AN OPTIMAL BOUND ON THE NUMBER OF
INTERIOR SPIKE SOLUTIONS FOR THE
LIN-NI-TAKAGI PROBLEM

WEIWEI AO, JUNCHENG WEI, AND JING ZENG

ABSTRACT. We consider the following singularly perturbed Neu-
mann problem

% =0 on 09,
where p is subcritical and €2 is a smooth and bounded domain in
R™ with its unit outward normal v. Lin-Ni-Wei [18] proved that
there exists g¢ such that for 0 < ¢ < ¢p and for each integer k

bounded by

EAu—u+uP =0 in Q wu>0 in 9,

1<k< M (011)
(ellogel)™
where §(€2, n,p) is a constant depending only on Q, p and n, there
exists a solution with & interior spikes. We show that the bound
on k can be improved to

5(Q2,n,p)

1<k<
SRS o

; (0.2)

which is optimal.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS
Of concern is the following Lin-Ni-Takagi problem ([17])

2Au—u+uP =0in Q
w>0inQ (1.1)
%zOon@Q7

where p satisfies ] <p < t+ooforn=2and 1 <p < Z—’jfornEBand
Q) is bounded, smooth domain in R™ with its unit outward normal v.

Problem (1.1) arises in many applied models concerning biological
pattern formations. For instance, it gives rise to steady states in the
Keller-Segel model of the chemotactic aggregation of the cellular slime
molds and it also plays an important role in the Gierer-Meinhardt
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model describing the regeneration phenomena of hydra. See [9], [15]
and [17] for more details.

Problem (1.1) has been studied extensively for the last twenty years.
In the pioneering paper [17], Lin, Ni and Takagi proved the a priori
estimates and existence of least energy solutions to (1.1), that is, a
solution u, with minimal energy. Furthermore, Ni and Takagi showed
in [24, 25] that, for each € > 0 sufficiently small, u. has a spike at
the most curved part of the boundary, i.e., the region where the mean
curvature attains maximum value.

Since the publication of [25], problem (1.1) has received a great deal
of attention and significant progress has been made. More specifically,
solutions with multiple boundary peaks as well as multiple interior
peaks have been established. (See [4]-[5], [11]-[14], [16]-[18], [26]-[29]
and the references therein.) In particular, it was established in Gui
and Wei [13] that for any two given integers k > 0,1 > 0 and k+1 > 0,
problem (1.1) has a solution with exactly k interior spikes and | bound-
ary spikes for every e sufficiently small. Furthermore, Lin, Ni and Wei
[18] showed that there are at least (iﬁg’g e%)” number of interior spikes.
On the other hand, problem (1.1) also admits higher dimensional con-
centrations. (See [23].) For results in this direction, we refer to [1],
[19]-[22]. In particular, we mention the results of Malchiodi and Mon-
tenegro [21, 22| on the existence of solutions concentrating on the whole
boundary provided that the sequence ¢ satisfies some gap condition.

In this paper, we shall address the question of the maximal possible
number of spikes, in terms of small parameter € > 0, that a solution of
(1.1) could have. Note that since p is subcritical, the solutions to (1.1)
is uniformly bounded (Lin-Ni-Takagi [17]). Thus the energy bound for
solutions of (1.1) is O(1). On the other hand, each spike contributes to
at least O(¢™) energy. This implies that the number of interior spikes
can not exceed O(e™"). Our main result, Theorem 1.1 below, asserts
that for every positive integer k < 598’#, where 0(Q2,n, p) is a constant
depending only on 7, p and 2, problem (1.1) has a solution with exactly
k peaks. This gives an optimal bound on the number of interior spikes.

Our proof uses a “localized energy method” as in [12] and [18]. There
are two main difficulties. First, the distance between spikes is assumed
only to be O(¢). In the Liapunov-Schmidt reduction process, we have
to prove that all the estimates are uniform with respect to the integer
k. Second, we have to detect the difference in the energy when spikes
move to the boundary of the configuration space. A crucial estimate
is Lemma 5.1, in which we prove that the accumulated error can be
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controlled from step k to step £+ 1. To prove Lemma 5.1, we have to
perform a secondary Liapunov-Schmidt reduction. This seems to be
new.

We now state the main result in this paper.

Theorem 1.1. There exists an €9 > 0 such that for 0 < e < g, and
any positive integer k satisfying

5(2,n,p)

1<k<
En

, (1.2)

where 6(Q,n,p) is a constant depending on n,S) and p only, problem
(1.1) has a solution u. that possesses exactly k local mazimum points.

Remark 1.1. As mentioned earlier, the upper bound for k is the best
possible. As far as we know, the only result on the optimal upper
bound for the number of spikes is the one-dimensional situation. In a
series of papers [7]-[8], Felmer-Martinez-Tanaka studied the following
singularly perturbed nonlinear Schrodinger equation

e2Au —V(zx)u+uP =0,u>0,uc H(R). (1.3)

They constructed solutions to (1.3) with € number of spikes. Extension
to Gierer-Meinhardt system can be found in [6]. Related construction
can also be found in del Pino-Felmer-Tanaka [3].

Remark 1.2. An interesting problem is to study the homogenization
of the measure e ™"|Vu|>dz. We expect that it will approach some kind
of Lebesgue measure. As ¢ — 0, the locations of the maximum points
should approach to some sphere-packing positions.

Remark 1.3. It is clear that the proofs of Theorem 1.1 can be applied
to a large class of singularly perturbed problems

eAu—u+ f(u) =01in Q
u > 01in €, %zOon@Q,

where f(u) satisfies the conditions (f1)-(f3) stated in [18].

(1.4)

The paper is organized as follows. Notations, preliminaries and some
useful estimates are explained in Section 2. Section 3 contains the
study of a linear problem that is the first step in the Lyapunov-Schmidt
reduction process. In Section 4, we solve a nonlinear projected problem.
Section 5 contains a key estimate which majors the differences between
k-th step and (k + 1)-th step. We then set up a maximization problem
in Section 6. Finally in Section 7, we show that the solution to the
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maximization problem is indeed a solution of (1.1) and prove Theorem
1.1.

Throughout this paper, unless otherwise stated, the letters ¢, C' will
always denote various generic constants that are independent of € and
k for € small enough.

Acknowledgment. Juncheng Wei was supported by a GRF grant
from RGC of Hong Kong.

2. NOTATION AND SOME PRELIMINARY ANALYSIS

In this section we introduce some notations and some preliminary
analysis on approximate solutions. Our main concern is that all the
estimates should be independent of k-the number of spikes.

Without loss of generality, we may assume that 0 € ). By the
following rescaling;:

z=cx, x € Q.= {ez € Q},

equation (1.1) becomes

Au—u-+uP =0 in €, (2.5)
u > 0in €, %:O on 0f),. '
For u € H*(f).), we also put
Se(u) = Au —u + uP. (2.6)
Associated with problem (2.5) is the energy functional
1 1 )
Jw) = /E(|Vu|2 o) =g [ e ), @)
where we denote uy = max(u, 0).
Now we define the configuration space,
A::{ e Qk‘ : —Q.| > pe, )
= ((Quees, Qr) €T min Q=@ 2 pe, o main
(2.8)

where @ = Q; +2d(Q;,00)vg,, Vg, denotes the unit outer normal at
Q; € 09, and Q; is the unique point on 99 such that d(Q;,0Q) =
d(Q;,Qj), and p is a constant which is large enough (but independent
of €). (This is possible since d(Q;, 9Q) < 10¢|Ine].)

By the definition above, we may assume that

4]

1<k<L
gnpn

(2.9)

Q=@ = pe},
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for some ¢ > 0 sufficiently small only depend on €2 ,n and p. We can
get a lower bound of p, so we have a upper bound of k£ which is of

O(Z). See Remark 6.1 below.
Let w be the unique solution of

{ Aw—w+wP =0, w>0in R?,

w(0) = maxyern w(y), w — 0 as |y| — oo. (2.10)

By the well-known result of Gidas, Ni and Nirenberg [10], w is ra-
dially symmetric and is strictly decreasing, and w'(r) < 0 for r > 0.
Moreover, we have the following asymptotic behavior of w:

_ —n=l _r 1
w(r) = A,r _i;? 7(1 + O(T)1) (2.11)
w(r)=—Ar~z e "(1+0(;))
for r > 0 large, where A,, is a positive constant.
Let K(r) be the fundamental solution of —A+1 centered at 0. Then

we have
w(r) = (Ag+ O(2))K(r)
{ w'(r) = —(Ao+ O(2) K (r) (2.12)

for r > 0 large, where Ay is a positive constant.
For @ € Q, we define w, ¢ to be the unique solution of

Q ) ov
Av — = =) =0 Q.,, — =0 0f).. 2.13
v—v+w( . ) in % on (2.13)
We first analyze w, o. To this end, set
z—Q z
prq = w(E=2) —ungld). (214)

We state the following lemma on the properties of ¢, g:

Lemma 2.1. Assume that ce < d(Q,09Q) < 10e|Ine|, where ¢ > &.
We have

1
e
p2
Proof. In Lemma 2.1 of [18], a similar estimate was proved under the
condition that Cie|lne| < d(Q,090) < §. Here we will relax this con-
dition to ce < d(Q,092) < 10¢|Ine|. The proof is similar. For the sake

of completeness, we repeat a modification of the proof here.
Let 1(2) be the unique solution of

z _SQ*) +O(e ). (2.15)

e = —(Ao + O(—))K(

A1), — 1. =0 in Q,

0.
aqi =0 on 0f. (2.16)
It is easy to see that

0 <¥(2) <i(z) <C fore< 1. (2.17)



6 WEIWEI AO, JUNCHENG WEI, AND JING ZENG

On the other hand, ¢, ¢ satisfies

0 0 —
e2Av—v=0 inQ, G_Z:%QU(Z 5Q) on 0. (2.18)
Using (2.11), we can see that on 02,
0 2-Q 1,:-Q (:-Qu)
61/w( 5 ) = sw( 5 ) |z — Q|
1.0 »- ntl ==
= (A + 00 )T e - QI F e 2 - Q)
We use the following comparison function:
1 z—QF _
01(2) = —(Ag — p—%)K( —)+e 4, (2.19)
where d > 2 is a constant.
For z € 09, |z — Q| > 1, we have
216 1 2= Q0 (2@ ) d —d
=—(Ay— +)K p p
v ( 0 p%) ( e )5 |Z—Q*’ +e = ’
1
Tt g,
SO
0%z < %
ov — Ov
For |z — Q| < £1, we have
Oopr 0 1 z—QF —d
— =—{—(4)— 7)K P
ov  Ov (4o p%) ( € Jh+e
Since
<Z_Q7V> 1 <Z—Q*,V>
= —(14+0(e2 ,
g Oy
2 — Q) 1z =@
=(1+0
= (14 o)
we obtain
a@s,Q < 8901
ov — Ov
By the comparison principle, we have
:0(2) < p1(2) for z € Q. (2.20)
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Similarly, we obtain

1 _ *
weo > — (Ao + T)K(z gQ ) — e, for z € Q. (2.21)
p?
O
For Q = (Q1, -+ ,Qk) € Ag, we define
Q: -
in(ZE) =w(z — ?Z>’ We,q = ZwE,Qi' (2.22)
i=1

The next lemma analyzes w. q in .. To this end, we divide (2. into
k + 1 parts:

Qai:{‘x_@‘ §§}7 i=1,--- .k, (2.23)
€
Qe = Q\ UL, Qs (2.24)
Then we have the following lemma
Lemma 2.2. Forxz € Q.;, i =1,--- ,k, we have
Weq = We g, + O(e™2). (2.25)
For x € Q¢ 41, we have
w.q = O(e™%). (2.26)
Proof. For j # i, and = € (). ;, we have
Q,
We,Q; — w(m - ?J) — Pe,Q; (5x)
Qj @
= O(eTl== T g el==h
Qj
= O(e7lT==N

by the definition of the configuration set. Next we observe that given a
a ball of size p, there are at most ¢, := 6™ number of non-overlapping
balls of size p surrounding this ball. Thus we have for z € Q. ;,

S uegfa) = O )40 )

J#i J#i
< e it deT T 4
(o.9]
< Y elosenmil L O(e)
j=1

O(e—(g—logcn))
O(e™?),

IA A
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if ¢, < €%, which is true for p large enough. So this proves (2.25). The
proof of (2.26) is similar.
U

Remark 2.1. In the following sections, we will use the definition of
the configuration and the estimate as above frequently.

The following lemma is proved in Lemma 2.3 of [2].

Lemma 2.3. Let f € C(R") N L>®(R"), g € C(R") be radially sym-
metric and satisfy for some a >0, 3> 0, 79 € R,

f(@)exp(afz|)lz|” — 7o as | — oo,

- lg(z)|exp(a|z])(1 + |z|°)dr < co.

Then

exp(aly))lyl’ /

g(z+) f(@)dz — 7 / g(x)exp(—am)dz as |y] — co.

n n

As in [18], we now define the following quantities:

B.(Q;) :—/Q nggo&dex, B.(Qi, Q;) :/Q wginjda:. (2.27)

Then we have the following:
Lemma 2.4. For Q = (Q1, - ,Qyk) € Ay, it holds that
1 2d(Q;,00)

BAQ) = -+ 0GR o),
B(Q0.0)) = (+ 02 (1) s 0149, (220)

for some & > 0 independent of € and k for € sufficiently small, where
v = / wP(y)e Y1 dy. (2.30)

Remark 2.2. Note that v > 0. See Lemma 4.7 of [26].

Proof. By Lemma 2.2 and 2.3, the proof is similar to that of Lemma
2.5 in [18]. We omit the details. O
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3. LINEAR THEORY

In this section, we study a linear theory that allow us to perform the
finite dimensional reduction procedure. The proof is similar to Section
3 of [18]. However, the main concern is to show that all the constants
are independent of the number k. Fixing an integer k satisfying

0
1<k<— (3.31)
ETL
and Q € A, we define the following functions:
Owg,
Z’Lj: szXZ(x)’ forzzl’ 7]{;, j:l)... ’n’ (332)
al'j

where wq, (v) = w(z — %), yi(z) = X(Q‘” 91y and x(t) is a cut off
function such that y(¢) = 1 for |[¢| < 1 and X(t) = 0 for |t| > pfil.
Note that the support of Z;; belongs to B, (%)

2(p+1)
We consider the following linear problemp leen h, find a function

¢ satisfying
L(¢) = A¢ - qb + pwg_QlQb - h + Zi::l,m ,k:,j:].,-~~ n CZ]Z’L] ln QE

g—f:O on 0f).

fQE¢ZZ]:O fOl” i:l,...7k’j:1’-..,n_

(3.33)
Let o
W= Z e == (3.34)
Qe
Given 0 < n < 1, consider the norm
Il = sup W () *h) (3.35)

where (Qb e an’) € Ak:

Proposition 3.1. There exist positive numbers n € (0,1), g9 > 0,
po > 0 and C' > 0, such that for all 0 < € < €, p > po, and for any
gwen h with ||h||. norm bounded, there is a unique solution (¢,{ci;})
to problem (3.33). Furthermore

o[l < Cllnll.. (3.36)

The proof of the above Proposition, which we postpone to the end
of this section, is based on Fredholm alternative Theorem for compact
operator and an a-priori bound for solution to (3.33) that we state (and
prove) next.
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Proposition 3.2. Let h with ||h||. bounded and assume that (¢, {ci;})
is a solution to (3.33). Then there exist positive numbers €, py and
C, such that for all 0 < e < &g, p > po and Q € Ay, one has

o[l < Cllnll., (3.37)

where C' is a positive constant independent of €, p, k and Q € Ay.

Proof. We argue by contradiction. Assume that there exist ¢ solution
0 (3.33) and
[Rlls — 0, [|¢]l. = 1.

Multiplying the equation in (3.33) against Z;; and integrating in €.,

we get
€ € QE

Given the exponential decay at infinity of 0,,w and the definition of
Zii

ij, we get

/ / w2 + O0(e™), as p — oo, (3.38)

for some 0; > 0. On the other hand

| / Sl < Cll. / i, (& — D)=l < O
Qe

Here and in what follows, C' stands for a positive constant independent

of €, and p, as ¢ — 0, p — oco. Now if we write Zl-j(x) = Wy, (v — %),
we have
- / LoZy(x) = — | 6(LlZ,)
. 5 5 p—1 Qz >
B :
- / ¢(ZijAXi +2Vx;VZ;;) (3.39)
B(z,2)
+ p/ <w§;;21 N G QZ)WZ%JXZ
B(%,8)

Next we estimate all the terms in the above equation.
The first term is 0 since

Qi

AZij — Zz’j +pwp*1(3: — —)ZU = 0.
IS
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The second integral can be estimated as follows

/ ¢(ZijAXz‘ + ZVXiVZij)
Qe

2
-
(p+1) —(n—
<Cllgl. [T et
p—1
2

< Ce” 9% .,
for some £ > 0. Finally, we observe that in B(%, £) the following holds

_ B B 0,
Wl — wh ()] < Cuwh(x) [Zw(x _ ?J) .
JF#i
Thus we obtain
/B( (wfg - wg:1($))¢2in¢

Q; p
TZ7§)

< Ce*5|9].

for some £ > 0, depending on n and p. We then conclude that

-y
e < C [e S l6ll. + A (3.40)
Let now n € (0,1). It is easy to check that the function W (defined
at (3.34)) satisfies
1
LW <z =)W,
in Q. \U" B (%, p1) provided p; is large enough but independent of p.

Hence the function W can be used as a barrier to prove the pointwise
estimate

wmscowwwgmmm@@mﬂwv» (3.41)

for all z € Q. \ UleB(%,pl).

Granted these preliminary estimates, the proof of the result goes by
contradiction. Let us assume there exist a sequence of ¢ tending to
0, p tending to oo and a sequence of solutions of (3.33) for which the
inequality is not true. The problem being linear, we can reduce to the
case where we have a sequence €™ tending to 0, p™ tending to co and
sequences h(™, ¢ {cgl)} such that

1] =0, and [j¢™]l. = 1.
By (3.40), we can get that

1>zl — 0.
]
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Then (3.41) implies that there exists an) € Ay, such that
(n)
||¢ ||Loo(B(Q§"),g)) Z 07 (342)

for some fixed constant C' > 0. Using elliptic estimates together with

Ascoli-Arzela’s theorem, we can find a sequence QZ(") and we can ex-

()
tract, from the sequence ¢ (- — Q; ) a subsequence which will converge

(on compact sets) to ¢ a solution of
(A =14 puw™") ¢ =0,

in R™, which is bounded by a constant times e~7!*l with > 0. More-
over, recall that ¢(™ satisfies the orthogonality conditions in (3.33).
Therefore, the limit function ¢, also satisfies

O Vwdr =0.

Rn
By the nondegeneracy of solution w, we have that ¢,, = 0, which
is certainly in contradiction with (3.42) which implies that ¢, is not
identically equal to 0.

Having reached a contradiction, this completes the proof of the
Proposition. O

We can now prove Proposition 3.1.

Proof of Proposition 3.1. Consider the space
H={ue H'(Q.) : / WZis =0, (Qr,-,Qu) € Ay}
QE

Notice that the problem (3.33) in ¢ gets re-written as
o+ K(p)=h in H (3.43)

where h is defined by duality and K : H — H is a linear compact
operator. Using Fredholm’s alternative, showing that equation (3.43)
has a unique solution for each h is equivalent to showing that the
equation has a unique solution for h = 0, which in turn follows from
Proposition 3.2. The estimate (3.36) follows directly from Proposition
3.2. This concludes the proof of Proposition 3.1.

In the following, if ¢ is the unique solution given by Proposition 3.1,
we set

¢ = A(h). (3.44)
Estimate (3.36) implies
IAR) | < CllA]l.. (3.45)
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4. THE NON LINEAR PROJECTED PROBLEM

For small ¢, large p, and fixed points Q € Ay, we show solvability in
¢, {ci;} of the non linear projected problem

Alweq+¢) — (weq + @) + (We@ + O =3 iy o pjer n Gy 10

QJl%
NS

0, on 09,

Jo#Zi; =0 fori=1, k j=1,n.
(4.1)
The first equation in (4.1) can be rewritten as

L(p) == Ap— ¢+ pul o = S(weq) + N(O)+ Y. eZy,

7’:1a 7k‘»j:17"' N

(4.2)

where
Se(weq) = Aw:q — weq + wf;Q, (4.3)
N(¢) = (weq + )P —uwl g — pul g . (4.4)

We have the validity of the following result:

Proposition 4.1. There exist positive numbers €y, pg, C' and & > 0
such that for all e < ey, p > po, and for any Q € Ay, there is a unique
solution (¢e.q,{cij}) to problem (4.1). Furthermore ¢.q is C' in Q
and we have e

[peqlls < Cem 7. (4.5)

Proof. The proof relies on the contraction mapping theorem in the
|| - ||s-norm introduced above. Observe that ¢ solves (4.1) if and only if

¢ = A(S:(w.q) + N(9)) (4.6)

where A is the operator introduced in (3.44). In other words, ¢ solves
(4.1) if and only if ¢ is a fixed point for the operator

T(Qb) =A (Sa(wa,Q) + N(¢)) .
Given r > 0, define
(1496

B={6ecC): 6|l <re P,/ﬂ 675 = 0},

We will prove that T' is a contraction mapping from B in itself.
To do so, we claim that

_ (149

ISe(we @)l < Cem 277 (4.7)
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and

IN@). < C Il + llglIE] (4.8)

for some fixed function C' independent of p and €. We postpone the
proof of the estimates above to the end of the proof of this Proposition.
Assuming the validity of (4.7) and (4.8) and taking into account (3.45),
we have for any ¢ € B

a+¢) p(1+8£)

IT@ < CllIS.(weq) + N(@)l] < € e 520 4 r2e(00 4 pre=t0|

(1+¢)
<re "z ”°

for a proper choice of r in the definition of B, since p > 1.
Take now ¢ and ¢ in B. Then it is straightforward to show that

I7(81) = T(62)ll. < ClIN(é1) = N(@2)l.
< C [l + g |2 gn = gall

< 3llé1 — @2

This means that 7" is a contraction mapping from B into itself.

To conclude the proof of this Proposition we are left to show the
validity of (4.7) and (4.8). We start with (4.7).

Fix Q; € Ay and consider the region |z — % < 2—_%, where o is
a small positive number to be chosen later. In this region the error
Se(we ) can be estimated in the following way

Sl = Cwr =) ule - )+ Y wre - )

€
j#4 J#i

< CuwP Mo — %)6_(%+ﬁ)p

5
< CwP Mz — %)e—(%ﬁ” e TP
- 5

< CuwP Nz — e 2w (4.9)

for a proper choice of £ > 0.
Consider now the region |x—% > 54—, for all . Since 0 < pu < p-—1,

we write 4t = p— 1 — M. From the definition of S, (w. q), we get in the
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region under consideration

Q.
|Se(weQ)] < prx—@ <C Ze—ulw—;]e—@—wz@
J
< _Ze_"'”"_Qaj_ o He
L J i
< e ey (4.10)
L J i

for some & > 0, if we chose M and ¢ small enough. From (4.9) and
(4.10) we get (4.7).
We now prove (4.8). Let ¢ € B. Then

IN(9)| < |(weq + ) —ulq —pulqel < CO + o). (4.11)

Thus we have

(S, e 2D N@)] < Cllll (16] + o)

< CI81I + l[o112)-

This gives (4.8).
For the C' regularity of ¢. q, see Lemma 4.1 in [18]. This concludes
the proof of the Proposition. O

5. AN IMPROVED ESTIMATE

In this section, we present a key estimate on the difference between
the solutions in the k—th step and (k + 1)—th step.

For (Ql; SR ,Qk) € Ak, we denote Ue,Qq,+,Qr &S We Qq,..., Qk+¢57Ql 77777 Qr>
where ¢, g, ... @, is the unique solution given by Proposition 4.1. The es-
timate below says that the difference between u. g, .. ¢,,, and u. g, .. 9, +
Ueq,,, 1s small globally in H*(€.) norm.

We now write

U@y Quir = UeQri Qo T UeQuir T Phil (5.12)
= W+ Pk+1,

where

W = Ue g Ue@up-
By Proposition 4.1, we can easily derive that

a+9 +E)

lpralle < Cem 7. (5.13)
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However the estimate (5.13) is not good enough. We need the fol-
lowing key estimate for ¢y1:

Lemma 5.1. Let p, € be as in Proposition 4.1. Then it holds
/ (IVerial* + @iyy) < Cem 0907, (5.14)

for some constant C > 0,& > 0 independent of €, p, k and Q € Ap,q.

Proof. To prove (5.14), we need to perform a secondary decomposition.

We first recall the following fact: it is well-known that the principal
eigenfunction ¢q of the following linearized operator:

Ap— ¢+ puP g = Mo (5.15)

is even and exponentially decaying, where ), is the first eigenvalue. We

fix ¢ such that max,cgn ¢ = 1. Denote by ¢; = x;d0(x — &), where

€
X; is the cut-off function introduced in Section 3.
By the equations satisfied by ¢, 1, we have

i=1, k+1,j=1n
for some constants {c;; }, where

L=A—1+pWr,

- { w) if opq £ 0

_ PPr+1

WP i gy = 0,

and
S = (Ue,@u, Qi + uank-&-l)p - uZEJ,QL'“,Qk o quk+1'
The L?>-norm of S is estimated first: Observe that
|S’| = [(te,1, i + uEva+1)p - ug,Qlwak o ui,QkH’
< O(plue,gy @ lP ey + Dluegp [P tegr e 00)-

By the estimate in Proposition 4.1, we have the following estimate of
the first term above

2(p—1), 2
/Q\Us,czl,---,czk!(p g, dx

SCLw%ﬁQMQ dz + O(e™(797)

ko€Qk+1

The second term can be estimated similarly. So we have
18]l 22(q.) < cem (05, (5.17)
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By the estimate (5.13), we have the following estimate

k41
W = Z w(z — 2 4+ 0(e”159%), (5.18)
Decompose @1 as
k+1

Pry1 =V + Z Citi + Z dijZij (5.19)
i=1 :

=1, k+1,j=1,n

for some ¢;, d;; such that

YLgidr = | YZydr=0,i=1,...k j=1,..,n (5.20)
Qe Qe

Since

Ph+1 = ¢57Q17"‘7Qk+1 - ¢57Q17"‘7Qk - ¢57Qk+17 (5'21)
we have forv=1,--- ,k,

dij = / Prt12i
= /ﬂ (92,@1 Qs — Pe@u @ — Pern) Zi
= - / Pe.Qiir Zij
Qe
and

drt1j = /¢k+1Zk+1,j
Q.
= /Q (D201 Quir = Pe@r Qe — Pe@us) Dhr1

= —/ Pe,@r -+ Qu Lh+1,5
Q.

where we use the orthogonality conditions satisfied by ¢. ¢, ... o, and
®e,Quir- S0 by Proposition 4.1, we have

{ |dij| < ce”1H0)5¢
|dps1y] < ce”(FOE S e

|Qi*Qk+1\ .
- fori=1,--- .k
\Qi*Qk-HI (522)

for some n > 0.
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By (5.19), we can rewrite (5.16) as
k1

i=1 =1, k41,j=1, n =1, k+1,j=1, n
(5.23)
To obtain the estimates for the coefficients ¢; , we use the equation
(5.23).

First, multiplying (5.23) by ¢; and integrating over )., we have

Q/¥ E:@%/ Z)oi+ | 5o, (5.24)

Qe
where
|k5m<wlmg—&ﬂﬂmmszm
{ s Sdpp1| < ce1HO5 TR 16_77%, (5.25)
From (5.18) we see that
[ 2o =-x [ éh+ o) (5.26)

Combining (5.22) and (5.24)-(5.26), we have

@i~ Qi1
{ lci| < ce" D5 == =1,k

Y )
1Qi—@ \ (527)
lerg] < cemQHOE ST e

Next let us estimate . Multiplying (5.23) by ¢ and integrating over
Q., we find

/ L)y = g 5?/1—‘ > dz‘j/g L(Zy)y.  (5.28)

=1 k+1,j=1,-n
We claim that
| L) 2 allvlBi, (5:29

for some constant ¢y > 0.
Since the approximate solution is exponentially decaying away from
the pomts , we have

Lo g mewzg [ v es)
QE\Uinfl(?) QE\U BP 1(

Now we only need to prove the above estimates in the domain U; B ool (Q ).
We prove it by contradiction. Otherwise, there exists a sequence pn



INTERIOR SPIKE SOLUTIONS 19
+00, and Qf") such that
B L)
Q"
(- 47

Bpn—1( e )
2
Then we can extract from the sequence 1, L
which will converge weakly in H'(R") to 14, such that

_q(——
PnQ e

a subsequence

/ Voo + [hoc|* = puP '3, = 0, (5.31)
Rn
and 5
Vocho = | Goomm =0, fori=1,---,n.  (5.32)
R R™ ox;
From (5.31) and (5.32), we deduce that 1), = 0.
Hence
Y, — 0 weakly in H'(R™). (5.33)
S0
/ w PWPTIE — 0 as n — . (5.34)
Bt (F)
We have
|nll1(B,,_,) — 0 as n — oo. (5.35)

2
This contradicts the assumption

|tonl| g = 1. (5.36)
So we get that

| L0 = allvlng, (537

>

From (5.28) and (5.37), we get

lny < oS loll [ Lzpul+l [ Seh  639)

< oY ldillellm o + 1SNz 1l @.)- (5.39)
ij

So
[l < e ldyl + 1Sl z2a.)- (5.40)

v

From (5.27) (5.22) (5.17) and (5.40), we get that
c(e™ 200 4|5 2) (5.41)
ce”51F9), (5.42)

lorsillary <
<
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6. THE REDUCED PROBLEM: A MAXIMIZATION PROCEDURE

In this section, we study a maximization problem. Fix Q € Ay, we
define a new functional

Ms(Q) = Js(ung) = Js[w&Q + (ﬁE,Q] : Ak — R. (643)

Define
Cr = max{M.(Q)}- (6.44)

Since M.(Q) is continuous in Q, the maximization problem has a

solution. Let M.(Q) be the maximum where Q = (Qy,- -+, Qx) € Ay,
that is

ME(Ql? e 7@19) = &%\i ME(Q)7 (645)

and we denote the solution by u. g, ... g,
A consequence of Lemma 5.1 is the following:

Proposition 6.1. Suppose that k < 6% where ¢ 1is sufficiently small

(but independent of €). Then it holds

OS> CS + I(w) — %e_p, (6.46)
where I(w) is the energy of w,
1 1
I _ = 2 2y p+1 4
(w) 2/n(|Vw| + w?) P Rnw (6.47)

and v > 0 is defined at (2.30).

Proof. We prove it by contradiction. Assume that on the contrary we
have

Coy < Cot I(w) — %6_”. (6.48)

First we claim: -
Given (Q1, -+, Q) € Ay, there exists Q.1 € €2, such that
Bse(Qr1) NH{Q1, - -+, Qr, 00} = 0. (6.49)
. n < 19l Q| _ Can

In fact, if not, we have k-|B1|-(3p)" > o=. Sok > X T e B = pv?sn'
By the assumption, we have k£ < n‘in where ¢ is sufficiently small. This
is a contradiction if we choose J so small such that § < Cq,. So the
claimed is proved. - ~ ~ -

Assume that (Qq,---,Qk) € Ay is such that M (Qq, - ,Qr) =
maxqep, M:(Q) = C}, and we denote the solution by u. g, .. 5,. Let
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Qr+1 be a point satisfying (6.49). (The existence of Cf follows from
continuity of M..)

Next we consider the solution concentrates at (Qq,--- ,Qr, Qrt1)-
As in Section 5, we decompose the solution as

Ue, Q1 ,Qr,Qrr1 — Ye,Qu,,Qr T Ue,Qpyy T Pl (6'50)

By the definition of C}, it is easy to see that

Cryq > J5<u57Q17“‘7Qk+1)' (6.51)

Define a cut-off function x such that x(z) = 7(dist(x,0B

5 (2
where 7 is a cutoff function, 7(f) =0if ¢t <1, 7(t) =11if ¢ > 1.
Let us define, now, p = xu. g, Then we evaluate J.(u

),
):

e 7Qk/'+1

JE(M) = ‘]E(jzu&,@l,“' 7Qk+1)

1 ~ ~12 ~2 2

= 5 o ‘Xvuath.‘. Qri1 + U57Q17... an-}—lVX’ + X u&@l,"' 7Qk+1dx
1

_ i op+1,,ptl

p+1Jq X uE,Ql,"',Qkde
12 (|Vu. g 1?4+ u? )alac—L u dx
D) o €,Q1, ,Qk41 €,Q1, Q41 p+1 . €,Q1, QK41

1 2 1 ~27, 2

2/ VXl u EQl Qk+1dx + Z/ VX VU&’QW'WQkHd‘T

1 -
+§/ (X2 - 1>(|VUE,Q1,---7QIQ+1 |2 + ui@h“n@kﬂ)d‘r
—|—L (1 — P dx

p+1 X &,Q1, ,Qr41

1 - 1. .

= Je ( £,Q1, 7Qk+1) + 5/9 (|VX|2 - EAXQ)UE QL"anﬂd‘r

1 ~92 2 2
+§/ (X - 1)(’vu€7Q17-"7Qk+1| + ua,Qlwak-‘-l)dx

1
_ yptly, ptl

+p—i— . (1 X, 7Qk+1d:1:.

By the definition of the cut-off function y and taking into account the

exponentially decaying away from the spikes of the function u. g, ... ¢,
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we have
v - tae, gt —— [ -ttt
9 0 X 9 X ua,Ql;"kaH x p+1 o X £Q1, Qa1
1 . _
+§/ﬂ <X2 - 1)(|Vu6’Q17...,Qk+1|2 + U§7Q17_..7Qk+1)dw| < Ce (1+&)p
for some £ > 0. So we get
Je(1) = Je(Uegy o qpy) + O™ 1H97) (6.52)
for some £ > 0.
On the other hand, one can see that
= pun + fia, (6.53)

with

N |—

2 2 €

) XUy, HTE Bap(%) and dist(z, 0Bz, (L21)) >
= 0 otherwise,

(6.54)
and

(%2)) > 1

PN e

NUe Oy, Qryy LT E Q.\Bs, (241 and dist(x, OB
Lo = L 5 e /
0 otherwise .

(6.55)
From the definition of p; and us, we have

Je(p) = Je(pn + p2) = Je(pa) + Je(p2).- (6.56)

So we need to evaluate J.(u1) and J.(uz) separately.
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First let us consider J.(j):

1 X = ~
Je(pn) = —/ VXU, 0 T vue,Ql,---,QkHXF + |XU5,Q1,...,Qk+1|2
2 Sy ()
2

1
o+ 1 YU, 5 p+1
p+1 /193p1(62’““)(XUE7Q1""’Qk+1) dx

2

1 » ) , ,
= § \/BLSp_l(Qk;rl)X (|VU57Q17...7QI€+1| +UE7Q1a“',Qk+1)

1
—— op+1 p+_1
p+ 1 /Be,pl(Qk"'l) X uElev'“,QlHldx

1 ~12 1 ~2\ 2
+§/B (IVx|" - EAX )UE,QI:”'kaJrldx

I B 9 9 )
= 2 /Bé%l(%l)<|vu€,Q1,---’Qk+l| + u57Q17"'7Qk+1)d$

1
I p+1 Cavey
o ! /BS 1 (M) u&Ql"" 7Qk+1dx + O(e )
31 (=

1

1
T2 Vu 2 u? - — uP
2 /3;3;) (Qk+1 (| Eka+1 | + E7Qk}+1) p + 1 B3p71 (%) E,Qk+1
) o €
—i—[l (IVu,. 5 24u?, \d
2 B Qre+1 Ue.Qu Qrpa e Qe Quan /MY
§PQ;1(T)

1 ) )
_§/B3p1(Qk+1)(|VUE’QkH| +ulo, )
2 €

1 1
p+1 d 1 1
p+1 By, (Tt YeQu Qun * p+1 /BBpl (Sht1y e Quin ]
: o €

2

+O(e‘<1+f)ﬂ),
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Using (5.13) and (5.14), we obtain

1 i 2, 2 1
’5/B3;721(Q’“E'H)<|VUE’Q1’M’QIC+1| +U’E,Q1,~--7Qk+1)_ 2/33/)1(%“)(]Vu5QH1\ +ust+1)

2

1
[ up'tl dl‘-'——/ up+1 dx
p+1 Bspil(Qk;Ll) £,Q1,,Qk+1 p+1 Bqu(@) €,Qut1 |
7 =

= | o VUE,Qk+1v<u€7Q17... 7Qk + SOk-Fl) + U/Ean+1 (uE,Ql,“' 7Qk + gpk_i_l)

B3 _1( k+l)
2

_UI;QIH—I( e,Q1,,Qk + ¢k+1)dx| + O( 1+ )

8u Q
- |/aB (@i j?uk“ (e @+ Ph41) (6.57)
3p—1

_/ Q Se(Ue,@ir) (Ueyy o 0+ Prr1)| + O(e=1+0r)
B3 _1( kJrl)

< CHS (Uer.H)H By 1 ( Qk+1 (H( e,Q1, 7QkHL2 ~ (Qk+1 +||90k+1)||L2)

+0(e~1F0p),
(6.58)

By (3.40), Proposition 4.1 and Lemma 5.1, we infer that
HS€<UE7QI§+1)HL2(B3/371 (%))(H (uE,QI:”‘ Qk ||L2(B3p,1 (%)) + ”9016+1) ||L2>
-2 -2

< Ce~UH0r, (6.59)

Again by Lemma 2.2 and Proposition 4.1, we have

1 1
5 Vu 2 4l = e
|2 /95\33,)1(Qk5+1)(| 57Qk+1| 6,Qk+1) p+1 QE\BSp—I(%) a,Qk_Hl
2 3p-1

< ce~(HOr,
Combining the above, we obtain
Jo(1) = Je(tte gyy) + O(e1797). (6.60)
Similar to (6.57), we have

Jé(u&QkH) - Jf(w57Qk+1 +¢57Qk+1) (661)
= Je(we,Q;ﬁLl)‘i‘O( 1+ )
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By the definition of w. g, ,, we get

JE(wE,QkH)
_! wh  w dr — S wPtl dx
- 2 Q. Qr+1 €,Qk+1 p+ 1 Q. €,Qk+1

1
_ = p+1 . p+1
- 2/9 kaH / Qk+1daj
1
p+1 p+1
_5/ kaﬂQOE Qk+1d$ p+1 0 We Qryr — ka-de

Note that
LG os 1>wzmdx
1 1
/ 1 gjkildx - / (§ - ]_)wf;l;lrldx
Cp+ R™\Q. D+
(w) + O(e”1+9P)
and

1
p+1 p+1 D p—1 2
’ / p+ 1 WeQuin — P+ 1 YQri1 + kaH(‘OE’Q’““dx‘ = O/ kaHSOEvaHd:C

< Ce~ 1+£)

So by Lemma 2.4, we get

Tewege) = 1(w) = 5BQun) + Ol 49)  (6.62)

= I(w) + O(e~(1+00),

(6.60) and (6.62) yield

Jenegu) = T(w) = 3BQui) + 09 (6.63)
= ](w)+0(€—(1+£)p)‘
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Now let us consider J.(u2):

Je(p12)

1
-5 V~u S = ~12 ~ _ 2d
2 /96\39);12H(Qk+1) ‘ XUe Q1+ Quy1 + VUE7Q17“' 7Qk+1X’ + |Xua7Q17... va+1| X

€

1

o+l (XUe i .. P
P+ 1 Jons,,,, (2 &Q1 @rt
3p41

€

1
9 Vu, g, ... 202 - dx
2/§25\B3P+I(Qk+1)<| €,Q1, 7Qk+1’ 67Q1""1Qk+1)
341

€

1
o1 r —(1+6)p
p+ 1 Qk+1) ugaQL'" 7Qk+1dx + 0(6 )

Q\Bspy1 (—
3p41

1/
T2 [Vu 7---7|2+U2‘ L adr
2 QS\B%(QIC+1) e,Q, ,Qk .01, 0

€

—— W dr

p + 1 Qe\BL;l(Qk‘FI) 67Q17“'=Qk

£

1
Z V. - 9 2 p
+[2 /Qs\ByZ-!—;l(Qk:l)ﬂ ue,Ql,---,Qk+1| +u57Q17'“7Qk+1) T

€

1/

> Vo a4, ods

2 Qe\Bapyy (2t &9, Rk €,Q1, ,Qk
341

1 up-i—l 1 up—iil ) dx]

N 5 de + ——
p+1 Q\Bspi1 (ijl) £,Q1, ,Qri1 p+1 0\Bspis (ijl) 2,01, 0
o H—=

—|—O(6_(1+§)p) .
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Similar to (6.57), we can get

1
2 / (V. 24w )z
2 Qc\B3zpt1 +1(Qk L) Qo Qi 7Q17 Qe

1
—= Vu.g.. gl +uls . 5 do
2 /Qg\BBerl (Qk:_l ) ‘ €7Q’ 7Qk ’ S’Ql’“. ’Qk

1 Up+1 1 p+1 d$|

b - .
PH 1 Jonmgyp Gy O ] Jon gy, () Qe

B | / SE(UE’QP"Q’C)(U&QI@H + 90k+1)d$’ + e~ (1+&)p
Qe\B3pt1 (

Qr+1
=)

= | E Cij Zij(Ue,Quyr + Prr1)dl.
: - 0.\ By (T2
7':17"' 7k7 ]:1’ s1 € 3ptl €

By Lemma 5.1, (5.19), (5.27), (5.22) and (3.40), we have

| Z Cij/ Qein ZijPrd]
Qs\B3p2+1( =

izlv"'vkv j:17"'7n )

U ST AFETs SECE »ET

:1» 7k7 .7:17 1

< esup |y Z(\Cz| + ’dij‘)
ij

< C€_(1+£)p,

—(1+
| Cij / oy Zigtie @ dr] < ce” O,
Qe\Bspt1 ( )

7’:17 7k7 ]:17 O

and

1
T T WPt (1+&)p.
| 1) Viea ol T D+ D+ 1 e 7de$’ < Ce”

Do
Recalling that
C - J( Ue,Qy - 7Qk> (664)

we get

Jo(pz) = C5 4 O(e= 1499, (6.65)
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Thus combining (6.51), (6.52), (6.56), (6.60), (6.63) and (6.65), we have

Je(u) = Je(pr + pio)
= Je(p1) + Jo(p2)
= Ci+I(w)+ O(e”1T9P)

JE(“E,Ql,"',Qk+1) + O( _(1+£ )

< Ciya +0(e7HH97),
Thus,
Cipn 2 Ci+ I(w) + O(e7 1797,
a contradiction with the assumption (6.48). O
Remark 6.1. From the proof above, we may take 6(n,p,Q) = z—g <<
% for some 6y > 0 small, where py is as in Section 4.

Next we have the following Proposition:

Proposition 6.2. The maximization problem

313)2 M(Q) (6.66)

has a solution Q° € A3, i.e., the interior of Ay.

Proof. We prove it by contradiction again. If Q° = (Qy, -+, Q) €
OAy, then either there exists (4, j) such that |Q; — Q;| = ep or |Q; —
Qj| = ep. Without loss of generality, we assume (i,j) = (i,k). We
have

Je(Uey ) = Je(Uegy i Guy T UG, + P8)
= Je(ue@, - gy T Uq) T /Q V(Ue,Gy o Gy + Ue,) VR

(Ue,0y e s + U0 )Pk — (U)o Gy T U0 ) AT
O(||xl3n)
Je(Ue @y Gry + UQ)

_ / Seteg o0 + oo )ordz + O(lorl2e).

-+

Observe that
SE(UE,QL-",QIQA + uE,QIJ

_ _ _ _ P p
- (ufanv'",de + uEka)p - u&@la"'v@k—l o ua,Qk + Z C”Z”’



INTERIOR SPIKE SOLUTIONS 29
for some {¢;;} which satisfies
— P
ey < ce”(1FO)%, (6.67)

Using Lemma 5.1, we obtain

| Z Cij / ZZJQDkdl"
ij e
= | Z Cij /Q Zij(Y + Zci¢i + ZdijZia‘)dﬂ
ij € ij
= | Z Cij / Zz’j<ci¢i + dz‘sz‘j)dl’|
ij Qe

< sup e Y (lei] + |dig))
ij i
< ce—(1H6p

by (5.27), (5.22) and (6.67).
Using the estimate (5.17) and Lemma 5.1, we find

|/Q ((us,Ql,..-,Qk—l + Us,Qk)p _ uz»Ql""»Qk71 — u§7Qk>S0kd$|
< CHSHLQH(Pk;HHl < Ce_(l“‘f)l)‘

This implies that

JE(“E,Q1,~~,Q1¢>
= Ja(ua,Qly'ka—l + U&Qk)

_/ SE(US,QL'“,Qk—l + Uaka)ﬁ,Okd.iE + O(H@k”zl)

€

= JE(uE,Ql,--- ,Qk,1 + uE,Qk) + 0(67(1+£)p>'
Next we estimate

JE(UE,QM" Qr-1 + uE,Qk)
= Je(ue gy, @) + Je(ucg,)

+ | Vg . g VU g, T UGy 0 Ue g,
Qe
1
- ~ _ _\p+1 _ pHl ~ _ Pl
p+1Jq. (U&QLH.’QIC_I * ank) e Q1 Qua u&dex’
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and

/ Ve Gy Groy VUe @y T Ue Gy Gy e, 0, AT
1

~ _ _ +1 +1 +1
b + 1 (anlv'"vafl + uEka)p - up p d‘r

£,Q1, ,Qr—1 EQ

- / ( €,Qk+1 ZCMZ’“ Ue, @1, ,Qr 1d$
- o Tl ; (14)p
/ u€7Q17'“ 7Qk—1uE7Qk + u57Qku87Q1 Qk ld.fL' + O( )

_ p (14+&)p
_ /Q o o Uegd+O(e )

by (3.40) in Section 3.
The above three identities imply that

JE(UE7Q1,~~-,Q1¢) - ‘] ( Ue, @1, Qe 1) + Ja(us,Qk) (668)
_ P (1+&)p
/ u57@1,~~' 7Qk—1 dﬂ? + O( )
Since
/f; ui,Ql,--- ,Qkflusvé)k dx (669)
k—1
- \/Sl (Z w€7Q’i + ¢€7Q17"' 7Qk71)p(w€7Qk + qzss’Qk)dx
e =1

Z/ﬂ pr ngd:L“—f—O( (1+oe ?),

using (6.63) (6.68) and (6.69) , one can get

< 1 _
Je(uegr @) = Ch +1(w) = 5B:(Q) _/Q W w. g, da + O™ H+97),

If either there exists (i, k) such that |Q; — Qx| = €p or |Qr — QF| = ep,
by Lemma 2.4, we can get that

JE(“’E,QL-" ,Qk) S Clifl + I(w) -

Thus

(%+o<%)>e P4 O(e~(+99). (6.70)

Cf = MAQ) < Gy + I(w) = e

We reach a contradiction with Proposition 6.1.
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7. PROOF OF THEOREM 1.1

In this section, we apply the results in Section 4, Section 5 and
Section 6 to prove Theorem 1.1. The proof is similar to [18].
Proof of Theorem 1.1: By Proposition 4.1 in Section 4, there exists
€0, po such that for 0 < e < g9, p > pg, we have C' map which, to any
Q € Ay, associates ¢, q such that

SE(wEvQ + ¢57Q) = Z CZ]ZZja / (bg’Qszdx - O, (771)
Qe

i=1, k,j=1,n

for some constants {c;;} € R

From Proposition 6.2 in Section 6, there is a Q° € A} that achieves
the maximum for the maximization problem in Proposition 6.2. Let
Ue = We Q= + P q-- Then we have

DQij|Qi:QfM5(Q€> =0, i=1,-- 7k7 J=1-,n (772)
Hence we have

I(weq + P=qQ) Iweq + ¢.q)

Vu.V

—0s + Ue =0
0. ang Qi=Q5 ang Qi=Q;
B i58(10513 + ¢-q) g =0,
0Qij
which gives
O(weq + ¢=q)

ij Zij : : —o: =0, 7.73
Cij / 8 20, Qe=Q: (7.73)

i=1,- .k, j=1,--,n

for s =1,--- k,l = 1,--- ,n. We claim that (7.73) is a diagonally
dominant system. In fact, since er ¢e,qZsdxr = 0, we have that

8¢a Q / aZsl . .
Zg—"|0=0c = — beq=— =0, if s # .
/QE : 0Qi; Q=08 Qe QaQij 7
If s =i, we have

a(bz-: Q aZzl
Zz’ , = |- ¢E,
| o, " 0Qy 0. Qé’@ia‘|
< CeY|geqlle = Ol 2(H9)),

Qi=Q5

For s # i, we have

Ow; q _q _nlQi=Qsl
Zg—=2 = O =),
/ Zigg, T )



32 WEIWEI AO, JUNCHENG WEI, AND JING ZENG

For s = 4, recall the definition of Z;;, we have

6w57Q7__1 / 8102 1.
/Ezsl S =y [ (GO e) (7.74)

For each (s,1), the off-diagonal term gives

0 We, + ¢z—:, 9, We, + ¢s,
Z/ Z, ( g@n Q) oart Y / Z, (we,q Q)
£ ,LJ y 1=

' Qi=Q5
sF#£i s=i,l#] a@sg
= HO(e™) + O(e‘g) +O(e™")) (7.75)
= '0(e),

for some n > 0.

So from (7.74) and (7.75), we can see that equation (7.73) becomes a
system of homogeneous equations for ¢y, and the matrix of the system
is nonsingular. So ¢ =0 for s =1,--- k,l = 1,--- ,n. Hence u. =
We Q= + ¢e.q¢ is a solution of (2.5).

Similar to the argument in Section 6 of [18], one can get that u. > 0
and it has exactly k local maximum points for ¢ small and p large
enough.
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