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MULTI-BUMP SOLUTIONS OF —Au = K(z)u»—2 ON
LATTICES IN R”

YANYAN LI, JUNCHENG WEI, AND HAOYUAN XU

ABSTRACT. We consider the following semi-linear elliptic equation
with critical exponent:

—Au:K(:c)u%, u>0 in R",

where n > 3, K > 0 is periodic in (z1,...,zx) with 1 < k < "T*Q

Under some natural conditions on K near a critical point, we prove
the existence of multi-bump solutions where the centers of bumps can
be placed in some lattices in R¥, including infinite lattices. We also
show that for k > "7_2, no such solutions exist.

1. INTRODUCTION

We consider the following semi-linear elliptic equation with critical ex-
ponent:

(1.1) —Au = K(m)uz_g, u>0 in R"™

Associated with (1 1) is the following energy functional

I(u) = —||

where ©* = max(u, 0) and D is the Hilbert space deﬁned as the completion
of C2*(R™) with respect to the scalar product (u,v) =[5, Vu-Vov and || -||
denotes the norm of D. By the maximum prmmple a non-zero critical
point of I(u) will give rise to a positive solution to equation (1.1).

When K = 1, all solutions of (1.1) have been classified by Caffarelli-
Gidas-Spruck [14] and are given by:

n2 u € D,

n—2
2

omali) = (o0 =27 (1)

for any A > 0 and P € R". See also Obata [42] and Gidas-Ni-Nirenberg
[27] when u has some natural decay as |z| — oo.

When K is positive and periodic, Li proved that (1.1) has infinitely
many multi-bump solutions for n > 3 in [32, 33, 34] by gluing approximate

solutions into genuine solutions with masses concentrating near isolated
1
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sets of maximum points of K. Similar results were obtained by Yan in
[51] if K(x) has a sequence of strict local maximum points tending to
infinity. When K is positive and periodic, Xu constructed in [52] multi-
bump solutions with mass concentrating near critical points of K including
saddle points; see also [53]. When K(x) is a positive radial function with
a strict local maximum at |z| = ry > 0 and satisfies

K(r) = K(rq) — co|r — o™ + O(|r — r0|m+9),

for some constant ¢y > 0, # > 0 and m € [2,n — 2) near |z| = r,
Wei and Yan constructed in [49] solutions with a large number of bumps
concentrating near the sphere |z| = ry for n > 5.

In this paper, we construct multi-bump solutions of (1.1) near critical
points of K (x) and the bumps can be placed on arbitrarily many or even
infinitely many lower dimensional lattice points. Furthermore we show
that the dimensional restriction is optimal.

More precisely, we assume the following conditions on K (z):
(H1) 0 < infge K < supgn K < 00;
(H2) K € C'(R"), K is 1-periodic in its first k variables;
(H3) 0 is a critical point of K satisfying: there exists some real number
B € (n — 2,n) such that near 0,

(1.2) K() = K©O)+ Y aifail’ + R(),

where a; # 0, Y1 a; < 0, and R(y) is CPI=51 (up to [B] — 1
derivatives are Lipschitz functions, [] denotes the integer part of

B) near 0 and satisfies Z[fio IVSR(y)||ly|~P+% = o(1) as y tends to
0. Here and following, V*® denotes all possible partial derivatives
of order s.

Condition (H3) was used by Li in [34] for equation (1.1). Without loss
of generality, we may assume K (0) = 1. For any integer m > 1 and integer
k € [1,n], we define k-dimensional lattice
(1.3) Qnm := { all the integer points in [0, m]* x {0} C R"},
where 0 € R"*. We call z = (1,...,2,) € R" an integer point if all
1, ..., T, are integers.

The main results of this paper can be summarized as follows.

Main Theorem: Forn > 5,1 < k < "T_z, there exists lg > 1 such that
for alll > 1y and all m > 1 (m can be +00). There exists a C? positive
solution ug, ~with bumps centered close to the lattice set Qu, (defined in
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(1.3)). Furthermore, this is optimal, i.e., if k > "7_2, then no such solution
ex1sts.

In the following we give more precise statements of the above theorem.

For any A > 0, we define the transformation Sy : u(x) — uy(x) =

A_%u(f). Then for a solution u of (1.1), uy(z) satisfies

(1.4) —Auy(x) = KA(at)uA(:z)%, uy >0, zeR"

T

Since K is 1-periodic in its first & variables, K)(x) := K(J) is A-periodic
in its first k variables.

For any positive integer [, let
(1.5) A= 7,
where n — 2 < 8 < n. (Throughout this paper, [ and \ will satisfy the
relation (1.5).)

We scale the lattice @), as

(1.6) Xim = {Nz|x € Qn}.

. . . ; +1)k
For convenience, we order the points in X, as {X ’}E;nl "

Fori=1,..,(m+ 1)* let P’ € B%(Xi) and A; > 0. We use notations
P .= {P"}E;nfrl)k and A := {AZ}ELnfrl)k Then

(m+1)k

Win(z, P,A) = Y opia,(2)
i=1
is an approximate solution of (1.4) when [ is much larger than max; A;.
When there is no confusion, we denote W,,(x, P, A) by W, (x).

For a fixed lattice X;,, and 7 > 1, and for functions ¢, f € L>(R"), let

(m+1) -

1

(1.7) o]« = sup [ v(y) = lp(y),
yeRn ; (1+ |y — X))+
and
(mt1)k ) -

1.8 o = SU — ,
(18 IIf le = sup | () 2:1: iy xpEe | MWl
where

1=

(m+1)F 1 _ X
(1.9) 7(y) = min (1, min (%)”1) -
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The above weighted norms depend on 7 and the lattice X;,,, since 7
and X ,,, are chosen. When there is no confusion, we just denote them as
above.

Remark 1.1. Without the function v(y), the above weighted norms are
used by Wei-Yan in [49]. Similar weighted norms can be found in [18,
46, 47]. The reason for introducing y(y) in the definition of the weighted
norms is crucial in our proofs. We shall comment more on this later.

We now state the first result.

Theorem 1. Forn >5,1<k< "T_z and m > 1, assume that K satisfies
conditions (H1), (H2) and (H3). Then there exists a 1o(n, k) € (k, %52],
such that for any T satisfying k < 7 < 19, there exist positive constants C',
Cy, C and an integer [ dependmg only on K, n, B, T, such that for any

integer 1 > Iy and \ = [Fnre n+2, equation (1.1) has a positive C* solution u
satisfying

1S3t — Wil < CAT"2

with Cy < Ay < Cy for all i and max <;<(;m41)r |P - X —=0asl— oo,
uniformly in m.

If we allow the estimates to depend on m (e.g., the size of ly), then
m-bump solutions have been constructed by Xu in [52] for every 1 <
k < n under the same assumption on K, see also [53]. As mentioned
earlier, Li constructed in [32, 33, 34] such m-bump solutions near isolated
sets of maximum points. The ansatz used in [32, 33, 34] is a variational
method as in [16, 17] of Coti Zelati-Rabinowitz and [48] of Séré which
glues approximate solutions into genuine solutions. On the other hand,
the method used in [52, 53] is gluing via implicit function theorem (or
a nonlinear Lyapunov-Schmidt technique), the same as that in our proof
of Theorem 1. Such Lyapunov-Schmidt reduction methods have been
developed and used by many aithors. We shall make some comments at
the end of this section.

The novelty and the main difficulty in the proof of Theorem 1 is that
all the estimates are independent of m and the results are optimal (see
Theorem 3 below). Thus we may construct multi-bump solutions on an
infinite lattice by letting m — oo while keeping [ fixed (see Theorem 2
below). The new m-independent estimates are obtained by using the new

weighted norm || - ||, (defined at (1.7)) as compared to || - || of D used
n [52]. Roughly speaking, || - || norm adds up errors near each bump,
while || - ||s norm measures maximum of errors near each bump. The

reason for introducing (y) is to localize the estimate and to obtain better
decay estimates near each bump. This is crucially needed when we deal
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with the higher dimensional lattice case in which 2 < k < 7. As we

mentioned earlier, Wei-Yan [49] used a similar norm in which v(y) = 1.

They required that the number 7 must be 1 + 7 with 7 > 0 being small.

Thus the norms used in [49] are only suitable for concentration on one

dimensional set (like circles as in [49]). Our norms work for any higher
n—2

dimensional concentration as long as the dimension k& < "3= (which is

optimal). This is one of major technical advances in this paper.
Let
7F := {all integer points in R* x {0}}, where 0 € R*™*,
and, for an integer ¢ € [0, k],

RF x {0} := {(x1, ..., 23,0, ...,0) € R"|zy, ..., 2; > 0}.

We often write R¥ x {0} as R¥ when there is no confusion. Note also
that RS = R*. Consider infinite lattices

Vi=yh =7FNR!
and their scaled versions
X] = \Y".
Define
W) = Z TP(X),A(X)
XeXi

where P(X) € B1(X) and A(X) € (Cy, Cs).

%
Theorem 2. Forn > 5,1 < k < "7_2 and 0 < 1 < k, assume that K
satisfies conditions (H1), (H2) and (H3). Let 7, Cy, Cy, C and ly be as

in Theorem 1. Then for any integer | > ly and A = lﬂ:i% equation (1.1)
has a positive C? solution u satisfying

ISxu = Wil < ON%,
with A(X) € (C1,Cy) for all X € X} and |[P(X) — X| = 0 as | = o0
uniformly in X.

Solutions u constructed in Theorem 2 have infinitely many bumps. In-
deed, u is close to op(x) a(x) near every lattice point X € X7

Theorem 2 follows from Theorem 1 by a limiting argument as follows.
For [ > Iy, let X} be an infinite lattice as in Theorem 2. By Theorem 1, we
have solutions u,, of (1.1) for all m. For each m, we can find z,, € X ,,
such that Xj,, — x,, is monotonically increasing in m and
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Let
(Sxtim) () = (Satum)(x + T4).

Then 4, satisfies the same equation as u,, due to the periodicity of K.
See section 3 for details.

Remark 1.2. Theorem 2 shows a new phenomena that infinite-bump so-
lutions can be constructed for semilinear elliptic equations with critical
exponents. For subcritical exponent semilinear elliptic equations, infinite-
bump solutions were constructed by Coti Zelati and Rabinowitz in [16, 17]
and Séré in [48]. There are two main differences (and difficulties) be-
tween the subcritical exponent problem (treated in [16, 17]) and critical
exponent problem: first, there is an extra loss of compactness-the scaling
imvariance parameter. Second, there is the difficulty of controlling the al-
gebraic decaying in an infinite lattice setting. (In [16, 17], the decay rate is
exponential.) As far as we know, this paper seems to be the first in obtain-
ing the existence of solutions for critical exponent problems with infinitely
many bumps.

In an unpublished note [36], Li showed that the conclusion of Theorem
1 and Theorem 2 are false if n > 3 and k > n — 2. More specifically, let
K be a positive C* function which is periodic in each variable, satisfying,
for some constant 5 > n — 2, (%) condition for some positive constants
Ly and Ly in R™:
VK| < Ly, in R"

and, if 8> 2, that K € C/Z (R,

loc

IVKi(y)| < Lo|VE(y)|7=, forall 2<s<[], VyeR"

Then for n > 3 and k > n — 2, there is no C? solution of (1.1) satisfying,
for some R, ¢ > 0 and 0 <i <k,

(1.10) inf sup u > e.
2€RY Br(2)

(%) condition was introduced in [34]. If a positive C! periodic function
K is of the form (1.2) near every critical point of K, then K satisfies (*)z
in R™. Also (x)g, implies (x)g, if 51 > fo. If a function K in (1.1) satisfies
(%) for some 8 > n — 2, then solutions in any bounded region can only
have isolated simple blow up points, see [34].

Our next theorem improves this result to cover k > ”7_2, which is opti-
mal in view of Theorem 1 and Theorem 2.
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Theorem 3. Forn > 3 and k > "T_z, let K be as above. Then there is no
C? solution of (1.1) satisfying (1.10) for some R, € >0 and 0 < i < k.

Remark 1.3. The solutions constructed in Theorem 2 satisfy (1.10) for
some R, € >0 and 0 < 1¢ < k. Since the hypotheses on K in Theorem 3
are stronger than that in Theorem 2, the assumption k < ”7_2 in Theorem
2 is optimal.

We end the introduction with some remarks and history on the fi-
nite/infinite dimensional reduction method. The original finite dimen-
sional Liapunov-Schmidt reduction method was first introduced in a sem-
inal paper by Floer and Weinstein [24] in their construction of single bump
solutions to one dimensional nonlinear Schrodinger equations (Oh [43] gen-
eralized to high dimensional case). On the other hand, Bahri [5] and Bahri-
Coron [6] developed the reduction method for critical exponent problems.
In the last fifteen years, there are renewed efforts in refining the finite
dimensional reduction method by many authors. When combined with
variational methods, this reduction becomes ”localized energy method”.
For subcritical exponent problems, we refer to Ambrosetti-Malchiodi [1],
Gui-Wei [25], Malchiodi [39], Li-Nirenberg [37], Lin-Ni-Wei [38], Ao-Wei-
Zeng [2] and the references therein. The localized energy method in de-
generate setting is done by Byeon-Tanaka [12, 13]. For critical exponents,
we refer to Bahri-Li-Rey [8], Del Pino-Felmer-Musso [18], Rey-Wei [46, 47|
and Wei-Yan [49] and the references therein. Many new features of the
finite dimensional reduction are found. Our current work contributes to
this part of reduction method and gives an optimal treatment for critical
exponent problems. In recent years, there are new interests in extending
the finite dimensional reduction method to treat high dimensional concen-
tration phenomena. This is the infinite dimensional reduction method and
has become very useful in constructing high dimensional concentration so-
lutions. For compact manifold case, we refer to Del Pino-Kowalczyk-Wei
20, 21] and Pacard-Ritore [45], and for noncompact manifolds, we refer
to Del Pino-Kowalczyk-Pacard-Wei [22], Del Pino-Kowalczyk-Wei [19] and
the references therein. A notable application of this infinite dimensional
reduction method is the construction of counterexample to De Giorgi’ s
Conjecture in large dimensions by M. del Pino, M. Kowalczyk and Wei
[19].

Throughout the paper, we will use the superscript to stand for a se-
quence of points in R™ and the subscript to stand for numbers or the
coordinates of a point in R™ unless otherwise stated.
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The paper is organized as follows. In section 2, we carry out the
Lyapunov-Schmidt reduction. In section 3, we solve the finite dimen-
sional problems and prove Theorem 1 and Theorem 2. In section 4, we
prove Theorem 3. In Appendices, we prove some basic lemmas that will
be used throughout the paper.

Acknowledgments: The research of the first author is partially sup-
ported by an NSF grant, the research of the second author is partially
supported by a General Research Fund from RGC of Hong Kong.

2. FINITE DIMENSIONAL REDUCTION

In this section, we perform a finite-dimensional reduction to the re-
scaled equation (1.4). Let A and [ be given at (1.5) and K)(z) = K(5).

Consider the following energy functional

1 n—2 2n_
I(w) = Sl - " / Ky(uh)i, ueD.

Then any nonzero critical point of I gives rise to a solution to (1.4). For
X' e Xip, let P* € B%(XZ). For any positive constants C; < Cs, let
A; € (C1,C,) and denote 0; = opiy,. For a small p > 0, let

= {Z(l +€)opa,| P € B%(Xi)vAi € (Ch, o), || < p}-

Then ¥ is a smooth (n + 2)(m + 1)* dimensional sub-manifold in D.
When [ is large enough, according to Proposition 2 of Bahri-Coron [7],
every function in a small tubular neighborhood of ¥ in D can be uniquely
parameterized as

u(z) =Y (1+€&)oi(z) + ¢(x) := W(w) + ¢(a),

(2

where ¢(x) is the unique minimizer of

min ||u — w|.
weY

In particular, ¢ € £, a subspace of D defined as

E:={p €D Zij,¢) =0,{05,0) =0,i=1,..,(m+1)* j=1,..,n+1},
with Z; ; defined as

8api7Ai

80’])1’1\.
Zi; = ——
oN;

Y oPy

for1<j<nand Z,1 =
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where P’; means the j-th coordinate of P’. The size of the tubular neigh-
borhood is independent of [ and m. Obviously, £ depends on the choice
of P and A.
In the form u = W,,, + ¢, I(u) = I\(W,, + ¢) can be written as
(2.1)
1

J(P>€aAa¢):§ & |V(Wm+¢)|2_ m .

where W,, € ¥ and ¢ € &.
By definition, u = W,, + ¢ is a critical point of I, if and only if

T2 Kaw) (Wt 0)7)

(22) S (Pe6) =0

(23) % (p e o) =0,
Oe
8.

(24) 8—P(P’ € Aa ¢) = 07
8.

(2.5) (P A, 6) = 0.

We will use Lyapunov-Schmidt reduction method to solve these equa-
tions. More specifically, for fixed P and A, we first solve (2.2) and (2.3),
finding solutions ¢(P,A) and €(P,A) which are C' in P and A. Then
we use the Brouwer fixed point theorem to solve the finite dimensional
problems (2.4) and (2.5).

Let
(2.6) P60 = 55 (P, o)
(2.7) Gi(¢,€) == %(P,E,A, }), i=1,..,(m+ 1"

The explicit expressions for F' and G are as follows
Gild,e) =Y (1+e)(01,05) - / Ky (W 4+ 0)7) "2 0y,

- n
J

F(g,€) = ¢ — Pe(—A) 'Ky (Wi +9)") "2,
where Pg is the orthogonal projection of D onto £.
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For fixed (P, A), setting
(2.8) N(¢,€) = (F,G)(¢,€) : £ x R 5 £ 5 Rm+D"

where G = (G4, ..., G(sy1yr). With the aid of the implicit function theo-
rem, we solve

(2.9) N(g,e) =0

We shall, as in [37], make use of the following form of the implicit function
theorem:

Lemma 2.1. (Brezis and Nirenberg) Let X, Y be Banach spaces, a > 0,
B, = Bu(2) = {2 € X : ||z — 2| < a}. Suppose that F is a C* map of
B, into Y,with F'(zy) invertible, and satisfying, for some 0 < 6 < 1,

15 (20) " F(20) | < (1 = B)a,

1F"(z0) I F'(2) = F'(20)[| <6 V2 € B
Then there is a unique solution in B, of F\(z) = 0.

Define
M={ue L*R")| |[ull. < oo},

D={ueL®R")| |u. < oo}.

We will solve the equation N(¢,€) = 0 under the weak sense in Banach
spaces with norms related to || - ||, defined at (1.7). Since oy, Z;; € M,
we define a subspace of M by

~ nt2 _4_
M = {Qb € M| fR" QZSO':iZ = 0, f n QSO';PQ Z@j = 0,

forall i=1,..,(m+1)* j=1,..,n+1}L

For functions ¢ € M, (¢, 0;) (or (05, $)) should be understood as — [, ¢Ao;
(Similar statement also works for Z; ;). Without introducing new symbols,
we still use P¢ to denote the orthogonal projection from M — M, which
can be defined as follows.

Let { f1, -, f(n+2)(m+1)x  be an orthonormal basis of the span{{c:},{Zi;}}
obtained by Gram-Schmidt procedure. Then, for ¢ € D,

Peo= ¢— S0 6, £ f,
_ ¢+Zn+2(m+l (fRanAfz) .

(2.10)
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Therefore, for any ¢ € M, we define

ro=o+ 3 ([ oan) s

(2

Then Pegp € M for every ¢ € M. Tt is clear that if ¢ € DN M, then
the definitions are the same.

For any h € D, we define (—A)~'h as

(2.11) (—A) e / UG

n(n — 2wy, Jrn |y — 2|72

where w,, is the volume of a unit ball in R™. It is not difficult to see that
(2.11) makes sense. Lemma A.7 in appendix A shows that (—A)™'h € M
and the proof of Lemma A.4 actually shows that Pg(—A)7! is a well
defined map from M — M. Therefore, we can view N (¢,€) as a map
from M x RO"D* 5 M x R"D" . When (¢, €) solves N(¢,¢e) = 0 in
M x R™D" then (¢, €) is automatically a solution to (2.8) in the weak
sense in the original spaces.

We will apply Lemma 2.1 to N at (0,0) in the Banach spaces X =Y =
M x RmD"  with norm

1(¢, )]l = max([|¢]l., A" e]),
where |e| = max; |¢;].
We have the following proposition.

Proposition 2.1. Under the assumptions of Theorem 1, when | > lo,
equation (2.8) has a unique solution ¢(P,A), e(P,A) in M x R+D"
with
C
(¢, €)]| < WT

T

Furthermore ¢(P,A) and e(P,\) are C' in P and A.

Proof. The proof will be carried out in several steps.

Step 1. We first show that, for some constant C' > 0, independent of m
and [, we have the following crucial estimate for the error

C
(2.12) |V (0,0)] < e

—T

Observe that

n+42

F(O, 0) = —Pg(—A)_lK)\Wn272 .
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In view of Lemma A.7 and the fact that (F(0,0),0;) = 0 for all i, we
just need to estimate |1, ||+, where the error becomes

n+2 n+2

(2.13) by = K\Wii > = 0]

)

i

Denote ; = {y € R, |y — X'| < |y — X’|, forall j # i}, B; =
Bu(X"), and B;,, = Brnax(m 1) (X*). Certainly R™ = U;Q;.

For y € );, it holds that
nt2 nt2 nt2 . n+2 4,
RAWE-Y of < cir-tlo e (W5 + o7 )+
i i
where VAVmZ =5 i 0j- We apply Lemma A.3 to estimate each term on

A nt2

the right hand side of the above inequality. First we estimate W, 3*.

By Lemma A.3, if y € O, N Bf N B; ,,,, we have

n+2

an? < 04 ) 1 1
B L A
1 1
< C n+2

i IR :
T (Hly—ai )T )T T

For y € Q; N B; we obtain

= L . i\ C
o C ()5 2 (4y—ai) 5o+’ y € i N By(a")
T nf'2 < <
myi  — ()\l)n+2 - 14] i\ T—1 ) |
Itly—a’] 1 yro1 . |
( g ) I (1ly—ai)) Tt ()2 y € By(z") N Q.

If y € Bf,, N, by Lemma A.3, we have first

_ n+2 1 n—2
nf'2 < :
s (Z <1+|y—xﬂ|>n—2>

1 n+2
2.14 <C : =L
. =Ty ="

On the other hand
1 1 m
. > 1 —]*.
(2.15) ;( >C =1+ O

Lt fy —air = (14 [y — %)

n+42
T

2

Y
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It is not hard to see that when y € Bf,, NS, there is a constant
independent of m such that for "7_2 > k,

(216) mm”*Q < Cm(l + C[—]) .

From (2.14), (2.15) and (2.16), we conclude that for y € Bf, N Q;

1 n+2 k 1 m
2

7L+2 1

W2 <C . —
Z 1+|y—xﬂ>¥+7w>m"

Combining the previous estimates together, we get

C
(2.17) ||W" s < e
(Al) =77
Similarly, we have
n+2 C
o7 2sz||**, 1> 077 [l < e
JFi (AD) =
Now if y € Q; such that |y — 2| < A, we get
y Mg Cly—a'|” 1
1K (X) = Uoi™ < =5 ey
<-4 —
< 2, (L ty—ai]) "+

On the other hand, if y € Q; such that |y — z¢| > A,

Yy nt2 C C 1
K(=)—-1lo/ " < < — I~ .
| (A) | (1+ |y — xi])"+2 )\%Z_Tz(l_wy_x”)%%r

RS

n+

Thus we obtain the estimate for ||(K) — 1)o," " ||

Combining the above inequalities, we get

C

il € 5.

and therefore by Lemma A.7,

C
10,0 < R

2

-7

Next we estimate G(0,0). For each i,

n+2

Gz(0> 0) = Z<0i> Uj) - KyWn™

. n
j R
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It is easy to see that

n+2 n+2

Wf: n2_|_00_n2

n+2

iy + CWTL n—2

mz’

where C' is some bounded constant which may vary and doesn’t depend
on m. Using Lemma A.3, Lemma A.1 and Lemma A.2, integrating in €2,
and combining them together, we deduce that for n > 5

~ n+2 . nt2
Winio! 2, Whilo < ¢ C:L
n ’ Rn ’ ()\l) )\5
Similarly, we obtain that for n > 5
2n C C
|<0i70i> - - Kyo~ | < 8 AL
C
|ZUJ’0Z|_Z‘XJ Xz‘n2§>\75
J#i J#i
Therefore we get that for each 1,
C
1Gi(0,0)] < -
A2

Combining the estimates for F'(0,0) an

(2.12).

Step 2. Next, we show that, for [ large,

(2.18) IV"(0,0) 7|

We consider the equation

n+2

d G;(0,0) together, we obtain

<C.

(v,m).

(2.19) N'(0,0)(¢,€) =
For the v component, the equation becomes
(2.20)
. 2 4
v=g- 7 P A) W -

For each i-th component, we have
(2.21)
n+ 2

n—2

= -

_4 ~
KAW%72Ui¢+ E €~j (<Ui>0j> -
Rn ,
J

S Pe(= AW (Y Eoy).

7

n+ 2
n—2

KAW ala]) .
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- 4
Since (v, 0;) = 0, (¢, 0;) = 0 for all 4, in (2.20), we can replace KW~ * (3, €04)
4 n+2

by 1, = K\Wn? (32, 60:) — >, &0] 2. Then we get

) = v(y) + et S e K (Wi (2)(2)d

(2.22) TR Iylmz(li 2dz 432, ¢ Zi(y) + 325 bioi(y)

=1 +1T+v+3 5 6Zi5(y) + 32 bioi(y).
For I, similar to the estimate of [,,, we have

il < —214

n+2
_4

A 2
To estimate ¢; ;, we multiply 042 Z,; on both side of (2.22). Modifying
the proof of Lemma A.7, we infer that

- c -\ 1
bl < (Clinlle + 15161 ) 5

-7

Applying Lemma A.8, we obtain that, for [ large,

€]
(2.23) 1611 < C(lloll. + )
To estimate (2.21), from Lemma A.6, we have
a4 Ol
| [ KWn o] < LHszSH :
R" Az tT
For j # i, using Lemma A.1, we obtain
n+ 2 A C
Y3/ T K Wﬂ272 U4 < —2
(o, 05) n—2Jgn U’U|_|Xi_)(j|"72

and it is easy to get that for [ large but independent of m,

n+ 2 .
iy 04) — m O < — i o) < —C.
(07,04) n—2/nw i S —— (07,04) C
Therefore, we obtain that
" [ €]
2.24 G <C|n+ 4+ ——1.
2:21) a <|n| ot

Estimates (2.23) and (2.24) yield

(2.29 6.8 < (n(v,n)n - ”%"') ,
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therefore (2.18) follows when [ is chosen large (independent of m).

Step 3. Next we estimate N'(¢,€) — N’(0,0) when [|(¢,€)|| < 2. We
compute the term

(N,(¢a 6) - N,(()’ 0))(U7 77) = ({}7 ﬁ)
For the v component, it holds

(2.26)
n+2 _

U= T 2P5(—A)—1 <K)\(U + Zmal){((wm + ¢)+)ﬁ B Wn{*g}> |

and for the i-th component, we have

(2.27) 7 = — 2 Kyoi(v + Z o) (Wi +@)T) "2 — Wi 2}

J

We first consider the term
[ Exo{ (W, + )" ) — W 77 Hle

Set eW,,, = >, ;05 and Qy := {x € R"u(z) > 0} and Q_ = QS . Define

1 if ze€Q_

Xa_(7) =
0 if xeQy.

Then we get
_ 4 4 _ 4 _
(2.28) (Wi +¢)*) "2 =W * = (Win+0) 72 =W > +xa_|Wi+6|7.
Since € is small, there holds

(2.29)

4
. ) n Wi W+ 0|, i Wy > g,
|(Wm+¢)m_W£*2‘§C

_4 .
[¢ln=z, if [g] = W,

n+42

617210l < 61 o)l (Z i ) .

7 (L y — 7))

Similar to the estimate of ||l ||.«, we use Lemma A.3. If y € B; N,

<Z( v(yiDMH) o < Z

1+ |y

1+ |y—xﬂ|>
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If y € Bf N B, N, we obtain that

n+2

n—2
S <0} : !
y . n—2 iy ; n+2 4 4
( J <1+y—xﬂ|)T+T) I (y—ai)) 2 TR R gy e2®

< C ) 1 1
- . +2 4
2 (1+ly—ai)) T F7 (72"

as 7 > k.
If y € Bf,, N, we have first

1 2 1 .
(Xﬁ ) =¢ e

(L ly — o) 5

On the other hand

1 1 m
> —___—>C S o)
(It y—ai) = 1+ |y =)= 2

It is not hard to see that when y € Bf,, N €, there is a constant C
independent of m such that for 7 > k,

(Lt |y = aiyme" (A2t

(1+ClFD*

which gives

n—2 1 1
Z ,}/(y) n—2 S CZ L nt2 1
A+ |y —ai]) =" (L+ 1]y — 7)) (A)=="

J J

when y € By, M. Therefore, we obtain that

- 4 a4 P
X Wi + 61720 ]|wn, [[0720]|sre < O] |0

When W, > |¢| and for n > 5,

4 2 4
W W + Blofl < Wi 2 9720w + €] W2 0]l

_2
< C(llvlllloll== + lefl[o]l.)-
Combining the above estimates, we deduce that

VA (W + 6)7) 77 = Wi Hlaw < Cllol (1017 + 18157 + [e]).



Y.Y. LI, J. WEI, AND H. XU

18
Similarly, we have
_ 4 4 4 s
A mio ) L (Wi + 6)7) 2= Wit 7w < Cll (e[ l]ule[ 72 +[|6]]577)-
J

Hence by Lemma A.7, we have

(2.30)
15[ < Clloll(lolle= + lel) + Clal(lel + Il + el == + [lo]:7%)

4 4
™2 | llelli?
+ )\7'71 )

¢ *
|)|\TH1 _'_ ‘)\‘rfl

_2
< Cll(o,mlIliolle™ + el +
Next we estimate (2.27). It is not hard to see that from Lemma A.1,

Lemma A.2 and Lemma A.3, we can deduce that
= 4 4
| fRn K)\O'z(nWm){((Wm + ¢)+) n—2 __ anfz }|

4 4
=2 A+ ol + [|8]l),
- 4 4 - 4
(Wm +¢)"72 - qui +XQ,|Wm +¢|n72'

< Clnl(lef + e

(Wi + 6)) 77 — Wi 2

Simple computations give
4
| Jon KnoioWa 2|
4
Cllvll« () 1 n-2
< | =2 Z =) Z AT =2
fRL (I+Hy—X7)) T (A|y—xi|) 2 +7 7 (+ly—=X7))
C|lv||« 1 1
— )71 Z] fQjﬂBj (1+|y—Xi|)”72 (1+‘y_XJ‘)%+4
C”’Uﬂ* f L 2 i ! 2
itz JUs(QanBE) (Hy=XTD""2 22 g vy e+
Cl|v]|«
< Sl
Similarly we obtain
4
-1, Cllvllloll
n—2
KyoooWn™ ¢] < e

R

_4_
) n—2

vl (I|¢|l*

and
_4
K)\O'ﬂ)|¢|"*2| S C)\T—l )\T—l

|
R”
In view of (2.29) and the above estimates, we obtain that
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[ faw Knoo{ (Wi 4 0)*) ™2 — W77}

C

<3

/\

Therefore we have
4

(e )™)

. =
"2 4ol + [olls)

ATl < Cllolls(]

(2.31) +CIIAT (e + e

< Cli(w, mll(lel + lel7= + lIglls= + [I6].)-

Thus by (2.30) and (2.31), we obtain

- 4 73 =
[@, )l < Cll(v, (el + lel=== +[|oll+7 + ol + llll),
which yields that

(2:32) |[N'(6,¢) = N'(0,0)[| < C(lel + e[ + 72 + 9117 + [|6].):

Step 4. Set§ = L anda = /\%_2 with C so large that || N'(0,0)"*N(0,0)|| <
(1 —0)a. For ||(¢,€)|| < a, it follows from our estimate (2.32) that

IN'(0,0) ||| N"(¢, €) — N'(0,0)|| < Caz <6

for X\ large. The condition of Lemma 2.1 is satisfied and the existence and
uniqueness of ¢(P, A) and €(P, A) follow from the lemma. The C' depen-
dence follows from (2.18), (2.32)and the fact that N has C' dependence
on P, e, A and ¢. 0

3. SOLVING A FINITE DIMENSIONAL PROBLEM

In this section, we will choose the positive constants C, C5 and integer
lp and solve (2.4) and (2.5) for some P* € By (X*) and A; € (C4, Cy) when
1> 1.

To this end, we need some preliminary computations.

Lemma 3.1.
o0J B nt2 1

= — | Ko7
8PZ] Rn )\O-Z ) _'_ O(>\B

(3.1) (14 ¢)*
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Proof. The left hand side of (3.1) equals

(1+ 52‘)_13?:{], = Zs;ﬁi(l + 68)(3(3;3 ,0)

nt2
— fRn K\ (W, + W + @) )2 Z;

n+2

_Zs¢z(1+68)< p1.70-> vaKA(Wm+€Wm+¢)"72Z

— fgL KWy, + €Wy, + ¢|Z_gzi,j-

BY Proposition 2.1, |e| is small. Therefore in Q_, [¢| > "=, From
Lemma A.5 and the estimates in Lemma A.11, we deduce that

nt2 nt2
| Jo BXWon + W+ 0[7=2 Zi 5| < C [0 [0]72]Zi 5
n— 2 C
< C||¢|| (\) 7+Tﬁg < )\7l+2(”:bj22) :
Lemma 3.1 now follows from Lemma A.11 and Proposition 2.1. O

Lemma 3.2.

(I+e) 2 =3, (5%, o))
(3.2)
— Jpn K (Zk Pt i - D i UJ) Zins1 + ol3p)-

Proof. As before the left hand side equals
(1+ fi)_lg_/{i = Zj;éi(]' + Ej)(?XZ ,0j)

— Jpn Kox ((Wm + ¢|)+) = Zin+1

ﬁ(va + @) Zi 1

= Zj;éi(l + 5j)<§%\ia“j> — Jen K\Wo + 6

- nt2
- fQ, K>\|Wm + ¢|"72 in+1,
where

fRn K)\‘V_Vm + ¢

n+2

.
2 (W, + &) Zint1 = fRn KOWa™ Zina

n+2 fRn K)\Wn 2(€W +¢) .

n+2

6-n
+O(1) f|¢|>Wm |Q§|_2 |Zz n—i—l‘ + O( ) f|¢|§Wm W™ ‘EWm + ¢‘2|Zi,n+1"
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Here O(1) means a number uniformly bounded independent of m or .

Recall that |Z; 41| < W When A is large, by Lemma A.5,

if |¢| > Wiy, then y € (U;(B; N§;))° := Q. By Lemma A.1 and similar

argument as in Lemma A.11, we deduce that

nt2 C
= i,n+1| < C/Q ‘¢‘"’2‘Zi,n+1| < W

/ K| + 6|
H<Z>H2

-+ [eP) < 1

[ Wi+ 0PI 2l < OO
|p|<Wim
Since (¢, Zi n+1) = 0, by Lemma A.6,

_4_ 1
K\Wi 2 ¢Z; 1 = / (Kx—1)o 2¢Zz n+1 + 0()\ ) <

2|

R”
Similarly
_4
fRn K)\Wn272 EWmZi,n—l—l

n+42

- fRn(K/\ - 1)€i0inT2 in+1 T (,\l)IE < 0(,\ ).
In the region y € {; N By
nt2 C 1
Wi (y) < :
0 2 1y e

Therefore by Lemma A.1 we have that for all n > 5

n+2

| fuj(QjﬁBJC_) Kk(y)Wn7{72 i,n+1dy| S

_c 1 L
o2k ij(QjﬂB§) 2s (1+]y— X)) 27k (1+\y—X’\)"f2dy
S D — : 5
S et S o oyt T O

C
S ()\l)n

For y € ; N B;, we have

n+2 n+2 9
Wi * — o)™ = 253 U" R /A

4 A m_n__
21

-1
2 n72 n—2 n—
<Ch < Wi 9

m]]
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We can show for j # 1,

n+2

fQ nB; Wmﬁ inr1dy = fQjﬂBj Kx(y)oj ™ Zinsrdy

n+2
C n— C
+()\l)2‘Xi_Xj‘n72 = fRn KA(y)Uj ’ i,n—i—ldy“‘ )2 Xi—Xd|n—3"
When j =1,

n+2

fQiﬁBi KA(?J)WJF imt1dy

n+2

n+2 4
— fQiﬂBi K)\(y) (O'i"Z + n+20.n 2 it 0,]) ZZ7]dy+ ()\l)%

n+2

4
— f . K}\( )( n—2 + Z_—‘,_-go_in72 ‘77510-]) Zi,n+1dy+ ()\l)%

Together with

Cle| | 1
|Z€] 8A ( ) 2|_0(_ﬁ)>

J#i
we can easily deduce the estimate (3.2).

>

By the estimates in [5],

142 Jo; OJe;j 1 o 1
/ naj ox, = Cron, T30 T los )

where Cy = fR

. Wdy and

Ai A A .
€ = | —+ = + NP — P , fori#j.
YERDY
Using Lemma 3.1 and Lemma A.9, we infer that (2.4) is equivalent to

L i P X
ﬁ(Pj_Xj):O(T)JFO(F)a

foralli=1,..(m+1)*andj=1,..,n

(3.3)  D,ga,

By Lemma 3.2, Lemma A.10, Lemma A.12 and Lemma A.13, we can
derive that (2.5) is equivalent to

( — 2)C4A2]Aj Cg . 1 ‘PZ — Xi‘ﬁ_l
(3:4) ; 2(AN;) (A2 AP o) O



MULTI-BUMP SOLUTIONS ON LATTICES 23

In the above, A := {4;;} is a (m + 1)¥ x (m + 1)* matrix associated to
the lattice X ,,(or X ,,), given as follows
0 if i=j
A=y = M n=2

If we take b; = A, 2 , then we see that (2.5) is equivalent to

i i|8—1 28
D D e L
J#i )04 A

Now we consider the functional F' : ]R(mﬂ)k — R defined by

]' 2
(3.6) F(b):§btAb—mZb , for b= (b, e, bms1ye)-

Since C3 > 0 and § > n — 2, the maximum of F' will give a solution to
the system

C 28 _
=3 Auby — ——2 b7 =0, =1, (m )P
J#i

Let B, = (b1, ..., byny1)r) be a solution to the above system.

Lemma 3.3. There exist positive constants Cs < Cg independent of m,
such that Cs < |b;| < Cg for alli =1,...,(m + 1)k,

Proof. For each Fj, for any integer m > 1, without loss of generality, we
can assume that by < b; < by for all i = 1, ..., (m + 1)*. From the equation
Fy(B,,) = 0, summing in j, we can get

_28
by 2 < Cmaxb; < Cbs,
J#i

where C' = (" 2 C“ >z Aijand 3., Ajj can be controlled by [, 1+‘ |n Tz -

Similarly from the equation F(B,,) = 0, summing in j, we deduce that

2 n—2)C —2)Cy~
bt > 7( o D Auh > > 2% 203) “by.
J#i

From the above two inequalities, we conclude that C5 < b; < Cy for all
i=1,..,(m+ 1) O
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By the form of F' and using the fact that 2 < n2—_62 < 4, we see that the
Hessian matrix at B,, D?>F(B,,) is negative definite (this ensures that B,,
is unique). We will show that the inverse matrix of D?F(B,,) is uniformly
bounded independent of m when [ is large enough.

Take X = (21, ..., T(pp1yr) in ROm+D"

(D*(F( ZAU% 25 —1) 2 b7 T
J#i

2| (from Lemma 3.3, |z;| > C|X|). By the
equation Fj(B,,) =0, as 28 > 2(n — 2), we obtain

28 -1
|(n252 1)(n2230 bln 2 ZE',| > |(n2gSC4bn ’ %:_z|

> 305 Augbs| X U5 = 30 Al > 135 Av

This implies that

—2
1212 = D)2 0 ] — | X, Aga

T; P 2— 2
> r;(ffﬁ—l)(n2§3c4bl =%, |24(30,s Aishy),

190_ —
= (&5 - 2><n2€304b“ L] (by Fy(Bn)=0)

> C|X| (by Lemma 3.3),
where C' only depends on C3, Cy, C5, Cs. Hence we get

|D*F(B,,)X| > C|X].
Similarly, we can also show that
|D*F(B,,)X| < C|X|.
Thus we obtain that | (D2F(B,,))”" X| < C|X| for all X € R™D"*
with maximum norm | - |.
Proof of Theorem 1. By (3.3), (2.4) is equivalent to
(3.7) P'— X"=O(|P" = X']) +0(1), forall i,
From (3.5) if we let t = b — B,,, € R™D" then (2.5) is equivalent to
(3.8) D?*F(B,,)t = O([t|*) + o(1) + O(max |P" — X'|?).
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For R(m+D"x(n+1) "equipped with maximum norm, we can choose a C' >
0 large but independent of m and I. When [ is large enough, (3.7) and
(3.8) define a continuous map from
B := Boom)(X) X ... X Boom)(X ™) % Boo)y(By) — B.
By Brouwer fixed point theorem, we can solve equations (3.7) and (3.8)
near (X', ..., X(mtD)* By with
|PZ_XZ| 20(1)7 |b_Bm| :0(1)

Therefore we have solved 88_/{1- =0, aaT{j = (0 with

_ 2 . .
(3.9) IA— Bn"?|=0(1), |P'—X*'=o0(l),
when A large enough.
By Lemma 3.3, we can now choose positive constants C; < Cy which
only depend on C5 and Cg and are independent of m and [. Then we can

take integer [y large enough such that the (P, A) given in (3.9) satisfies
P e By (X*) and A; € (C1,Cy) for all i and [ > ly. Therefore a solution

to equation (1.4) is guaranteed. O

Now we are ready to prove Theorem 2.

Proof of Theorem 2. Let {u,,} denote the solutions of (1.1 given by
Theorem 1 with [ > [, large and fixed. For each m, we can find z,, € X,
such that
U?;f::1(Xl,m — LL’m) = )(lZ
Let
(Sxtm ) (@) = (Satim)(z + 2m).
Then 4, satisfies the same equation as u,, due to the periodicity of K.

We will show that there exists some constant C'(1), independent of m, such
that

(3.10) Um(z) < C(l), YzeR™
Once we have (3.10), we then deduce, by elliptic estimates, that for any
R > 1, there exists some constant Cy((), independent of m, such that
(3.11) tmlca (B < Ca(l), Vm=1,2,3,..
This implies that we can pass to a subsequence {i,,, } such that
Ty, — u in CF (R™)

for some non-negative function v € C?(R"). Clearly u satisfies

n+2

—Au = K(z)ul?, inR"
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By the form of uw given by Theorem 1, u can not be identically zero,
provided that [ is large (but independent of m). In fact from the form
of u given by Theorem 1, u is clearly bounded from below in B;(0) by
a positive constant independent of m. Therefore, by strong maximum
principle, v > 0 in R".

It remains to prove (3.10). This follows from the form of Syu,, (given
by Theorem 1). In fact by the estimates on ||¢]|., when k < 252,
1
Cb > (R™ S Cb * :
]| oo ny < @] ;(1+|x—XZ

where C' doesn’t depend on m. For the same reason, we also have

| Z opi g |lLoo gy < C,

XiEXl,m

o <Ol

where C' doesn’t depend on m.

Thus it follows from the form of solution given by Theorem 1, that

||S)\um||Loo(Rn) S C
n— (n—2)2

By the form of Sy, we get ||t || oo mn) < CA'T = ClZF= | (3.10) is

thus established. 0
4. PROOF OF THEOREM 3
We first give a lemma which is used in the proof of Theorem 3.

Lemma 4.1. Forn > 3,0 < a < 1, let f € C2.(R") be nonnegative
outside a compact set of R™. Assume that u € C*(R") satisfies

—Au=f in R",
and

lim inf u(z) > —oo.
|z| =00

Then, for some constant a > min(0, lim inf|, . u(z)),
1 r)dx
u(x) = / J(@)d +a, VYreR"

n(n — 2)w, x — Z|"2

where w, is the volume of a unit ball in R™.

Proof. By adding — min(0, lim inf|;|_,o u(z)) to u, we may assume, with-

out loss of generality, that lim inf); . u(z) > 0.
Let

1 F(7)dz

n(n—2)w, Jp, |t —Z|

w;(x) =
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We know that
(4.1) Alu—wu;) =0 in B,
and, using the fact that f is nonnegative outside a compact set,
w < U1, Alu—w;) <0, in R" for large i.
Clearly
liminf(u — u;)(z) > 0.

|z| =00

Thus, by the maximum principle,

u—u; >0 in R"™ for large i.

Using the Fatou’s Lemma, we obtain
1 / f(x)dz

n(n — 2)w,

< Ili ; < .
re |T—Z"2 T zlggo ui(x) < u(z)

Now, by the Lebesgue dominated convergence theorem,

lim w;(x) = ! / J(@)dz <wu(z), VreR"™

1—00 n(n — Q)Wn T — :i.|n—2 —

For every R > 0,
Alu—wu;)) =0 in By, Vi>2R.

We know that {u — w;}, for large i, is a non-increasing sequence of non-
negative harmonic functions in Bsg. In particular, {u — w;} is uniformly
bounded in Bsg. By the interior derivative estimates of harmonic func-
tions, the convergence of {u — u;} is C? in Byg. Thus {u — u;} converges
to some function £ in C2 (R™). The entire nonnegative harmonic function

loc

¢ is a constant, denoted by a. Lemma 4.1 is established. O

Proof of Theorem 3. We prove it by contradiction. Let u be a C? solu-
tion of (1.1) satisfying (1.10) for some R, ¢ > 0 and 0 < i < k. We divide
the proof into three steps.

Step 1. For any a > 0, we have
sup{u(z)|z € R", dist(z,RF) < a} < oo.

Suppose not, by making a translation according to the periods of K, we
may assume that there exists |z;| < a+1, such that u;, the corresponding
translations of u, satisfies

n+42

_ == .
—Au; = Ku/™, wu; >0 in R7

uj(x;) = 00
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and

(4.2) inf sup u; > e.
2€RY Bp(2)

By Theorem 1.2 in [15], there exists a positive constant C'(K,a) such
that

2n
n—2

/ Vu,|* +uj ™ < C(K, a).
B24/(0)

By Proposition B.1, {u;}, after passing to a subsequence, only has iso-
lated simple blow up points in R™. Let S be the set of blow up points in
R™. We know that S # (). Proposition 4.2 of [34], applied to translations
of {u;}, shows that there exists a § > 0, such that

inf |x—y|>0.
x,yES,x;ﬁy| y| -

Passing to a subsequence and replacing x; by some nearby points if
necessary, we may assume that x; — z € S is an isolated simple blow up
point. Thus by Proposition 2.3 in [34], that

uj(xj)uj —h Cl%)c(]Rn \ S)a

where h is a positive harmonic function on R™\ S and has a singularity
at each point in S. By the proof of Theorem 4.2 in [34], S can not have
more than one point, so S = {Z}, and u; — 0 uniformly on any compact
subset of R™ \ {Z}. This contradicts (4.2).

Step 2. For any a > 0,
inf{u(z)|z € R", dist(z,RF) <a} > 0.

By step 1,
sup  u(z) =C(a) < oo.
dist(z,RF)<2a
Since
“Au = Ku+s = (Kuﬁ> u,

and \Kuﬁ\ < (sup K)C(a)ﬁ if dist(x, RF) < 2a, We apply the Harnack
inequality to obtain

sup u < C(a,sup K) inf u, V€ RF
Ba(z) Ba(z)

We may assume without loss of generality that a > R. Then, in view
of (1.10), we have

sup u > €, V€& Rf.
Ba()

Step 2 is established.
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Taking a = 1 in step 2, we have, for some positive constant b,

(4.3) u(z) > b, Va such that dist(z, RF) < 1.

Step 3. When k > 22, (1.1) has no C? solution satisfying (4.3).
By Lemma 4.1,

i K@usS (@)
nn —2)w, Jgn | —T|"2

(4.4) u(x) = dz +a, VreR"

where a > 0. We will show that a = 0.
Since v > 0 in R™ and inf K’ > 0, (4.4) implies

(ian)otZ_tg / dz

n(n —2)w, Jgn |z — 2|72’

u(z) >

therefore a = 0, since fRn W = 00.
From (4.4) with @ = 0 and (4.3), we have, for some constant C' > 1,

(4.5) u(x) > 1 _dr Ve e R".

~ _27
¢ dist(%,RF)<1 |z — [

If £ > n — 2, the right hand side of the above is oo, which is impossible.

Now we treat the remaining case: ”7_2 < k < n — 2. For convenience,
we write R* = R*¥ x R*~*, For any » € R*, 2 = (y,2) € R¥ x R** and
u(z) = u(y, z). We show that, for some constant C' > 1,

1
(4.6) u(y, z) > CaT L) eF
By (4.5),

u(y,z) >4 @] ka f 171<1 %’
& Jar
70 Jur

Wnk de 1
= 20C(|z]+1)n =27k ka (1+|§|2)£5—2 = CQ+z[)n=27F"

V(y,2) € RF x R",

v

1+|§|2 f |Z|I<1 |z— z|" k=2

| \/

f dz
< n—k—29
1+|§| I ‘ 1 ‘Z Z‘

Here we have made a change of variables £ = f’;y and have used the
fact that for every fixed Z — z # 0 and y € R¥, the set
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Let v be the spherical average of u defined by

1

udS,
[0B,(0)] Jog, )

v(z) = v(|z]) = v(r) =
then by Jensen’s inequality,
—Av > (inf K)vn- "3 in R

By some elementary argument, see e. g. [14], we have, for some constant
C >0,

(4.7) v(z) < LH, for any x € R™
(1+ )=

For k > "2, we obtain (r = |z]), using (4.6) and (4.7),

— s >u(r) = udS

1
() P2 [0B,(0)] f@BT.(O)

= CT}H for da f{|y\:a}mR§,\z\:m u(y, 2)

1 k—1 2 _ 2\n—k—1
2iCpn—1 fo (1+\/T2_a2)n727ka ( r a ) da

l 1 sk—l(m)nfkfld
— CJO (14rvV1-s2)n—2-k

S

Ll shl(/Ims2ynk
Z CT’"iQ*k 0 (1+\/1_32)n—2—k ds, fOl" T Z 1

ZW, for r > 1.

Sending r to co leads to a contradiction.

For k = 222 and 0 < i < k = 252, we derive from (4.4) (notice that

a = 0) and (4.6) that, for any (y, 2) € RF x R"7*

dyds
[(y,2)—(9,2)|"=2(1+|Z]

U(y, Z) Z %ffoRnfk

)(n727k)%

1 dz

(48) Z 6]5 fR" z n+2

1+I£I2 S D

> %bgn@ by Lemma A.2.
C(+lz) 2
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By (4.7) and (4.8), we obtain when k = 252 and 0 <4 < k,

1 _ 1
(14r) "2 > v(r) = @E,@y Jos, ) 445

= CT}H for da f{‘y|:a}ﬂR§7|z|:m u(y, z)

1 r max(1,Jogrv1—a2) n=2_7 n
5T Jo ( n;z)a s (V1?2 —a?)ida
(1+Vr2—a?) 2

1 1,1 1—s2) n=2_ n
L[ moslllos VI oo (T
(1+rv1-s2)"2

A%

v

1 log ¥3r n=2_q n
>1(z__ 87 % V1 —s2)ids, forr > 10
— O rvime)t ( Jeds,

> 2 forr>10.

We also arrive at a contradiction when » — oo. Thus Theorem 3 is
proved. U

From the proof of Theorem 3, it is easy to see that when k < "T_z,
0 < i < k and K has a positive lower bound, (1.1) does not admit a
solution u satisfying

lim (14 |z|)%2u(y,z) = 00, uniformly in y € RF.

|z]—00

In some sense, 22 is a threshold value for the decay power of solutions

of (1.1). i

Lemma 4.2. Let 1 < k < "T_z, suppose that K > 0, but not identically

equal zero and K is bounded from above. Let u be a positive solution of
(1.1). Assume, for some constants T > 0, that

(4.9) sup (142" *Tu(y, 2) < oco.
(y,z)ER™
Then
(4.10) sup (14 ]2))" " *u(y, 2) < co.
(y,z)€ER™

Proof. When 7 > 22 — [, (4.10) is obvious. Now we consider the case
0 <7< 22—k By (4.4) (notice that a = 0) and (4.9), we obtain that
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for some constant C' > 0,
u(ya Z) S Cka fRnfk |(y,2)—(%,5) % nt+2 dgdi,

TR

1 1 p
S CfRn—k [z—z|n—F—2 (142 |)12_2+ﬁ%7_+2d2.
Therefore if "—2 + "+27' #n — k — 2, applying the first part of Lemma
A.2, we have
C
u(y, z) <

(L+ o2

If "_2 + "+27' > n — k — 2, we are done. Therefore we only need to

con81der the case ”— + ”—+27‘ < n — k — 2 if they are not equal. In this

case, we get

C’
u(y,z) < s
(1+ o) T
Let 7 = 227 and 7; = 227, Obv1ously, {7;} is an increasing se-
quence and hence we can iterate till we get “5= 2 4 ”—”7’Z >n—k—2. 1If

—+"+2Tl>n—k—2 then we are done. If"—2—i—"—+2n—n—k—2,i.

e, T = (T2 k) Zé, we can apply the second part of Lemma A.2 to get

max(1,log|z|)
(1 |z])nr=2

Choose any 7,1 € (7, 5% — k), then 252 + ™27, , > n—k —2. By
(4.11), we have

(4.11) u(y,z) <C V(y,z) € R™

C
u(y, z) < 7y,
(14 [2)) 7 Fmer
Since ”— + n+27'2+1 > n — k — 2, by one more iteration, we get the
conclus1on O

Remark 4.1. We easily see from the proof of Theorem 1 and Lemma 4.2
that solutions constructed in Theorem 1 and Theorem 2 satisfy (4.10).

In the following, for every k € [1, "T_z), we give examples of positive
smooth function K such that there is a solution w of (1.1) satisfying (1.10)
for some R, e > 0 and all 7 € [0, &].

Let (y,2) € R¥ x R** and u(y, 2) = v(z) = ﬁ Direct calcula-

+|z
tion shows that

—Au(y,z) = —Av(z) =

n—2(n—2 - n—2 ( )n_+§
— ——— | u(y, z)"2.
2 2 201+ 22 ) W
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Moreover u decays like ———. Here Ky, z) = "T_z ("T_Q —k+ 2(1717_‘5‘2))

SR e R
which is periodic in y.

5. APPENDIX A

In this section, we present the proof of some technical lemmas.
For z; z;, y € R", define

1
L+ |y — @i )* (L + [y — 25)°

where z; # z; and o > 0 and 8 > 0 are two constants.

9i5(y) = (

We first prove a lemma which slightly improves the Lemma B.1 in [49].

Lemma A.1. For any constant T € [0, min(c, 3)], we have

27 1 1
giily) < ( + ) .
W) S T o \GF = Gy a7
Proof. Let d = |x; — z;|. If y € Bg(x,-), then

ly—x;| > =, |y — x5 > |y — i,

N

which implies
1 1
(1+3d)7 (L + |y — ay])oth=

Similarly, we have

gij(y) < (RS B%d(xi)'

1 1

i <
9i3 (y) (Lt 2d)y (1+ |y — =5

|)a+5_77 y e B%d(zj)

Now we consider y € R™\ (B%d(xi) U B%d(xj)) Then we have |y—z;| >

d, |y — x;| > d. We may also assume that |y — x;| > |y — x;|. This yields
that

1
() < .
) S Oy U Ty e
The result of the Lemma follows easily from above inequalities. O

Lemma A.2. [49] For any constant 0 < 7 with T # n — 2, there exists a
constant C' = C(n,T) > 1 such that

1 </ 1 < C
- z - .
CUF ™D = Jou Ty = A2+ P = [Ty



34 Y.Y. LI, J. WEI, AND H. XU

When T = n — 2, there exists a constant C' = C(n) > 1 such that

max(1, log |y|) / 1 C'max(1, log |y|)
- ~ Z ~
CA+ly)m2 = Jon ly — 2["2(1 + [2])" (1+ [y[)~2

Proof. This follows from a simple modification of the proof of Lemma B.2
in [49]. So we omit the details. O

Recall that for X, = {Xi}gfj”k, Q; = {y € R", such that |y — X*| <
|y - Xj|, for allj # Z}, BZ = B)\I(XZ) and Bi,m = Bmax(%’l))\l(Xi).

The following lemma provides basic estimates and will be used fre-
quently in the sequel.

Lemma A.3. For any 0 > k, there exists a constant C(0, k,n) > 1 inde-
pendent of m, such that if y € B; N §;,

1 1 C
Al —— < —— < ——
AD xS 2 Ty~ 0 S (o~ X7

(A2)

1 23 1 _ C _
CL+[y = XNIFADE = = (1 + [y = X))~ (1 + |y = X)PFADY

J
and if y € Bf,, N,

(a3)

m <Z 1 < CmF < C
CA+y—X1)0 =~ 1+ y— X)) = (1+|y— X)) = (1+ |y — X|)0=F(A)F

J

Proof. For any y € €);, since y is closest to X*, by triangle inequality, we
have

By — X7 > |y — X[+ | X' = X > |y — XV|.
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Hence
1 c 1
25 X0 S XY 2 (14X )0
Atly—X1)
c
< (+y—x7e (1 + f[—m—l,m-ﬁ-l}k mdz>
(A4) 1+]y— X7

c (I4|y—X"])* 1
= W -x7 <1 T ey <1+|z|>6dz)

(+ly—Xx7))
C (1+| X ' ;

If y € B; N §;, the inequalities in (Al) can be easily obtained from the
above.
If y € Bf NQ;, we have

1 c 1
Zj (I+[y—X7))? = (I+[y—X7])? Zj (1+ |Xi—X]| )9

(+ly—x7))

c k 1
(A5) = (I+ly—x7))? (1 +27 f B\ [0,1]F (14— dz)

0
ar-xm *)

¢ (1+y=X1])*
Z T p=-xT? (1 + (yi) I o< LFIHDN (1+‘ ) gdz) ,

(1+ly—X7)) (1+\y X))

where the constant 27% is due to the reason that for any point X7 € X;,,,
the integral region always contains a quadrant of [0, [2] + 1]¥\ [0, 1]* if it
is not empty.

Now when y € Bf N B;,, N 2;, we may assume that m > 8, since

1< 3] < [%};1, we have

1 1
———dz > ——dz > 0.
Ay B (14 [2)0 /1<z<2 (1 +[2[)°

(+Hly—X7]) A+ly—X*))

The inequalities in (A2) follows easily from above observation and (A4).
When y € By, N, since ﬁ < %, we have
1 1
dz > / — —_dz>CmF.
/[o,[%m]k\[o,uk (1 + e 121)° oz (1+50120)°

Then the inequalities in (A3) follows from (A4) and (A5). O
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Lemma A.4. Suppose that n > 5, 1 < k < "T_z and 0 < C7 < Oy <
o0o. We can find a positive constant 19 = 19(n, k) € (k 221, such that
for any k < T < 79, there exist constants 6 = 0(1,n, k) > 0 and C =
C(Cy,Cq,k,n), such that

n— 2 ) ; <

fRn [y— z|" 2W ( )Z] (1+|Z—Xj|)15_2+fdz =
¢ i L = ¢ ; %
1Y) 2 M i ODY rvpane==2r

T (+y-xi) T T Rz

Proof. Since n > 5 and k < "7_2, using Lemma A.3, we obtain that for
A Bz N Qi,

Wﬁz( 1,,1,2 <C L
J

1+ |Z o Xj|)T+T (1 + ‘Z _Xi‘)nTH+2+T
and for z € BN Q; N By,

A 1 1 1
Wm 2 ZJ: B Xj n;2 S C 4 ZJ: . n52

(1+]z ) (A)7=" S (1 + |z — X))

For z € Bf,, N, we also have
m

4
W2 ——<C —
; (1+ ]z — XI))"=+ (1+ ]z — Xi|)*z 7+

<C L,{Z -

A)=* G (14 |2 — Xaf) = et
Now we compute

4
1 k-i—mk

4
1 n—2 1
—s z ————dz <
stﬂBs ‘y—Z‘n 2 m /7( )Zj (1+|Z—Xj‘)Tn 2., —
I 1 1+—x0 ) c
QsNBs Jy—2"2 A (14| Xs|) 2T+
1—7 s T—1
< CA < 14+|y—X3| C
= (1+‘y—Xs|)min(n72 +241,n—2) — A (1+‘y—Xs|)n72+T+9
where 0 < 0 < min(2,25= — 1) := 6;.
Similarly we also have
4
1 n—2 1
— z = —dz <
stﬂBs |y_Z|n72 m rY( )Zj (1+|Z—XJ‘|)L22+T —
1 1 d C
z < =
e T s
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for 0 < 6 < min(2, 252 — 7)) := b,.

If y € Q; N B; for some i, from the above two inequalities, taking a
6 € (0, min(6,,6s)), we have

_4

n— C
Jo.ouns, WWm ()Y, —— s —dz < (W)

: . —2 - j —2
T (Hz—XI) T AT (L+ly—Xi|) "z +7+0

+C min ( =Y 1 3 L )

. —3 ; —3
ST (Lply—Xo)) "2 O I (X)) AT

< alt) by Lemma A.3

R —2
(1+|y—Xi) "z +7+0’

<Cy(y) Y .

; . n—2 .
T (tly-xi) T T

If y € U;(Q% N BY), then y(y) = 1 and it is easy to see that

4
1 Wn72 1
st(QsﬁBs) |y—z|” 2 m 7( )ZJ (l+|Z—XjD£T2+T
< C4k n 1n72 z : y 7L172 4k
T2 fR ly==] T (z—xd)) T2 TR

c
1 . n—=2 )
T (ly—xif) 2 AT

where 0 < § < min(2 — 25 22 — 1) := 0.
Thus we get
1 = 1
Jotouny s WP 1(2) 30 e de <

Cy(y) > .

; S on—2 9
T (tly-xi) Tz e

for all 0 < 6 < min(6,, 62, 05).
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When z € Q; N Bf, we estimate as follows: if y € U;(%; N BY), i.e
v(y) = 1, we have

1 = 1
Joounne) e W 7z 2) Y e d

(1+|z=X7))"z 7

S C fRn |y Zln 2 Z 17L72 4 dz

() _5’“ (4|z—XiH T 7wzt

<O 1 1

= . 2 4 — 4
J (l—l—‘y—Xj‘)mm(ir+2+77”_*2_k’n72) ()\l) ok

> L — L —, when n>6
I (ty-X3) 2 T (a2
<C

1 1 - o
Z] (1_Hy_Xan72 ()\l) 7;152 5 When n = 5, k - 1,

<Cy(y) >, L L

. 2
T (A4ly—XI) T HT (yn-2

Here in the case n > 6, we need"—_2+2+7‘—ik‘<n—2which

gives 7 < "—2—2+ 4 —k = 70. Notlcethatwhenk:<— k<t <22
Therefore the set for T is not empty when n > 6. When n=>5 k= 1
since k < %==. In this case n — 2 < —+2+7’— —k: and we can just
choose k § T Ty = "7_2

When y € Q; N B; for some ¢,

1
Joyeunme) . RETE )Y ————=dz

(A+|z—Xs) "2 7

< 1
- C()\l _Zk fRn ly— Z‘n 2 )‘T 1 Z (1+]2 Xs|)4+—2—"72+177n§2kdz
<O . 1 1
! Zg (1+|y_XjI)min(%—2+2+1—n%2k,n72) (Al)_ﬁnﬁ k
S T e e e duete Y €N
y_ 1
" V(y Yy _ B
(1+‘y_Xi‘)n72+7'71 S (1+|y—X’L‘|)n72+T lf n 2 < + 3 —2
1 1
<Cv() >, = .

. 2 .
J (1+|y—X]‘)£2_+T (a)—2*
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When "7_2 +241-— ﬁk = n—2, the log |y| term from applying Lemma
A.2 will be harmless as long as we choose 7 < 15 < "7_2 The fact that

2 > % is also used in the above. Combining the above together, for

0 < 6 < min(6y,0s,05), we conclude that

4
fRn WW#W(Z) Zj — L —dz <

(I+la=x9)) 2 7

Cv(y) Cy(y) 1
+ .
2 T (Uly—xa) "2 T (et 2 (1+ly—Xx3) "2+
]
Lemma A.5. Assumen >4 and 0 < 7 < 222, If |||, < WT then

for any ¢ > 0, there exists a constant Ao = \o(n, k,7,C,c) > O such that
for any X > Xo, ¢(y) < cWin(y) in Ui(B; N ).

Proof. We prove by contradiction. Without loss of generality, we may
assume that ¢(y) > c¢W,,(y) for some y € By N . Note that y(y) < 1.
By Lemma A.3, we have

1 1
(b(y) Z CC Zj (1+|y—XJ'|)”*2 Z C(1+|y—X1\)"*2

Z C L n—2 L n—2
(Y= X1 (=X 1) "2
> Cy(y) ¥ Ly Py

T (tly=XI) T (=X T
Whenn24and0<7‘<"7_2,wehave

C 1
—=— 2 ol > ——=—-
AT (A=
This gives a contradiction when A is large. In the case n > 4 and
"T*Q >T > "T_Q, noting the fact that

1
n—2 2 ]‘? \v/y 6 Bl?
A +y=X)=7
we get - > [|¢||« > C, which is impossible when \ large. O

Lemma A.6. For any ¢ € M, we have, for some C' > 0, independent of
m and [,

ol

[ KW 0Z.de] < e

R

Y
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and
||¢||

+

[ KW o, d|<A

Rn

Proof. By the orthogonality condition

fR” K)\(Z) Pgbzs,tdz = fRn(K)\( ) - 1)Un o2 S,t¢dz

D] fon W2 Zusiodz] + O()| fon W0 ? " Z, y0d2).

Using Lemma A.3 and the proof of Lemma A.4 in ; with i # s, we get

W (2) 1
| fQ NB; 2 57t¢d2’| S C||¢||* fQimBi Z] (1+‘Z_;Y(;‘)£E—2+T (1+|Z—X5Dn72 X

4

1 =
(Zk;ﬁs W) dz

C||¢>|| 1
<
= fQ B (4o XZI) s (1+|z—X5\)"*2dZ

Clol.
— )\Tfl\Xi—Xﬂ?'

When z € U;(©2; N BY), we use the same idea as in the proof for Lemma
A4 to get

.4
| fui(QmBg) Wm”j Zs,t¢d2|

_Cligll-_ 1 1
< j n— " — dZ
= ()7 2k fu (Q:NB§ )Zy (145 X7)) 22 n472 ) X2

Cllol 1 1
< —= ; P + =)
—= (Al)mk Z];ﬁs (1+|Xj_X6|)m1n(n 2,252 42— Ao k) (Al)H&T*T*n—izk
< _Cloll« .
= A1) 2

For i = s, note that for any 2z € Q, taking X7 be the closest point in
Xi.m to X* (there are at most 2% such kind of points in Xj,,), we have

R 4
ms < C
(14 |z — XN+ ()\l)
By Lemma A.1 we also get

o Clioll«
Wi Zsppdz| < 5 ,
| Q.nB, 947 < (Al)z A
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Hence we deduce that

Clloll«
| w27 ode] < |l

(A)EATT
foralln25andk§7'<7'0.

Similarly we have

|fRn msas st¢dz| < CfRn msUS 2|¢|dz

< _Clol
— (AD)zZATLT

4

| Jan (E(2) = 1) ™ Z, 12|

< CNlle fon 1KA(2) = 1| 2 L —d.

(I+la—x9) 2 7

It is easy to see by Lemma A.1 and the relations between X' that

W p——
()\l)T+T

7L2

|Kx(2) — 1|v(z
| 8 n+2z
va(1+|2 s 1+|Z—X])

So we only need to estimate the integral when j = s. Let Q = {z €
R"||z — X*| < A. By Lemma A.3 and integrating, it is not hard to get

— 7(2) 1
fQ |K)\(Z) ]-| I+ z—X3)"+2 (1+‘z—XS|)15_2+T dz

_xs|BtT—1
< 2= X7 dz

= J;
— N+1-1 JQ (1+|Z_X5Dn+2+i2772+7'

1 : n
W if B>§+2,

<C

=T < /\151_2+T if 6<3+2,
Jor 1BA2) = Uiy <1+\Z_Xls|)15—2+rdz
<C o (1+\Z—XS|)1L+2+227*2+"

sinceﬁ>n—2>5whenn25.
Therefore the first inequality can be derived easily and the second one
can be proved similarly. ([
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Lemma A.7. Under the assumption of Lemma A.J, for any h € D and
4

€M, let = Pe(—A)"Nh+ KyWii 2¢), then there exist an integer I
and a constant C > 0, depending only on K, n, B, 7, C; and Cy, such
that for any | > ly, we have

191l < O(lRfl + llll.)-

Proof. By assumption on ¢, ¢ satisfies the equation

» 1 h"—K)\ n2¢
= dz i, %] bioi,
) = ey Ty e Lt + e

for some constants Cij b;.

We first claim that, for some constant C', independent of m and I,

(6) bl < (Cla + 561 ) 55
In fact, multiplying o' = st on both side of the equation and integrat-
ing, we get
n+42
(A7) > i Zij, Zas) = / ( h— Wi 76— Zba”* ) Zg4dz,
,J "
1
| Jon M(2) Zs 4dz| < ClIh|ax [gu WV( )22, Wdz
< v(2)
< Clll.. (‘[Rn (14]2—Xa |2+ 25747
7(2) 1
+ ZJ;,AS fRn (1+[z—X>])"—2 (1+|Z_Xj|)lJ2r—2+T dZ) )
where
fRn 'Y(Z) T d S fBS )\Tl 1 - dZ

(14|z—Xs|)P 22 +7

—l—fB L BT ~dz

S (L|z—X3)" 2

(Af|z—Xs) 2 2+

<S4+ 55— <E
— )71 ()\l)T2+T_)\T 1
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and

’Y(Z 1 d
— Z
2]753 fR” (1+‘Z XS n—2 (1+‘Z—Xj‘)Tn+2+T

< 1 ) 1 1 dZ
= 371 Z];ﬁs fR" (1+]|z—Xs]|)n—2-7+1 (1+\Z—Xj\)i2ﬁ+7

1 1
< 5 D its fR” =X T 3= XS\)"HdZ)

|X5— XJ|T
C
< -1

Here we have used the fact that ) L__ converges when 1 <

378 | xi_xs| "
k < 222, Thus we have derived

C
|| h(2)Zsudz| < FHhH**-
Rn

By Lemma A.6,
Cliell«

Azt

_4
|| E\(2)Wi ¢ Zsdz| <

R
By Lemma A.1 and symmetry of o;, it is easy to check that,

(Zij, Zsy) =0 if i=s and j#t;

<Zvj’Z > C7
and
C .
KZJ’ZMHSW’ if Z#S,
n+2
/ai”z st =0, if i=s;
and iz c
‘ X St|_m’ if 7#s.

Notice that the left hand of equation (A7) can be viewed as a linear
system with variables ¢;; of (m + 1)*(n + 1) dimension and coefficient
matrix of (m + 1)¥(n + 1) x (m + 1)¥(n + 1) with entry (Z; ;, Z,,). If we

denote G = ((Z;;, Zs.)) = (af;) be this matrix and let X = (a:s,t) be in

k
RM+D*(+D) with maximum norm denotes as | X| = max,; |z,,|, then

Claisl + Gl X| = |2, afjs

1)
|me + Z(st #(4,) a; ]xSt‘ > C‘xlj| o C)Elnj: 2 |X‘
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where ¢ is controlled by [o,
implies that

s |n ————dz and doesn’t depend on m. This

20|X| > |GX| > %m

with C independent of m when A\ is large enough. Therefore, we obtain
that

iz < (CHhH** T ol ) T + C'max |b| s

1
(Al
where C' is a constant that doesn t depend on m and [.

Similar estimates for b; can be obtained in the same way as ¢; ;, we skip
the detail. Thus we prove (A6).

It follows from Lemma A.2,

| for g h(2)d2] < Clllen fon 725= 3, brrdz

. +
I (4lz=Xi) T2 T

< Cllh]] 4 e,
< Oller(v) T b
and
_4
| Jon a0l Ziydz]
1 1 c
< Clo oy ds S e RET <
Similarly,
1 n42 C
|| ol ] < s
rn [y — 2] (14 |y — Xi[)*=*7

when £ < 7 < 1.

This, combined with Lemma A.4 and (A6), gives the conclusion. The
proof of Lemma is thus completed. O

Lemma A.8. Under the same assumption of Lemma A./, there exist an
integer ly and a constant C' > 1, depending only on K, n, 8, 7, Ci and
Cy, such that for any ¢ € €, we have

(a8) o= 2Eire-a) (Ko ) Il > 12k

Proof. (A8) is equivalent to

4

¢( ) h+ n(n 22wn fRn [z— y‘n 2K>\(Z) F(Z)qb(Z)dZ

+ 2 bioi + 3255 ¢iiZigs

(A9)
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for some h € € and constants b;, ¢;j. Then by Lemma A.4 and the proof
of Lemma A.7, we get

-1
(100 S ) 1600 < Il + 5%

—2
(1+y—xi)) "z *7 AT+

(A10)

T L
+C||¢||*< T <1+vxj;T2+T+0).
(A) =2 =

n—2 E:xjex T n—2
) bm qy—xip~z 17

We show that ||¢]|« < C||hl|s for [ large enough. If not, we can find
sequences | — oo, my > 1, A;; € [C,Cy), P € B% (X%, by, ¢ijy and ¢y
with ||¢||« = 1, such that (A9) is satisfied for |||« — 0. We may assume
that ||¢]|« = 1. Therefore for some y' € R, we obtain from (A10) that

1
ZX]EXL,WL (1+|yl_Xj|)12£+T+9

1
—32
l_Xj\)nTJrT

(A11) 1= [loulls < C | [[ull+ +

ZXjGlem (I—Hy

Then there is a R > 0 independent of m, such that for some i(l),
y' € Br(X'®) for all [ large. (If i is far away from all X*, the right side
of (A11) is approaching zero as [ — co.) Hence we get that

max [\ ' (y)| > a > 0.
Br(z'(")

From the proof of Lemma A.3, for any fixed R > 0, it is easy to see that
W(z — PO — oo for some A € [Cy,Cs] in B as | — oo independent
of m. Multiplying A™~! on both side of the equation (A9) and using the
estimates (A6) for b;; and ¢; j; and the fact that ||hy||. — 0, we can see

that ¢;(y) := A" '¢(y — P') converges uniformly in any compact set to

a non-zero solution ¢ of

A12 —A¢ —
(A12) -1t
for some A € [Cy, Cy). We will show that qg is perpendicular to the kernel
of (A12) and therefore ¢ = 0, which is a contradiction.

For this purpose, by Lemma A.3, we get

S T nO.
N (y) < d(y) =C oy Ve BN
Toy) < O(y) =

A1 1 c .
O oyt Y€ B0
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Since

8@- aai C
. — <

from dominated convergence theorem and the fact that (®, o;) = 0,

0 and (P, g;‘\ﬁ = 0, we obtain

aUo,A 7 aUo,A

’(9:5]-)’ <’8A

<¢~)7 00,A>7 <(5 > =0.

Therefore we have proved the conclusion.

(P

do;
' 9P,

Lemma A.9. Forj=1,...n,i=1,..,(m+1)*, 0<C, <A; <0y < 0

and P’ € B%(Xi), we have

2 00, _ Dnpaj (i .
fRn K,\(y)ai 25851'3. - Af",gi”ﬁ (sz — le)

+O(X) 4 o(3h).

where Dy, 5 = (n(n—2))2(n—2)8 [5. (m%‘ﬂnﬂdx. ox(1) only depends on

I+|z[?)

the condition of function R(%) near X' and o(1) = 0 as | — oo (or same

as A — oo) (see the remark 5.1 below).

)=
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B—n
Proof. Let 6 = \2n . We have

n+2 2n_
n— ag; __ n— A
fR" K)\(y)o-z ’ 68132'3. - (n - 2) fRn K)\(y)o-z ’ 1+/§2|y pz‘2dy

2n

n—2 A
= (1 =2) fi iz Krw)or HA(ZJ\W@ + O(gwr)
=% 2 ly— X<\ (Zhah‘yh—Xl ¥+ o(1 )‘y_Xi‘B)

2n
n—2 A (
X0, 71+A2|y Pl‘Qd +O( n+1)

2n_
_ n 2 _ X, |Byn—2 AZ iy —P)
= ly— X 1| <O >on anlyn — X'n["o TF A2y Pz|2dy

Pi_XZ'B
+ols) + o(55E)

= (n(n—2))222 [L. >, an(|xn]? + Blanl’2zn (P — X7),

i i AP Alz; pPi_Xxi|8
O(‘P - X ‘2>> X (1+A?‘x‘2)n (1+A22‘Jx‘2)dx + O(%ﬁ) + O(‘ B | )
n (n—2)Ba; z;|8 i i
= (n(n = 2))3 205 feo ey (P = X4)
pi X’ pi— X’ A
to(55) + O(F=55) + (' =).
If we let D, 5 = (n(n —2))2(n —2) [5. %dw we complete the
proof. O

Remark 5.1. The 0(1) only depends on the condition of R(%) near X",
the estimates doesn’t depend on P; as long as |P, — X'| < 5. If we know
more, say |VR(x) < Clz|P~1%% near 0 for some small s > 0, then 0x(1) =
c

F .

Lemma A.10.

n+2

n 2 60’1 _ Cg
fRn Ky 9N, T APTINE

+O(w) +o(5).
where o(1) is the same as in Lemma A.9 and

L S ) LTEY) R g

2n re (14 |y[?)

7
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Proof. Observe that

n+42 27L

IKA n2g;‘\1:2naAfKA -~

n(n—2 % n—2 Vidd
2T e (VEGE + %) 3k amedy + Og)

n

_ B [n(n—-2)]2(n-2) lyn|? 1

= - o S an S vt
pi XZB 1

+o(35) + O(F=7—)

+o(5) +O(M),

A5+1)\/3

Lemma A.11. Forj =1,...,n, we have

n+2

Jow Er(W) (W + 0) 72 Zijly = [ Ka(y)o] > Zs jdy

n+2
+0 (1 101 o+ ol + e +0(3h)).
Proof. We begin with

n+2

(W, + )iz — W2 — P22 (W, + )|
(6 + W |52, i |p] > Wi
<C
6—n
W 2 |eW,, + 02, if || < Wp,.

By Lemma A.5, when A is large, if [¢| > Wy, theny € (U;(B; N §;))° ==
Q. So

S BA(Y) (Wi, + 0) 72 Zi sy

n+2

=mmm(awﬁm%ww+@

(1) Jo |6+ €W 721 2,5 + 01 fRnW#i W + 01211,

By Lemma A.1, Lemma A.2 and similar argument as in the proof of
Lemma A.4, we get easily that
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Jo |6+ W72 Zi5 < C [, 1617721 Zldy

Cligl 2 1 1

< .

= ozt fQE (It|e—xi]) 5t nzaT- —gk(1+\z—XlD”’1dZ
i

< %, by Lemma A.1

Using Lemma A.1, Lemma A.2 and Lemma A.3, we can infer that

6-n
Jon Wi 2 Wi 4 61%| Zs 51 dy <

n+2 6-n
L. (|e|2ww i an2|¢|2) Zi,ldy

<C <|e|2 + (ﬂ?”ﬁ)Q) .

n—2 : 1 .
4 4 Wrzz , if Wm,i > 0y
‘Wn’%iQ - O-Z'n72‘ S C
4
-1

n—2 T . T
o Wmﬂ', if Wmﬂ' S g;.

7

By Lemma A.3, we know that Wml < 0; in B; (we may need to shrink
the ball a little bit) and W,,; > o, in each B; with j # 4. Since (¢, Z; ;) =
0, we can get,

Jan K () “¢Z”dy Jen Kn(y)o] 2 0 Z; jdy + o(1) 1

= Jon(FA(y) = 1)o7 7 6Zs gy + o( )

Similarly

n+2

Jen Ky W2 W, Zijdy = Jou(Ka(y) — Deio] > Z; jdy

Cle
_'_(Al)'n‘2 S O( )
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For n > 5 it holds that

n+2 n+2

n 2 n+2 n— 2
| - n—2 Z W |
n+2 ~
Wm”f, if Wi > oy
<C

7_1 A~ n n _1 ~
W2 .or? <WpnPo!? , when W, <o

mzz

Using Lemma A.1, we deduce that

. B2 C
LW Zily <
and
| m@igeer 2l <
n " = ()1t
For s # i, by change of variable for s # i,
n+2

TL+2 fR" K)\ Z"n 2O'sZi7jdy = ﬁalj fR" KA(y)O'mo'sdy

(2

n+2

= 6}%. jﬁn Ob A CTPs }M A dt
1 BK(ﬁ) i d 1t—1—PZ or "t 0ops PiAs g
- X jkn 8%‘ (nlAi(TPs_}MyAs 1 — jﬁn 01\ aps, t.

From the above, using Lemma A.1, it is easy to see that

ke Wz dy < —S& 1 C
T e YOI N PV
Similarly
C(1+ |e])
(1+ € < Y
g; te) aP o)l < <X
The above estimates give the conclusion. O

Lemma A.12. For some constant C' > 0 independent of ©, j and m,

142 Jo; nt2 00] C
‘ RnK)\(x) i aAd /n z' ‘—|P2_Pj|n_2)\2’

Proof. Take a § > 0 small, such that |K(x) — 1| < ¢|z|® for some ¢ > 0
and x € Bs(0). Since K(X") =1, we get

n+2 n+2

fro K@) 2da = [ o7 F

n+2

— o) ? 5 d,

)

fBéA(Xi)UB(SA(Xj)U(BEA (X)NBE, (X)) (K ()
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and also
n+2 —Xi‘ﬁ :L+2

n—2 00 n—2
|IBM(X2')(K>\(=T)_1) A Jd |<CfB Ax)) T a Ti ‘ojdx

<C (el PPy 1 L d
fB (0 ¥ T )(1+|:c|) 252 (I4jo—Pi+Pi2) T v

B pi_Xxt|B8
(el Xy 1 g

< ¢
= |pi=pin=2 fBax(O AP (1+]z|2)" 5"

C 1 c
< ‘Pi_Pj|n72(>\2 + _,8) < |Pi—Pi|n—2)2"

Similarly,

n+2

n— 803
|fBM(Xj)(K,\(x) — 1o d |

2 3-8 C
< ‘Pz PJ|n+2()\ _'_)\ ) |P1 P]‘n 2)2-

Lastly,

n+2

n— acr]
‘fBC nBC (XJ (KA(:(:) - 1) z' " d ‘

n+2

<C|,. e 1 __dx
= fBEA(O)ﬂBEA(XJ—Xl) (1+|2]2) "2 (14+]o—Pi+Pi2) T

Let 2 = P/ — P" and 2d = |z|. To estimate (A13), we will use the
method used by Wei-Yan in [49]. Since d > d\ when [ is large, we can
split

B5,(0) N B, (X7 — X') = Aj U Ay U As,
where Al = Bd(O) \ B(”\(O), A2 = Bd(Xj - XZ) \ B(”\(Xj - XZ) and
Az = B5(0) N B(X7 — XY).
1

dx
n+2 n— +2
Ja <1+\x\2>T<1+\x—z|2>T

dn 2 fAl 1+|x|

< ¢
— IPz_P]|n72>\2'
Similarly it holds that
1 C
- —dr < — — .
/Az U+ ) F(+ o — )= [P= P

On Aj, from [49],

1 C C
1+ |z) 2 (1 + |z — 22" ~ |e" 21+ |2))m+2 — [
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therefore, we infer that

/ 1 e G
poy pow T = - T,
A (L4 |22 (1 + |z — 22) "= [Pt =PI

which gives

n+2 80- C
'/ (K@) = Doy 5dal < s
B§, (XH)NBg, (X9) 8A |P2 _ Pj|n—2)\2
The conclusion of Lemma follows easily. O

Lemma A.13. For some constant C' > 0 independent of i, j, m,
L 0o 905 4. M~ 2 / 142 Jo; C

K g =2 gy < — : .
[, w)ofRoigide = Smms | ol R, B S p T pipae

Proof.

4 a
fRnKA(x) o Ulajdx w2 fR"K)‘ Taldx

TL+2 n+2
n—2

oo
— J
- n+2 fRn aA —n—oidr + 2 fRn (Kx(x) — 1)—8AJ_ o;dx
n+2
f 7L26U]d +n Qf ( ()_1)6 d
nr2 Jrn O T+ 055 Jre (B (2 oA, JidT.

The second error term in the above can be similarly estimated as in
Lemma A.12 and the proof is thus completed. O

6. APPENDIX B

We recall some results proved in [34], in a form convenient for our
application.
Let { K;} be a sequence of functions satisfying, for some constant A > 1,

1

where B, is the ball in R™ of radius 2 centered at the origin.
For 8 > n—2, recall that { K} satisfies (x)g for some positive constants
L, and L, (independent of i) in By if {K;} c CVPI=11(B,) satisfies

|VKZ| S L1> in BQ,
and, if g > 2, that

=l

—S

IV°K;(y)| < Ly|]VEK;(y)|7=1, forall 2<s<I[8], y€ Bs.
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Remark 6.1. Conditions (H1), (H2) and (H3) guarantee that K satis-
fies (%) in a neighborhood of 0.

Proposition B.1. Forn >3, A > 1, Ly, Ly > 0 and 8 > n — 2, let
{K.} be a sequence of functions satisfying (B1) and (x)g for Ly and Ls.
Let {u;} be a sequence of C? solutions of

n+42

—AUZ = KZU:TZ, U; > O, BQ,
satisfying, for some constant a independent of 1,

s

Then, after passing to a subsequence, {u;} either stays bounded in By, or
has only isolated simple blow up points in By.

n <a< oo .
LHQ_fQ(Bz)_ < , Vi

See Definition 0.3 in [34] for the definition of isolated simple blow up
points.

Proof. Tt is easy to see, using the equation of u;, that
||Vui||L2(B§) S C(?’L,A, a) = Ca.
2

Let dp > 0 be the small constant given in Proposition 2.1 in [32], and fix

a positive integer k such that
2n

C? +anz < bk,
Forrm=1+511<i<k+1,let
Ay ={zlr <|z| <ry}, 1<I<Ek.

Since
+2

n+2 nr< n
Zle fAl(|Vui|2 +ul ) < fB§(|Vui|2 +ul 7)< C?+ an=z < ok,
2

there exist some 1 < [ < k and a subsequence of {u;} (still denoted as
{u;}) such that

n+2
n—

/(\Vui\2+u2 <6, Vi
Ay

It follows from Proposition 2.1 in [32] that
||u2||L°°(AL) < 0(507 n, A7 CL),

where A; = {z|r + % < |2| < ri1— 4} Using this estimate, we work on
the ball B 1+ . Then the proofs of Proposition 4.1, Proposition 4.2 and

Tl+1— 38

Theorem 4.2 in [34] apply, in view of the fact that {u;} stays bounded in
the shell A;. We obtain the conclusion. O
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