TYPE II FINITE TIME BLOW-UP FOR THE ENERGY CRITICAL HEAT
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ABSTRACT. We consider the Cauchy problem for the energy critical heat equation

u =Au+u® in R* x (0,7),
4 (0.1)
u(+,0) =up in R".
We find that for given points q1, g2, . . . , gx and any sufficiently small 7" > 0 there is an initial condition

ug such that the solution u(z, t) of (0.1) blows up at exactly those k points with a type II rate, namely

larger than (T — t)’%. In fact ||u(-,t)|lo ~ (T —t)~1log?(T — t). The blow-up profile around each
point is of bubbling type, in the form of sharply scaled Aubin-Talenti bubbles.

Dedicated to Wei-Ming Ni on the occasion of his 70th birthday.

1. INTRODUCTION

Many studies have been devoted to the analysis of blow-up phenomena in a semilinear heat equation
of the form
ug = Au+ [ulPtu in Q x (0,7T),
u=0 ondQx(0,T), (1.1)
u(-,0) =wup in Q,
where p > 1, and 2 is a bounded smooth domain in R” (or 2 = R"), starting with the seminal work
by Fujita [14] in the 1960’s. A smooth solution of (1.1) blows up at time T if

1. . oo = .
t1_{171,||u(7t)|\L Q) = oo

We observe that for functions independent of the space variable the equation reduces to the ODE
u = |ul[P~ u, which is solved for a suitable constant ¢, by the function u(t) = ¢, (T — t)fﬁ and it
blows up at time T'. It is commonly said that the blow-up of a solution u(x,t) is of type I if it happens
at most at the ODE rate:

) 1
limsup(T' — ¢) 77 [Ju(:, )| Lo () < +00
t—=T

while the blow-up is said of type II if
. 1
limsup(T" — ) 7= |[u(-, t)|| Lo () = +00.
t—=T

Many results have predicted that type I is the “typical” or “generic” way in which blow-up takes place
for solutions of equation (1.1). For instance it is known after a series of works, including [18-20], that
type I is the only way possible if p < pg where pg is the critical Sobolev exponent,

22 ifn >3,
PS =40 ifn=1,2.

Stability and genericity of type I blow-up have been considered for instance in [3, 20, 28].
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Solutions with multiple type I blow-up were first built in [27] in the real line. Solutions with type
IT blow-up are in fact much harder to detect. The first example was discovered in [21,22], for p > pr,
where pr, is the Joseph-Lundgren exponent [23],

4 .
D e r L
oo, if n < 10.

See the book [30] for a survey of related results. In fact, no type II blow-up is present for radial solutions

if ps < p < pyr, in the case of a ball or in entire space under additional assumptions, see [24,25,29]. For

radial positive solutions this is not possible if p = 22 [13]. Examples of nonradial positive blow-up

n—2
solutions for p > p 1, have been found in [1,2].
In the critical case p = pg, namely for the equation
w = Au + |u|ﬁu in Qx(0,7),
u=0 ondQx(0,T), (1.2)
u(-,0) =wup in £,

very few examples of type II blow-up are known. The special feature of the critical exponent p = pg
is the presence of finite energy steady states of (1.2). All positive entire solutions of the stationary
equation

Au + |u\ﬁu =0 inR"
are given by the family of Aubin-Talenti bubbles

UA,g(x):A—"fUC”;g) (1.3)

where U(y) is the standard bubble

n—2

0w = (157w T o (oln- 2"

These solutions have finite Dirichlet integral, in fact independent of the parameters:
/ |VUs¢(z)?de = S, forall \&.

When p = pg it is typically expected that type II blow-up for a solution u(z,T) of (1.2) takes the form
of bubbling. That means that sufficiently close to one or more points ¢ € €2 one has

u(z,t) =~ Uxpye)(®), 0<A(t) =0, &(t)—q as t—T. (1.4)

In [13], by means of matching asymptotic expansions, Filippas, Herrero and Veldzquez [13] formally
derived exact profiles of radially symmetric type II blow-up solutions when €2 = R"™. In their analysis,
bubbling blow-up seems only possible in dimensions n = 3,4,5,6. The first rigorous example of type
II blow-up in (1.2) when n = 4 and Q = R"™ is due to Schweyer [32], who finds a radial sign-changing
solution with the profile (1.4) with scaling parameter A(t) ~ bgg}%t)' This rate is one of those
formally predicted in [13].

The method in [32] seems only applicable in the radial case and an odd power in the nonlinearity.
In [10] we have found the first example of type II bubbling blow-up in dimension n = 5, with bubbling
rates A\(t) ~ (T —t)2. Again this is one of the rates predicted in [13]. The construction in [10] does
not depend on any symmetries, in fact in such a way that simultaneous blow-up takes place at any
prescribed set of points ¢, ..., qx € €.

In this paper we construct type II blow-up solutions of (1.2) for dimension n = 4 without any
symmetries. In what follows we let €2 be a smooth bounded domain in R* or 2 = R* and thus consider
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the equation
u = Au+u® in Qx(0,7),
u=0 ondQx(0,T), (1.5)
u(-,0) =wup in Q.

Let us fix arbitrary points qi,¢a,...qx € . We consider a smooth function Z§ € L°°(2) with the
property that

Z3(gj) >0 forall j=1,... k.

Theorem 1. For each T > 0 sufficiently small there exists an initial condition ug such that the
solution of Problem (1.5) blows up at time T exactly at the k points qi,...,qk. It looks at main order
like

k
u(x,t) = Z U/\j(t),gj(t)(x) — Z5(x) + 0(x,t)
=1

where
)\j(t) — 0, gj(t) — q; as t—T,
and ||0||L~ < T* for some a > 0. More precisely,
Tt

We observe that in particular, the solution predicted by the above result has type II blow-up since

log®(T —t)

b(#) = (e, Bl e o) ~ 2

and the type I blow-up rate corresponds to

(T—t) 757 = (T—t)"2 <b(t) as t—T.

The result in [10] is the exact analog of Theorem 1 in dimension 5. We follow the same general
approach (the inner—outer gluing method). However substantial methods and differences arise, due to
the fact that the equation that determines A(t) involves a delicate nonlocal integral operator. This
nonlocal effect is related to the slower decay of the linear generator of dilations of the Aubin-Talenti
bubbles in lower dimensions. In dimension 5 instead A(t) is found in a much more direct way by just
solving an ODE, which is no longer the case in higher dimensions where this type of blow-up is not
expected. A very similar difficulty was already faced in the work [6] on blow-up in the harmonic map
flow. The similarity between these problems in the presence of symmetries had already been noticed
in [31,32].

We should point out that blow-up by bubbling (at main order time dependent, energy invariant,
asymptotically singular scalings of steady states) is a phenomenon that arises in various problems of
parabolic and dispersive nature. It has been in particular widely studied for the energy critical wave
equation

uy = Au + |u|ﬁu

Among other works, we refer the reader for instance to [11,15-17]. The method of this paper substan-
tially differs from those in most of the above mentioned references for the parabolic case. It is close in
spirit to the analysis in the works [4-6, 8, 9], where the inner—outer gluing method is employed. That
approach consists of reducing the original problem to solving a basically uncoupled system, which de-
pends in subtle ways on the parameter choices. A result related to that in this work in the L2-critical
nonlinear Schrédinger equation has been found in [12].

The rest of this paper will be devoted to the proof of Theorem 1.
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2. APPROXIMATE SOLUTIONS AND ERROR ESTIMATES

In this section, we shall choose a proper approximate solution to (1.5) and compute its error. For
notational simplicity, we shall only carry out the construction in the case k£ = 1 and mention the minor
changes for the general case when needed. We define the error operator

S(u) = —uy + Au +u.

Then finding a solution to (1.5) is equivalent to finding w such that

S(u) = 0.
Recall that the Aubin-Talenti bubble
Uy) = 5 nyP (2.1)
solves the Yamabe problem
AU +U?=0 in RY,
where ag = 2v/2. It is well-known that the linearized operator around the bubble
Lo(¢) == Ap + 3U%¢ (2.2)
is non-degenerate in the sense that all bounded solutions to Lg(¢) = 0 are the linear combination of
Zi(y) =0y, U(y), i=1,2,3,4, Zs(y) :=U(y) + VU(y) - y. (2:3)

Our first approximation is chosen as

= (550,

where A(t) and £(¢) are scaling and translation parameter functions to be adjusted later. Direct
computations yield

(67} + 20[0
Lty (L4 yf?)

SWUry.er) = =0 Uny.e) = A 2()A(®) ( 2) ATV, U®Y) - £(L),  (2.4)

where y = z;(ii()t) Observe that the slow decaying error in (2.4) is

ao)'\(t) - Oéo/.\(t)
RO +E S P
where p := |2 — £(t)|. In order to improve the approximation, we consider

O = Aug + & in R* x (0,7). (2.5)

Eo =

By similar computations as in [(], a solution to (2.5) is given explicitly by

t
up = —ao/ As)k(p,t — s)ds,
-7

where
1 _0?
— e at
We regularize the above u; and choose a correction ¥y to be
t
Uo(x,t) = —ao/ A(s)k(C(p,t),t — s)ds, (2.7)
-T

where

(pt) = VP2 + A (1),
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Then we compute the new error produced by ¥,
0V — AV, — 50

o A ]/ A(s)ke(C,t — 5)ds

t
+a0/ )\(s) {—kt(§7t—s)+§2k<<((,t—s)+

-T

¢
Observing from (2.6) that k(¢,t) satisfies —k; + k¢e + %k;c =0, we get

CS

oo AT W LT Ms)k(¢,t — s)ds
DT P /_T A(s) [=Ckec (Gt = 8) + k(G t = s)]ds
= R[N

It is thus reasonable to choose the corrected approximation as
u” = Uxw.e) + Yo

and its error is
S(u*) = S(Unwyety) — €0+ (Unyer) + Yo)? — Ui(t),g(t)

= KA &+ Uxi.e) + ¥o)” = Uy ecoys
where K[, €] is defined as
20022 (1) A(t)

Az T OVUW) &) =R

KX ¢l =

with R[A] given in (2.8).

3. THE INNER—OUTER GLUING SCHEME

We look for solution of the following form
u=u"+w,
where w is a small perturbation consisting of inner and outer parts
W = @Pin T Pout, Pin = /\*1(15)771%(25(3/7?5), Pout = Y(@,t) + Z"(z,1).
Here the cut-off function is defined by

R = MR (T,) =10 (W)

where the smooth cut-off function 7(s) =1 for s < 1 and 7(s) =0 for s > 2, and Z* satisfies
=A,Z*, in Qx(0,7),
zZ*(-,t) =0, on 092 x (0,7,
Z*(-,0) =25, in S
Denote
Bog = {{,C eQ: |£L' — f(t)| < 2)\]{}7 Dor = Bogr X (O,T),
and U* = 4+ Z*. Then u is a solution to the original problem (1.5) if

2
§kC(C,t—s)—i— A(t) kc(C, t—s)| ds.

(2.8)

(2.9)
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e ¢ solves the inner problem

N = Ay¢ +3U%(y)¢ + H(p, ¥, A, €) in Dap (3.1)
where
H(D. 9, X, E)(y. 1) := 3AUZ(y)[ Yo + ¢ + Z*](\y + &, 1)
A AV -y +0) + Vo€ (3.2)
+ NN (w) + N3N, €]
with K[\, €] defined in (2.9), and
N (@) = (Ure+ Vo +w)® = U3 ¢ — 3U5 (¥o + w). (3.3)
e 1) solves the outer problem
Y =AY +G(g,9,A,€) inQx(0,T) (3.4)
with
G(¢: 9, X, €) = 32 (1 — ) U (y) (Yo + ¢ + Z7)
+ A [(Aynr)® +2Vyng - Vyd — N2¢pdynr] (3.5)
+ (L =nr)KA &+ (1 = nr)N (w).
The rest of this paper is organized as follows. In Section 4, we derive the leading orders for the
parameter functions A(t) and £(t). In Section 5, we establish the linear theories for the inner and

outer problems. Finally, the inner—outer gluing system is formulated in Section 6, and we shall solve
(6,7, A, &) by the fixed point argument.

Notation. Throughout the paper, we shall use the symbol “ < ” to denote “ < C” for a positive
constant C' independent of ¢ and T'. Here C might be different from line to line.

4. THE CHOICES OF A, AND &,

In this section, we shall choose the leading orders A.(t), &« () of the parameter functions A(¢) and
&(t). In Section 5.2, a linear theory for the inner problem will be developed, where approximately the
following orthogonality conditions

/ H(b M E)Zy(y)dy = 0 forall j=1,--- .5, t € (0,T) (4.1)
R4

are required to guarantee the existence of inner solution ¢ with proper space-time decay. Here Z; are
the kernel functions (c.f. (2.3)) of the linearized operator Lo defined in (2.2). Basically, the scaling and
translation parameters A(t) and £(t) at main order will be derived from the orthogonality conditions
(4.1).
Recall that
(6,12, )(y:1) = BAU2W)[Wo + ¢+ 2]y + €.8) + A [A(Vy9 -y +9) + 7,0 - €]
+ NN (w) + XK\, €]
We single out the leading term H, in H to derive A\, and &, and define
HoaA 607 1= BAU (y)[Wo + W] Ay + &,1) + N[N €]

200\ B)A(L) .
O+ P2 +A)VU(y) - £(1)

ap\? t
- Oﬂfl/\y%)?’/z’/{\(s) [—Chec (Gt —8) + ke (¢t — s)] ds

E— At L
m] /_TA(s)kC(g,t—s)ds,

= 3\U?(y)[¥o + T*](\y + &, 1) +

— Q) )\3 (t)
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where U* = 1)+ Z*. The contribution of the remaining terms in H —H, in the orthogonality conditions
turns out to be negligible compared to the leading term H,. This shall be dealt with in Section 6 when
we finally solve the inner—outer gluing system.

For/=1,--- .4,

R4
imply that
&= 0(1)7
where o(1) — 0 as t / T. So the choice of £(¢) at main order is
§(t) = q,

where ¢ is a prescribed point in Q.
In order to get the reduced equation for A(t) from

H* [)‘a §> \Il*]ZS(y)dy = 07
R4

we first evaluate

o Z5(y) L
[ Rzsttn = 5 [ 2 ([ Mkl = 5) = el - s ) dy

— apA(t) /R ) uﬁ’%m ( [ tT A(8)ke(C,t — s)ds) dy.

Let 2 2 2 2
SO SIP I R NP ) W)
t—s t—s t—s
and K(T) = 1_?% . Then, recalling from (2.6), we have
T 32
kelGt = 5) = Chee(Got =) = =4 (725 ) Forr (D)
and also
¢? ¢?
2 e Tw 2e A9 2v/T
B A T NI = i
Therefore, we obtain
4o Zs(y) LA
R R[N Zs5(y)dy = A2(2) /R4 (1+[y[?)2 (/_T f—s' KTT(T)CZS> dy -
20000 [ Zsy) ([ As) '
onl e (/T = sTKT(T)dS> w
Expand Z*(Ay + &,t) and ¥(Ay + &£, t) at the point ¢
Z7(My + &) = Zg(q) + o(1), Y(Ay +&,1) = ¥(g,0) + o(1).
On the other hand, from (2.7) and (4.2), we get
EA
[ 3300 W) Zs(w)Bolp. 1y = —30070) [ W) Zs(0) ( [ K(T)ds> dy (1)
R4 R4 -T S

Then, the orthogonality condition

/m H [N, &, V] Z5(y)dy = 0
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yields

L, (302 009000.0) + 000.0) + Z3@)] + ORI Zaldy o) =0, 43

By (4.5), (2.9), (4.3), (4.4) and direct computations, we obtain

Z5(y) EA(S) L , £ A(s) )
4‘)‘°/R4 L+ [y[?)? (/THTK ds)‘iy ’ O/RP(”Zﬁ(W (/Tt_sK“)d)dy

+ 200 M(H)A(E) / Z5(v) ( / A )TKT(T)d5> dy + 2a0A(2) / W) g, (4.6)
R

re Ly \Jort—s s (L+[yl?)

+3(Z5(0) + 00,0 || U)Zs(w)dy +o(1) =0

The scaling parameter A(t) should be decreasing to 0 as t * T so that a blow-up solution can be
constructed. So we impose

At)=o0(1) ast /T.

Then (4.6) becomes

ZS(y) t )\() t )\(S)
4o /]R“ (1+|y[2)2 (/T F_ STQKT’I‘CZS> dy — 3o s Uz(y)Zg,(y) (/_T = 3K<T)d8> dy

= =3(Z5(0) +0(@.0) | V0 Zs(0)dy + o)
We define

dayg Am (/t til'ﬂKyde) dy — 3a0/ U2(y) Zs(y )(/_tT j‘iiK(T)ds) dy
_ /t A(S)F<A2(t)>ds
_rt—s t—s

with
475( 3
1 maold] [ (UL ke (1) - 500 Ze) o PH(T) )

dlyl,
T=r(1+]y[2)

where |S?| is the area of the unit sphere S?. By the definition of U(y) and Z5(y) as in (2.1) and (2.3)
respectively, we compute

cs +0O(7), forT <1,
F( ): 1
0(2), for 7> 1,

T

where ¢, > 0 is a constant. Therefore, (4.7) reduces to

=X2(0) (g
& /TA ?£1d5: —3co[Z5(q) + (g, 0)] + o(1), (4.8)

where
co = /R U(y)Zs(y)dy < 0.
Since A(t) decreases to 0 as t /T, we impose
ax := Zg(q) + ¥(q,0) <0.
Now we claim that a good choice of A(¢) at main order is

At) = -

C

[log(T — 1)’ (49
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where ¢ > 0 is a constant to be determined later. Indeed, we get by substituting

t—A2(t) t—(T—t) 3 t—A2(t) 3 t—A2(t) | e
[T L PR ua TUPRRY SR UES P
t t

-T t—s T t—s —(T—t) t—s —(T—t) t—s

:/HH) 3(3) ds+A(7t)(log(T—t)—2logA(t))—/t_A RELUREOP)

=T - t—(T—t) t—s

z/t M) 4o ) loa(T — 1) = B(1)
7T —s

By (4.9), we then get

g . _d 2 - _
log(T )22 () = = (f log?(T — t))\(t)) =0,
which means 3(¢) is a constant. Thus, equation (4.8) can be approximately solved for
. c
ANt)=————
O="TogT—0p

with the constant ¢ chosen as

_C/T ds .
L (T —s)[log(T —s)2 ~ "™
__ _ 3coax

where K, := SE0ge At main order, we obtain

NOET W0
with
- |log T|
A(t) = —— 21
= o —op
By imposing A.(T") = 0, we obtain
log T|(T —
(t) = |log T'|(T — t)

T | log(T —t)|? (1+o0(1) as t /T.

5. LINEAR THEORIES FOR INNER AND OUTER PROBLEMS

5.1. Linear theory for the outer problem. In order to solve the outer problem (3.4), a linear
theory for the associated linear problem is needed. We consider
l/Jt:Aw‘ny il’lQX(O,T)7
=0, on 002 x (0,T), (5.1)
$(2,00=0,  inQ

where the non-homogeneous term f in (5.1) is assumed to be bounded with respect to the weights
appearing in the outer problem (3.4). Define the weights

01 1= N3 ()R> (1) X {|a—e(t) <20, R}

NPV
02 = TZemP X{lz—£(1)| 22 R} (5.2)
03:=1

where we choose R(t) = ;" (t) for 8 € (0,1/2) throughout the paper. We define the norms

3 -1
IR su i(x, x, 5.3
A1 Do <;9 ( t)> | f(z,t)] (5.3)

(z,t)eQx (0
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_ ALY(0)R(0) A2 (0)RM(0)

||¢||* = W”Whm(m(o,ﬂ) + W||V1/}||L°°(QX(O,T))
)\I—V(t)Ra(t)
+ sup [*1/)%15 (T
(@.eax,r) L [log(T —1)] [v(z,t) (x,T)] =
XU (R (1) |
+ sup [* Vio(z,t) — Vip(z, T }
(@ eax©r) L [1og(T —1)| |Vip(z, 1) (z,7T)|
)\zvﬂw VRO (4
+ sup (t2) (t2) [(z,ta) —W(x,t1)],
QxIr (ty — 1)

where v, a,y € (0, 1), and the last supremum is taken over
1
QAx Ir = {(1‘,t1,t2)5 LEEQ, 0<t; <ty ST, to —t1 < 10(T—t2)}.

For problem (5.1), we have the following estimates.
Proposition 5.1. Let v be the solution to problem (5.1) with |||« < 4+o00. Then it holds that

191+ < 11f1l+x-
Proposition 5.1 is established by the following three lemmas with different right hand sides.

Lemma 5.1. Let ¢ solve problem (5.1) with right hand side

|f(2, )] S AP0 R™ ()X a—et)| <20 R}
with a,v € (0,1). Then it holds that
W (@, )] S ANTHO)R™(0)|log T,
(. t) — (e, T) S AR (1) log(T — 1)),
V()] S AT2(0)R™2(0)[log T,
V(@ t) = Vp(z, T)| S N2 R (1) | log(T — 1),
and
(@, t2) — (@, t1)| S N3 (ta) R (k) (b — 1) 7172,
where 0 <ty <ty <T with ty —ty < 15(T — t2) and p € (0,1).
Lemma 5.2. Let ¢ solve problem (5.1) with right hand side
Vo
If(z,t)] S mm\m—g(ﬂlzxm},
where vo € (0,1). Then it holds that
(1) S T |log T2,
[W(x,t) = ¢(z, T)| S (T — 1) |log T|"*|log(T — t)| 72,
T2~ log T| 72
R(T) ’
A2 (t)|log(T — t)]
R(t) ’

V()] S

[Vip(z,t) — Vi(z,T)| <
and AL ()| log(T' — 1)
()| log(T —t

[Y(x, ta) —(z,t1)] S A (OR(1)2

where 0 <t <to < T withty —t1 < %O(T—tg) and v € (0,1).

(ta —t1)7,
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Lemma 5.3. Let ¢ solve problem (5.1) with right hand side

|f(z,t)] S 1.
Then it holds that

(1) St

(2, t) = ¢ (2, T)| S (T —t)|log(T — )],
V(e t)] S T2,
V(e t) = Vp(z, T)| S (T = 1)"/2,
and
(1) — ¥ (x,t1)| S (t2 — t1)[log(t2 — t1)],
where 0 <ty <ty <T with ty — ty < (T — t).
Proposition 5.1 is a direct consequence of Lemma 5.1, Lemma 5.2 and Lemma 5.3, and the proofs

of Lemma 5.1, Lemma 5.2 and Lemma 5.3 are achieved by using Duhamel’s formula similarly as in [6].
Here we omit the details.

5.2. Linear theory for the inner problem. To solve the inner problem (3.1), we develop a linear
theory for the associated linear problem of the inner problem under certain topology. We consider the
associated linear problem

Moy = Ayo+3U2(y)p + h(y,t) in Dag. (5.5)

Recall that the linearized operator Ly = A + 3U? has only one positive eigenvalue p such that

Lo(Zo) = poZo, Zo € L®°(RY),
where the corresponding eigenfunction Zj is radially symmetric with the asymptotic behavior

Zo(y) ~ [y~ VEl as |y — 4o0.
Multiplying equation (5.5) by Zy and integrating over R*, we get
N ()p(t) — pop(t) = q(t),

where

o) = [ 000200y and at) = [ hiy.0)Zalu)dy
Then we get

t
p(t) = elopor (s (p(0)+/ q(n)Az(n)efo"“f)“(”den).
0

In order to get a decaying solution, a initial condition

T
p(0) = 7/ Q(n)/\72(77)67 I “UA_Q(T)drdn
0

is needed. The above formal argument suggests that a linear constraint should be imposed on the
initial value ¢(y,0). Therefore, we consider the associated linear Cauchy problem of the inner problem
(3.1)
N2¢; = Ayd+ 3U%(y)p + h(y,t), in Dag, (5.6)
#(y,0) = e Zo(y), in Bapg(o),

where R = R(t) = A, ?(t) for B € (0,1/2). On the other hand, the parabolic operator —A20; + Ly is
certainly not invertible since all the time independent elements in the 5 dimensional kernel of Ly (see
(2.3)) also belong to the kernel of —\29; + Lg. In order to construct solution to (5.6) with suitable
space-time decay, we expect some orthogonality conditions to hold. We shall construct a solution
(¢, €0) to problem (5.6) under the orthogonality conditions

h(y,t)Ze(y)dy =0 for £=1,---,5, te€ (0,T). (5.7)
Bar
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Define

[Bllv2ra == sup AT+ [yl*") [|h(y, )] + (1 + [y[)[VAy, 8)]] - (5.8)
(y,t)ED2Rr

The construction of such solution is achieved by decomposing the equation into different spherical
harmonic modes. Consider an orthonormal basis {6;}5°, made up of spherical harmonics in L*(S?),
ie.

AgsO; + 10, =0 in S3

with 0 =X <A1 ==X =3 < X5 <---. More precisely, O¢(y) = ag, 0;(y) =ary;, i=1,---,4
for two constants ag, a; and

3+ 1)l
N —i(241) with multiplicity < ;,") for i > 0.
Y]

For h € L*(DyRr), we decompose
Zh 00, (y/), 1 = lyl, hy(rt) = /S h(r0,6)0,(6)d6
and write h = h® + h! + A with
h® = ho(r,t), B :24: hi(r,t)0;, ht = Zh (r,t)©
j=1

Also, we decompose ¢ = ¢° + ¢! + ¢ in a similar form. Then looking for a solution to problem (5.6)
is equivalent to finding the pairs (¢°, %), (¢!, h'), (¢*, h*) in each mode.
The key linear result for the inner problem is stated as follows.

Proposition 5.2. Let the constants a,v,v1 € (0,1), a1 € (1,2). For T > 0 sufficiently small and
any h(y,t) satisfying ||h|lv.24a < +00, |R |11 240 < +00 and the orthogonality conditions (5.7), there
exists a pair (¢,eq) solving (5.6), and (¢,eq) = (¢[h],eglh]) defines a linear operator of h(y,t) that
satisfies the estimates

N (H)R?*~3/Iog R

¢y, )] + (1 +[yDIVe(y, 1) < 1h%][1 24 min{1, R*~% \/log Rly| =%}

14 [yl?
A n AL
_* 7 h * 1
+ 1+ |y|a1 H ||V1,2+111 + 1+ |y|a || HV72+¢Z
and
leolP] S N1llv,2+a-
The proof of Proposition 5.2 can be carried out in a similar manner as in [1] and [8]. Note that the

restriction a; € (1,2) is required to guarantee the integrability in the blow-up argument at translation
mode. We leave the proof to the interested reader.

Remark 5.1. If we define the norm

16l va == oo AV(ORE 2 (log R) 2 (1+ [y]?) [|0°(y, 1)) + (1+ [y]) Ve (v, )] (5.9)
y,t)€D2r

then Proposition 5.2 implies that
||¢0H*,V,a § ||h0HV,2+a'

We shall use the norm (5.9) when we solve the inner—outer gluing system.
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6. SOLVING THE INNER—OUTER GLUING SYSTEM

In this section, we shall solve the inner—outer gluing system by the linear theories developed in
Section 5, and the Schauder fixed point theorem. Our aim is to find a solution (¢, ¥, A, §) to the
inner—outer gluing system in Section 3 such that the desired blow-up solution is constructed. We shall
solve the inner—outer gluing system in the function space X defined in (6.52). We first make some
assumptions about the parameter functions. Write

o TY(T 1)
MO = T — P

and assume that for some numbers c¢1,co > 0,
1A ()] < JA@)] < ea| A ()] for all t e (0,T).

Throughout the paper, we take R(t) = Ay ”(t) for 8 € (0,1/2).

In Section 6.1 and Section 6.2, for given [|¢°]«v.a; |0 vr,a1s 16 vsas (@1, 127 loes [IAFs €]l
bounded, we shall first estimate right hand sides G(¢, ¥, \,§) and H(p, v, A, €) in the inner and outer
problems. Here the above norms are defined in (5.9), (5.8), (5.4), (6.50) and (6.51).

6.1. The outer problem: estimates of G. Consider the outer problem

Ve =AY +G(¢,4,A,€) inQx(0,T)
where
G(6, 9, A, €)= 3N (1 = nr)U(y) (Yo + ¢ + Z*)
+A7° [(AyﬂR)¢ +2Vynr - Vyo — )\2¢at77R]
+ (1 =nr)KA &+ (1 —nr)N (W)

with K[\, £] and N (w) defined in (2.9) and (3.3) respectively.
In order to apply the linear theory Proposition 5.1, we estimate all the terms in G(¢, %, A, €) in the
I - [x-norm, defined in (5.3). Define

G0, X8 = g1+ 92+ 93
with
g1 =32 (1 = nr)U* () (o + v+ Z7)
g2 1= A7 [(AynR)D + 2V ynr - Vyé — N ¢0ing)
g3 = (1 =nr)K[A &+ (1 = nr)N (w).
To estimate g;, we first estimate the non-local correction ¥y in (2.7).

Estimates of ¥

Decompose

2 <2

¢ 1— e T s) -4 . 1—e 1o
Uy = —ap [T As) ————— z / /t,ﬁ A(S)Tds. (6.1)

For the first integral above, we have

e ForT —t > %, we further decompose

2 2 2 2

=5 . e T t=(T—t) =5\ | maw
M8)————ds = / +/ As) ————ds.
/41 (=) ¢? - t—(T—t) (=) ¢?
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Since T'— s < 2(t — s) and 4(57;) < 1, we have

2

t=(T-t) 1 _ - = t=(T—t) |}
/ )\(s)eidsg/ | (S)|ds

-T ¢? -T T—s

t—(T—1) 1
< |logT d (6.2)
f“Og'[T (T~ )[log(T — 5P

1 1
<|logT - <1
S [log |‘|log2(T—t)| log2T‘N

Similarly, for the second integral

2 C2
T |log 7|

2 3
/ ! }\(S)wds < / ds
(Tt ¢? ™ Ji— -ty (t = 5)[log(T — s)[? (6.3)

logT 2 )
~ |105-1:(Tg|1t)|2 o (C> ~ log(T -~ t)’ S 1Al [log(p® + %) + 1]

4

. ForT—t<%,Sinces<t—%<t—(T—t),weevaluate

7& . . .
/t ’ |)‘(‘<"')|¢s</t TR < (6.4)

_r t—s 7 T—s

Next we evaluate ,

bt e 1 .
/ As) I T g < 7/ CAs)lds S 1. (6.5)
t

e Sl
Combining (6.1)—(6.5), we conclude that
[Wo| < |A] [log(p® + A%) +1] . (6.6)

Estimate of g;.
Since ¢ € Xy defined in (6.47), we have
g1 =31 = nr)U*(y) (Vo + ¥ + Z7)

R2(t)AY"1(0)R~(0)|log T| y
o = €(0)] X{la—eiza.my ¥«

R72(t) ) R=2(t)|log(T — )| .
+WX{\x—£(t)\zx*R}llZ lloo + T —€)2 X{jo—e(t)=x. r} [ Allso-

S

So by the choice of the weight g2 as in (5.2), we get
g1l S T bl + 127 [0 + [Alloo + 1) (6.7)
provided

-1 2 — vy >0,
v-1+5@2+a)-vs (6.8)
25 — vy > 0.
Here ¢q is a small positive number.
Estimate of g-.

Due to the cut-off, go is supported in {(z,t) € Q x (0,T) : AR < |z —&(t)| < 2A.R}, and we com-
pute
92 = A2 [(AynR)d + 2V yng - Vyo — N (9nr) ]

SR Y o—elonn 5 (10% e + 10 s ar + 167 [1va)
SR (16%0wa + 16 v ar + 197 la) -
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So it follows that
g2l ST (1% 1500 + 10 11,00 + 16" i) (6.9)
provided
0<a<ac<l. (6.10)

Here ¢q is a small positive number.
Estimate of gs.
We now estimate g3 = (1 —ng)K[\, & + (1 — nr)N(w). Recall from (2.9) that
200 A2 () A(t)
(1+1yl*)?

We first estimate R[] defined in (2.8). By direct computations similar to the estimate of ¥q, we
obtain

RN S A (

K\ €] = +AT2(HVU(y) - £(t) — R[N

T-00+P) T T2  RA+pP?  T-t Ad+ P

We next evaluate the first term (1 — ng)K[A, €] in g5 by using (6.11). Thanks to the cut-off (1 —ng),
we get

1 A2 1 Ay - €+ N) y &+ A ) (6.11)

200N 2(t)A(t)
(1+[y?)?

S R Allscoz + AR 02 €lle + AT 02 + T |03,
where the || - [|g-norm is defined in (6.51). We then see that if

(1 =nr)K[A ] = (1 —ngr) +A(O)VU(y) - £(t) — RN]

Vo — Qﬁ <0,
B4+v—vy>0, (6.12)
Vo — 1< 0,
then
10 = 7)A€l S T (I3l + el +1) (6.13)

for some € > 0.
For the nonlinear terms, we have

(1=nr)N W) = (1 —ng) [(Ure + Yo +w)* = U3 . = 3U3 (Vo + w)]
S (1=nr)Ux e(Po +w)?

A (1 — B .
< A 2R) (02 4 024 g2 4 (2]
L+ |yl
< (R log RI°I..0 + N2V RO G2, o+ RS2, o

AT O0)RT2(0) log T 02912 + A2 00| 2712,
+ [log(T — t) 2| A |PAL 772 g5
Therefore, we obtain that for ¢y > 0
1= 0N @) o S T (J16°

provided

2o T IS, + 110+ U2 + 127136 + 1Al + 1) (6.14)

21 — v+ B(2a1 — ) >0,
vy < 1, (6.15)
22U — vy — 14+ 2a8 > 0.
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Collecting (6.7), (6.8), (6.9), (6.10), (6.13), (6.12), (6.14) and (6.15), we conclude that for a fixed
number €5 > 0

1G1s ST (1 + 127 lloo + 16" N0 + 16" lor,a1 + 167 e + [A]lso + €]l + 1) (6.16)

if the parameters 3, a, a1, o, v, V1, Vs are chosen in the following range

v—1+p2+a)—vs >0,

28 — vy >0,

0<a<a<l,

B+v—wvy >0, (6.17)
21 — v+ B(2a; —a) >0,

vy < 1,

2u—vy — 14 2a > 0.

6.2. The inner problem: estimate of H. Consider the inner problem
Ny = Ayo +3U%(y)¢ + H(p, ¥, A, €) in Dap

where
H(B, 1\ ) (s t) = 3AU*(y) [Wo + ¢ + Z*] Ay + &, 1)

FA MV y+0) + Vyo- &
+ XN (@) + XK, €]

with NV(w) and K[\, §] defined in (3.3) and (2.9).
From the linear theory in Section 5.2, we know that for H = H° + H! + H* satisfying

HH0||V,2+a7 ||H1||V1,2+a1, ||Hl||v,2+a < +00,

there exists a solution (¢°, ¢!, ¢+, ¢’) (¢ =1,--- ,4) solving the projected inner problems
)‘2¢? = Ay‘bo + 3U2(y)¢0 + HO(¢’¢a )‘75) + COZ5 in DQRa (6 18)
#°(-,0)=0 in Bag, '
4
Nop = Ayt + 303 (y)o" + H' (4,9, M, 6) + e; *Zy  in Dyp, (6.19)
¢'(-0)=0 in Bapg,
N = A0t +3U%()¢t + (6.0, 0€)  in Do, 620
¢+ (-,0) =0 in Bopg, '

and the inner solution ¢[H] = ¢°[H°] + ¢! [H'] + ¢ [H*] with proper space-time decay can be obtained
for the inner—outer gluing to be carried out. We first choose all the constants such that

1H0llv2as [1H s 2401y [H lv24a < +oo.

We have the following estimates.
e By (6.6), we have

[BAUZ ()[R0 (Ay + &, 1) + Ay + &, t) + Z*(My + &, )]

_ A
N4yt

. P § (6.21)
(1] (tog A, + Tog(1 + [y])) + X7 ()R~ (0)1og T[] + 1271 |
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e Directly computing, one has

‘)‘ {A(Vy¢y+¢) +vu¢§”

. [ ANR>*%\/logR A\
< Txtv TV ES 0
N/\*A*I( T 1°]14 0 + ———— T g 16" s a0 + 1+| @ (6.22)
. (AR 5\/IogR A AV
+ A€ <1+I3H¢ *va T WW lv1,01 + WW lv,a
e Using (6.6) and (6.11), we evaluate
|NPN () + XK, €]
A2 ~ ]
S| (O e 4 0 24 200 4 XK
A2V Ri=alog R A2 A2
S —6“(250 ¥va 72%||¢1||y1,a1 WWLH%
1+ 1yl 1+ [y[>+2e 1+ [yl
b Pllog(T - O + 2 2 (6:23)
1+ Jy|? 1+ |y? o
A2(H)A2Y2(0)R~ log T2 W A€
ARG (0) 2()I |2 + - i
1+ [yl (L+yl?)? ~ 1+]y
N R S {1 P\ 2 (v-€+4)
Tl@-n2 0 A+ yH)? T—t 1+ [yl?

From (6.21)—(6.23), we obtain
IHllvz4a S A7 AN 0g(T = )] + A7 (X O)R™(O)log T ¢l] + AL (12" o0
+ M AR E Vlog RY|6° e + ATV A RETOT (6 |y a0 + Al A R
+ AR 0g RY|0°)2 0 + AT 0N, 0y + MO D 0+ AT AP Tog(T — )R
+XTVRYZY|5 + ATV (ORYHX T2 (0)RT(0)log T [[]12
AV XiTVR*(RIE| + A

1—v|\y 1—v| & \ * 24a 1u
+ A7 A+ A |§|+|A*|(( )R + A, T

+ X2V R*(RI€| + A))
from which we conclude that for some fixed €5 > 0

1Hllv2ta ST (16°e 0 + 16 lor.ar + 165 b0 + 191 + 12%loo + 1 Mloo + Ellc +1)  (6.24)

provided

O<v<l,

1-B8(2+%5) >0,

1+ —v—02+a—a) >0,

1-28>0,

v—B4—a)>0, (6.25)
2v1 —v > 0,

2—v—af >0,

v—p(a—2a)>0,
2—v—pF01+a)>0.
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Similar computations give that for some fixed ¢y > 0

11 s 2400 ST (19 lor,ar + 19l + 1127 loo + Moo + €]l +1) (6.26)
provided
0<r <1,
v—uv+af >0,
2—v1—a18 >0, (6.27)

2v—v1 +2aB —a18 > 0,
17V17B(a171)>0.

6.3. The parameter problems. From (6.18)—(6.20), it remains to adjust the parameter functions
A(t), £(t) such that

CO[)‘vfa\Ij*} :07 Ce[)\7§’\11*} :07 l= 17 343 Vte (OaT)v

where
f HZ5dy
N E U] = -2 (6.28)
fBQR ‘Z5|2dy
HZyd
AN E T = _M for £=1,---,4. (6.29)
fBZR |Z€| dy

It turns out that we can easily achieve at the translation mode (6.29), but the scaling mode (6.28) is
more delicate.

6.3.1. The reduced problem of £(t). We first consider the reduced equation for £(¢). Observe that (6.29)
is equivalent to

H(q&,w,)\f)(y,t)Zg(y)dy = 07 for all t € (OvT)v (= 13 T 74‘
Bar

Write U* = ¢ + Z* and £(t) = (&1(¢), -+ ,&4(t)). Then for £=1,--- 4,

/B H(d, 10, X €) (. 1) Zely)dy = 0

give that
él = bl [>\a ga d)a \I]*L (630)

where

be[A, €5 ¢, U] :/

Bar

(HIA €0, 971w, 8) = AU, (9)ér ) Ze(y)dy.
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Furthermore, the size of by[\, £, ¢, U*] is controlled by

belx &0, 0] S (Al log(T = )] + A1 2" ) (1 + O(R™))
XX O) R (0)] log T[] (1 + O(R™))
AR E 10g RJ6° a1+ O(R™Y) + AL A6 1y 00 (1 + O(RY ™))
A6 (1 + O(RY™) + ALHIE R log Il va(1 + O(R2)
£ AN oy 0 (1 OR™)) + A €6 a1+ O(R™))
+ X2 A2 0g(T — )P(1+ O(R ™)) + X2 R**1og R[|¢"||2,,.,(1 + O(R™?))
X202, 0y (L O(R™I720)) 4 226 |2, (1 4+ O(R ™))
X2 (0X2(0)R2(0)  log T2|| (1 + O(R™))
+ X2 Z* 21+ O(R™) + AJA|(1 + O(R™?)
+ A2 (L + O(R™Y) + AL AR + A [€|R?
+ X2 [E[R(L+ O(R™Y)).

(6.31)

Next, we analyze the reduced problem (6.30), which defines operators =, (¢ = 1,---,4) that return
the solutions & (¢ =1,--- ,4) respectively. Here we write

E = (E1, 52,53, E4) (6.32)

and £(t) = ¢ + £1(t) where ¢ = (q1,- -+ ,qq) is a prescribed point in . We shall solve £!(¢) under the
norm

I€lle = €l ooy + sup ATV (@)IE()]
te(0,T)
for some fixed v € (0,1). From (6.30), we have
€e(t)] < lgel + 16e[A, & &, V|| e 0.1y (T — 1)

Therefore, we obtain
1Zelle < lgel + (T = )77 [[be[A, & &, V7|l oo (0. 77) - (6.33)
By (6.31) and (6.33), we conclude that for some constant C' > 0

1Eella < lgel + C(T —1)7 lA*(t)/\'Il(O)Ra(O) og T([[9[l+ + Al Z"[loo

+ RS (0] +1€]) VIog RIG [ + AT (1] 4+ 181) 19 s
A (AR 4 ) 165 o + X2 R 10 ROV, 0 + A2 012, a0y + A2 1642,

10—2a

+ XAl og(T = )] + (AP RS £ XA R) ¢l

(6.34)

6.3.2. The reduced problem of A(t). Since the reduced problem of A(t) is essentially the same as that
of [6], we shall follow the strategy and logic in [6].
Direct computations show that (6.28) gives a non-local integro-differential equation

/ A p (AQ(t)) ds + coh = a[\, €, U7]() + an [\, €, &, U] (1), (6.35)

rt—s t—s
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Zs(y
where co = 2a¢ [ ﬁdy7

ah &V == [ 30) (W0 -+ 9) Zs(o)d, (6.36)
and the remainder term a, [\, &, ¢, U*|(¢) turnz; out to be smaller order and is controlled by
a0, € 6, W] S XR2E (| 10g(T = D] + [€]) VIog RI6 e + AL (N2 +1€]) 16l

£ (I B2 4 JERT0) [0l + A2 RV og RIGV2, o + X2 612, o,
+ AR GME A+ A AP log(T — )P + A [log(T — )[[1 27|12
A ()] log(T — £)|XZ"72(0)R™2*(0) [ Log T[?[|]|2.-

To solve A(t), we introduce the following norms

[ log(T —t)|'
WU(UL

where f € C([-T,T];R) with f(T) =0, and © € (0,1), [l € R.

[flle. := sup
t€[0,T]

m(t—s)

_ l
gm0 Bl ) — (o),
% _t} g € C([-T,T);R) with ¢g(T) = 0 and

where Ip = {-T<s<t<T:t—s<
0<y<1l,m>0, leR

Also, we define '
Bo[A(¢) = [ : ?ﬁsl r (?2_(2> ds + coh (6.37)

and write

_ BO[)‘] — (a[)‘v fa \Ij*} + arp\a 57 ¢>7 \II*])
fBzR 1Z5(y)|?dy
We invoke a key proposition proved in [6] concerning the solvability of A(t).

Proposition 6.1. Let w,© € (0,4), v € (0,1), m < © —y and | € R. If a(t) satisfies a(T) < 0 with
1/C < a(T) < C for some constant C' > 1, and

(6.38)

TOl1og T+ a(-) — a(T)lo1 + [alyma_1 < Ci (6.39)
for some ¢ > 0, then there exist two operators P and Ry such that A = Pla] : [-T,T] — R satisfies

with
(T _ t)m+(1+w)'y

Rafl(0) 5 (73 + TS A0 —a(Dllo.m1 + lahmis ) U

[log T|

6.4. Inner—outer gluing system. By the discussions in Section 6.3.2, we transform the inner—outer
problems (3.1), (3.4) into the problems of finding solutions (v, ¢°, @', ¢, A, &) solving the following
mner—outer gluing system

e =AY+ G0 + ' + o0+ Z5,0,6),  inQx(0,7),

P =0, on 90 x (0,T), (6.41)

¥(z,0) =0, in €,

{A%Q = Ay¢° +3U2(y)¢° + HO (¢, 0, A, €) + E[H ) Zs  in Dap,

¢9(-,0) = 0 in Bop, (6.42)
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No! = A8+ 3UR(p)et + M (6 N E) + 3 MY Z,  in Do,
/=1

(6.43)
¢'(-,0)=0 in Bag,
)‘Q(btl = Ay¢L +3U2(y)¢L +HL(¢7’¢)7)‘7€) +Cg[)\7£, \II*]Z5 in D2Ra (6 44)
¢+(-,0)=0 in Byg, '
AIH](t) — PN, &%) (t) =0 for all t € (0,7), (6.45)
cHH](t) =0 for all t e (0,T), (6.46)
e (3.2)) on different modes. It is

where G is defined in (3.5), H°, H', H' are the projections of H (se
direct to see that if (1, ¢°, ¢1, ¢, \, €) satisfies the system (6.41)—(6.46), then

U=+ 2% p=0"+ ' + ¢

solve the inner-outer problems (3.1), (3.4) and thus the desired blow-up solution is obtained.

6.5. The fixed point formulation. The inner—outer gluing system (6.41)—(6.46) can be formulated
as a fixed point problem for operators we will describe below.
We first define the following function spaces

Xgo = {¢° € L®(Dar) : Vy¢° € L=(D2r), [|¢°]l41.a < +o0},
Xy = {¢' € L®(D2g) : Vy¢' € L®(Dag), |6 l1,0, < +00},
Xyo = {¢" € L™(Dar) : Vy¢~ € L=(D2g), |¢"|l.a < +00},
Xy = { € L®(Q x (0,7)) : [[¢]lx < +00}.

In order to introduce the space for the parameter function A(t), we recall from (6.37) that the
integral operator By takes the following approximate form

(6.47)

t=23(1) (g )
s = [ s 0l

_T — S
Proposition 6.1 defines an approximate inverse operator P of the integral operator By such that for a
satisfying (6.39), A := P|a] satisfies

Bo[A] = a+ Rola] in [-T,T],
where Ro[a] is a small remainder. Also, the proof as in [6] provides the decomposition
Pla] = Xo,x + Pila] (6.48)
with . .
Ao,k i= k|log T\/t mds, t<T,

k = kla] € R, and the function \; = P;[a] satisfies

M= < [og 71"~ log(|log T') (6.49)
for 0 < ¢ < 1, where the || - ||+ 3—,-norm is defined by

1l = sup | log(T — t)[* £ (1)]-

Therefore, we define
X)\ = {)\1 € Cl([—T7 TD : )\1(T) = 07 ||)\1||*’3,L < OO}
Here by (k, A1) we represent A in the form

A= Ao,k + A1,
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and from [0], one can write the norm
[AlE = 15l + (A3 (6.50)
For the translation parameter function £(t), we write £(t) = ¢+ &1(t) and define the following space
for £1(t)
X ={£ € C(O.THRY), 1) =0, |lglo < +o0}

with .
I€lle = llgll Lo o,r) + sup AL (B)IE(E))] (6.51)
t€(0,T)
for some fixed v € (0, 1).
Define
X=Xy x Xg1 x X1 x Xy x Rx X\ x Xe. (6.52)

We will solve the inner-outer gluing system in a closed ball B in which (¢°, ¢*, ¢, 1, K, A1, €Y) € X
satisfies

16°era + 16 lbr.ar + 165 llva < 1

]l <1

|k — ko| < |log T|~1/? (6.53)
[Allx5-0 < Cllog T|*~*log(|log T)

[€lle <1

for some large and fixed constant C, where kg = Z;(0). The inner-outer gluing system (6.41)—(6.46)
can be formulated as the following fixed point problem. We define an operator F which returns the
solution from B to X

F:BCX - X

v Fu) = (Fpo (v), Fyr (v), For (v), Fy (v), Fi (), Fa, (0), Fe(v))

with
Foo(@°,0%, 00,0, kA1, €Y) = To(HOIA €, 97])
For (97, 0%, 0, 0, m, M1, €)= Ti(H' [N €, 07))
Fpr (@, 0t ¢ 0, kA1, €Y) = T (KN 607 + QN €, 07 Z5)
Fy(@, 0" 00,5, A1, €Y) = Ty (G(6° + @' + 07, 0%, 0,9)) (6.54)
Fu(@®, 0", 00,0, 5, M0, €1) = 5 [a°[A, €, 0]
Fo, (0,08, ¢, 0, 5, M, €Y) = Pr [a%[A, €, W]
H =

Fe(¢®, o', 0%, 0, 5,0, €)= (8%, 01, 67,40, 0,€)
Here Tg, 71 and 7 are the operators given in Proposition 5.2 which solve different modes of the inner
problems (6.42)—(6.44). The operator 7y defined by Proposition 5.1 deals with the outer problem
(6.41). Operators kla], P; and = handle the equations for A and £ which are defined in Proposition
6.1, (6.48) and (6.32), respectively.

6.6. Choices of constants. In this section, we shall list all the constraints of the constants 3, «, a,
a1, v, V1, Vo which are sufficient for the inner—outer gluing scheme to work.
First, we indicate all the parameters used in different norms.

o R(t) = A7 (t) with 8 € (0,1/2).

e The norm for ¢° solving mode 0 of the inner problem (6.42) is || - ||+, which is defined in
(5.9), where we require that v,a € (0,1).
e The norm for ¢! solving modes 1 to 4 of the inner problem (6.43) is || - ||, 4, Which is defined

in (5.8), where we require that v; € (0,1) and a; € (1,2).
e The norm for ¢ solving higher modes (j > 5) of the inner problem (6.44) is || - ||,., which is
defined in (5.8), where v,a € (0,1).
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e The norm for ¢ solving the outer problem (6.41) is || - ||« which is defined in (5.4), while the
I - ||s«-norm for the right hand side of the outer problem (6.41) is defined in (5.3). Here we
require that v, o, v,y € (0,1) .

e In Proposition 6.1, we have the parameters w,®,m,[,v. Here w is the parameter used to
describe the remainder R, and w € (0,1/2). To apply Proposition 6.1 in our setting, we let

O=v—-1+af, m=v—-2—v+8(2+a), [ <1+42m,

and require that 5 > 1_7“ such that m + (1 + w)y > O is guaranteed.

In order to get the desired estimates for the outer problem (6.41), by the computations in Section
6.1, we need the following restrictions

v—1+B82+a) -1 >0,
268 — vy >0,
O0<a<a<l,
B+v—uvy >0,

2v — v+ B(2a1 —a) >0,
vy < 1,

2v — vy — 14+ 2a8 > 0.

In order to get the desired estimates for the inner problems at different modes (6.42)—(6.44), by the
computations in Section 6.2, we require the restrictions

O<rv<l,

1-B8(2+%) >0,
1+ —v—82+a—ay) >0,

1-28>0,
v—L3(4—a)>0,
21 —v >0,
2—v—af >0,

v—pf(a—2a) >0,
2—v—p(1+a)>0,
0<1y <1,
v—uv+af >0,
2—v1—a18 >0,

2v— v + 2a8 — a1 > 0,
1—1/1—5(0,1—1)>0.

It turns out that suitable choices of the parameters satisfying all the restrictions in this section can be
found. Here we give a specific example:

1 1
6%1(6>Z)’ aza%ad%l’ U%Ul%l, VQFQ?O.

6.7. Proof of Theorem 1. Consider the operator
F = (Fgo, For, Fors Fyy Fry Fars Fe) (6.55)

given in (6.54). To prove Theorem 1, our strategy is to show the existence of a fixed point for the
operator F in B by the Schauder fixed point theorem, where the closed ball B is defined in (6.53). By
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collecting the estimates (6.16), (6.24), (6.26), (6.34), (6.49), and using Proposition 5.1, Proposition
5.2, Proposition 6.1, we conclude that for (¢°, ¢!, ¢, 9, K, A1, €4) € B

[ Fp0(6°, 01, &%, 0, 8, M, €Y [l < CT

[ Fpr (0, 0, & 0, 5, A1, € [y 0y < CT

[ Fpe (8%, 01, 5,0, Ky Aty € [lua < COTC

[ Fu(°, 0", 0, 00, 5, A1, €Y« < CT (6.56)
| Fu(@%, 61, 1, 5, A1, €1) — k| < Cllog T~

[ Fas (6%, 61, ¢, 0, 1, A1, €[l s—, < Cllog T log? (| log ')

| Fe(0°, ¢, 0,0, 5, A1, |l¢ < CT©

where C > 0 is a constant independent of T, and ¢ > 0 is a small fixed number. On the other hand,
compactness of the operator F defined in (6.55) can be proved by proper variants of (6.56). Indeed,
if we vary the parameters 3, a,a, a1, v, vy, Vo slightly such that all the restrictions in Section 6.6 are
still satisfied, then we get (6.56) with the norms in the left hand side defined by the new parameters,
while the closed ball B remains the same. To be more specific, for fixed v/, a’ which are close to v, a,
one can show that if (¢°, ¢', ¢, 1, k, A1, &) € B, then

||f¢>0 (¢07 ¢17 ¢l7 ¢7 R, )‘la gl)H*,V’,a' S CTEI'

Furthermore, one can show that for v/ > v and v/ — 5(2 — %') > v — (2 - §), one has a compact
embedding in the sense that if a sequence {¢2} is bounded in the || - ||+, o--norm, then there exists
a subsequence which converges in the || - ||, o-norm. Thus, the compactness follows directly from a
standard diagonal argument by Arzela—Ascoli’s theorem. Arguing in a similar manner, the compactness
for the rest operators can be proved. Therefore, the existence of the desired blow-up solution for k = 1
is concluded from the Schauder fixed point theorem.

The general case of multiple-bubble blow-up is essentially identical. The ansatz is modified as
follows: we let

k
w(@,t) = > Us .6, + Poj (@, 1)
j=1
where Uy, is defined as in (2.7) with A, £ replaced by A;,&;. Then we look for a solution of the form
- z—&(1)
u@, ) =@, + 2 A7 Onae 09655 ) + 2@, 0+ 0@, 0), v = ==
J=1 J
and are led to one outer problem and k inner problems with exactly analogous estimates. A string of
fixed point problems can be solved in the same manner. We omit the details. d
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