K) when N > 4K
T ) O(e*K|loge|) when N = 4K

and min{(s — 1)a, K + a} > K, we obtain from (43)

‘/ o0 + wal® — |eo|® — [wal® — sleo|*~2eqws| = O(2K), (67)
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To handle [ |eg|s~2eqw2, we write
wy(x) = (Vwy (o), z — x0) + O(e*| log €| /* |z — x[?)

since wa(xp) = 0. Thus, we imply

/ leo|*2eqws = O((€N+2E)/2 4 (N=2K+0)/2) 100 (1%} when K > 1 (68)
and

/ |60’87260w2 = O((E(N+2)/2 + e(N+2)/2| log €|)e*| log 6\1/5) when K =1, (69)
by remarking (Vwa(x¢), 2 — z¢) is an odd function with respect to z — x¢ so that

/ |eg|s_260<Vw2(xo), x —xz) =0.
B(zo,R/2)

Recalling (61) and gathering (66) to (69), we have for all (¥,—;,--,7,) € 0B,

° E(we) — ces®|log e] + O(eE T2+ log e /¢ + €25 | log | 1/2) if K >1
& (we E i€i) < - : :
(w +Z_0'7 € ) { 5(11)5) _ CESa‘ loge\ + O(6K+2+a’ 10g€’(8+1)/3 + 62K‘ 10g6|1/2) K =1,

Hence, we prove the desired result in Step 2 since saw < min{K + 2+, 2K} for all K and
sa = 2K < K + 2+ a for K = 1. Therefore, the claim follows.

Now we write We = we + > i vie; with I' = (y0,--+,v) € B1 x Bj. Using (64), (67) to
(69), we have

et < | RO = lhuelf + O logel'/* + Kloge!/?) it K >1
€) = N 7% 7
(k)R — B30 + O(F 2 log | /s 4 K [log | /2) if K = 1.

When K < 3 and 4K < N < 2(1 ++v/2)K, we have a = 2K /s and 2K < min{K + 2 +
a,2K}. When K <4 and N = 4K, we have o = 2K /s = & K = K and 2K < K+2+a.
When K >4 and N > 2(K —1++v2K2 — 2K + 1), we have a = (K +2)/(s—1) and 2K <
min{K + 2 + «,2K}. Recall |we|?; > c1€* when N > 4K and [|wel|2, > c1€*|loge]
when N = 4K. In all above cases, there holds

() < 3 (Sx)
provided e sufficiently small. We finish the proof. [ |

Corollary 1 Under the same assumptions as in Proposition 2, suppose K =1, N > 4
and A\, (2) = 0 is a simple eigenvalue for some n > 2. Then, there exists some u € M a

solution to (1) satisfying €(u) < %(Sl)%

Proof. Clearly, for all n > 2, the eigenfunctions e,, change the sign. The desired result
follows directly from Proposition 3 and Theorem 1. [

21



Here we give the further heuristic discussions. We suppose the same assumptions as in
Proposition 2. When K =1 and N > 4, assume \,_1(£2) = A\, (©2) = 0 a double eigenvalue
and 0 is a regular value for e,_1 and e,. Let ; be a connected component of the set
{r € Q; ep_1(x) > 0}. From the Green’s formula, we have

/ Oen_1 0en—1 Oen
o0

en = en — —€n_1 = Aen_1ey — Aepen—1 =0

It follows from Maximum’s principle that 8651;1 > 0 a.e. on the boundary 0€2;. Thus,

there exists some point x € 99 \ 92 such that e, (z) = 0 since 9Q; \ 99 is not empty.
Therefore, the condition (62) is satisfied. For the general K, from the orthogonality
condition [, eje; = 0 for i # j, there exists at most one eigenfunction which keeps the
sign. As a consequence, we have some ground state solutions for the dimension less
than 2(v/2 + 1)K provided 0 is a simple eigenvalue. In [9], by some different approach,
the authors proved the existence of a solution under somewhat weaker assumptions. More
precisely, when K =1and N > 4or K =2 and N > 8§, if A is an eigenvalue of multiplicity
m < N + 2, then it has at least w pairs of nontrivial solutions. However, we do not
know whether these solutions are ground state ones or not. Comparing to their result,
Corollary 1 gives some more information about some found solutions, that is, there are
ground state solutions under appropriate assumptions on the eigenvalues.

3 Existence of solutions for some perforated domains

In this section, we analyze first the concentration phenomenon for the problem (1). For
this purpose, set

(—A)My)2  if K =2M
Kl(v) =
V(-A)YMy2  if K =2M + 1.

Similarly to Theorem 6 of [22], we have the following theorem and here we just give a
sketch of the proof.

Theorem 2 Suppose the assumptions (H1) to (H5) are satisfied. Moreover, suppose that

K

r = (SK)7K (70)

and
Ew) >k, YveM. (71)

Let (ur) C M be a minimizing sequence for k, that is, limp_oo E(ug) = k. Then there
exists o € Q such that

pi = Ca Fr(ug) dv — Sk dz, weakly in R(RM)

and
v i= Ca |ug|® dz — Sk d,, weakly in R(RY),

where R(RYN) denotes the space of non-negative Radon measures on RY with finite mass,
0z, denotes the Dirac measure concentrated at xo with mass equal to 1 and (o designates
the characteristic function of €.
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Proof. As in the proof of Theorem 1, we see that (uy) is bounded in H (). Extracting
a subsequence, there exists some u € HZ(Q) such that

up —u  weakly in HI (),
up — u  weakly in L°(€Q) and a.e. on €.

Moreover, for all 1 < j < n, we have [;(u) = 0. Furthermore, we have u = 0. Otherwise,
with the same arguments as in Theorem 1, we infer v € M and £(u) = k which contradicts

(71). Now the rest of proof is just a consequence of concentration compactness principle
(for details cf [29, 20, 22]). ]

In the following, we give some classification result. First we recall a basic fact for
non-existence result on the half space Rf . It can be stated as follows:

Lemma 3 Let u € DK’2(]Rf) be a weak positive solution of the problem
(—A) Ky = |ul*2u in RY
{u:Du:-~:DK_1u = 0 ondRY. (72
Then u = 0.

A stronger result have been obtained by Reichel and Weth in[39] very recently. Here
we give a proof based on the Pohozaev formula (see [30]).

Proof. It follows from the Pohozaev formula DXu = 0 on ORY (see the details cf [22]
for the Navier boundary conditions). Now, (—A)X~1((=A)u) = u® > 0 in RY verifying
Dirichlet boundary condition (—A)u = -+ = DX"2(=A)u = 0 on IRY. Thanks to the
Boggio’s result, we know the Green function for the operator (—A)®~! on the half space
with Dirichlet boundary condition is positive. Thus, (—A)u > 0 in RY. From Hopf’s
Maximum principle, % > 0 on 8RJX . This contradiction finishes the proof of Lemma. =

A similar problem in the whole space can be stated as follows:

Lemma 4 Let u € DX2(RYN) be a weak positive solution of the problem
(—A)YKu = |u[*"2u  in RV, (73)

Then there exists a constant A > 0 and a point xy € RY such that

2)\ N-—2K

2
=(— ) 74
This result has been proved by Wei-Xu (Theorem 1.3 in [49]).

Lemma 5 Let u € DEX2(RY) (resp. uw € DX(RY) ) be a weak sign changing solution of
the problem (72) (resp. (73)). Then

Enolu) > 25 (5) 5. (75)
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Proof. Our proof is an adaptation of Gazzola-Grunau-Squassina’s approach [19].
We consider the closed convex cone

Cr={veD*RY)| v>0ae inRY}
and its dual cone
Cr = {w € DF*RY) | (w,v)Rf <0 Yvecli}.
We claim that Co C —Cy. Given h € C§°(RY) N Cy, let v be the solution to the problem
(-A)fv=n in RY.

Again from the Boggio’s result, we have v > 0 since the Green function for the operator
(—A)X on the half space with Dirichlet boundary condition is positive. Consequently, for
all w € Cy, we have

_ CAVK
thw_/ﬂ%ﬁ( A)*vw (an)ngo-

This implies w < 0 a.e. in Rﬂ\r] . Hence the claim is proved. Using a result of Moreau [31],
for any u € DX2?(RY), there exists an unique pair (u1, u2) € C1 x C2 such that

u=1u; +us with (’LL1,’LL2)R£ = 0.

Now let u be a sign-changing solution of the problem (72). Then u; # 0 for all = 1,2.

From the above claim, we see u; > 0 and up < 0 so that |u(z)|*2u(z)u;(z) < |ui(x)|* for
i =1,2. Applying the Sobolev inequality for u; (i = 1,2), we obtain
K
Siclulte < Julld gy = (wwdey = [ (~8) < [ i)l = sl
+ +
so that N
[uill Zs (@) = (Sk)2%.
Consequently, using the fact [[ul]%. , v = [[ul|s, we infer
1<y +
K K
Euclt) = lul%nmy = el + 2l )
K 2K N
> =9 2, 70) > ——(Sk)2K.
> il + feole) 2 2ar (5)
Similarly, we have the same result for u € DX2(RYN). ]

Theorem 3 Assume (H1), (H2), (H5), (70) and (71) are satisfied. Let (uy) C H{ ()
be a (P.S.)p sequence such that

~N 2K N

Elu) = 8 € ((510)%, 20X (5 7%) (76)
d€(ug) — 0 in (HE(Q))*. (77)

Then (uy,) is precompact in HI ().
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Proof. The blow up analysis for (P.S.)s sequences is more or less standard. Its proof
follows from the P. Lions’ concentration compactness principle and it is close to one in
[22]. The only difference is that we need Lemma 6 to rule out sign changing bubbles. We
leave this part to interested readers. [

As a consequence, we have
Corollary 2 Under the assumptions (H1) to (H5), (70) and (71), assume moreover
(H8) en(2) < 0.

Let (uy) C M be a (P.S.)g sequence for & on M such that

Elu) = 6 € (3(Sk) 3, 20(51) %), (78)
18 ) g, )+ — 0. (79)

Then (uy) is precompact in M.

Proof. As in the proof of Theorem 1, (uy) is a bounded sequence in H{<(£2). On the
other hand, using (30), (31) and (H2), we infer that(u) is bounded from below by some
positive constant in H{< () and also in L*(f2). Set V¥ the n + 1 dimensional vector space
spanned by wug,eq,---,e,. If there is no confusion, we drop the index k. We claim there
exists some positive constant ¢ > 0 independent of %k such that Vk € N, Vw € H(f( (Q), we
can decompose

w = Wi + w2 (80)

where w; € VF and wy € Ty, M satisfying

ik 20 < cllw|k20, wz2( k2.0 < cllw|k20-

Set eg = uy and 6; = dl;(ug)(w) € R for all § = 0,-- -, n. Using (13) and the fact that (ug)
is a bounded sequence in HIf(9), the vector © = (6, ---,0,)T is bounded in R**! with
respect to k. Moreover, we can estimate

0] < cllwllk 2.0
Define (n + 1) x (n + 1) symmetric matrix M (k) = (mij)o<ij<n by
mij = d2E(uy) (e, e;).
We write

n
wi =Y Yie;
i=0

where 1); € R. Denote the vector ¥ = (¢g,---,%,)" € R, Again from (13), the
decomposition (80) is equivalent to solve

d?E (up) (w1, e;) = dl;(ug)(w) V0 <i<n,

25



that is, M (k)¥ = O. As in the proof of Lemma 1, the matrix is negative definite. Clearly,
the matrix M (k) is uniformly bounded. We show there exists ¢ > 0 independent of k such
that

M(k) < —cl

where I is the identity matrix. For this purpose, for any vector I'" = (o, - -, v,) € R*+1,
denote £ = Y i vie; we have

FTMET = a2 )
<~ [ = [l e

HE e Yoeda = [ al@) ()
j=1 i=1 j=1

§—2 -
i AR SR )
j=1

IN

Thus, the desired result follows. As a consequence, (¥ = (M (k))~'O); is a bounded
sequence. More precisely, we infer

w1l k2.0 < cllw| k20

Therefore,

w2l 2.0 < (|vlkzo+ [wilk20) <clwlkza,

that is, the claim is proved. Hence,
|dE (ug)(w)| = [dE(up)(w2)| < c[|dE (ur)| (1, M) Wl 2.0-

Thus, there holds
1€ (ure) e ()= < clldE ()l )+

so that
Jim (€ (up)[| (g7 () = O-
Finally, applying Theorem 3, we finish the proof. |

Now, we can prove the main result for domains with the small holes. Recall that
Q = Qp\ Q9 is a bounded domain satisfying Qs C B(0,¢) and € is fixed. To search
solutions of (1) in such 2, we minimize the energy functional £ on the Finsler manifold
M. We see that the concentration phenomenon occurs if £ can not reach the minimum.
In this case, we will employ Coron’s strategy to search unstable critical points in higher
level sets.

Theorem 4 Let Q be a bounded domain satisfying the above assumption. Assume (H1)

to (H7) hold. Then there exists n > 0 such that for all € < n, the problem (1) admits a
non trivial solution in 2.
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Proof. Thanks to Lemma 2, we have k < %(SK)% In the case kK < %(SK)%,

the desired result follows from Theorem 1. So we suppose k = %(S K)% If there exists
u € M such that £(u) = k, we finish the proof by Step 4 in the proof of Theorem 1.
Hence, we assume Vv € M there holds £(v) > k. From the properties of eigenvalues \;(2)
described in the previous sections, (H8) is always satisfied for the perforated domain 2,
provided e is sufficiently small. In fact, in case A\;(€21) # 0 for all i € N, it follows from
the continuity of X;(£2). In the case A\, (1) = -+ = Ay k(©1) = 0, we have A, (2) > 0.

We devide the proof into several steps.

Step 1. We choose a radially symmetric function ¢ € C§° (RY) such that 0 < ¢ <1,
¢ = 1 on the annulus {z € RY| 1/2 < |z| < 1} and ¢ = 0 outside the annulus {z €
RY| 1/4 < |z| < 2}. For any R > 1, define

e(Rx) if 0<|z|<1/R
or(z) =4 1 if 1/R<|z|<R
o(x/R) if |x| > R.

Denote the unit sphere SY¥=! = {z € RY| |z|=1}. Foro € S¥=1 0<t <1, we set

N-2K

1—1¢ 2

KmN
1—t)?2+ |z —to|? € HE(RT),

uf (z) = Cn i (

where the choice of Cy k is such that [|uf||3 , pv = Huins(RN) = (SK)% Let wf p(z) =
N-—2K

uf (z)pr(z) and wf g(z) = (4R)" 2 wf p(4Rx). Hence wyp € HE(B(0,1/2)\B(0,1/16R?)),
Vo € SN~1 and Vt € [0,1). Clearly,

1907 gl L@y = (W] gl s (m) (81)
190f rll i 2.xn = lwf gl K 2mN - (82)
A direct computation leads to VR > 1
[f g — uf [ gy < CQ— )N 2HRHN (83)
and
1907 g = uf |75 @y < CRTV (1= 1)V, (84)
Consequently
. - . - N
nggo ||U)ZR||§<,2,RN = Rh_fgo HWZRHSLs(RN) = (Sk)2x

uniformly for ¢ € [0,1) and 0 € SV~1. Set wy p € MNVect{e1(2),---,en(2),wy g} where
Q=01\Q B(0,1/2) C Q and Qs C B(0,1/16R?). Thanks to the Implicit Function
Theorem, the continuous map

wr: SN x[0,1) — HE(Q)
(Jat) = wZR
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yields a continuous map

wr: SNTIx[0,1) - M

(o,t) = Wy R
Recall Q; is fixed. Without loss of generality, we assume e,(2) < 0 and e,4+1(2) > 0. A
basic observation is that e;(Q) — €;(€) for all i =1,---,nin Cp2.(2 \ {0}) away from 0
and strongly in H{(Q) as R — +oo. For this purpose, we prolong e;(£2) by setting 0 in
Q1 \ Q and denote it by €;(2). We remark first from regularity theory of elliptic equation
that {&;(©2)} is bounded family in C°(Q; \ {0}) and is also bounded family in H{<(Q1).
Thus, the weak limit function v of €;(2) in Hé( (€21) solves some linear elliptic equation of
eigenvalue type in 1 \ {0}. As v € HE(Q1), {0} is a removable singularity point. Thus,
v is an eigenfunction in €;. On the other hand, it follows from the fact \;(©2) — X\;i(€1)
that ||e;(Q)||k2,0 = [|€i(Q)| k2.0 — ||v]|k 20, so that we have the strong convergence in
HE (). Moreover, the convergence in C2,(€2; \ {0}) comes from the compactness of this
family in such space. Furthermore, the orthogonality of {e;(2)} with respect to i gives
the the orthogonality of the limit eigenfunctions and the desired claim follows. We remark

that
1

1 1
Ew) < 3 lulfa0 = Slullie — 5 | al@®

In the following, we consider the simple case F/(z,u) = $a(z)u? (we can treat the general

case with the same argumens). Fix some small number r» > 0. As in the proof of Lemma
2, for all T = (v, -, 7n) € R with 31 ;72 < 72, we infer

n 1 N 1 N
sup E(wip+ > viei) < =(1+7)*(Sk)F — g|1 +70/°(Sk) 2K

t,0, — 2
(YD) 1=0 1 n 1 n (85)
+3 D A Ai() — S| D i€ )55y + o),
i=1 i=1
where o(1) is uniformly with respect to I' as R — oco. Consequently, we deduce
n n
sup &(wf g + Z’yiei) <&(wig) for Z%Q =72
t,0,02 i=0 i=0
provided R is sufficiently large. This implies
n
Wy p — Wy p = Z'yiei(Q) for some |I'| < 7,
i=0
so that K
. _ N
i, e £007n) = 3y (S
Hence, we can choose Ry > 0 such that for any R > Ry
2K
sup E(W ) < ——(Sk)2K . (86)
te[0,1), c€SN-1, Q,CB(0,1/16R2) ’ N
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Thus we can define a map
a: B(0,1) - M
(t,o) = W R,

Step 2. Set n:=1/16R% and fix Qs C B(0,7). From (81) to (84), we infer that

N

. _ . _ . N—
lim 19 gy I 20 = lim [[@f g, [[75() = (SK)2F uniformly for o € 5 !

which implies for any o € SV—!

S

. K
lim £(a(t, 0)) = +(5k)
Step 3. For any v € M, let

y(v) = /Qx\v(:c)|sdm e RV

denotes its center mass. We claim there exists 6 > 0 such that for any v € M satisfying
N ~
E(v) < K(Sk)2x + 0, we have

(v) € RN\ B(0, ea(Sk) 7% /2) (87)

where B(0,€2) C 2a. Otherwise, we can find a sequence (v,) C M satisfying

Jim () = (1%, (59)
Y(vp) € B(0, e2(Sx) 2K /2). (89)

Applying Theorem 2, there exists o € ) such that
N
Calvn(@)[*dr — (Sk)>K bz

Consequently,

Ywn) = (Sx)# 20 & B(0, e2( i) 3)
which contradicts (89). Thus, the desired claim yields. Choosing tg € [0,1) such that
Vo € SN~ and Vt € [tg, 1), we have E(a(t, o)) < %(S’K)% + 6, we set

B := min max E(f(t, o)),

f€H (t,0)e(0,to]x SN—1

where H is the set of any function homotopic to a on B(0,tp) with the fixed boundary
data, that is,

H={f| f:B(0,t)) — M is continuous, f|sp(0,) = @laB(0,,,) and f is homotopic to a}.

We see that Vf € H, yo f : B(0,tg) — RY is a contraction of the loop 7 o alaB(0te) C
RN\ B(0, eg(SK)%ﬁ). On the other hand, it follows from Steps 1 and 2

5=

}in%fy oa(t,o) = (Sk)?2 uniformly in o € SN71.
H

7
4R
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Thus, v o a[sp(0,4,) is a non-trivial loop in RN\ B(0, eg(SK)%/Z). Using (89), we obtain

s E(f(t0) 2 1 (SK)F +5,
(t,0)€B(0,t0)

which implies

B < sup  E(a(t,0)) < —(Sk)2K.
(t,0)eB(0,t0)

Recalling Theorem 1 and Corollary 2 and using the deformation lemma, we infer 5 is
a critical value. Finally, the problem (1) admits a non trivial critical point u such that
E(u) = B. |

Remark 1 The condition a € L (Q2) N C*°() could be weakened.

Remark 2 We can use the above strategy to treat also the problem with Navier boundary
conditions.

Acknowledgments. The authors would like to thank the referee for pointing out the
references [35, 38, 44] that the equivalent Nehari type manifolds are defined therein and
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