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ABSTRACT. In the past years, there has been a new light shed on the harmonic
map problem with free boundary in view of its connection with nonlocal equa-
tions. Here we fully exploit this link, considering the harmonic map flow with
free boundary

uy = Au in RZ x (0,T),

u(z,0,t) € S for all (x,0,t) € 8Ri x (0,T),

%(m,o, t) L Ty(z,0,0)S" for all (z,0,t) € ORZ x (0,T),

u(-,0) = up in Ri

(0.1)

for a function u : RF x [0, T) — R?. Here ug : R — R? is a given smooth map
and L stands for orthogonality. We prove the existence of initial data ug such
that (0.1) blows up at finite time with a profile being the half-harmonic map.
This answers a question raised by Yunmei Chen and Fanghua Lin in Remark
4.9 of [1].

1. INTRODUCTION

Let (M, g) be an m-dimensional Riemannian manifold with boundary M and
N be an [-dimensional manifold without boundary. Suppsoe ¥ is a k-dimensional
submanifold in N without boundary. Any continuous map ug : M — N satisfying
up(OM) C X defines a relative homotopy class in maps from (M,0M) to (N,X).
A map v : M — N with u(OM) C X is called homotopic to ug if there exist a
continuous homotopy h : [0,1] x M — N satisfying h([0,1] x OM) C 2, h(0) = ug
and h(1) = u. An interesting problem is that whether or not each relative homotopy
class of maps has a representation by harmonic maps, which is equivalent to the
following problem,

—Au =T'(u)(Vu, Vu),

u(OM) C X, (1.1)

LulT,X.
Here v is the unit normal vector of M along the boundary OM, A = Ay is
Laplace-Beltrami operator of M, I" is the second fundamental form of N (viewed
as a submanifold in R™), T, N is the tangent space in R” of N at p and L means
orthogonal in R™. (1.1) is the Euler-Lagrangian equation for critical points of the
following energy functional

E(u) = / |Vu|>dM
M
defined on the space of maps

HL(M,N) = {u€ H'(M,N) : u(dM) C ¥}.
1
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Here H'(M, N) is the usual Sobolev space of maps u : M — N satisfying Vu € L2
Existence results and partial regularity of energy minimizing maps on Hy (M, N)
were established (for example) in [1], [12], [13], [14], [16]. A classical method for
(1.1) is to study the following parabolic problem

O — Au =T'(u)(Vu, Vu) on M x [0, 00),
u(z,t) € X onx € IM,t >0,

Lz, t) L TyppS for x € OM,t >0,
u(-,0) = up on M.

(1.2)

This is the so-called harmonic map flow with free boundary. (1.2) was first studied
by Ma [18] in the case m = dimM = 2, where a global existence and uniqueness
result for finite energy weak solutions were obtained under geometrical hypotheses
on N and ¥. Global existence theorem for weak solutions of (1.2) were also estab-
lished by Struwe in [25]. In [15], Hamilton considered the case when N = ¥ is
totally geodesic and ky < 0. He proved the global existence of a classical solution
for (1.2). When N =R", (1.2) is the standard heat equation

ug — Au=0on M x [0,00).

As pointed out in [4] and [25], estimates near the boundary for (1.2) are quite
difficult due to the high nonlinearity of the boundary conditions. In [17], Jost, Liu
and Zhu showed that the energy identity at finite singular time as well as at infinity
time and the no-neck property holds at infinite time in a blowing-up process for
(1.2).

In the seminal paper [4] by Chen and Lin, the blow-up phenomenon for harmonic
map flow with free boundary problem was studied, where the authors gave many
blow-up examples in higher dimensions and also a blowing-up theorem. In low
dimensions, they asked the following question: “When M is a smooth domain in
R2, N = R" and ¥ a smooth compact submanifold of R™, is there is a smooth
initial datum ug such that (1.2) has no global smooth solutions ?” . In this paper
we answer this question affirmatively. More precisely we consider the problem (1.2)
when M = Ri and ¥ = S! € R?, i.e. the following parabolic equation

uy = Au in R2 x (0,7),

u(z,0,t) € S for all (z,0,t) € R x (0,7),
—g—g(x,o,t) L Tua0,0)S! for all (z,0,t) € ORZ x (0,T),
u(+,0) = up in R%.

(1.3)

for a function u : R% x [0,7) — R?. Here ug : R2 — R? is a given smooth map
and L stands for orthogonality.
The stationary solution of (1.3) u: R2 — R? satisfies

Au=0inR3 x (0,7),
u(z,0) € S for all (z,0) € ORZ := R x {0}, (1.4)
—‘;—Z(x, 0) L Tu(%O)Sl for all (z,0) € OR?.

This is the harmonic extension form of the so-called half harmonic map from R into

St, which was systematically studied in [20] and the nondegeneracy property was
proved in [22]. In particular, it was proved in [20] that
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Proposition 1.1. Letu € H'/?(R,S") be a non-constant entire half-harmonic map
and u® be its harmonic extension to Rf_ satisfying (1.4). There existd € N, 9 € R,
ke, € (0,00) and {ax}{_, C R such that u®(z) or its complex conjugate equals

to
oi? H Ae(z —ag) —i
A(z —ag) +14
Furthermore, the energy can be expressed as

1 e
g(uvR) = [uﬁ{l/z(R) = 5 /R2 ‘VU |2dZ = 7d.
T

This proposition indicates that the map w: R — S!

2x
P (1.5)
241

is a half-harmonic map which corresponds to the case 4 =0, d = 1, Ay = 1 and
a1 = 0. Notice that the previous equations involve nonlinear Neumann boundary
conditions. This is a feature of nonlocal problems and as previously mentioned, we
shall exploit this fact in a systematic way. Our main result is

Theorem 1. Given points ¢ = (q1, - ,qx) € (8Ri)k = (R x {0})* and any
sufficiently small T > 0, there exists ug such that the solution uy(z,t) of Problem
(1.3) blows-up at exactly those k points as t S T. More precisely, there exist
numbers ki >0 and a function u, € H'(R2) N C(R2) such that

ug(z,y,t) — ux(z,9y) Z{ (x_qz i)—w(oo)} —0ast /T,

in the H' and uniform senses in Ri where

M(t) = b

8 m(l +o(1)) ast N T.

In particular, we have

k
Vg, B2 = [V, |? +27r25qj ast /' T.
j=1

To prove this theorem, we will use the inner-outer gluing scheme which was
proved to be useful in singular perturbation elliptic problems, for example, [8], [9],
[10]. This method has also been developed into various parabolic flows, for example,
the infinite time blowing-up solutions for critical nonlinear heat equation [5], [11],
singularity formation for two dimensional harmonic map flow [6], type II ancient
solution for Yamabe flow [7].

Results similar to Theorem 1 have been established by Davila, del Pino and the
second author in [0] in the case of two dimensional harmonic map flow into S?,
see [21] for earlier results in the corrotational case. Comparing with [0], the main
difficulty in this paper is the nonlocality of the problem (1.3). In fact, according
to [24], we can write problem (1.3) as

1 too g€
VO —Au=— |u(z,0,t) — u(z — 2,0,t — 7)]
8 0 R

2
[z

;T dzdr | u(x,0,t).
p
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The problem under consideration interpolates between the two-dimensional har-
monic map flow and the half-harmonic map flow. It inherits characteristics from
both problems. In [23] we showed that for the half-harmonic map flow, infinite time
blow-up exists. In this paper we combine techniques from both papers [6] and [23]
to prove finite time blow up for (1.3), which is unknown even in the corrotational
case. The flow under consideration is actually a reminiscence of a nonlocal geomet-

ric flow involving the operator /0y — A described in [24], as previously mentioned,
and enjoys nice monotonicity properties (see for instance [2] for general consid-

erations ). The techniques used in the present paper can also used to deal with
infinite-time blow up for the flow

{ut —Au=0in RmH x (0, 00),

_ ou(,t) _  p.
im0+ =5~ = uPr,

where p, is the critical exponent for the Trace Sobolev embedding. We plan to
come back to this problem later.

2. CONSTRUCTION OF THE APPROXIMATE SOLUTION
From [24], we know that problem (1.3) is equivalent to

uy = Auin R2 x (0,7,
u(z,0,t) € S for all (z,0,t) € R x (0,7),

|z\2

=9 (@,0,t) = & [ o7 fo lulz, 0,8) — u(w — 2,0,t — 7)[2 <5 dzdr | u(x,0,1)

for all (z,0,t) € ORY x (0,T),
u(z,y,t) = uo(x,y) for all (z,y,t) € R x (—o0,0].

(2.1)
Note that we use the factor 8% to keep (2.1) agree with the half-harmonic map
equation when wu is independent of ¢. Here and in the following, %(x, 0,t) always

du
means (Ty‘(m,o,t)-

2.1. Setting up the problem. Our aim is to find a solution of (2.1) which looks
like

Utet) = Urelo) = (55,4

2+<y2+1>
z°+y

TG
least energy half-harmonic map (1.5). We look for parameter functions A(¢) and

&(t) of class C! satisfying
. o . o 2
tlﬂ A(t) =0, tll%f(t) =q € JRY,

at main order, where w(x,y) = ( ) is the extension form of the canonical

and a solution to (2.1) with form u(x,y,t) = U(z,y,t) + ¢(x,y,t) blowing up at
t =T and the point (g,0). Here ¢(x,y,t) is a small perturbation term.
Note that problem (2.1) is also equivalent to

+oo
Oy — Au-[/ /|ux0t—u(x—20t—7)|

T dzdr u(z,0,t).

(2.2)
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for all (z,0,t) € ORZ x (—oo,T'). We refer the interested readers to [24] for the def-
inition of v/8; — Au. Since u(z,0,t) € S, as in [6], we parameterize the admissible
perturbation by free small functions ¢ : ORZ x (—o0,T) — R? with the following
form

p(p) =Ty +a(lyrp)U,
where
Oy :=o—(o-U)U, allyre) =1+ (p-U)? - |g?~1=/1—|Myrpl-1,

hence [U + p(p)[* = 1 holds on 9R3 x (—o0,T). Considering the error operator
defined as

S(u) = —+/0r — Au
l2]

+oo e~ I
/ / lu(x,0,t) — u(z — 2,0,t —7)|? 5—dzdr | u(z,0,1),
0 R T

2

L1
8w

a useful observation is that if ¢ solves
S(U + 1y + a(Ily)U) 4 b(z,0,6)U =0 (2.3)

for some scalar function b(z,0,¢) and |¢| < 3, then u = U + yre + a(llyr)U
satisfies (2.2), that is to say, S(U + Iyr¢ + a(IlyL)U) = 0. Indeed, since |u| = 1,
—b(2,t)U -u = S(u) -u = 0. On the other hand, since |p| < 1 ja(Myp)| < 2, thus
U-u=14a(lyre) > 0 and therefore b = 0. Hence we only need to solve (2.3).
Equivalently, we will find ¢ : R3 — R such that

U+ ¢):=AU+¢) in Rf_ x (0,7),
a(U
- (dzw)(x707t) =

1212

<817T [ 0+oo Jo u(,0,8) —u(z — 2,0,t — 1) s dsz} u(zx, 0, t)>

(U 4 @) + b(z,0,t)U for all (z,0,t) € ORZ x (0,7)

u=U+¢

holds. Let us define the error operators as

S1(u) = —ug + Au in Ri x (0,7T),

d
Sa(u) = d—Z(m,O,t)

Jr1
81

1212

+oo -
/ / |u(z,0,t) fu(x—z,O,th)\ze ; dzdr | u(z,0,t)
0 R g

in (z,0,t) € OR% x (0,T). For each fixed ¢, since U is a half-harmonic map, we
have

AU =0 in R?, )
1212

—4(2,0,1) = & [f0+°° Jo U (,0,t) — Uz — 2,0,t)|2 ¢ dzdr} U(z,0,t) in OR2..

T
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Hence S1(U) = —U,; and

2|2

1 Foo S ETd
SQ(U):{ / /‘U(.T,O,t)—U(Z‘_Z,O7t_7_)|2€ . dZdT
87 | Jo R T
1 +oo 67‘?2
T sn l/o /R|U($,0,t)—U(x—z,O,t)|2 - dzdr }U(x’()’t)
Now we compute
0=51(U+¢)=-U—dp+Ap (2.4)

and
0= SQ(U+ (,0) = SQ(U+HULSO+CLU)

d (2.5)
= @@(% 0,7) + Lu(Ilyr ) + Ny(Ilyre) + b1y o)U
where
Ly(Iy 1)
+oo _L2
1 g€ AT
:877[/0 /R|U(gc,0,t)—U(a:—z,O,t—T)| . dzdr | Iy
1 Heo
L [/ /(U(a:,O,t) Uz — 2,0, — 1)
47T 0 R
e_lzf
(Myre(x,0,t) — Myrp(x — 2,0,t — 7)) = dzdr| U(z,0,1),

Ny(ly o)

1 [t
= (/ /(a(m,O,t)U(x, 0,t) —a(x — 2,0,t —7)U(x — 2,0,t — 7))
47T 0 R
(U(‘T7 Oat) + HUJ-()O(LL 0) t) - [](aj -z, 07t - T) - l_IUJ-SD('r - Z,O,t - T))

_1z12
e 4T

T2

X dzdr

1 [t
+— /(U(x,O,t)—U(x—z,O,t—T))
47T 0 R

(Myrp(x,0,t) = Myrp(z — 2,0,t — 7)) —5—dzdr
T
1 [t
+— /(HUup(ac,O,t) —Myre(x —2,0,t —171))
8 0 R
e_lzf
(Myrp(z,0,t) = Tyrp(z — 2,0,t = 7)) —5—dzdr
T
1 [t
+— /(a(:r7 0,t)U(z,0,t) —a(z — 2,0,t = 7)U(z — 2,0,t — 7))
8w 0 R

1]

4T
5 dzd7'> Iy

(a(z,0,t)U(x,0,t) — a(x — 2,0,t — 7)U(x — 2,0,t — T))e

T
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and

+oo
) = (- [ [ 10+ T+ alllps)) (o 0.0

|z]

T;T dydT) (1+a)

2€

_(U + HULQD + CL(HULQO)U)(J? - Z,O,t— T)|

1 [re
-+ | [weon-ve-zo0i-n)

My p(,0,8) — My rp(a — 2,0,t — 7))

1 Feo e_lii
_87[/0 /R|U(x,0,t)—U(x—z,O,t)\2 & dsz].

By direct computations, we have

SI(U) = _Ut = _80($7yat) - gl($7yat)'

Here

2(1(—(5)[(§x;f)(2+(§/)22;2>\2)] . 2(;”*52) =\ -
_ r— +(y+ ~ xr— A
Eo(w 1) = | _ay(yiny—ateerigeay | A~ | OB A (26)
(=87 (yF+1)2)? @=07+y7+ 32
2)\(m+y+/\;§)(mf>\y;;\7§) .
Ei(x,y,t) = e e 3
(=82 +(y+X)?)?
Since &y(z,y,t) is not L? integrable, we shall decompose the correction ¢ into
¢ = ®* + & and system (2.4), (2.5) transforms into the following

0=51(U+¢)=-U; — P+ AD* — ;D + AD (2.7)

and

d
0 = @@*(m,O,T) + LU(HULq)*)

(2.8)
d -
+ d—y@(m, 0,7) + Ly(Ily1 @) + Ny (yo (% + @) + b(x, 0,¢)U.

The correction ®* will be chosen such that the term —&; is canceled at main order

away from the blow up point (&, 0).

2.2. The definition of ®*. Let us consider the linear problem (2.7),
0=—-0,2+ AP+ &

where
& =-U, — 0, 9" + Ad*.
Our aim is to construct a function ®* such that £; is smaller than the largest term
—&p of the initial error —U; given by (2.6) away from the blow-up point q.
As in [6], we decompose ®* into the following form
* := [N, &] + Z%(x, y, t)

where
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is a solution of the heat equation
oZ* = AZ* inR? x (0,7),
— 45 Z*(2,0,t) = 0 in IRZ. x (0, 7),
2 (2,y,0) = Zg(,y)

independent of the parameter functions. Further assumptions on Zj will be given
in subsection 2.5. ®Y[\, ] is an explicit function satisfying

& — 09" + AD* ~ 0. (2.9)
Observe that if ¢° is a solution to
g\
—¢f +Ag" — | PO ) A =0,

then ®° = ¢ will satisfy (2.9). Set

Then v(z,t) satisfies
3. p(t)

+
z 22

wt = wzz +

which is the radially symmetric form of an inhomogeneous heat equation in R*.
Then Duhamel’s formula gives the following expression for a weak solution

M

z

P(z,t) = / p(8)k(z,t — s)ds, k(z,t) = 1_#,

-T z

where p(t) is also defined for negative values of ¢ by setting p(t) = —2A(0) for
t € [-T,0). Now we define
0
q)() _ ¥ ) ,
(@1

O = (- ¢) / p(8)k(2(r), £ — s)ds

—-T
and

ot = —y/ p(s)k(z(r),t — s)ds.

-T
Now, we compute

(a4 € / D(=(r).t = s)ds

0 _ _
—90 = x

+ Z2£ /t p(s)zk(2(r),t — s)ds {(x _ i ,'\/\] ,
-T
wor = o JL g pls)ek (o).t = s)ds [(@ — ) - A
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t

t
s0=0) [ okt @) [ pohe.ds
0 __ 2 t
A= F =% [ p(s)lhes — kenr?lds
z T

~3y [* pp(s)katds —y [*p p(s)kaads — y2r [ p(s)[kz — kaaz?)ds
Therefore, we have

—3% + AD° = Ry + Ry,

where
2
Ro = —(x — f)pz(ﬁ) + (;_zi))‘ fiTp(s)[zk‘ 2%k,.]d
ypz(ﬁ) — Z%fpr(s)[zk 2%k, )d
o [ESapolbds + 58 [@ = 98 = 3] [Lp pls)eeds
~ 3 (2~ 6 = M| [ pls)2k.ds
2.3. Estimate of the inner error. Now we compute the inner error £ := —®; +
AD* — U, as

£ = —® + AD* — U,
—[®° + Z%], + A[@° + Z¥] — U,
=Ro+R1—U,
( (-l 4 & 5 —OX° f Tp( 5)[2k- —Zkaz]ds>
Q — y—f s)|zk, — 2°%k..]ds
£ [ p(s)kds + &8 [( - AA} It p(s)zk.ds
—% [ ] 8)zk,ds

2= [(z—8)’+(y* >\2)] 2A(zty+ A=) (z—y—A=¢)
(z=)2+(y+A)2)* A\ — ((z— £)2+(y+>\)2)2 ¢

+

—2y(y+>\) —2(z—£)*(y+2)) _—AMz=y+N)
(z— § 2+(y+>\)2)2 ((z—&)%+(y+N)2)?

<2( + (w ) f 7 D(s)[zk, — zzkzz]ds>
& — ¥ Tp(s)[zkz — 2%k,,)ds

Z4

% |- - A Sy p(s) ok

2(z=&)[(x=6)%+(y*=A?)] 2A(z+y+A—§)(z—y—A—§)
(m=8)2+(y+2)?)? A\ — ((z— 5)2+(U+)\) )2 g
—2y(y+A)%—2(z—£€)?(y+2X) ( +X ’

—4AX(z—&)(y

((z— £)2+(y+/\)2)2

(5 It p(s)kds + 29 [(sc —6)é - A/\} It p(s)2k=ds

(=€) +(y+1)?)?
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hence

.(2

A2/_; (5)[2ks — 22k..]ds (

Y. SIRE, J. WEI, AND Y. ZHENG

(z=8) _ 2@=9[E=8>+u>—)\?)]
22 ((=€)2+(y+))?)? _ g
=2 2y(y+A)2+2(x—&)> (y+2X)

22 ((x—=8)2+(y+X)?)?

x—§>

[(x—oé—n}/ o des(
-

22

(r 8 _ 2-9[E-9+* —/\2
(262 +(y+))?

—2y + 2y(y+A)°+2(z—¢)* (y+2>\
(=82 +(y+1)?)?

A tT p(s) [k, — 2k Jds (

X1

2)\(w+y+/\—€)(ﬂﬂ—y—/\—£)>

((@—&)>+(y+7)?)?
—4X(@—8) (y+N)
(=€) +(y+X)?)?

()

+(y+/\)2)2
& (y+N)

<2>\(ﬂﬂ+y+A & (@—y—A=¢)
(=8> +(y+X1)?)?

y
T

+
22

)

(2~ )8 3] r /tTp(s)zkz i (_‘j) v f tT p(s)kds @ |
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Here we have used the notations r = /(z —&)2+y2, p = r/X and rA\?/z* =

P
EESIER Furthermore, we have

2(z—8) _ 2@=9[(=—=&)>+(x>—)\?)] 2A (+y+A=E) (z—y—A=£)
X =\ 22 ((z-2+(y+M)?)? _5' ((w7582+(y+/\)2)2
=2y 4 2y(y+A)>+2(z—8) (y+2)) —4X(z—E)(y+A)
22 ((=8)2+(y+X)?)? ((=8)2+(y+1)?)?

t w—t
L _ 2 r
+ NVEESIE [Tp(s)[zkz zk,.|ds (_i{)

S ()
:/\(Z(w_g)>7"[ 1 o @=9? 4y
—P AN w2y 4 N

(z— 5) +y°  _ 2@=9)(@—8) 4+’ =)?)]
+ A\ (‘T §)? +y +A2? (=82 +(y+2)?)?
_9 (z—¢)* 2y(y+A)°+2(z—€)> (y+2))
y[(m £) 2+y2+w (@=8)7++N)?)?
AMz+y+A=§) (z—y—A=¢§)
f ((z— 5)2+(y+>\) )2
—4/\1 )(y+X)
(z— 5)2+(y+)\)2)2

A(p2p+1)/Tp(s)[zkz 2k s (w_r;“)
+ {(93—5);_ M} T/tTp(s)Zkzds (””j) +/tTP(8)kds <g)

. P 2(z—¢)
= )\7 T
i (o)

_ (z—&)°+ _ 2@=9[(x—£)>+w>—2?)]
20z = Oz 5)2+y2+>\2] (@& + (T N?)?

A WP ¢ N NP WORS (LT P SEIOE N
Y=y +272 (@82 H(ytN2)?

2A(z4y+A=§)(@—y—A=§)
_é ( (=) +(y+2)2)? >

—4A(@—=8) (y+N)
(z—&)*+(y+1)?)?

t ot
_r _ 2 T
+ NTEESIE [Tp(s)[zkz z°k,.|ds (_z{>

- o ] [ worsteas (55) + [ ptomas (§).

2.4. Estimate of the boundary error. Equation (2.8) can be approximated by
the following linear problem

d _
0= & + = @(@,0,7) + Lu(Ilys @) + Ny (= (97 + @)) + b(x, 0,1)U,
Y

where

d
£ = " (2,0,7) + Ly (. ®%).
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Now we compute the boundary error £ with ®* = ®° + Z*. First, we have

d o d

ay [‘I’O +7Z*] = diy(I)O

_d (@=) [l p(s)k(=(r).t - s)ds
dy _yfpr s)k(z(r),t — s)ds

(
B (— fiTp<s>k(z<?~), t— S)|y—ods>

- (- Jopp(s)k(y/ (@ 2 2+ A2t — s)ds> '

Then, when T > 0 is sufficiently small, there holds

N d
52 = @@O(I,O,t)
=2
9 4T

+oo
/ /|U(x,0,t)—U(x—z,0,t—7)| € 7 dedr
0 R

1 *
+ 5 - My (8]

1 [t
+ — /(U(x,O,t)—U(a;—z,O,t—T))
47T 0 R

2|2
4T

(M2 [8*](2,0,8) — My [0%](2 — 2,0, — 7)) <

dzdrU (z,0,t)

T2
- 0
T\ L@k @ =T F N = s)ds ) |
y= =
L2yt p(s)k(V AT+ A2t — s)ds
14+y? 0 .
Y=7X

21 (€ + My, 0, t)) +b(x,0,6)U (0, 1)

2 1 (z
L+y2 A \25(§+ Ay, 0,1)

for some scalar function b(z,0,t) which depends on ¢(z,0,t).

2.5. Improve error near the blow up point: choice of A and £. System (2.7)

and (2.8) can be approximated by the following linear problem
0=—-0p+Ap+&F (2.10)

and

0 (2,0,t) + Ly (v) + & 4+ b(z,0,t)U,  ¢(x,0,t) - U(z,0,t) =0. (2.11)

_d
A choice of the parameter functions is possible when suitable conditions Z§(z,y)
are assumed. For a point (¢,0) € 9R3 and a smooth function

_ B 501(53» y)
Zo(xvy) - <202($7y))
satisfying

= 0 -
ZO(qvo) = <O) ) 3x202(q,0) < Oa
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we define
* 7 24 (.’E, y)
Z% = 07Zp(z,y) = | TV
0 o(@.y) (2702(95’ y)>
for a fixed but small number ¢ > 0.
If we write

r—8

oz, y,t) = ¢(u,v,1), u=
then (2.10) and (2.11) becomes
0= -\ + A¢p+ \°EF
and

0= divqb(u,O,t) + L, (o) + N5 + b(u,0,t)w, ¢ -w=0.

Then an improvement of the approximation can be achieved if the following time-
independent problem

0= A¢+ \&;, (2.12)
d
0= 60,0 + Lu() + A5, 6-w=10 (2.13)
and
lim  ¢(u,v) =0 in R} (2.14)
|(u,v)] =00

is satisfied approximately. Note that the decay condition (2.14) is needed to not
essentially modify the size of error far away from (g, 0).

2.5.1. Nondegeneracy of the half harmonic maps. It was proved in [22] that w is
nondegenerate, which is a crucial ingredient in the singularity formation problem
of half-harmonic map flow ( [23]). Observe that w is invariant under dilation,

COS «x SlIlOé) c 0(2)’ qc R

translation and rotation, equivalently, for Q = ( .
sina  cosa

and A € R, the function
0 T—q\ (cosa —sina Tr —q
“ A T \sina  cosa ¥ A

is still a solution of problem (1.4). Differentiating with a, ¢ and A respectively,
then we set « =0, ¢ = 0, A = 1 and obtain that the following three functions

1—2? 2(z“—1) 2a(x%—1)
Zl(x) — (r’%ﬂ) , Zz(z) <(x2+1)2> , Zg(:l:) ( (33_24;1)2 >
241 (@2+1)2 @2+1)2>
which satisfy the linearized equation at w of (1.4) defined by
)2
_A)3 — w(z y)l WAT) — Y™ 4
ot = (5 [ R ) o)
N Y (EOREOIRCCETO PRI
T JRr

|z — yl?

for v : R — TyS!. Using this harmonic extension (see [3] for generalization), we
have the following extension form of w and Z;(z), Z2(z), Z3(x),

2z 2x
2 2 1)2
wr)= (2] - wy) = xlzt(z;_)l :
241 22+ (y+1)2
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1—a? 1—2—y°
Zl(x) = I22¥1 — Zl(xvy) = x2+%+1)2 )
W T

2(z%-1) 242 —2(y+1)2
Zy(z) = <(12_ﬁ)2> — Zs(z,y) = <(I2J£§f;r+l)1§)2> )

2u(a?—1) 2a(a®+y®—1)
NS 22 7)2
Zs(x) = ( @) ) — Zs(w,y) = <_2<;<y11(5y2++15222+y>>> '

(z2+1)2 (2 +(y+1)%)?

2.5.2. Choice of A. Testing (2.12) with Zs(z,y) and integrating by parts, by the
Stokes theorem and decay assumption (2.14), it holds that

A €f~ngudv+/€§~ngu:0. (2.15)
R2 R

From the computation of Section 2.3, we have
t 2
. A d
)\/ gf'Zg%W)\+7T/ p(s)T s
R2 T t—s)t—s
2

2p? 2 12
= ———— (K¢ — C“K?]|e= dp.
F(T) /O (p2 1)2 [C ¢ C C]|C—T(1+p2) P

On the other hand, from Section 2.4, we have

/52 Zs = /[(42) /t p(s)k(\/m,t—s)ds] dz + 27by

where

2 +1)2

t 4x?
= / [p(s) / (72]6( A2x2 4+ X2t — 8)dl‘:| ds + 2mbs

T R $2+1)

= /tTp(S)Fb (?(_t)z) iss +2mbs

© 8p? 1—e”
Ty(7) :/0 (212 ¢ lc=r(14p2)dp

and by = 0, 205](q,0)- Then (2.15) becomes

A+/t (s < )t T (s)rb<j(_t)z>td5 +2by = 0.

Hence .
A2 d
/ p ( > : + 2b2 B O’
T —-s)t—s
Dy (

7). This function satisfies

where

By

where T'g(7) =T'(7) +

To(0) = ¢ £0, To(r) = 0(%) as T — +o00.

A[A,f}:}H—/t p(s)Fo( A_:) 5 o,

T t t—s

Denote
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Now we claim that by the simple ansatz

: kllogT
Aty — - Tl
log“(T —t)
for some constant x > 0, then
AN (t) = o(1) (2.16)

will be achieved, here o(1) vanishes at t = T and is uniformly small with 7. Denote

B €0 = [ t A(sm( X2 ) s

_r t—s)t—s

Similar arguments as [6] show that

log(|log 7))

‘B[)‘vg](t)_aﬂsﬁ |10gT|

Therefore
A €] = o1+ (1)) + 2bs.
Then we assume that £ 2%,(g,0) < 0, (2.16) is satisfied by choosing

2d

ko = —2%232(%0)-
Define
. logT
ho(t) = —ollo8T| (2.17)
log*(T —t)
2.5.3. Choice of . Similarly, testing (2.12) with Z(z,y) we get
)\/ 5f~ngy:/£§-Z2dy. (2.18)
RZ R

By direct computations, we have

/\/ Ef - Zy —é Za(u, ) - Zo(u,v)dudv = 77%1
R

2
R+

[z
R

—7r£ ~ 0.

2
+

and

Therefore (2.18) becomes

This can be achieved by simply choosing

$o(t) = (4,0). (2.19)
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2.6. The final ansatz. Fix \o(t) defined in (2.17) and &y(t) in (2.19). We write
A(t) = Xo(t) + Ault),  &(t) = &o(t) + &u(t).

We are looking for a small solution ¢ of

0=E&7 — O+ Ap (2.20)
and

0=& + d%/cp(x, 0,t) + Ly (My @) + Ny (I (9 + ) + b(z,0,6)U.  (2.21)

where

" = B[\, €] + Z*.
In terms of problem (1.3), we let

u=U+® +¢

solves the problem
ug = Au in R3 x (0,7),
u(z,0,t) € S! for all (z,0,t) € R x (0,T),

L2
— 9 (@,0,1) = & o7 fo lul,0,1) — u(w — 2,0, — 7)[2 <5 dzdr | u(x,0,1)
for all (z,0,t) € OR% x (0,T),

u(z,y,t) = uo(z,y) for all (z,y,t) € RE x (=00,0].

3. THE OUTER-INNER GLUING SCHEME

By possibly modifying b(x, 0, ), system (2.20)-(2.21) can be rewritten as

0=_EF — 0o+ Ap in R x (0,7), (3.1)
and
L d
0=2E& + Iy@(x,(),t)
2
P v
. 1 [/ (U(z,0,t) = U(x — 2,0,t)) - (Tyrp(x,0,t) — Myrp(x — Z,O,t))dz]
T |Jr |2|2
U(z,0,t)
1 [t o—HE 2
+ —/ /|U(:13,O,t)—U(Jc—z,O,t—7')|2 dzdr — ———
81 Jo R T2 1+|(u,v)21
Hyre

+ Ny (e (* + ) + bz, 0, 1)U in ORY x (0, 7).

—~

3.2)
Here and in the rest of this paper, we use the notation u = 1;(75)&(;) and v = %

N

Let 19(s) be a smooth cut-off function with n9(s) =1 for s < 1 and =0 for s >
Consider an increasing function R(t) satisfying

R(t)>0, R(t) > ocast T

[SI[98)
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and define
x —&(t) b ods
=m0 [ ot t) = —
0= (T ) 0 =n+ [ 5
such that
1 log*(T —t)
T,\NTO—f—)\—OilOgT .
We decompose the function ¢(z,y,t) into the following form
r—&(t) y
olot) =10 (S5 L n0) + 0o (53

with ¢(u,v,7) = 0 for 7 € (—o0, 79] and ¢(u,0,7) - w(u,0) = 0 for all 7 € (79, +00).
Then p(z,y,t) given by (3.3) solves (3.1)-(3.2) if the pair (¢, 1)) satisfies the follow-
ing system of evolution equations

a‘r(b = A¢ + XDZR)\2giK in R?F x (TO’ +OO)’

_%Qb(ua 07 T) = ﬁ(ﬁ

+% [fR (oJ(u70)7w(ufz,0))~(¢ogu,07‘r)7¢(ufz70,‘r))dZ:| w(u,0)

2|

* 2
+XD2RO(8R?F><(TU,+DO)) (}\HwJ_ 52 + T+[ul? Hwi_w) (34)
+XD2RO<3R1><(TU7+OO))

1 (@@,0)—w(u=2,0))-(TT, 1 %(u,0,7) =T 1 (u—2,0,7))
I ]2

dz) w(u,0)

in OR% X (79, +00),

¢ =0in R x (—o0, 0]

and

@.“Q..
ISasH

Do = A — (1, 0) - Viyd —
+[Ang + VNV — dingl
—Lah(x,0,t)
dy o) . (3.5)
== smieprE? + (L -y &3
¥ =g in RE x (—00,0].

+

(1—n)éf in R x (0,7),

Here g is a small function which will be determined later, x 4 is the characteristic
function of the set A, ie., x(z) =1if z € A, x(2) =01if z € A, ¥ is defined by

Vool A €] = (oo = U) = Iy [¢7] + a(uce — U, My [¢7]),

_ Zg(x,y)+€ L (0
== ey 1)

Here af(-,-) is determined by the following nonlinear equation
My (] = (oo = U) =y [¢7] + a(lly s [¢*] + My @)U

Here we also define the set Dyg = {(u,v,7)|7 € (70, +0), (u,v) € RZ, |(u,v)| <
~vR} for v > 0.

(3.4) is the so-called inner problem and (3.5) is the outer problem. This is a
highly nonlinear system, we will apply Schauder’s fixed point theorem to solve it.
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To this aim, we need a linear theory of the following equation

87_¢ = A¢ + XD2R)‘2(€ik in R?F X (TO’ +OO)’

d _ 2
- (U,O,T>f41+‘u|2¢
+1 [, L0 w@20) (6@0n)6@=201) g,] 4y, 0)

ER
+G[A, €, 9](w,0,7) in IR x (7o, +00),
¢ =0in R? x (—o0, 0]

where

G\ & 4]

N 2
= XD2Rm(aR2+x(TO,+oo)) </\Hwi52 + 14—|11|2le¢>

+ X’DQRm(aRi X (T0,+OO)) X

1 (w(u,0) —w(u — 2,0)) - (I,29(u,0,7) — I, p(u— 2,0,7))
(w/R P dz) w(u,0).

In Section 4, we will construct a solution ¢ of the following equation

a‘r(yb = A¢) + g(U,U,T) in Ra— X (TO7+OO)7

L §(u,0,7) = 12 b+ Alg] + h(u,7) in OR3 x (ro, +20), (3:6)

¢ =0in RZ x (—o0, 0],
which defines a bounded linear operator of the functions g (with compact support
in Dog) and h (with compact support in Dag N (aRf_ x (70, +oo))) satisfying good
L*>°-weight estimates when certain further orthogonality conditions hold. Here and
in the following, we use the notation

1 (w(u,0) —w(u—2,0)) - (¢(u,0,7) — p(u — 2,0,7))
m [/JR |22

In Section 5, we use Schauder’s fixed point theorem to prove the existence of solution
for (3.4) and (3.5). This provides a solution to (1.3) and Theorem 1 is concluded.

Alg] == dz| w(u,0).

4. LINEAR THEORY FOR THE INNER PROBLEM

In this section, we consider (3.6). Our aim is to construct a solution for (3.6)
which defines a bounded linear operator of g, h and satisfies good bounds in suitable
weighted norms. We divide the discussion into two cases.

e Case 1. The first component of the vector-valued function ¢(u,v,7) is
odd in the variable u, the second component of the vector-valued function
¢(u,v,7) is even in the variable u. Correspondingly, we assume the first
components of the vector-valued functions g(u,v,7) and h(u,7) are odd
in the variable u, the second components of the vector-valued functions
g(u,v,7) and h(u,T) are even in the variable u.

e Case 2. The first component of the vector-valued function ¢(u,v,7) is
even in the variable u, the second component of the vector-valued function
¢(u,v,7) is odd in the variable u. Correspondingly, we assume the first
components of the vector-valued functions g(u,v,7) and h(u,7) are even



SINGULARITIES IN THE HARMONIC MAP FLOW WITH FREE BOUNDARY 19

in the variable u, the second components of the vector-valued functions
g(u,v,7) and h(u,7) are odd in the variable w.

4.1. Case 1. This subsection is devoted to construct a solution to the initial value
problem
8T¢ = A¢ + g(U,U,T) in B;_R(T) X (7—07 +OO)7
_div¢ = Ly[é] + h(u,7) in (B;R(T) X (7’07+oo)> N (8[&2+ X (To,—l—oo)) ,
o(u,v,7) =0 in B;‘R(T) X (—o00, 9],
¢ w=0in (B;R(T) X (ro,+oo)> N (OR% x (70, +00)) .

(4.1)

for any given functions g, h with ||g||a,, < 400, ||h|la,, < 400, the first components
of g and h are even in the u variable, we use the idea from [5] and [6].

Proposition 4.1. Let 1 < a <2 and v > 0 be given positive numbers. Then, for
any g, h with ||g|la,, < +00, ||h]lary < +00, the first components of g and h are odd
in the u variable, the second components of g and h are even in the u variable, and
satisfying

2R

/B+ g(u,v,T)'Zg(u,v)dudv—i-/ h(u,7)-Zs(u)du =0 for all T € (19, 00) (4.2)

2R —2R

there exist ¢ = ¢[g, h] solving (4.1) which defines a bounded linear operator of g, h.
Furthermore, the following estimate holds

ey | Flslas )

Rl <7 "R%10g’ R
|0lg. hll S 7 °g (1+|u|a 1+ |(u, 0)[?

Proof of Proposition 4.1. We divide the proof into two steps. First, we con-

struct a solution to (4.1) with zero boundary condition on R% \ B, r(ry and for g,

h not necessarily satisfying condition (4.2). Then, we use of this construction to
solve (4.1).
Step 1. We claim that for any G, H satisfying |G|lp,, < +00, ||H|¢» < 400,
be(—1,2), ce (—1,1), there exists ¢ = ¢(u,v,7) solving
0:¢ = Ad + G(u,v,7) in B;R(T) X (10, +00),
o= Lulo]+ H(u,7) in (B, x (10,+00)) N (ORE x (o, +00))
¢ =0on (Ri \ B;R(T)(O)) X (7o, +00),
o(u,v,7) =0 in B;R(T) X (—00, 9]
(4.3)
and satisfying
(1 + |(u, v))IVS(u, v, 7)| + [$(u, v, T)|
S 7 VR log? R(R*™"|| Gy + R Hl|c,v)-

Let 1(s) be a smooth cut-off function, for a fixed but large number ¢ independent
from R, we define n¢(u,v) = n(|(u,v)| — £). From standard parabolic theory, there
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exists a unique solution ¢.[G, H] of
0-¢ = A¢ + G(u,v,7) in B;R(T) X (710, +00),
—L ¢ =L,[(1—ne)¢] + H(u,7) in (B;R(T) x (7o, +oo)) N (ORZ. x (79, +00)),

p=00n (B3 \ By (0)) X (0, +20),

é(u,v,7) =0 in B,

2R(r) % (=00, 70].

The first component of ¢.[G, H]| is even in the u variable and satisfies
|6.[G H)| S 77V (RPP| Gy + R H )
Setting ¢ = ¢.[G, H] + ¢, then (4.3) is reduced to the following problem
0r0 = Ao + G(u,v,7) in B;R X (10, +00),
~4 ¢ =L,[¢] + Ho(u,7) in éB;R(T) X (TO,+OO)) N (ORZ x (19, +00)) ,

6 =0on (RL\ Bip,(0)) x (1o, +0),
gZ;(u,v,T) =0 in B;R(T) x (—00, 9],

(4.4)
where Hy = ﬁngqﬁ* [G, H]. Notice that the first component of Hy is even in u
variable and it is compactly supported with size controlled by G and H. Hence, for
any m > 0, we have

oy 0,7 S — T [sup T"|¢*{G,H1<-,T>|}

T>T0

< ————(R*|Gllpp + R H|| ).
< T G IH]le.)

Testing (4.4) against ¢ and integrating, we obtain

2R
o.[ Frabd= [ civ [ M
B, Bap —2R
here @ is the quadratic form defined by
2R
Q6.0)= [ IVoPdudv— [ 2o
’ B, —or 1+ [uf?

2R

It is easy to check that there exists a constant S > 0 such that, for any ¢ with
fB;R ¢ Zzdudv =0 and ¢ = 0 on R2 \ B, we have

Q6.9)2 iy [, oHdude
Thus for some 3’ > 0, thereholds
Oy ¢ + _& #* < R’logR </ G? + /2R Fﬂ) . (4.6)
b5, RlogR Jpp "t B, o
Set

K= [sup r"nas*[G,H](-,r)an} |

T>To
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On the other hand, using estimate (4.5) for a large m, we obtain

2R
G2+/ Hg 57_2”1(2.
Bf, —2R

By the fact that ¢(-,70) = 0 and Gronwall’s inequality, we obtain from (4.6) that

||(£('7T)||L2(B;R) ST VKR?logR,
for all 7 > 79. From standard parabolic estimates, we get

16, 7)o (Bry) S T VK R?log R for all T > 7.
Therefore,
(1+ |(u, 0)) [V (u, v, 7)| + |S(u, v, 7)]
<7 YR%log® R | sup 77|6.[G, H](-, 7)|] .
T>T0

From this estimate and (4.5), the function ¢o[G, H] := ¢ + ¢.[G, H] solves (4.3)
and satisfies

(1 + |(U, U)D|V¢O(ua v, 7_)| + |¢0(u7 v, T)|
<7V R?log® R(R*™"||Gll. + BR[| Hlle.v)-
Step 2. For bounded functions g = g(u,v), h = h(u) in B;R whose first com-
ponents are even in the u variable and fB+R g(u,v,7) - Z3(u,v)dudv + ff?R h(u,T) -
2

Z3(u)du = 0. Let us extent h as zero outside By}, and still denote the extended
function as h. From standard elliptic estimate, the equation

A¢ = g(u,v,7) in R%,
— i ® = L[] + h(u, ) in ORY,
M| (4, 4)| 400 (1, v) = 0.
has a solution H =: Lal[g, h] satisfying
1 1
H » U, S/ - —hau+— a,v | -
G0, S 7 (e e + e 190 )
Let ®( be the unique solution in B;‘ i of the problem
0,9 =A¢+ H(u,v,7) in B;R(T) X (70, +00),
—dko = Lulg] + H(u,0,7) in (B, x (10, +0)) 0 (RS x (70, +0)),
p=00n (RI\ By, (0) x (0, +00),
d(u,v,7) =0 in B;‘R(T) X (—00, 19]-
From Step 1, ®¢[H] defines a bounded linear operator of H and satisfies the estimate
@0 (u,v,7)| < 77 R*log” R (R*“||H (u, v, 7)||a—2,0 + B~ *||H (1,0, 7)|a=1,0) -

Now let us fix a vector e with |e| = 1, a large number p > 0 with p < 2R and
71 > 19. Consider the following change of variables

®,(z,t) == Po(pe + pz, 71 + p°t),
Gp(2,t) = p*H(pe + pz, 1 + p*t),
H,(z,t) == pH(pe + pz,0,71 + p°t).
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Then ®,(z,t) satisfies

0;®, =N, ®,+ B,(2,t)®, + G,(z,t), (2,t) € B (0)x (0,2),
{ —q=0=Cp(2,)®, + Hy(2,1), (2,1) € (=1,1) x {0} x (0,2)

with B, = O(p~2), C, = O(p~?) uniformly in B; (0) x (0,00). From standard
parabolic estimates, we have

IVa@oll oo (5t )1 (1,2)) S 180l Lo (5 (0)x (0,2)
2

F1Goll Lo (B 0)x (0,2)) T IHp Il Lo ((—1,1)x {0} x (0,2))-

Furthermore, there holds

|a,u7

1Goll L= (B (0)x(0,2)) S pt V| H

[ HpllLoo ((~1,1)x {0} x (0,2)) S PliaTliV”H”a,m ”q)p”Loo(Bj'(o)x(o,z)) S K (p)
with

K(p) = R*log” R (R*™"|hla. + B*~"|lg

|a7u) . (4.7)
Hence

pIV o (pe, 11+ p*)| S 7 VK (p).
Choose 79 > R?, then we have
(1 + [(u, )N V@o(u, v, 7)| S 777 K(|(u,v)])

for any 7 > 27 and |(u,v)| < 3R.
Since H is of class C* and ||VH|lo=1. < ||hllar + |glla,r, We obtain
(1 + [(u, 0)*)[D*®o(u, v, 7)| £ 77 K (|(u, v)])
for all 7 > 79, |(u,v)| < 2R with K being defined in (4.7). Thus we have
(1 + [(u, 0)*)[D*®o(u, v, 7)| + (1 + |(u, v))[V@o(u, v, 7)| + |®o(u, v, 7)|

< TVR? 10g2 R (RQ_a”hHa,u + R4_a||9||a,l/) .

Therefore
i )] R lg
Lo[®o](-,7)| S 77" R?log’ R Nt ).
ool )] 7 ot e (s + Tl
Define
olg, h] := Lo[®o].
Then ¢glg, h] satisfies (4.1) and the proof is completed. O

4.2. Case 2. The following proposition is valid.

Proposition 4.2. Let 1 < a < 2, v > 0 be given positive numbers. Then, for
R > 0 sufficiently large and any g = g(u,v,7), h = h(u,7) with ||g|la,, < +00,
|h]la,, < +o00, the first components of g(u,v,7) and h(u,T) are even in the u
variable for all T, the second components of g(u,v,7) and h(u,T) are odd in the u
variable for all T, and satisfying

2R

/ g(u,v,7) - Za(u,v)dudv +/ h(u,7) - Za(u,0)du =0  for all T € (79, 00),
Birm —2R

there exists ¢ = ¢[g, h| solving (3.6), which defines a linear operator of g and h
satisfying

[p(u, v, 7)| < 771+ [, 0) )77 (R gllaw + BT Allaw)
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for some o € (0,1).

To prove this proposition, first we consider the following problem in the whole
half space

0-¢ = A¢ + g(u,v,7) in R x (79, +00),
—dy= ﬁd)—k A[B] + h(u,7) in (R2 x (19, +00)) N (ORZ x (10, 400)) ,
P(u,v,7) =0 inRZ x (—o0, 7],
¢-w=0in (RZ x (79, +00)) N (ORZ x (79, +0)) .
(4.8)
Then we have

Lemma 4.1. Let 0 < o < 1, v > 0 be given positive numbers. Then, for
R > 0 sufficiently large and any g = g(u,v,7), h = h(u,7) with ||gll240., < +00,
1hll140.0 < +o00, the first components of g(u,v,T) and h(u,T) are even in the u
variable for all T, the second components of g(u,v,7) and h(u,T) are odd in the u
variable for all T, and satisfying

/2
R+

Then for sufficiently large 71 > 79, the solution of (4.8) satisfies
[o(w, v, )lloyr S Ngll24o,m + 1Bl140,7, - (4.9)
Here, ||gllo,r, = SUPrc(ry ) 711+ [ (0, 0)[")gll oo (g2 ) -

g(u,v,7) - Zs(u,v)dudv + / h(u,T) - Za(u,0)du = 0 for all T € (79, 00).
R

Proof. First, we claim that ||¢||,,-, < +00 holds for any given 74 > 79. Given R > 0
there exists a K = K(R,71) > 0 such that

|p(u,v,7)] < K in Bgr(0) x (0, 71]-
Fix R > 0 and K; > 0 sufficiently large, K1p~7 (p = |(u,v)]) is a super-solution for
(4.8). Therefore |¢p| < 2K1p~7 and ||¢||,r, < 400 for any 71 > 0. We claim that

d(u,v,7) - Za(u,v)dudv = 0 for all T € (19, 71). (4.10)

R
Indeed, test the equation against
p
Zon,  n(u,v) = no(ﬁ)

with 79 being a smooth cut-off function satisfying 79(r) = 1 for r < 1 and r = 0
for r > 2, R is a large constant. We obtain

O, 7) - Zon = / ds < o - A(nZy)dudv —|—/ g- nngudv>
R2 0 R% R2

i
T d 1
d | —(nZ ————nZy | d h-nZsdu | .
# [ as (Lo (G o) aut (-]
On the other hand, we have

¢ - A(nZy)dudv + / g - nZadudv
R R2

+

d 1
| —nZz ——=nZs | d h-nZydu = I
+ o (402 + 1 mne) dut [ henzadu= 0r7)
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uniformly on 7 € (0,71). Letting R — 400, we then have (4.10).
Now we claim that for 7 > 7 large enough, any solution ¢ of (4.8) with ||¢||»,-, <
+oo and (4.10) satisfies the estimate

H¢||0,T1 S ”hHl-i-U,ﬁ + ”9”24—0,71- (4.11)

Therefore (4.9) is valid.
To prove (4.11), by contradiction, we assume that there exist sequences 7f —
400 and ¢, g, hy satisfying

8T¢k‘ = A¢k) + gk in R%,- X (7-07 +OO)7

d 2
— —¢p = ——— b + Alpr] + hi in (RE X (70, +00)) N (ORZ. % (70, +00))
do" 1l

bw(u,v,7) - Zo(u,v)dudv = 0 for all T € (19, ),
=

or(u,v,7) =0 for (u,v,7) € RE x (—00, 19].

and
l¢ellorr =1, lgellasorr =0, lhklliyg- — 0. (4.12)
First we claim that
sup 77|k (u,v,7) =0 (4.13)
To<T< T

holds uniformly on compact subsets of R?. If not, for some |(ug,vy)] < M and
0 < 78 < 7F, there holds

DN | =

()" (1 + [ (ur, o) | ) (ur, v, 75)| >

Clearly, 7§ — +o0. Define

¢n(u7 U77-) = (Téc)yqbn(uvvaQk + T)'
Then we have
Ordp = Adi + g, in R x (10 — 74, 0]

d -
_%ﬁbk

where hj, — 0 uniformly on compact subsets of R x (—00,0] and

RNl ‘u|2¢~5k + A[pg] + hy in (R% x (7o — TQk,O]) N (OR% x (19 — 72’“70])

7 1 : 2 k
|¢]€(’U/7’U7T)| S W mn R+ X (TO — 7'2,0].

By parabolic estimates and passing to a subsequence, J)k — gz~5 uniformly on compact
subsets of R2 x (—00,0], ¢ # 0 and

dr¢ = A¢ in Ri x (—00,0],

d - 2 - ~
e G in R x (—
b= T+ Ad] n R x (<00
é(u, v,7) + Za(u,v)dudv = 0 for all 7 € (—o0, 0],
2
~ 1

< InR2 x (—00.0).
|¢(u,v,7)\_1+|(uvv)|a in R x (—o0,0]
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We prove that ¢ = 0 from which we get a contradiction. From standard parabolic

regularity theory, ¢(u, v, 7) is smooth. Testing the first equation above with ¢ we
have

1 - S
30 [ 162+ B(Gr,d) =0
%
where

BG.0) = [ 199fPduds — [ 15w 0)d

+

Clearly, B(¢,¢) > 0 and there holds

/ |6:* = —%&B(&@ =0.
R

0
aT/ 16,2 <0, / dT/ 12 < +o0
Ri —00 ]Ri_

and hence q~57. = 0. Thus ¢~> is independent of 7 and
A¢ =0 in R2 x (—o00,0],

Therefore

2

W(ﬁ‘F A[g?)] in 6R3_ X (—O0,0].

d -
_%(;5_

Since g{) is bounded, the nondegeneracy result in [22] implies that gzNS = ¢Zy for some
constant ¢. Since fR2 ¢+ Zodudv = 0, ¢ = 0, which is a contradiction. Thus (4.13)
+

holds. From (4.12), for a certain (uy, vy,) with |(u,,v,)| — 400 there holds

(75" (ure, &) || i (s vk, 78 )| >

N =

Define

On(2,7) = (13)" |(wn, vi) |7 1 ((r, 0n) + (s k)| 2, [ (s 08 |7+ 75),
we have
Or i = Ao + Gi(2, 7),
—d%ék = apdi + Bk(z,q-)
with
T (2,m) = (73)" [y v) [ (s k) + (s vr) |2, (s 1) |7+ 75).
By the assumption on hj, we obtain
(2, 7)| S o(1)| (ke B1) + 21717 (7)™ (g, o) |7+ 1) ™
with ( )
PO Uk, Vi ~
(tg, 0r) = e o0)] — —¢

and |é| = 1. Thus hy(2,7) — 0 on compact subsets of R\ {¢} x (—ooc, 0] uniformly.
The same property holds for a,,. Moreover, |¢g| > % and

(D0 (2, T S [y o) + 277 ((75) 7 (uk, o) |7 + 1) 7"
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Therefore, ¢ — ¢ # 0 uniformly over compact subsets of R\ {é} x (—o0,0] and
d-¢ = Ad in R2 x (—00,0], (4.14)

—%gfs =0 inR\{é} x (—00,0], (4.15)
|p(2,7)| < |2 — €77 in R\ {€} x (—o0,0]. (4.16)

Note that ¢ is of form ¢ = (21) = (%1> and ¢, is odd in the u variable. By
2

Lemma 4.2, functions ¢ satisfying (4.14)-(4.16) is zero, which is a contradiction.
This completes the proof. O

Lemma 4.2. Let ¢ = ¢(u,v,7) be a scalar solution of
0:¢ = A¢ in R x (—o0,0],
—L =0 in0RZ\ {(0,0)} x (—o0,0], (4.17)
|p(u, v, 7) < |(u,0)]77 in BT\ {(0,0)} x (—o0,0],

for 0 < o <1 small enough, ¢(u,v, ) is odd in the variable u for all v and T, then
¢ =0 on RZ x (—o0,0].

Proof. Inspired by the proof of Lemma 4.2 in [19], we set
v =0
@ = 0,1 28—y =o.
Then
- ¢, + A

=72 (T + u? 4+ 112) —h2 (= (r+ u? + 02) (r+ u? 4 (48 + 1)1}2))

+ 0772 (T + 02)7672 (BUZ ((4B8+1) (u* +0%) =37) +9* (T +u” + v2)2)
< BB —49% + 1) (r 4 +0?) 7T

= B(20 + 2y — 47> + 1" (7 +u” +v?)
if we choose o sufficiently small and v € (0,1) sufficiently close to 1. Then the
function ®(u,v,7 + M) is a positive super-solution of equation (4.17) in Rﬁ_ X
[-M,0]. Hence |¢(u,v,7)| < ®(u,v,7 + M). Letting M — 400 we have

eV
< -

Since ¢ is arbitrary, ¢ = 0. (]

.

Proof of Proposition 4.2. Let ¢ be the unique solution of (4.8), from Lemma 4.1,
for any ™ > 0, we have

|¢(u, v, 7)] < CT7 (1 + |(u, 0)) ™7 (I9ll2to.m + [hll140m) -
Since ||g|la,n < 400, we get
lg(u, v, 7)] < CT7 (1 + |(w, 0)[) (| 9lla
and
9ll2+0,m < RQ_M_GHQH@»V'

Similarly, we have
”h”l—&-a,n < Rlﬂf*a”h”a,w
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Therefore
|p(u,0,7)| < CT7(1+ | (u,0)) =7 (R*F77%|g[la, + R IA|

aﬂ/) .

|
4.3. The whole linear theory. Combine Propositions 4.1 and 4.2, we obtain the
main result of this section.

Proposition 4.3. Let 1 < a <2, v > 0 be given positive numbers. Then, for any
g, h with ||glla., < 400, |[hlla,y < +00 and satisfying

2R
/ g(u,v,7) - Zo(u,v)dudv —|—/ h(u,7) - Za(u)du =0 for all 7 € (79, 00)
B —2R
2R
/ g(u,v,7) - Zs(u,v)dudv —|—/ h(u,7) - Z3(u)du =0 for all 7 € (79, 00)
B —2R
(4.19)
there exist ¢ = ¢[g, h] solving (3.6) which defines a bounded linear operators of g
and h. Furthermore, for some o € (0,1), we have the following estimate

[¢lg. bl <

2—a h() d—a|l 0

VR2 long (R 1A% |a,v R g ||a,l/2>
L+ |(w,0)] (14 [(u,v)])

—v (R1+U_a||h1”aﬂ R2+U_a||gl||a,u>
+ 7 :
(1 Jul)” (L +[(u,0)])”
Here g = g° + ¢', the first component of ¢° and the second component of g' are

odd in the u variable, the second component of g° and the first component of g' are
even in the u variable. We decompose h = h? + h' similarly.

Remark 4.1. If conditions (4.18) and (4.19) are not satisfied, by the same arqu-
ment of Step 1 in Proposition J.1, we find a solution ¢ of (3.6) satisfying

(1 +|(uw, 0))IVe(u, v, 7)| + [d(u, v, 7)]
< 7 "R*1og” R(R*™%|glla, + (1 + [ul) !~ [|hla).
We will use this fact in Section 5.

+
2R

(4.18)

+
2R

5. SOLVING THE INNER-OUTER GLUING SYSTEM

We separate the proof of Theorem 1 into the following steps.

Step 1. We formulate the inner-outer system (3.4)-(3.5) into a fixed point
problem in a suitable space.
e The inner problem. Define

G\ & 9] (u, 0, 7) = XD, A2E] I RE X (70, +00),
G2 [)‘7 ga QM (’LL, 07 T)
« 2
= XDQRm(aRiX(TOH-OO)) AHwng + Wﬂwl'w
+ XDsz(aRﬁ_ ><(To,+oo)) X

1 (w(uv O) — w(u ) 0)) ) (Hwﬂ/’(% 0, T) — Hwidj(u - 2,0, T))
<7r/R P dz) w(u,0),
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1
A& Y)(r) =
fB+ XZ3 + f 2R X2
2R
(/ Glp‘aé=¢] : ZZdUdU + GQP‘)&JM : Z2du> 5
B}, —2R
1
[\, &, ¢¥)(r) =
fB* XZ3 + f 2r XZ3
2R
(/ GI[A? 57 ,(/)] : Z3dUdU + G2 [)‘? 57 ,(/)] : Z3d’l,6> )
B, —2R
G1\ &) (u, v, 7) = o(T)xZa(u, v) + d(T)xZ3(u, v),
G2\ & ¥ (u, 7) = (1) xZ2(u) + d(T)x Z5(w).
Here x(u,v) = m Then ¢ solves equation (3.4) if ¢1 and ¢4 solve

6T¢1 = A¢1 + (G1 - él)[A,§,’¢](U,U,T> in Ra— X (TOa +OO)7
_%¢1 (u7 0) T) = ﬁgbl
_’_% fR (w(u,O)—w(u—z,O))‘(ﬁl‘r‘(’u,O,T)—qﬁl(u—z,O,T))dZ LU(U, 0)

+(G2 - 52)[)‘757 ¢](U,O,T> in aRa— X (TOa +OO)7
¢1 =0 in R3 x (—o0, 0]

and
aT¢2 = A¢2 + él [Aa 57 ¢](Ua v, 7_) in R?l- X (T()a +OO)3

_i@(u 0,7) = ﬁ@
_|_ fR (w(u,0) w(u—z,O))-(f;z‘gu,O,T)—qbg(u—z,O,T))dz] LU(U,O)
+G2 P\a 53 1/’}(’“, 07 T) in 8R3— X (7—07 +OO)7
¢2 =0in Ri X (—OO,T()},
respectively. Let ¢ =: T [g, h] be the bounded linear operator constructed in Propo-
sition 4.3, then (3.4) is equivalent to the following fixed point problem

{¢1 = T[(Gl - él)(/\7§71/})7 (GQ - 62)(/\,5,1/))],

¢2 = T[él()‘v 57 w)a 62()‘) 57 1/))]
e The outer problem. Rewrite equation (3.5) as

{ O = AY + Hi[1h, ¢, A, €](2,0,1) in R x (0,7),

— L2, 0,4) = Haftp, 6, A, €](,0,1) in ORZ. x (0,T), (5.1)

where . '
A d
Hl [% ¢a )‘7 f](ac, 07 t) - _X’r](u, U) . v(u,v)¢ — n%ﬁ

+[Ang+ S VY6~ D] + (1 - S,
2\
¥ e 0P

+ <di7]> (2,0,t)p + Ny (I (D + ¢)).

HQ[wa¢aA7£](m70at): (1_77) w—i_(l_n)HULg;
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To solve (5.1), we first consider the corresponding linear problem

wt = Al/f + f(xayat) in R?‘_ X (OaT)7
—% =g(z,t),x € R x (0,7),
w(q’O’T) :O7

Y(z,y,0) = (cre1 + coe2)ny in RY.

for suitable constants ¢y, co, where

=) »-()

and 7 is a smooth cut off function with compact support and 7; = 1 in a neigh-
borhood of (g,0). For a function f(z,y,t), define the L>°-weighted norm as follows

3

-1

1llee = sup (143 ailwy)) f w0
R2 x(0,T) P

Here 01 := )\?_QR’“X{T.QR)\O}, o2 :=T77(1 fn)ﬂf‘kio)@, 03 :=1, 00 and © > 0 are
0
small. Also, for v € (0, %), we define

1
[¥]la0 = - sup  |¢(z,y,1)]
7 Xo(0)PR(0)274|log T| R2 x(0,T)

1

+ sup _ W(%%ﬂ _w(x7yaT)|
k2 x(0,7) Mo(t)OR(t)*~|log(T" — 1)
1
+ sup - —|Vi(z,y,t)|
R2 x(0,T) Ao(t)9~LR(0)1 -
1 (5.3)
+ sup - —|V(z,y,t) — Vi (z,y,T)|
r2 x(0,7) Mo(t)O I R(t) e
1 ‘V¢($,y,t) — vw('r/ay/7t)|
+ sup 0-1-2 l1—a—2 ! a0 |2
R2 x(0,7) Ao() TR(t) " |(z,y) — (', y)[*7
+Sllp 1 |V¢($7y7t2) _Vw(xayatl)"
Ao(t)®—1-27R(¢)1—a—2v (ta —t1)”
where the last supremum is taken over (x,y) € Rf_, 0<ti <ty<Tandty —t; <
15 (T — t3). Then by minor modifications of [0], we have

Proposition 5.1. For T, € > 0, there exists a linear operator mapping functions
f:RE x(0,T) = R?, g: R x (0,T) — R? with || f|lsx < 00, [|g]lsx < 00 into 9,
c1,¢o so that (5.2) is satisfied and the following estimate holds

[¥lla.07 < C Ul + llgllee) -

Let ¢ = S|[f, g] be the operator defined in Proposition 5.1, then (5.1) is equivalent
to

1;[} = S[Hla HQ? 7/100]((25’ 1[), )‘7 5)
e The choice of A. To make d(7) as small as possible, we solve the following equation

approximately,
2R
/ G1 - Zsdudv + Go - Zsdu = 0. (54)
B, —2R
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This is the case @ = 0 of M-« system in [6], hence (5.4) is equivalent to the fixed
point problem
A= Al(’lpv )\7 5)

We refer the readers to [0] for details.
e The choice of £. To make ¢(7) as small as possible, we solve the following equation

2R
/;

Gl . szudv + / G2 . ngu =0 (55)
—2R
which is equivalent to a nonlinear ODE for form

+
2R

) 1 / . 2R
= G1+ €725 ) - Zodudu + Go - Zodu | .
5 fB;R Z2 . ZQdud’U < B;R ( ! g 2) 2 _9R 2 2 >

This can be rewritten as a fixed point problem

6 = AQ(’L/)7 )‘?5)

Combine the above arguments, the inner-outer system (3.4)-(3.5) is equivalent
to the following fixed point problem

¥ = S[H1, Ha, Yoo] (¥, 9, A, §), (5.6)
$1=T(G1 = G1)(\ &, 1), (G2 — Ga) (A, &, 9)], (5.7)
b2 = TIG1(N, & 9), G2(\, &, 9)], (5.8)
A=A1(, A, 6), (5.9)

§ = Ax(¥, A, §). (5.10)

Step 2. To set up the fixed point problem (5.6)-(5.10), we give a description of
the relevant functional space . First, set
1
R(t)=X®)7", B=7+0
and
a=2-—o,

for a small but fixed number o > 0. Take ¢ in the following space

X(a,v) ={¢ € C(Dar) : V¢ € C(D2r), [I4lx(aw) < 0},

where
1
10l x (v = sup  —mmqom gy (L +|(w,0)) [Vo(u, 0, 7)] + [¢(u, v, 7)]],
u,v,7)ED2R )\HW

a € (1,2) is close to 2 and v € (0,1) is close to 1. Also we take ¢ in the space
Y(d,0,7) ={¢ € C(RT x [0,T)) : V¢ € C(R} x [0,7)), [[¢]|ar,0,, < 00}
for parameters a’ < a and 4’ < ~. Note that the norm || - ||o, 0,4 is weaker than
|l - lla,0,4, and the inclusion Y (a,v,v) — Y (a’,v,v") is compact.
We assume that the parameter ) is in the space of C1[—T, T'] functions satisfying
A(T) = 0 with norm

lgll, = sup (T —t)""|g(t)]|
te[—T,T)

for € (0,1) small, while £ is in the space C*(]0, T]) satisfying £(7) = ¢ with norm
Il = sup (T =)~ [E)],
t€[0,T]
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for some o > 0 fixed.
For R; > 0 small but fixed, let us define the set

A= {(¢a¢17¢27>\a§) € Y(a/7@7’7/) X X(a,l/) X X(a’a V) X Cl[_T7 T] X Cl[O,T]
1111 x(aw) + 102]x (a,0) + 1¥lly @r,0,7) + 1Al + €]le < T7° + Ra}.

Let (¢, 9, A, &) — F(¢, p, A, &) be the map defined by (5.6)-(5.10).

Step 3. We show that F maps the set A into itself and it is a compact operator.
To this aim, we should estimate (5.6)-(5.10) respectively.
Estimations for (5.6). We claim if R; > 0 is fixed and small, there holds

[ Hy (3, 6,0, 6) e < C(T7° 4 Ry). (5.11)

First we consider the term (1 — V)Wig(mﬂ/}' Since ¥(¢,0,T) = 0 and from the
definition of || ||4/,0,4, We have

< (r+ ASORE)* ™ [1og(T = t)])[|¥ a0,

Hence
2\
(1= U)mw
2\

< (=) e (0@ 0,8 = ¥(@,0.7)| + [9(, 0,7) = (a0, 7))

< O =) s (r + AT O R 1og(T = ) [¥ar0.¢

< C(o2 + 03)l[¥]lar,0.4
and

2\
11— U)mﬁ’”** < Oy ar vy -

Next we consider An¢. From the definition of || - || x(4,,), when R < |(u,v)| < 2R,
we have

6w, v, 7)] + (1+ | (u, ) ) V(u, 0, 7)] < [16]l x(00) Mg R log” R.

Hence
1
|Ang| < )\T-RQX{KJJ,y)f(E,OﬂSQ)\R}|¢(y7T)‘
< CNT2R?"10g” RX{|(2.9)—(0.0)|<Cro B} O]l X (0
< CAG PR X (i) (0.0) | <Oro RYIBl] (001
< CQ1||¢HX((1,V)
and

||A77¢||** < C||¢HX(a,l/)~

Similarly, we have

d _
| <dy77) (,0,8) s + [1(0em) bl + INT' VIV < Cllllx (00
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For the term —%n(u, V) - Vi) — %n%, since |)\| < C, we have

).‘ v— —a
Xn(uvv)’v(u,v)gb < OAy 'R "10g® RX{jz—q/<2r0(t) R} Bl X (00 -

Similarly,

£ do 1 i
S| < OATHRY log® R (la—g<axo(ra 19l a.)-

Therefore, ) )
A § d¢
= 20(0,) Ve = 052 s < Ol e
For (1 — )l &5, we have

. Ao
(1 =)y & < (1— U)m7
hence
[(1 =)y & [ < CT.
Similarly,

1A =&l < CT.
The proof of the estimate
IN(@" + ¢ +nQad)lle < CIYllar0 + 1l x(a))

is analogous as the previous terms, so we omit the details. From the above esti-
mates, we obtain (5.11). By (5.11) and Proposition (5.1), there holds

HS[HlaH271/}OO](¢7’(/}7>\5€)”0/,@,’Y' S CRl (512)
Estimations for (5.7). Now we consider (5.7). By Lemma 3.2 in [23], there holds
= Ao Ao e
L,y <C w < C T @A)
Lol < O 19l < O T v

Fix a1 € (a,2) and v; € (v,1), which implies
1GL (A& )y < CT' ™ + CTORy
and
1G2 (A& ¥)llay vy < CT'" + CTORy.
Therefore
||T[G1 (>\a 57 ’(/J), GQ()‘a 5? '(/J)] ||X(a1,l/1) S CTl_Vl + CTV—I—&-B(a’—l)Rl. (513)
Estimations for (5.8). From the choice of £, ¢(7) = 0 and from the result of [6],
jd(7)] < CA(T =172 R()' = (la(-) = a(T) |1 + la(-) = a(T) |y mi-1)
and
lla(-) = a(D) -1 + lla-) = a(T) [y mi-1 < CllYller0, < CRy.
Hence we have

HQEQ HX(ath) = T[clj(@()‘v a,§, ¢)7 w))Xle} < CRy, (5'14)
which holds since the decay of xZ3 is ﬁ and v, is close to v depending on o.
Estimations for (5.9). From Proposition 6.1 in [6], we obtain

Il < € log 7"~ (5.15)
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for p = pa—1).
Estimations for (5.10). The definition of ||9||¢’ e, implies that

€]l < CRa (5.16)

for ypy =v —1+ fla—1).

From the estimates (5.12), (5.13), (5.14), (5.15), (5.16) and standard parabolic
estimates, F is compact from the set A into itself. The existence of a solution
follows then from Schauder’s fixed point theorem, which completes the proof of
Theorem 1.
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