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ABSTRACT. We address the problem of the existence of finite energy solitary
waves for nonlinear Klein-Gordon or Schrédinger type equations
Au—u+ f(u) =0,

in RV, »w € H'(RV), where N > 2. Under natural conditions on the non-
linearity f, we prove the existence of infinitely many nonradial solutions in
any dimension N > 2. Our result complements earlier works of Bartsch and
Willem [1] (N =4 or N > 6) and Lorca-Ubilla [13] (N = 5) where solutions
invariant under the action of O(2) x O(N —2) are constructed. In contrast, the
solutions we construct are invariant under the action of Dy x O(N —2) where
Dy C O(2) denotes the dihedral group of rotations and reflexions leaving a
regular planar polygon with k sides invariant, for some integer k > 7, but they
are not invariant under the action of O(2) x O(N — 2).

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS
Nonlinear semilinear elliptic equations of the form
(1.1) Au—u+ f(u) =0,

in RV, u € H'(RY), arise in various models in physics, mathematical physics
and biology. In particular, the study of standing waves (or solitary waves) for the
nonlinear Klein-Gordon or Schrodinger equations reduces to (1.1). We refer to the
papers of Berestycki and Lions [3], [4], Bartsch and Willem [1] for further references
and motivations.

Obviously (1.1) is equivariant with respect to the action of the group of isometries
of RV, it is henceforth natural to ask whether all solutions of (1.1) are radially
symmetric. In that regard, the classical result of Gidas, Ni and Nirenberg [7]
asserts that all positive solutions of (1.1) are indeed radially symmetric. Therefore,
nonradial solutions, if they exist, are necessarily sign-changing solutions. When the
nonlinearity f is odd, Berestycki and Lions [3], [4] and Struwe [16] have obtained
the existence of infinitely many radially symmetric sign-changing solutions under
some (almost necessary) growth condition on f (we also refer to the work of Bartsch
and Willem [2], Conti, Merizzi and Terracini [5] for different approaches and weaker
assumptions on the nonlinearity f).
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Anillo ACT-125, Chile. The second author is partially supported by the ANR-08-BLANC-0335-01
grant. The research of the third author is supported by an Earmarked Grant from RGC of Hong
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The existence of nonradial sign-changing solutions was first proved by Bartsch
and Willem [1] in dimension N = 4 and N > 6. The key idea is to look for solutions
invariant under the action of O(2) x O(N —2) C O(N) to recover some compactness
property. Later on, this result was generalized by Lorca and Ubilla [13] to handle
the N = 5 dimensional case. The proofs of both results rely on variational methods
and the oddness of the nonlinearity f is needed. The question of the existence of
nonradial solutions remained open in dimensions N = 2, 3.

In this paper, we construct unbounded sequences of solutions of (1.1) in any
dimensions N > 2. The solutions we obtain are nonradial, have finite energy and
are invariant under the action of Dy x O(N — 2), for some given k > 7, where
Dy C O(2) is the dihedral group of rotations and reflections leaving a regular
polygon with k sides invariant. Moreover, these solutions are not invariant under
the action of O(2) x O(N — 2) and hence they are different from the solutions
constructed in [1] and [13].

We set

w4 1= max(u,0) and u_ = max(—u,0).
We will assume that the nonlinearity f can be decomposed as

fu) = fi(uy) = fa(u-),
where the functions f; : R — R are at least C1# for some pu € (0,1) and satisfy the
following conditions :

(H.1) For i =1,2, f;(0) = f,(0) =0.

(H.2) For i = 1,2, the equation
(12) Aw; —w; + f,(w,) =0,

has a unique positive (radially symmetric) solution w; which tends to 0
exponentially fast at infinity.

(H.3) For i = 1,2, the solution w; is nondegenerate, in the sense that
(1.3)  Ker (A 1+ (wi)) N L®(RY) = Span {8y, w;, . . ., Oapywi} -

A typical example of a nonlinearity f satisfying all the above assumptions is
given by the function

Flw) = (B = ey ult) = (P = cyu),

where ¢; > 0and 1 < ¢; < p; < % (we agree that % = +o0o when N =2). In
this case, the existence of w; is standard and follows from well known arguments in
the calculus of variation while the uniqueness follows from results of Kwong [10] and
Kwong and Zhang [11]. Concerning the nondegeneracy condition (which essentially
follows from the uniqueness of the solutions), we refer to Appendix C of [15].

For example, when p; = p» = p and ¢; = ¢o = 0, the nonlinearity is just given
by

flw) = luf ™ u.
The energy functional associated to (1.1) is given by
1

(1.4) E(u) := 2 /RN(|Vu|2 +u?) de — - F(u) dx,
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where u
F(u) ::/0 f(s)ds.

We will denote by &; the energy of the function w;. Namely

1

(1.5) & ;=_/ (|vw,~|2+w$)dx—/ F(w;) ds.
2 RN RN

Given the above notations and definitions, we can now state the main result of
this paper.

Theorem 1.1. Assume that the nonlinearity f satisfies the assumptions (H.1)-
(H.3) and that k > 7 is a fized integer. Then, there exist two sequences of integers,
(mi)i>o and (n;)i>0, tending to +oo, and (u;);>0, a sequence of nonradial sign-
changing solutions of (1.1), whose energy &(u;) is equal to

5(u,) =k ((m, + TL,) &1+ n; 52) + 0(1)

Moreover, the solutions u; are invariant under the action of Dy x O(N —2) but are
not invariant under the action of O(2) x O(N — 2).

Observe that we do not assume that the function f is odd, and hence, oddness of
the nonlinearity is not a necessary condition for the existence of nonradial solutions
of (1.1). The assumption (H.3) on the nonlinearity f reflects the techniques we
use : Instead of variational methods, we are going to use singular perturbation
techniques to prove Theorem 1.1. This might look rather counterintuitive since, in
most of singularly perturbed problems, a small parameter is needed (generally it
appears as a coefficient in front of the Laplacian or in front of the nonlinearity) in
order to ensure that an appropriate sequence of function constitute good enough
approximate solutions as the parameter tends to its limit value (generally equal to
0).

There is no such a small parameter in (1.1). Instead, we use the non compactness
of the space of finite energy solutions of (1.1) to build a discrete sequence of functions
which are as close as wanted from being solutions. The idea is to consider a regular
polygon with k sides and very large radius. Along each of the k rays joining the
origin to the vertices of the polygon, we arrange m copies of the entire positive
solution w; at distance £ > 1 from each other and, along each of the k sides of the
polygon, we arrange alternatively n copies of the entire positive solution w; with
n copies of the entire negative solution —wy at distance £ > 1 from each other.
As ¢ and £ tend to infinity (and hence the radius of the regular polygon tends to
infinity), the corresponding function is close (in a sense to be made precise) to be
a solution of (1.1). We will adjust the discrete parameters m,n and the continuous
parameters £ and ¢ which determine the location of the points where the solutions
w; and —wsy are centered, so that some global equilibrium is achieved and this
will imply that the approximate solution can be perturbed into a genuine solution
of (1.1). A similar idea has already been used by Wei and Yan in [17] where
infinitely many positive bound states for a class of nonlinear Schrodinger equations
are constructed. But, in our case, the intuition for our construction certainly comes
from a similar construction which has been obtained by Kapouleas in the context
of compact constant mean curvature surfaces of Euclidean 3-space [9]. We shall
briefly discuss this at the end of this section.

It turns out that the sequences of integers (m;);>o and (n;);>0, which appear
in the statement of Theorem 1.1, are not arbitrary and in fact they are related by
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some nonlinear equation. To explain this, we need to introduce what we call the
interaction function ¥;_,; which is defined for all s € R by

(1.6) Wi i(s) == — /RN wi(x — se)div (fj(w;(z)) e) dz,

where e € RY is any unit vector and i,j € {1,2}. It is easy to check that this
definition is independent of the choice of e and hence, that it only depends on
s > 0. Indeed, if R € O(n), using the fact that wy; and w» are radially symmetric,
we can write

[ wita—se)div (@) o) da = [ wi(B(e = se))div (fy(w; (Ro) ) da,

RN

and, performing a change of variables, we conclude that

/ wi(x — s e) div (f; (1w, (z)) ) dz = / wi(w — 5 Re)div (f;(w; () R &) da,
RN RN
for all R € O(n).

With this notation at hand, the sequences of integers m; and n;, which appear
in the statement of Theorem 1.1, are related by

(2 sin %) mil; =2n; l; — 0},

where the real numbers ¢;, Zi, Z; > 0 have to be large enough and chosen to satisfy
(1.7

‘I’l_,]_(ei) = (2 sin %) lI'2—>1(Zi)7 and lIll_,]_(gl) = (2 sin %) lIll_,l (Z;)

We shall further comment on the solvability of this system of equations at the end
of this section.

Finally, let us mention that Malchiodi [14] has recently constructed positive
(infinite energy) solutions of (1.1) by perturbing a configuration of infinitely many
copies of the positive solution w; arranged along three rays meeting at a common
point. The solutions he has constructed are bounded but they have infinite energy.
Our key observation is that solutions with finite energy can be obtained using
similar ideas provided one considers sign-changing solutions and this is precisely
the contribution of our paper. Let us also mention that positive solutions of (1.1)
with unbounded energy have also been constructed by del Pino, Kowalczyk, Pacard
and Wei in [6] again using ideas which steam from similar construction in the theory
of non compact constant mean curvature surfaces of Euclidean 3-space.

The proof of the main result is rather technical and, in order to help allay the
complexity of the notations and present the main ideas as clearly as possible, we
will prove Theorem 1.1 in the case where the nonlinearity is given by

fl) = lul" " u.

Mutatis mutandis, the proof goes through for any nonlinearity satisfying (H.1)-
(H.3). Therefore, from now on, we will be interested in solutions of

(1.8) Au—u+ uf~tu=0,

in RV, which tend to 0 as |z| tends to co. We will assume that the exponent p
satisfies 1 < p < % when N > 3 and 1 < p < +00 when N = 2. Observe that
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equation (1.8) is the Euler-Lagrange equation of the functional defined by

1 1
1. = 4 u?) do— —— PHg
(19) e@i=g [ (VuP+u?) do=— [ jurtias,
and let us recall that there exists a unique radially symmetric (in fact radially
decreasing) positive solution of

Aw —w+wP =0,

in RV, which tends to 0 as |z| tends to co. Moreover, all positive solutions of
(1.8), which tend to 0 at oo, are translates of w. The function w together with its
translations will constitute the building blocks of our construction.

As far as the asymptotic behavior of w at infinity is concerned, it is known that
there exists a constant ¢y, > 0, only depending on N and p, such that

!

(1.10) lim "7 w = enp >0, and lim = = -1,
T—00 T—00 W

where we have set r := |z|. Of importance to us will be the interaction function ¥
defined by

(1.11) T(s) = —/ w(- — s &) div(w” ) de,
RN
where e € RV is any unit vector. It is known (see Lemma 5.1) that

U(s) =Cnpe? s~ (1+0(s71) as s— o0,

where the constant C,, > 0 only depends on NV and p. Similar estimates hold for
the derivatives of ¥ and in particular, we have

N-1
(1.12) —(log ¥)'(s) =1+ 55 T O(s7%) as s— 0.
s
Finally, the solution w is nondegenerate in the sense defined in (1.3) (we refer the
reader to [15] for a proof of this fact).
Recall that being nondegenerate is equivalent to the fact that the L°°-kernel of
the operator

(1.13) Lo:=A—-1+puwr !,
which is nothing but the linearized operator about w, is spanned by the functions
(1.14) Oz, W, ..., Op W,

which naturally belong to this space. This nondegeneracy property will be crucial
in our construction.

As already mentioned, the solutions we construct are invariant under a large
group of symmetries. More precisely, they will enjoy the following invariance :

(1.15) u(z) =u(Rz), forall Re {I}xO(N —2),

also

(1.16) u(Rpz) =u(r) and u(Tz)=u(x),

where R, € O(2) x {Iy_»} is the rotation of angle 2% in the (z1,3)-plane and

'€ O(2) x {In_2} is the symmetry with respect to the hyperplane x5 = 0. Here
I,, denotes the identity in R™.

The solutions of (1.8) we construct are small perturbations of the sum of copies
of +w, centered at carefully chosen points in R? x {0} C RY. Let us now give a
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precise description of these points. We fix an integer k > 7, which will define the
dihedral group we are working with, and we assume that we are given m,n two
positive integers and £, £ two positive real numbers related by

(1.17) (2sin %) ml=(2n—1)7L

The canonical basis of RV will be denoted by
e;:=(1,0,...,0), e2:=(0,1,0,...,0) ... en:=(0,...,0,1).

We consider the inner polygon which is the regular polygon in R? x {0} C RV
whose vertices are given by the orbit of the point

(1.18) i = e; €RY,

2sin ¢
under the action of the group generated by Rj. By construction, the edges of this
polygon have length £.

We now define the outer polygon which is a regular polygon whose vertices are
the orbit of the point

(1.19) Um+1 :=Y1 +mfley,
under the group generated by Rj. Observe that, the distance from ¢,,+1 to the

origin is given by m £+ Tsn T and, thanks to (1.17), the edges of the outer polygon

have length 2n £.

By construction, the distance between the points g1 and ¢,,+1 is equal to m#£
and we will denote by g;, for j = 2,...,m the points evenly distributed on the
segment between these two points. Namely

(120) :ljj ::§1+(j—1)£el for j=2,....,m

2 sin T

As already mentioned, the edges of the outer polygon have length 2_nt7 and
hence, the distance between the points ¢,,+1 and Ry ¢m+1 is equal to 2n f. Again

we distribute evenly points 2z, h = 1,...,2n—1, along this segment. More precisely,
if we define

m 7r
(1.21) t:= —sin peLteos e € RY,

then the points 2, are given by
(1.22) 2h = Uma1 +het for h=1,....2n—1.
Observe that, by construction

Ry Ymi1 = Yma1 +2nlt.

Remark 1.1. In the general case, namely when the nonlinearity is not odd and
hence w1 # w2, some changes are needed in the definitions of the inner and outer
polygons. In the construction of the inner polygon, £ used in (1.18) has to be replaced
by £ which is defined in terms of £ by the second equation in (1.7) and £ which is
used to define the outer polygon is defined by the first equation. Finally, (1.17)
which relates £, £ and ', has to be replaced by

(ZSin%) ml=2nl—1.
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The solutions we construct will be perturbations of the function U which is the

sum of positive copies of w centered at the points g;, for j = 1,...,m+ 1, together
with their images by the rotations Ri = Ry o...o Ry (composition of Ry, i times),
fori=1,...,k—1, and copies of (—1)* w (hence with alternating sign) centered
at the points zp, for h =1,...,2n — 1, together with their images by the rotations
R, fori=1,...,k — 1. To be more specific, we define

o k=l fm 2n—1
(1.23) Uw=> [ > w-Rig)+ Y (-1)"w(- — R}, )

i=0 \ j=1 h=1

So far, the approximate solution U depends on two discrete parameters (the
integers m and n) and two continuous parameters (the positive reals £ and £) which
are related by (1.17). It should be clear from the construction that the function U
we have constructed is invariant under the action of Dy, x O(N —2). Moreover, (1.17)
is just a translation of the fact that the length of the rays and the length of the
edges of the outer regular polygon are related. The construction of the approximate
solution U also depends on the parameter ¥ which defines the dihedral group under
the action of which our solution will be invariant. The constraint & > 7 has a
purely geometric origin, roughly speaking, we need § — 7, which is the angle at
Um+1 between the edge of the outer regular polygon and the ray joining this vertex
to the origin, to be larger than 7. Hence

T T

5 %3
In turn, this last condition steams from the maximal number of non overlapping
disks of radius 1 which are tangent to a given disc of radius 1 in the plane. As we
will see

(=1(+0(1).
Now, let us analyze more carefully the situation at the point ¢,,+1. When k < 6,
the angle 5 — 7 < 5 and hence the copies of w centered at the points %, and %
interact too much to consider that U is a good approximate solution to our problem,
this is just a consequence of the fact that the distance between 7, and z; can be

estimated by
T

2/ sin (% - ﬂ) <L+ 0(1),

when £ tends to infinity. Therefore, when assuming that k¥ > 7, we ask that the
closest neighbors of the point ¥, are ¥,+1, 21 and R,;l Zon—1. Similarly, we ask
that the closest neighbors of the point z; are ¢,,4+1 and z».

We now assume that the integer k > 7 is fixed, that m, n are two positive integers
and £,  are two positive real numbers satisfying (1.17). We now further assume that
¢ and £ are related by

(1.24) T(l) = (2 sin %) (D),

where ¥ is the function defined in (1.11). The origin of this second constraint on
the choice of the parameters is not obvious at all. It can either be understood as
a balancing condition which is a consequence of a conservation law for solutions
of (1.8) (corresponding to the well known balancing formula in the framework of
constant mean curvature surfaces) or it can be understood as a condition which will
ensure that the approximate solution we consider is, in a sense to be made precise,
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very close to a genuine solution of (1.8) (we refer to §5 where this second equation
will arise and to the Appendix, where some formal justification of this constraint
will be given).

Then, Theorem 1.1 is a direct consequence of the following result :

Theorem 1.2. Assume that the integer k > 7 and the real number A > 0 are fized.
There exists a positive constant Lo > 0 such that, for all £ > £y, if £ is the solution

of

(1.25) () = (2 sin %) (D),
if n,m are positive integers satisfying
. T _ _ >
(1.26) (2 sin E) ml=(2n—1)7,
and if
m < 04,

then (1.8) has a sign changing solution u which satisfies the symmetry conditions
given in (1.15) and (1.16). Moreover

(1.27) u="U +o(1),

where o(1) = 0 uniformly in RN as £ — oo, and the energy of u is finite and can
be expanded as

(1.28) E(w) =k (m+2n) & (w)+o(1),
where o(1) = 0 as £ — oo.

Remark 1.2. The condition m < £* is purely technical and is a drawback of our
proof. In fact, going carefully through the last arguments of the proof, it is clear
that this condition can already be weakened to handle the cases where

m < el

for some fired A > 0, chosen small enough. What is more, we are convinced that
this condition can be completely removed by choosing different weighted norms on
the spaces of functions we are considering (see [8] and [9]). Since this would enlarge
considerably the size of the paper, we have chosen not to follow this route.

Observe that, once £ is fixed large enough, the constant £ is given uniquely by
(1.25). Therefore, the existence of solutions of (1.8) depends on our ability to solve
(1.26) for some integers m,n. Indeed, it follows from (1.25) that £ is implicitly
given as a function of £ (provided this later is large enough) and that it can be
expanded, in powers of £, as

(1.29) {=(+hn (2 sin %) +Oo@Yy,
as £ tends to co. Inserting this information back into (1.26), we find using Lemma 5.1,
that (1.26) reduces to
2n -1
m

We are now in a position to give examples of such solutions. Certainly, for any
integer m > 1, one can choose n € N such that

(1.30)

- ZSin% (1 I (2 sin %) " O(E*z)) .

(1.31) 1§2n—1—(2 sin%) m<3.
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Then, provided m is chosen large enough, there will exist a unique £ > ¢y satisfying
(1.26) and (1.31), together with (1.30), implies that there exist positive constants
C1 < Oy such that

Theorem 1.2 then ensures the existence of solutions of (1.8) for each such a choice
of the integer m.

To complete the description of our construction, let us briefly comment on the
relation between this result and the corresponding construction for constant mean
curvature surfaces in Euclidean 3-space. As already mentioned, the construction in
the present paper follows very closely a similar construction of compact constant
mean curvature surfaces given in [9]. In this framework one tries to construct com-
pact constant mean curvature surfaces in Euclidean 3-space by connecting together
spheres of radius 1 which are tangent. In the initial configuration, the center of
the spheres can be arranged along the edges of a very large regular polygon and
also along the rays joining the center to the vertices of the polygon. It is proven
in [9] that a perturbation argument can be applied and, as a result, a compact
constant mean curvature surface is obtained (provided the size of the polygon is
large enough). This surface can be constructed in such a way that the pieces which
are close to the rays joining the origin to the vertices are embedded and close to
embedded constant mean curvature surfaces which are known as unduloids, while
the pieces which are close to the edges of the regular polygon are immersed constant
mean surfaces which are close to nodoids (in our framework, this corresponds to
the fact that we arrange solutions with the same sign along the rays joining the
origin to the vertices of the polygon and solutions with alternative sign along the
edges of the polygon). A similar construction has also been obtained by Jleli and
Pacard in [8].

Remark 1.3. For the sake of simplicity, we have chosen to present the proof of the
existence of solutions which are invariant under the action of a rather large group of
symmetry. However, a more general construction (i.e. leading to solutions of (1.8)
having less symmetry) can be obtained as is the case for constant mean curvature
surfaces [9], we shall address this problem in a forthcoming paper.

In the next section, we describe more carefully the solution predicted in the
above Theorem and we give an overview of the proof and of the plan of the paper.

Acknowledgments : The authors would like to thank the referees for valuable
comments which help improving some of the arguments of the paper.

2. ANSATZ AND SKETCH OF THE PROOF

We construct a finite dimensional family of approximate solutions of (1.8) which
are close to U and depend on 2n + m parameters which we now define. These
approximate solutions are in fact equal to U when all the parameters are set to 0.
This time, instead of centering the copies of +w at the points g;, 25 as well as at
their images by the rotations R{, for i = 1,...,k — 1, we center the copies of +w
at points which are small perturbations of the points g;, 2,. To make this precise,
we define

(2.1) yi=yj+aje, for j=1,...,m+1,
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and
(2.2) 2 =i+ PBpt +Lypn, for h=1,...,2n—1,
where £ has been defined in (1.24), t has been defined in (1.21) and

™ . T
n:= CoS — ej + SIn — es.

k k
Observe that, since we assume that our construction is invariant under the dihedral
group of symmetry generated by I' and Ry, (see (1.16)), the points z, and z2,—p
are related by
Zon—h = Ry (T z3),

for all h = 1,...,n. In other words, if we rotate by the rotation Rj the point
obtained by reflecting z;, with respect to the plane zy = 0 we get zs,_p. Since
R;(T't) = —t and Ry(I'n) = n, this implies that we necessarily have

(23) /Bh = _ﬂZn—h and Yh = Y2n—h>

for h =1,...,n and in particular 8,, = 0. We thus conclude that there are only
2n + m free parameters.

We will assume that the parameters which appear in the definition of both y;
and zp satisfy

laj] < 1, for j=1,....m+1
(2.4) IBn] < 1, for h=1,...,n—-1
Llyy| <1, for h=1,...,n

In these inequalities, the constant 1 is arbitrary and can be replaced by any positive
constant.
The set of points where the copies of w will be centered is now given by
k—1
25) =] ({Riy; :j=1,...,m+1}U{Rjzn : h=1,...,2n—1}),
i=0

and we now look for a solution of (1.8) of the form u = U + ¢, where

k=1 [m+1 2n—1
(2.6) =) | Yo wle = Riy) + Y (-1 w(z - Riz)
=0 j=1 h=1

Observe that, by construction, the function U satisfies the symmetry assumption
(1.15) and (1.16). We define

(2.7) L:=A-1+p|UP,
k—1 m+1 2n—1 .

(28) E:=UpP'U-) Z wP(- = Ryy;) + > (=1)"wP(- = Ry zp) |,
= j= h=1

and

(2.9) Q(¢) =|U+¢|P""(U+¢) — |UP~'U - p|UP" ¢.

Observe that both E and () depend implicitly on the parameters o, 35 and 7y, even
though this is not apparent in the notations. With these notations, the solvability of
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(1.8) reduces to find parameters o, B, and 7y, and a function ¢ which are solutions
of the nonlinear problem

(2.10) L¢p+E+Q(¢) =0
in RV such that ¢ tends to 0 as |z| tends to oco.

Remark 2.1. We will solve (2.10) in the class of functions ¢ satisfying (1.15)
and (1.16). Therefore, from now on, we always assume that all the functions we
consider satisfy (1.15) and (1.16) without further mentioning it.

In order to solve this highly nonlinear problem, we apply a Liapunov-Schmidt
type reduction argument : first, we solve a projected problem which allows one to
reduce the solvability of (2.10) to the solvability of some finite dimensional nonlinear
system (called the reduced problem), then, in a second step, we will explain how
to solve the reduced problem.

To proceed, we assume that the real numbers £, £ are chosen so that (1.24) holds
and that integers n and m satisfy (1.17). We consider a cut off function x € C*(R)
such that

x(s) = 1 for s< -1,
(2.11) {

x(s) = 0 for s>0.

We fix a constant ¢ > 0 (independent of £ and the choice of the parameters a;, 35
and v, satisfying the constraints (2.4)) so that the balls of radius %, centered at
different points of II are mutually disjoint, for all £ large enough. This is possible
thanks to (1.29) and our geometric assumption (namely k > 7) which implies that
the minimum distance between two different points of IT is bounded from below
by £ — (o for some constant (o > 0 independent of £ large enough (say £ > £p).
Observe that, when k < 6 the distance between y,, and z; can be evaluated by
2 sin(§ — 95) £+ O(1), as £ tends to oo and therefore a proper choice of ¢ would not
have been possible in this case since 2 sin(§ — J-) < 1. We define the compactly
supported vector field

(2.12) E(z) = x2|z] — £+ ¢) Vw(z).
Observe that, by construction (in fact given the choice of (), we have, for all y, z € II
(213) | (e 26— (e B~ 2 =0,

ifi£jorify#z.
It will be convenient to define the function

k—1 m+1 ) 2n—1 )
Q14) Mled =3 | 3 Fiey S0 Riyy)+ 3 Ridy- = Rim) |
i=0 \ j=1

as well as the operator

(2.15) L(g,e,d) := L+ M(c,d),
where ¢ is a function defined on RV, the (m + 1)-tuple
¢:=(c1,---,Cmp1) € (Rep)™H,

and the (2n — 1)-tuple
d:=(dy,...,don—1) € (Rer & ]Re2)2n71'
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Observe that, given the symmetries we impose to all the functions we deal with (see
Remark 2.1), the function M (¢, d) has to be invariant under the action of both Ry,
and I' and this implies that, for h = 1,...,n, the vectors d; and ds,_p are related
by

don—h = Ry (T dp),

and hence ds,_p can be expressed in terms of dy, as
don—p =—(dp -t)t + (dp -n)n.
In the next section, we will define suitable function spaces in which the equation
(2.16) L(p,e,d) = h,

in RV, admits a solution which tends to 0 as |z| tends to co and which satisfies the
orthogonality condition

(217) ¢e1 - E( - yj) dx = 0,
RN

forj=1,...,m+1, and

(2.18) d)ei . E( — Zh) dr = 0,
RN

for h =1,...,n and i = 1,2. Again, given the symmetries we impose to all the
functions we deal with (see Remark 2.1), a function ¢ satisfies (2.17) and (2.18) if
and only if it satisfies

(2.19) /RN(ﬁei-E(-—y) dz =0,

foralli=1,...,N and all y € II.
In order to study the operator £, the key idea is that the linear operator L is
close to be the sum of many copies of

Lo=A—-1+pwP?,

centered at the points of IT and we take advantage from the fact that the invertibility
of Ly is well understood.

Once the linear theory is understood, we will consider the following nonlinear
projected problem : given the points y; and 2, defined in (2.1), (2.2) and satisfying
(2.4), find a function ¢, satisfying the symmetry assumptions (1.15), (1.16), the
orthogonality conditions (2.17) and (2.18) and tending to 0 as |z| tends to oo and
find vectors c;, dp such that

(2.20) L(¢,¢,d) + E+Q(¢) =0,

in RV,

In the next sections, we show unique solvability of (2.20) by means of a fixed
point argument and we prove that the solution ¢ depends continuously (and in fact,
with more work one can prove that the solution ¢ depends smoothly on the points
y; and zp). To achieve this, we first study the solvability of a linear problem and
then apply some standard fixed point theorem for contraction mapping to solve the
nonlinear problem.
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3. LINEAR THEORY

The main result of this section is concerned with the solvability of (2.16), uni-
formly in ¢, as £ tends to oo, and also in the parameters «;, 8, and v, satisfying
the constraints (2.4). We henceforth assume that the real numbers £, £ are chosen
so that (1.24) holds and that integers n and m satisfy (1.17). In particular,

(=1(+0(1).
We prove that, provided £ is large enough, the linear operator £ defined in the
previous section in (2.15) has nice mapping properties.
Given ) < 0, we consider the weighted norm
-1

(3.1) 7l == sup || D e =) h(z)],

N
2€RY 1\ yen

where we recall that the set of points IT was defined in (2.5).
With this definition at hand, we prove the following a priori estimate :

Lemma 3.1. Assume that n < 0 is fized. There exist by > 0, §o > 0 and C > 0
(all depending on the choice of ) such that, for all £ > £y, the following inequality
holds
S s e+ sup |dil < C (L@ )l + e g]l.) .
i=1,...,m+1 =1,...,n
Observe that the estimate does not depend on n and m, nor on £ provided this
latter is chosen large enough. Further observe that

sup |dn| = sup |dn ],
h=1,...,n h=1,....2n—1

since dop—p = dp, for h=1,...,n.
Proof. Let us give a detailed proof of the estimate of the coefficient ¢;. We start

with the definition of £ given in (2.15) which we multiply by e; - (- — y1). Using
some integration by parts together with (2.13), we obtain

e [ (orEt-y)fde = [ L@ed (e St -p)ds
RN RN
— ¢L(er-E(-—y1))dx.
RN
Obviously,
. - 1
Jim [ or=Cop)de= g [ Vol ds,
therefore

/ (e1-E(- —y1))*dz > Co > 0,
RN

for all £ large enough (say £ > £y). Thanks to (1.10), we know that |E| is bounded
and hence we can estimate

‘C(¢7 ¢, d) (el ) E( - yl)) dz
RN
provided £ > £o. Finally, since

L0(61 . VU}) = (A -1 +pw”*1) (e1 . V’I,U) = 0,

S C ||‘C(¢a ¢, d)”*:
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we can write
L(ei-Z(-—y1)) =L(e1-Z(- —y1)) — Lo(es - V(- —y1))

and, using this, it is easy to check that there exists a constant C' > 0 and §y > 0
such that

[ o=t —m)de] < ot ol

where g > 0 depends on 1 < 0. To obtain the last estimate, two different effects
have to be taken into account : the first one is the effect of the Laplace operator on
the cutoff function x which is used to define Z and the second one is the difference
between the two potentials p|U[P~! and pwP~! which appear respectively in the
definition of L and Lg. The proof of the estimate for ¢; follows at once from the
above estimates. A similar proof holds for the estimates of any ¢; and any dy. O

Thanks to the previous estimate, we can prove the following :

Proposition 3.1. Assume that n € (—1,0) is fized. There exist o > 0 and C >0
such that, for all £ > £y, the following inequality holds

provided ¢ satisfies (2.17) and (2.18).

Again, it is worth mentioning that the estimate does not depend on n and m,
nor on £ provided this latter is chosen large enough.

Proof. Using the definition of the function M (c,d) given in (2.14), we have that

i=1,....m+ h=1,...,n

IIM(c,d)II*S(/'( sup i+ sup |dh|>-

The above inequality follows from the observation that, by definition, the vector
field = decays exponentially, more precisely, there exists a positive constant C > 0
such that bounded |Z| < Ce~ |l in RY. Since we assume that 5 € (—1,0), a direct
consequence of the result established in the previous Lemma is that

(3.3)

1M(c,d)ll, < C ( sup 1|ci|+h sup |th> < C (£, e, D)l + e f14ll.) 5

i=1,...,m+ =1,...,n

for some constant C' > 0, which does not depend on £ > {.
It is easy to check that the function

W = Z eyl

y€ll

1-n?)
2

in RV \ UyenB(y, p) provided p is fixed large enough (independently of £ > £;).

Indeed, for all y € TI, we can write

satisfies

LW < — W,

2
Lenlo—ul — _ (1 e |N_1| . _p|U|p1) erle—vl < _w erle—l
Ty

provided dist(z, IT) is large enough, since |U|P~1 tends to 0 away from the points
of II.
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Making use of the fact that that 5 € (—1,0) together with the maximum princi-
ple, we conclude that the function W can be used as a barrier to prove the pointwise
estimate

3.9 61a) < C (IL6I. + 508 16l=omr0n ) WO

for all z € RN \ UyennB(y, p).

Granted this preliminary estimate, the proof of the result goes by contradiction.
Let us assume there exist a sequence of ¢ tending to oo and a sequence of solutions
of (2.16) for which the inequality (3.2) is not true. The problem being linear, we
can reduce to the case where we have a sequence £() tending to oo and sequences
#D D d@ such that

16,9, dD)ll. — 0, and [|¢1V]|. =1.
But (3.3) implies that we also have |[M (c(?,d®)|l, — 0 and hence

1L ¢, — .
Then, (3.4) implies that there exists (! € II such that
(3.5) 169Nl L By ) = C

for some fixed constant C' > 0. Using elliptic estimates together with Ascoli-
Arzela’s theorem, we can find a sequence y¥ and we can extract, from the sequence
¢ (- — y@) a subsequence which converges (uniformly on compact sets) to ¢oo
which is a solution of

(A-1+pw” ) ¢ =0,

in RV and which is bounded by a constant times e” | with n < 0. Moreover, recall
that ¢(? satisfies the orthogonality conditions (2.17) and (2.18) and also satisfies
some symmetry properties which are described in Remark 2.1 (and in particular,
this implies that ¢(? satisfies (2.19)). Using this and passing to the limit, one
checks that the limit function ¢, also satisfies

boo Op;wdz =0,
RN
for j = 1,...,N. But the solution w being non degenerate, this implies that
oo = 0, which is certainly in contradiction with (3.5), which implies that ¢ is
not identically equal to 0.
Having reached a contradiction, this completes the proof of the Proposition. O

We are now in a position to prove the main result of this section :

Proposition 3.2. Assume that n € (—1,0) is fized. There exist o > 0 and C > 0
such that, for all £ > £y, and for all h € L®(RN) satisfying ||h||« < oo, there erists
a unique triple (¢, c,d) solution of

E (¢’ 67 d) = h7
in RN | such that ¢ satisfies (2.17) and (2.18). Moreover
(3.6) _sup |+ sup [dp| + (|9l < C IR
i=1,...,m+1 =1,...,n

As in the previous results, it is important to notice that the estimate does not
depend on the integers n and m, nor on £ provided this latter is chosen large enough.
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Proof. We consider the Hilbert space
H= {¢e HY(RN) : pe-Z(-—y)de =0, VyecTl, VecRN, |e|= 1},
RN

and, as usual, we also assume that the functions enjoy the symmetries described in
Remark 2.1.

Assume that we are given h € L2(RY). Standard arguments (i.e. Lax-Milgram’s
Theorem) imply that

1 2, 42
beH— /RN(W¢| +o )dx+/RN¢hdx,

has a unique minimizer ¢ € H (here we implicitly use the fact that n < 0 so that
the last term is a continuous linear functional defined in H). Then, ¢ is the unique
weak solution of

[1]

k—1
Ap—¢p—he Span{ZRzel- (-— }'Cyj):jzl,...,m+1}

=0
kol

@ Span {ZRer-
=0

which belongs to H. In other words, if we define the operator

[1]

(-— Rizp) :j:1,2,h:1,...,n},

Lo(¢,c,d) == Ap—¢+ M(c,d),
we have uniquely solved
Lo(¢,¢,d) = h,
for € H, c; € Rey and dp, € Re; ® Rey. Thanks to the above arguments
Lot LX(RY) — H x (Rey)™ ! x (Re; @ Rey)? 7,

is well defined.
The solvability of

[’(¢a ¢, d) = h,

in H x (Re;)™*! x (Re; ® Rey)?"~! can then by rephrased in the invertibility of
the operator I + K, where by definition

(3.7) K(¢,c,d) == L5 (p[UP ¢).

Using the fact that U decays exponentially at oo, it is easy to check that the
operator K is compact, hence the invertibility of (3.7) follows from the application
of Fredholm theory. Injectivity follows from the results of Proposition 3.1 and
Lemma 3.1. Fredholm alternative implies that I + K is therefore an isomorphism
provided £ is chosen large enough.

So far, we have obtained a function ¢ solution of L¢ + M(c,d) = h which
belongs to H'(RY) but elliptic regularity implies that ¢ € L (R ). This completes
the proof of the existence of the solution. The uniqueness and the corresponding
estimate follow at once from the result of Proposition 3.1 and Lemma 3.1. O
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4. THE NON LINEAR PROJECTED PROBLEM

We keep the notations and assumptions of the previous sections. In this section,
we prove that we can apply some fixed point theorem for contraction mapping to
solve the nonlinear problem

(41) ‘C(¢7 &) d) +E+ Q(¢) =0,

in RV, provided the parameter £ is chosen large enough. This is the content of the
following :

Proposition 4.1. Assume that n € (—1,0) is fixzed. Then, there exist oy > 0 and
C > 0 such that, for all £ > £y, there exists a solution (¢,c,d) to problem (4.1)
such that ¢ satisfies (2.17) and (2.18). This solution depends continuously on the
parameters of the construction (namely a;, Br and ) and satisfies

(4.2) sup el + sup |da| + |6l < Ce ¥,
1 _

i=1,....,m =1,...,n
where §; = min(1, Z£1).

Before we proceed with the proof of this result, let us briefly comment on the
value of the constant §;. Observe that, given p > 1 it is always possible to choose
n € (—1,0) such that

p+n>1,
and hence, §; > % for this choice. We shall assume from now on that 7 is chosen
so that §; > %

Proof. The proof relies on a classical fixed point argument for contraction mapping
together with the estimates we now derive. All constants (C; or C') below do not
depend on £ provided £ is chosen large enough. First of all, we have that there
exists Cy > 0 such that

IEll. < Co (e ¢+ 5520).

In fact, let us assume that we want to estimate E near y;. In the ball of radius %,
centered at y;, one can use the fact that
U=w(-wn)+ 0(6% el —nl=4

to expand FE as
1-N

Bl = |(wl =) + O el =311-0)" —wr(- — y) + O3 erl-mii=0)

< Ce@Pl-unl-t
< C (e‘£+e_¥e) el =1l

C (efz-l—e*HT”) Ze”"’“.

y€ell

IN

This can be done for any point in II. Away from the balls of radius g centered at
the points of II, we take advantage from the fact that U decays exponentially to

prove that
|E|<C Ze—p|~—y\ < Ce 2 Zenl-—y\_
y€ell y€ell
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The estimate for E then follows at once.
We chose &; = min(1, Z£2) and we set

4Cy
Ci = 75—
e

where £~ is the inverse of £ which has been obtained in Proposition 3.2. Taylor’s
expansion implies that there exist §; > 0 and Cy > 0 such that

1Q(¢1) — Q(2)[l« < Cae %" (g1 — ol

for all ¢1, ¢ satisfiying ||¢;|l« < C1e %%, Some care is needed to derive the last
estimate. Essentially, the estimate follows from the observation that either one tries
to get the estimate at a point where |¢1| + |¢2| < |U|/2, in which case one can use
the inequality

Q(¢2) = Q(o0)| < CIUP2 (|61] + |¢2l) 2 = 1,

or one tries to get the estimate at a point where |¢1| + |¢1| > |U|/2, in which case
one can use the inequality

1Q(42) — Q(¢1)] < C (|¢1]P~" + |d2|P~1)|d2 — ¢1l-

The result of Proposition 3.2 allows one to rewrite (4.1) as a fixed point problem

(¢7 ¢, d) = _‘cil (E + Q(¢)) .

Provided £ is chosen large enough, the above estimates readily yield the existence
of a unique fixed point in the ball of radius C;e %1 ¢ in the space L®(RM) x
(Rey )™t x (Re; ® Rey)?™ 1, where

LE®RY) == {p € L2RY) : |4l < o},

which is endowed with the norm || - ||« and (Re;)™*! and (Re; @ Rey)?"~! are
endowed with the natural norms, namely

llell :==  sup el

Jj=1,....m+1
and
ldll := sup [dp|= ~ sup |da].

=1,...,n =1,...,.2n—1

This completes the proof of the existence of a solution of (4.1).
Observe that elliptic estimates imply that the solution we have obtained also

satisfies

(4.3) llx + IV @llx + [IV?¢]l < Cze

for some constant C3 > 0.

It remains to check that the solution we have obtained depends continuously on
the parameters of our construction, namely the parameters a;,dp, and 7. Usually,
verifying this property is stadard but here, some care is due since the dependence
of the nonlinear operator on the parameters is quite intricate and not explicit.
Indeed, the parameters appear in the definition of £ and also in the definition of
the function space H and hence they implicitly appear in the construction of £7!.

Now, assume that we have two solutions corresponding to two sets of parameters.
Say

Lo+ M(c,d)+ E+Q(¢) =0,
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corresponding to the points y; and 25, and

Lo+ M(éd) + E+Q(4) =0,
corresponding to the points §; and 2, (we will adorn all functions and operators with
a ~ when they correspond to the points §; and 2,). Observe that, by construction,
¢ is L?-orthogonal to e; - = while ¢ is L?-orthogonal to e; - Z. First, we choose y
and ¢ so that ) .

¢ = ¢_M(’7a5)a

satisfies the same orthogonality condition as the function ¢ (namely, such that it is
a function L2-orthogonal to Z). Then, we rewrite the equation satisfied by ¢ as

L+ M(éd) + (L= L)+ L(M(7,0)) + (M(é,d) - M(é,d)) + E + Q(9) = 0.
Taking the difference with the first equation, we get
£(¢_ (Z,C—C',d—d) = (L_L)¢+L(M(’776)) + (M(Cad) - M(C,d))
+ (B-E)+(Q(4) — Q%) + (Q(4) — Q(9))-

Using the arguments we have already used to prove the existence of a solution
together with (4.3), we see that there exists 63 > 0 such that

16 = @ll« + lle = éll +[ld—dll < Ce* (sup; |95 — y;| + supy, |25 — 2nl)

+ Ce %t (|ly] +[16]) + C e~ |g — g]]..

Moreover, from the definition of v and § we also have the estimate

IVl + 11811 < ClI ]« (sup |g; — ;] + Sl;plih — znl),
J

and hence, we conclude that
¢ = @l + [le = éll + [1d — dl| < C e (sup |g; — y;| + sup |2 — zu),
j h
J

provided /£ is chosen large enough. This shows that the solution depends continu-
ously on the parameters defining the points where the copies of +w are centered.
Indeed, this even proves that the solution is Lipschitz with respect to these param-
eters. O

Let us summarize what we have obtained so far. Given points y; and zj, defined
in (2.1) and (2.2) and satisfying constraint (2.4), the previous Proposition 4.1 guar-
antees the existence of a solution (¢, ¢, d) of (4.1). Moreover, we have some estimate
on the function ¢ in the L*°-weighted norm || - ||, and classical elliptic regularity
theory implies that these estimates extend to higher derivatives of ¢. The function
u = U + ¢ will then be the solution of (1.8) we are looking for if we can show that
there exists a configuration for the points y; and 2, for which the parameters c;
and d, are all equal to zero.

In the next section, we find a precise expansion of the parameters ¢; and dj
in terms of the free parameters in the construction (namely the parameters a;,
Br and 7, which have been used to define the points y; and zp). This expansion
is obtained by projecting, in L?(R"), the equation (4.1) into the space spanned
by e; - Z(-—y), fory € Il and j = 1,...,N, as was already done in the proof
of Lemma 3.1. We also explain how to solve the projected problem and this will
complete the proof of Theorem 1.2. Observe that, given the symmetries of the
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solutions we are looking for, there are obvious relations between ds,_; and dj,, for

h = 1,...,n. In particular, d, is colinear to n and, for h = 1,...,n — 1, dopn_p
can be expressed in terms of dj,. Hence the number of equation we have to solve is
equal to 2n +m which is also equal to the number of free parameters ay, ..., @mn+1,
Biy---yBn-1 and v1,...,7,, we have in our construction.

5. PROJECTIONS OF THE ERROR AND THE PROOF OF THE THEOREM

Again, we keep the notations and assumptions of the previous sections. We
further assume that m (and n) are bounded by a constant times £* for some A > 0.
For all 7 > 2, we define the following 7 X 7 matrix

2 -1 0 ... 0
-1 2 :
(5.1) T:=|p 0 | € Maxa
: oo 2 —1
o ... 0 -1 2

In applications, the integer n will be equal to m+1,n or n — 1.
It is easy to check that the inverse of T' is the matrix whose entries are given by
ij

(T™") i = min(4, j) — 1

We define the vectors S* and ST by
(5.2) TS":=(1,0,...,0)f € R, TS*:=(0,...,0,1)t e R?,

where the superscript ? is the transpose so that these are identified with column
matrices. We have explicitly

S“=ni1@ﬁ—L~wZDt and S“=ﬁilﬂﬂwwﬁ—Lmﬁ
It will be convenient to adopt the following notations
a = (01,5 Qmy1)t,
B = (Br,.-Bn-1)t
v o= ()b

where a, B and 7y, are the parameters involved in the construction of the points
y; and zp which were given in (2.1) and (2.2). As usual, we assume that these
parameters satisfy (2.4).

As in the introduction (see (1.6)), we define the interaction function

(5.3) B(s) = — /R (-~ se) div(u? e) da

where e € RV is a unit vector. The proof of our result is based on the following
key Lemma, :

Lemma 5.1. There exists a constant Cn,p, > 0 only depending on N and p such
that, the following expansion holds

U(s) :=Cnpe s~

N-1
2

(1+0(s71),
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as s > 0 tends to infinity.

The proof of the above result is by now standard, we refer to [14] and [12] for
details.
Finally, we define the numbers

k= —(log ®)'(¢), and & := —(log¥)'(¢),
as well as
—1_9f T 1 P n Tt T s
ALi=1 2Ks1nk and /\2.—1+Hs1nk 4 Kcotkcosk.

Observe that all these numbers depend on £, £, m and n but they converge to limits
as £ tends to infinity. In fact, according to (1.12), we have

lim k= lim =1

£—r0 £— 00
and
. . T . .. T
lim A\ =1—2sin —, and lim A =1+ sin —.
{—00 k £— o0 k

The main result of this section is the proof of the following :

Proposition 5.1. Let ¢ be the solution of ({.1) which has been obtained in Propo-
sition 4.1. The coefficients c; and dy are all equal to 0 if and only if the column
vectors a € R™*T1 3 € R and v € R™ are solutions of the following nonlinear
system

(5.4)
+ K 1 T 1 Y,
o = Ao ST+ Eﬁl—F;COtE’)’l-{-)\QOLm_Fl SY+e 2* Bo + Dy,
B8 = _sin%amﬂ ST 4 e %2t Bg + Dg,
ly = cos % Ami1 ST+ 0y, SY+e 2B, + D,,
where 63 > 0, B, := Be({,m,n;a,S,v) denote smooth vector valued functions,

whose Taylor expansions in o, B and vy have coefficients which are uniformly bounded
as £ — 0o, provided a, B and 7y satisfy (2.4). Moreover, Dy := Do(£,m,n; 0, (3,7)
denote smooth vector valued functions, which are quadratic in o, 8 and~y, as £ — 0.

The proof of this Proposition relies on the following technical Lemmas. First,
using elementary geometry, we find that :

Lemma 5.2. The following expansions hold

1

\IJ(_Z) /RNE(—yl)de = (n(az—al)—Qsin%r@al) el+e—53€B+D7

G/fld, forj:2,...,m,
1
T (1) /RN E(-—y;)Edr = &k (aj_1—20;+ajy1)er+e % B+D,

1 E = . T

0 /RN E(-—Ymp1) Edr = (n (am — @m41) + & (ﬁl +sin o am+1)
ocot % (71 — & cos % am+1)) e +e %B+D.
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We also have

1 — _ .
W/RN:(-—zl)de = n<261—,32+smgam+1)t
r .7 — 638
+ 72—271+27coszam+1 n+e ® B+ D,
and
(="

/RN E(-—zp)Ede = E (Bp1—28n+PBri1)t

— ('7h—1 - 2")/}1 +’Yh+1)n+€_63eB+D,
forallh=2,...,n—1, and finally

n
(\I;(lgz) /RN E(-—2)Edt =2 (Y —Yn_1)n+e 2B+ D,
where 63 > 0, B= B({,m,n;a,3,v) denote smooth vector valued functions (which
vary from line to line), whose Taylor expansions in a, B and vy have coefficients
which are uniformly bounded as ¢ — oo, provided a, B and v satisfy (2.4). More-
over, D = D(¢,m,n;a, B,7) denote smooth vector valued functions, which are qua-
dratic in a, f and v, as £ — oco.

Proof. Given y € II, we want to estimate

/ E(-—y) Edx.
RN

Observe that, given the structure of U and the fact that the function w decays
exponentially, we can write, using Taylor’s expansion,

(5.5)
E(—y)Bdz = ) e / w(-—2)pwP (- —y)E(- —y)dz + e %' B
RN z€Ily, RN
= > ez/ w(- = 2)pw? ' (- —y) Vu(- —y)dz + e ** B
z€Il, RN
= =Y € ¥(z—y) L +e B,
T, |z =yl

where B varies from line to line and it is uniformly bounded as £ — oo, and where
I1, is the set of closest neighbors of y in II, namely the set of points in II whose
distance from y is equal to £ + O(1). Here €, = 1 according to the sign which is
used in front of w(- — z) in the definition of U and §, > 1.

Observe that, in our case, if z € I, then one can write

z—y:ge—l—a

where £ ~ £, e € RY satisfies |e| = 1 and where a € RY is bounded independently of
(Ze—}—a)
|fe+tal
Given e € RN with |e| = 1 and a € RY | we can decompose

as £ tends to infinity.

{. Therefore, we also need an expansion of ¥(|/ e + al)

a:a”-}—al,
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where al' is collinear to e and a™ is orthogonal to e. We claim that the following
expansion holds
(le + a)

(5.6)  T(fe+al) o

= ¥ (e—ﬁza” + 0 aL+O(Ia|2))

as { — 00, where
& := —(log ¥)'(0).
This expansion follows at once from the expansion of ¥. Indeed, we have
lle+a| =1 (1 +0 (e a)+O®2 |a|2)) ,
and hence
U(le+al)=TU)+T'({)e-a+Tl)O(la]?).
Similarly, we can expand
(ge +a)
|le + a|

=17 (e —lle-a)e+ltat O@U2 |a|2)) :

The claim then follows at once.
This expansion, together with (5.5), gives the expansion of

RN

in terms of the closest neighbors of y. Therefore, to complete the proof of the
Lemma, it is enough to identify, in each case, the closest neighbors of the point
y € II we are considering.

We recall that I' denotes the symmetry with respect to the x5 = 0 hyperplane
and Ry, is the rotation of angle 27” in the (x1,x2)-plane. We now collect a few useful
identities. First, recall that we have defined

L 7r 7r .
(5.7) t = —s1nEe1 + cos — es and n := cos — e; + sin — es.

k k k
It is easy to check that

(5.8) Riei — e =2sin % t.
We define
(5.9) t*:=Tt and n":=Tn

Observe that
(5.10) t4tt =2 sin%el and n*+n=2cos%e1.

Proof of the first estimate. In II, the closest neighbors of the point y; are ys,
Ry y1 and R,;l y1. It follows from the definition of the points in II as well as the
definition of £ given in (1.24) that

_ .o
yz—y1:€e1+(a2—a1)e1, Rkyl—y1:€t+251nEa1t,
and

R,;lyl - :Zt*+251n%a1t*.
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Using the expansion (5.6), we get

/ S(—y)Edr = —(T(l)er + (@) (6 +t9) + T(O) k(as—u)er
RN

+ ¥()2sinZka; (t+t*)+e % B+ () D,

where §5 > 1. The first estimate in Lemma 5.2 follows from the fact that £ and £
are related by (1.24) together with (5.10).

Proof of the second estimate. In II, the closest neighbors of the point y; are
yj—1 and y;i1. Observe that, thanks to the fact that £ > 7, the distance between
Ym and z; can be estimated by 2sin 6 £+ O(1) where § = 7 — = > % and hence is
much larger than £+ O(1). Therefore, the closest neighbors of y,, are again y,,_1
and Yp,41. Since

Yi+1 =y =Ler + (ajp1 —aj)er,  and  yj_1 —y; = —Ler + (ajm1 — ) e,
we can make use of (5.6) and conclude that

/ E( - yj) Edx = \I’(f) K (aj,l —2a; + 04]'+1) e + e %'B + lI’(ﬁ) D,
RN

where J5 > 1, and this completes the proof of the second estimate.
Proof of the third estimate. The closest neighbors of the point y,,+1 in II are
Ym, 21 and R,;lzgn_l =T 2. We have

Ym — Ym+1 = —Le1 + (am - am—i—l) €1,

— . — Vs
21— Ymy1 =Lt + (ﬁl + smEamH) t 4+ (671 — COoS Eam“) n,

and
Y . T * 7 ™ *
F'zy — Y1 =L28" + (ﬂl +s1nEam+1) t* + (671 - cosEamH) n*.
Making use of (5.6), we get
/ S —yme) Ede = (T()er + T(0) (t* + 1)) + T(0) & (am — @mrr) 1
RN

- V()R (B +sin T amyr) (* +1t)

+ U@ (n— L' cosE amyr) (n* +n)

+ e %*B+ () D,
where d5 > 1. One should be careful that the copies of w come with positive signs
at Y41 and y,,, while they come with negative signs at z; and I' z;. The formula
follows at once from (5.10).

Proof of the fourth estimate. The closest neighbors of 2z; in II are y,,+; and
29. We can write

_ LT _ T
Ymy1 — 21 = =Lt — (ﬂl + sin z am+1) t — (Efyl — Cos T am+1) n,

and
zo—z21=Lt+ (B —P1)t +L(y2—m)n.
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Arguing as above, we get

/RN E(-—2)Ede = U{)k (28, — B2 +sin % Omy1)t

+ V) (v -2y + £ cos

™

k

Oém+1)n
+ e %‘B+YI(()D,

where d5 > 1. Again, one should be careful that the copies of w come with alter-
native signs. The proof of the fourth estimate then follows at once.
Proof of the fifth and sixth estimate. For h = 2,...,n, we have

2he1—2n = =Lt + (Bh—1 — Br) t + £ (vh—1 — Y1) 1,
and

Zh1 — 2n = £t + (Bhr — Br) t + £ (Yhy1 — Yn) .
Applying (5.6), we conclude that

(—1)" /RNE(-—zh)Edm = U0 R (Bus — 260 + Brst) ©

- ¥() (Yh1—=27%+ Y1) 0

+ e %'B+¥()D,

where d5 > 1. Again, one should be careful that the copies of w come with alter-
native signs. This completes the proof of the fifth estimate. The sixth estimate
follows from similar considerations. O

The next result is easier to get. It reads :

Lemma 5.3. The following expansions hold
/ E(-—y)Lodr = T(0)e B,
RN
and
JREEEOE IOR
RN

where 63 > 0 and B = B(¢,m,n;a,,v) denote smooth vector valued functions
(which vary from line to line), whose Taylor expansions in «, B and v have coeffi-
cients which are uniformly bounded as £ — oo, provided a, B and v satisfy (2.4)

Proof. The key point is to prove that both quantities tends to 0 much faster than
e ¢ as £ tend to infinity. Both estimate rely of the fact that, by construction, the
solution ¢ defined in Proposition 4.1, satisfies

6]l < Ce ™,
and, as mentioned right after the statement of this Proposition, it is possible to
chose 77 < 0 in the definition of the [| - ||-norm in such a way that 6; > 1.

Now, observe that

| Et-nLsde=[ oLEC-)d

Taking the above remark under consideration, the proof of the first estimate follows
the line of the proof of Lemma 3.1.
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The proof of the second estimate follows from the proof of the estimates in
Proposition 4.1. O

Proof of Proposition 5.1. Recall that, as £ tends to infinity,

- - _1+0(1)
[ (o2 =)o 2 - do = 2E [ vup s

ifi = j and y = z € II and is equal to 0 otherwise, as was already mentioned in the
proof of Lemma 3.1.
Now, we use the identity

[ (et + E+Q@) (o2 - p)ds =0,

so that, thanks to the above remark, all ¢; and dp, are zero, if and only if

[ (E6+B+Q@) (a2~ ) ds =0

forally € Il and all ¢ =1,...,N. Using the previous Lemmas, it is easy to check
that this reduces to the solvability of a nonlinear system in «, 8 and v which can
be written in the form

) _
20 —ay = (I—QEsin%) a1+e_‘53[B+D
K
—aj_1+2aj—ajy1 = €% B+D  for  j=2,....m
¢ _ _
—Om +20m41 = gﬂl+(1+gsin%) Ot 1
1 _
{ + p cot% (71 ! cos%amﬂ) +e %*B+ D,
28 — By = _sin%am+l+e*53fB+D
—Br1+2B8h—Pryr = e B¢B+D for h=2,....,n—2
—Bn2+2Bn1 = e ®*B+D,
and
2v1—y2 = Zﬁlcos%amﬂ—}—e*é”B—}—D
~Ahe1 4+ 2% =1 = e B¢B+D for h=2,...,n—-1
“Tn1+2%m = mt+e B B+D.

One recognizes immediately the action of matrices of the form 7', for n equal to
m+ 1,n — 1 or n, on the left hand side of these equations. This system can then
be put in the desired form using the inverse of the matrices T'.

Observe that we implicitly use the fact that the integers n and m are bounded
by ¢4, for some fixed A > 0 so that the norms of the inverses of the matrices T
blow up at most polynomially in £ and this can easily be absorbed since the error
tends to 0 exponentially fast in £. a
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We now explain how (5.4) can be solved. We claim that this system is equivalent
to

a = e B+ D,
B = e ByD,
v = e%2B4D,

where 8, > 0 and B = B({,m,n;a,(,v) and D = D(¢{,m,n;a, 3,7) satisfy the
usual assumptions.

Observe that the system (5.4) is almost of the correct form. Below, we agree
that both d; > 0 and the nonlinear functions B = B(f,m,n;a,(,v) and D =
D¢, m,n;a, 3,v) may change from line to line but they satisfy the usual assump-
tions. In fact, using the second and third equation together with the expression of
ST and S+ one checks that v;, 31 and 7, can be expressed in terms of ;1 and
lower order terms. More precisely, we get

_1 -
B = - n sin % Ams1+e 2B+ D
n
vy = cos % Qmy1 + e 2By
Ly, = cos % Qmt1 + e %2t p +D.

Hence we compute
T
k

Introducing these in the first equation, we are left to solve a coupled system in ay
and a,n4+1. This system reads

1k .« _i
Y1+ A2 my1 = (1+——sm—> Qm41 + € 2t B4 D.

K 1
—fB1 + — cot
K K n K k

k . T l1g . =« _z
<1+2(m+1);sm%) al—(1+ggsmz> Amy1 = e 2B+ D,

_ 1 _ )
_(1—2gsin%) a1+<1—g(m+1)gsin%) amy1 = e 2B+ D.

This system can be solved to be put in diagonal form provided Dy, the determinant
of the 2 by 2 system on the left had side, is non zero. But, we have
_ 9 _
Dy = E sin — mte (2n—1—2msinf E).
K k n k Kk
Using (1.12) together with (1.17), we conclude that
E . mm+2 -1 s
Dy = — sin — (2n—1) (T—F(’)(Z )) ,

which, thanks to (1.29), is certainly bounded from below by some constant times
m /¢ for all £ large enough. This completes the proof of the claim.
It is now straightforward to prove, using Browder’s fixed point theorem, that

Lemma 5.4. There exist C > 0 and by > 0 such that, for all £ > £y, there exists a
solution of (5.11) such that

lladl + 18Il + [I]] < Ce%=,

where, as usual, the norm of a vector is defined to be the sup norm.
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The proof of this last lemma is standard and left to the reader and follows from
the properties of B, and D, in Proposition 5.1. Observe that, with some more
care, one can prove that the solution in Proposition 4.1 depends smoothly on the
parameters and then (increasing the value of /g if this is necessary) one can use
a fixed point theorem for contraction mapping to prove Lemma 5.4. This has the
advantage to prove some local uniqueness for the solution of (5.11) and in turn, this
shows the unique (local) solvability of the nonlinear equation once the parameters
m,n and £, £ solutions of (1.17) and (1.24) are fixed.

This last result completes the proof of Theorem 1.2.

6. APPENDIX

To complete the paper, we now explain how to formally justify the constraint we
impose on the choice of the parameters £ and £. Let us recall that if u is a solution
of (1.8) then

1
div ((a - Vu) Vu — 3 (|Vul? + u?) a + P |u|Pt? > =0,
for any fixed vector a € RN (just multiply (1.8) by a-Vu and use simple manipula-
tions). In particular, the divergence theorem implies that, for any smooth domain
Q C RV, the vector

1
V) = [ ((Vu)Vum F0V0P + w0+ ) do

is equal to 0. Here v is the outside unit vector field to Q2. We hope that a function
of the form

U= w—!—Ze, -—2z;)+O(e” )

is, in the ball B/, of radius £/2 centered at the origin, close to a genuine solution
of (1.8), where ¢; € {1} and where the points z; have the property that

If this intuition is correct, then the associated vector Y (U, B /») should be reason-
ably close to 0 as £ tends to co. But, a computation shows that

i
for some 0 > 1, as £ tends to +00. Therefore, in order for the construction to be
successful, it is reasonable to ask that

Ze, |z,| —0.
’L

This is precisely the balancing condztzon we were referring to. Applying this to the
approximate solution U at the points y; and yn,,41 leads to (1.24).
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