SPIKES FOR THE GIERER-MEINHARDT SYSTEM WITH MANY SEGMENTS
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ABSTRACT. We rigorously prove results on spiky patterns for the Gierer-Meinhardt system [5] with
a large number of jump discontinuities in the diffusion coefficient of the inhibitor. Using numerical
computations in combination with a Turing-type instability analysis, this system has been investigated
by Benson, Maini and Sherratt [1], [3], [9].

We first review results on the case of two segments given in [25], concerning one-spike steady states:
the existence of interior spikes located away from the jump discontinuity was established, along with a
necessary condition for the position of the spike, namely, the spike can be located in one-and-only-one of
the two subintervals separated by the jump discontinuity of the inhibitor diffusivity. This localization
principle for a spike does not hold for constant inhibitor diffusivities.

Secondly, there also exist spikes whose distance from the jump discontinuity is of the same order as
its spatial extent. It turns out that, generically, there either exist two different one-spike steady states
near the jump discontinuity or there is none.

In this paper, we prove a conjecture raised in [25]: We show that one of the spikes is stable while the
other is unstable, using an eigenfunction constructed by outer and inner expansions. Moreover, since our
argument involves only the two immediate segments around the jump discontinuity, the result holds for
any number of segments.

Next, we extend the interior spike results on the case of two segments (one jump) to an arbitrary
number of segments. By analyzing the derivatives of the regular part of a Green’s function, we give a
simple classification of interior segments according to the signs at both ends of the segment: There exists
a stable spike, an unstable spike or there does not exist any spike in the segment which is away from the
jump discontinuities.

We also give explicit formulas of the solutions and conditions for existence for the case of three
segments, which has one interior segment.

Finally, we confirm our results by illustrating the long-term dynamical behavior of the system using
numerical computations. We observe a moving spike which converges to a stationary interior spike, a
spike near a jump discontinuity or a boundary spike.

1. INTRODUCTION

For systems with piecewise constant diffusion coefficients, Turing instabilities have been computed
numerically and investigated analytically by Benson, Maini and Sherratt [1], [3], [9], and results on
dispersion relations and typical solution profiles have been obtained. In particular, the authors showed
that the spatial variation of diffusion coefficients may produce isolated patterns and asymmetric spatially
oscillating patterns which are not seen in standard homogeneous Turing systems.

Biological applications of these effects include the anterior-posterior asymmetry of skeletal elements
in the limb and experimental results on double anterior limbs [27], [9]. The fact that for asymmet-
ric solutions different peaks may have different amplitudes is a possible explanation for the common
observation that digits vary in length.
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We give a rigorous mathematical proof of the influence of discontinuous diffusion coefficients on the
qualitative and quantitative properties of spiky patterns in a reaction-diffusion system.
In particular, we study the Gierer-Meinhardt system [5], which is given by

(1.1)

2 a?
ay = € amz_a_'_fu
{ Thy = (D(x)hy), — h + a®.

Note that h acts as an inhibitor to a, whereas a acts as an activator to both a and h. This motivates the
name activator-inhibitor system. In this paper, we assume = € (—1,1), 0 < € << 1 is a small diffusion

constant, 7 > 0 is a time relaxation constant, and
Dy, —-1l<zx<u,
D(x) =4 D;, x4 <x<uy, (1.2)
Dy, zy1<x<]1,

where 0 < D; and D; # D;;;1. Note that the inhibitor diffusivity D(x) has a jump discontinuity at z;.
We study the equation (1.1) on the interval (—1,1) with Neumann boundary conditions:

We begin by reviewing results in [25], which corresponds to the case N = 2. It was established that
there exists two types of spiky solutions to this system: interior spikes, which has O(1) distance from
the jump discontinuity of the inhibitor diffusivity (there is only one jump), and spike near the jump,
which has O(e) distance from the jump discontinuity.

For the interior-spike type solution, a precise condition for its existence was found (Theorem 3.1). The
condition also implies that the interior spike can be located in one-and-only-one of the two subintervals.
This establishes a localization principle for the 1-D Gierer-Meinhardt system with a jump in the
inhibitor diffusivity. In contrast, with constant diffusivity, the interior spike is always located in the
center of the interval. So the presence of the jump, in effect, “moves” the (unique) position away from
the center into one of the subintervals. Precise information about the (limit) location (as € — 0) is also
given in Theorem 3.1.

For the second type of one-spike solutions, the spike having same order in spatial extent as its distance
from the jump discontinuity, it turns out that either there exist two different one-spike solutions or there
is none (Theorem 7). One question left open in [25] is the stability of these spikes. We are now going
to prove the stability behavior of these spikes. The result is that one of the spikes is stable, the other
unstable. The proof uses a construction of the eigenfunction involving inner and outer expansions. One
will see that both the existence and stability results depend on a parameter involving only the two
diffusivities and lengths of the immediate segments around the jump in consideration. Therefore, our
results for two segments extend easily to the general case with an arbitrary number of segments.

After completing the arguments for the spike at the jump, we will return to interior spikes and show
that the localization principle for interior spikes also extends elegantly for general N (i.e 1-D bounded
domain with N segments, N — 1 jumps in the inhibitor diffusivity). We will derive a classification of

the interior segments which depends on the sign of the derivatives of the diagonal of the regular part
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of Green’s function at both ends of the segments. By the signs, we shall conclude that there exists a
stable spike, an unstable spike or there exists no spike in the segment.

We also study the case of three segments, the smallest N such that there is an interior segment, in
more detail. We derive explicit formulas for these derivatives of the regular part of Green’s function
and the closed form conditions necessary for classification.

Finally, we mention some previous works on spiky steady states for the Gierer-Meinhardt system with
constant coefficients. Existence and stability of spiky steady-states, for example, have been studied for
1-D in [8] and their instabilities have been investigated in [19]. For 2-D the existence and stability of
multiple spikes has been investigated in [21], [22], [23].

The structure of the paper is as follows: In Section 2, we provide some preliminaries. In Section
3, we review previous results in the two-segment case from [25] of the paper. In Section 4, we briefly
recall how construct and analyze a spiky steady-state. In Section 5, we recall the main stability results
for interior spikes. In Section 6, we recall an outer and inner expansion which is needed to analyze a
spike near a jump and will be used in Section 7. In Section 7, we present a new result: We study the
small eigenvalues of a spike near a jump. In Section 8, we prove results on the existence of interior
spikes for N segments. We give a classification of interior intervals into three cases: Existence of stable
interior spike, existence of an unstable interior spike, non-existence of an interior spike. In Section 9,
we investigate spikes near a jump in the NV segments case. We give a condition on existence which only
uses O(1) quantities and does not use quantities of the inner expansion which are of O(e€). In Section
10, we confirm our analytical results by numerical computations. We also consider situations which are

not analyzed in this paper, such as multi-spike solutions.

2. PRELIMINARIES

Before we state our main results in Section 3, we introduce some notations that is used throughout
the paper and perform some preliminary analysis.

We will always assume that Q = (—1,1). With L*(Q) and H*(Q2) we denote the usual Sobolev spaces.

For classical solutions, D(z)h,(z) is continuous at x = x; and therefore h,(z) has a jump discontinuity
at x = x;. To account for these jump discontinuities of h, the function spaces have to be chosen very
carefully.

We assume that
((I, h) € HIQV(_L 1) X H]2\;*(_17 1)7

where

HY (—1,1) = {h € H**(=1,1) : hy(~1) = hy(1) = 0},
endowed with the norm

I(a, )If2.. := llallZr—10) + 12113, where ||/

20 = [Pl 1y + 1D (@) e )all 2(-1,0)-
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The variable w will always denote the so-called canonical spike solution, i.e. the unique homo-clinic
solution of the following problem:
w —wFw=0 in R!,

(2.1)
w >0, w(0)=maxerw(y), w(y)—0 as |yl — oc.

Note that w is an even function and w’'(y) < 0 if ¥ > 0. An explicit representation is
3 n2Y

w(y) = 5 cosh™

We set

ply) = /Oy w?(2) dz. (2.2)

Elementary calculations give

o= /Ooowz(y)dyZ/ooow(y) dy = 3, /(Joow?’(y)dy:?)ﬁ,

9 y 3 3 y S8} 3 297
~ 2tanh 2 — 2 tann? Y / dy =~ = 4.640625
/Oo(wl)2 dy = /OO w® dy — /Oo w? dy = 0.6. (2.3)
0 0 0

To conclude this section, we study a nonlocal linear operator. We first recall the following result.

Theorem 2.1. [20]: Consider the following nonlocal eigenvalue problem

Jrwody 1
Lo = A¢p — wp — y=————wT = A H (R). 2.4
(i) If v < 1, then there is a positive eigenvalue to (2.4).

(i) If v > 1, then for any nonzero eigenvalue A of (2.4), we have
Re(N) < —co <0 for some ¢y > 0.

(i) If v # 1 and A =0, then
dw
¢ = CO@

for some constant cy.

The conjugate operator of L under the scalar product in L*(R) ris

Jrw* dy 2 2
L' = Ay — 2wp — y=E——= H L . 2.5
Then we have the following result:
Lemma 2.2. (Lemma 3.2 of [24].) If v # 1, then
d
Xo := Ker(L") = span {CZ} (2.6)

As a consequence, we have
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Lemma 2.3. The operator
L: H*(R) — L*(R),
restricted to the spaces
L:XyNnH*R)— Xy NL*R),
where the Xg- denotes the orthogonal projection with respect to the scalar product of L?(R), is invertible.
Moreover, L™! : X3 N L*(R) — X3 N H?(R) is bounded.

Proof: This follows from the Fredholm Alternative Theorem and Lemma 2.2.
O

3. REVIEW OF PREVIOUS RESULTS IN THE TWO SEGMENT CASE: INTERIOR SPIKE AND SPIKE NEAR
THE JUMP DISCONTINUITY OF THE DIFFUSION COEFFICIENT

In [25], we derived the following two types of one-spike solutions:

1. an interior spike located far away from the jump discontinuity of the inhibitor diffusivity (see
Theorem 3.1). For this interior spike a new localization principle was shown which states that the
spike can exist in one-and-only-one of the two sub-intervals divided by the jump discontinuity. Further,
we showed that this solution is stable.

2. a spike near the jump discontinuity whose center has a distance of order e from the jump
discontinuity; this means that its distance from the jump discontinuity is of the same order as the
spatial extent of the spike.

We re-scale Q. = Q/e and define u(z) € H*(Q) if and only u (f) € H?*(.) with the norm of the
former space defined by the norm of the latter, i.e.

In the same way we introduce this re-scaling to the other function spaces introduced at the beginning
of the previous section. We also denote the only jump discontinuity as x; for the results of two segment
case.

Now we review our first main theorem:
Theorem 3.1. (Ezistence of an interior-spike solution.) Suppose that the condition
1 1
e—tanhel(l + ) > e—tanheg(l — 1) (3.1)
1 2

holds, where 0; = D; "/*. Then there exists a steady state of (1.1) — (1.8) with an interior spike for the

7

activator which is located in the subinterval (—1,xy). More precisely, we have

ac(r) ~ Ew (

where t© — ty € (—1,2) and & /h(t) — 1 as € — 0. The limit position to is given by

r —t°

) Fo(l) in H(Q), (3.2)

- tanh (6,(2t0 + 1~ ) = 7 tanh (Ba(1 — 1)) (3.3)

1
If (3.1) holds then there do not exist any steady states of (1.1) — (1.3) with an interior spike for the

activator in the subinterval (zy,1).
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Remark 3.2. (Implications of the condition (3.1))

(i) If x, = 0, i.e. if the jump discontinuity is located in the center of the interval, (3.1) implies that
there exists a spike on the subinterval with the larger diffusion constant Dy (and the smaller
01) but not on the other subinterval. This follows from the fact that the function tanh o/« is
strictly monotone decreasing for o > 0.

(ii) Condition (3.1) combines the effects of sub-domain size and diffusion constant. Hence the
localization effect is due jointly, and favorably, to relatively large subinterval and large diffusion
constant.

(iii) The reverse sign of (3.1) does not have to be studied separately. It follows by reflection about
the center x = 0 of the interval. By this transformation 61 and 05 are exchanged and the sign of
xp 15 reversed. An easy calculation shows that the inequality resulting from this transformation

is equivalent to (3.1) with reversed sign.

We now review a stability result for the linear stability of the interior spike.

Theorem 3.3. (Stability of an interior-spike solution.) The interior spike established in Theorem 3.1

18 linearly stable.

Our second main theorem from [25] establishes the existence of spikes near the jump discontinuity of

the inhibitor diffusivity, more precisely at a distance of order e from this discontinuity. (Note that the
definition of 3 is different from that in [25])

Theorem 3.4. (Existence of spikes near the jump discontinuity xy, of the inhibitor diffusivity.)

Set
B . 62 tanh 91(1 + l'b) — 91 tanh 92(1 — .Z'b> (3 4)
N 92tanh«91(1+xb) +01 tanh92(1 —[Bb)' ’
(i) If
91 < 02 and
o< g BRI (3:5)
202 3.6
then there exist exactly two spikes near the jump discontinuity xy,. They are given by (3.2) with
t¢ = x, — €L for two possible values of L.
Here we have used
L) = [ w'(y)(ply) /e~ B) dy, (36)
where p(y) and o= 3) are defined in (2.2) and (2.3) respectively, while Ly is uniquely deter-
mined by p(Lo)/a = 5.
(i) If
0, < 02 and
o< g BRI 81)

202 3.6
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then there ezists exactly one spike near the jump discontinuity . It is given by (3.2) with
t¢ = Ty — EL().
(iii) If condition (3.1) holds and 6, > 0y or if

0, <6y and

. 05— 62 I(Lo) _ (3.8)
202 3.6

there is no spike near the jump discontinuity x,. More precisely, there is no spike given by
(3.2) with |t — x| = O(e).

Finally, in [25] we proved the following simple nonexistence result for spikes near the jump disconti-

nuity.

Corollary 3.5. Suppose that 61 < 65 and
03— 07
202

then there is no spike near the jump discontinuity, i.e. a spike which satisfies [t© — x| = O(€).

8] > 0.4296875

4. THE CONSTRUCTION AND ANALYSIS OF SPIKY STEADY-STATE SOLUTIONS

We briefly review the method of how to construct a spiky steady-state solution to (1.1) — (1.3). We
first take a rescaled and translated spike

wo(x) :w(x_t) : (4.1)

€
and let ro be such that

1
ro = 7 (min (fo + 1,1~ t0)). (4.2)

Using this smooth cut-off function y : R — [0, 1] such that

x(x)=1 for |z|] <1 and x(x)=0 for |z|> 2. (4.3)
we get
in(a) = wo()x (). (4.4)
where wg(z) satisfies
Ay — Wy + g +est. =0 in (=1,1), @)(—1)=1wH(1) = 0. (4.5)

where “e.s.t.” means exponentially small terms.
We proceed to carefully choose the amplitude: for ¢t € (—1,1) let
- 1
t) = ——, 4.6
where G(z,y) is the Green’s function, defined in (8.3), which can be used to represent the solution of
the second equation of (1.1). It plays a major role throughout the paper. We will mostly drop the

argument of &(t) and write & instead. Set

~

€0 = &ole; (4.7)
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where

£ = ((—:/RwQ(Z) dz)_l = 616 (4.8)

Then, finally, we choose the first component of our approximate steady state for (1.1) to be
we () = Soto(x). (4.9)
For a function A € L?(—1,1), we define T[A] to be the solution in Hy*(—1,1) of
(D(2)(T[A])r)e — T[A] + A2 =0, —1<uz<]1, (4.10)

By standard elliptic theory, the solution T'[A] is positive and unique.

For A = we;, where t € Bs/a(ty), we choose the function T'[A](x) to be the second component of our
approximate steady state for (1.1).

Using Liapunov-Schmidt reduction, it has been shown in [25] that there exists an exact steady-state
which is close to this approximate solution. The same argument works for the N-segment case with
minor modifications. The main changes are replacing the Green’s function specific to N = 2 by the one
for general N for the interior spike, and making a similar replacement suitable for multi-segments for
the spikes near the jump discontinuity. We omit the details and refer the reader to [25].

The result can be summarized as follows:

Proposition 4.1. Suppose that
VtOH(to,to) =0 and V?UH (to) 7é O, (411)

where H is the regular part of the Green’s function. Then, for e sufficiently small, there exists a point
t¢ € Ba(ty) with te — to such that there are spiky steady-states given, up to leading order, by (4.9),
(4.10).

To prove existence of an interior spike in one of the segments we have to check condition (4.11)
explicitly by computing the Green’s function and its derivatives. For the details in the two-segment
case we refer to [25].

We will check in Section 8 (Theorem 8.1) when in the case of N segments with N = 3,4, ... condition
(4.11) can be satisfied. We will derive explicit criteria for existence or non-existence of interior spikes.

5. STABILITY ANALYSIS

The large (O(1)) eigenvalues as € — 0 are studied by reduction to a nonlocal eigenvalue problem
(NLEP) and using the results given in Theorem 2.1 (2) with v = 2. This approach works for all spikes
considered in this paper (both interior spikes and spikes near the jump, with an arbitrary number of
jumps in the domain interval) and they are all stable with respect to large eigenvalues.

The small (o(1)) eigenvalues are considered by using a projection similar to Liapunov-Schmidt reduc-
tion, but now at an exact instead of an approximate solution.

For an interior spike the following result, by asymptotics, is derived in [25]:

—26%3al (VEH (1)) + o(€?) = A&dag (1 + o(1)), (5.1)
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using (2.3). Equation (5.1) shows that the small eigenvalue A, of (7.1) satisfies
Ae = =22 (VEH(t,£)) + o)

by (2.3).

It can then be checked explicitly that for interior spikes in the two-segment case we always have
VZH(t,t) is positive. This implies the small eigenvalue A satisfies Re(\.) < —ce? for some ¢ > 0
which is independent of ¢ and therefore is stable.

We will show in Section 8 (Theorem 8.1) that for N segments with N = 3,4, ... it is possible to have
either sign for V4 H(t%, %) and so an interior spike can be stable or unstable. We will also derive easily

verifiable criteria for stability or instability.

6. SPIKES NEAR THE JUMP DISCONTINUITY x;, OF THE INHIBITOR DIFFUSIVITY

The existence of spikes near the jump discontinuity is furnished by Theorem 7, derived in [25].
Stability of these solutions were not treated and we complete the picture for two segments now. As
a preparation for the stability proof, we review the proof of existence. It is based on outer and inner
expansion of the inhibitor h. We will see later that an outer and inner expansion for the inhibitor part
of the eigenfunction is necessary for the stability proofs.

We first compute an approximation to the inhibitor function h.(x).

Let

au(x) = Ew (x - tE) N (x - tE) LO0(e) in HY(Q,),

where t. is the center of the spike, x, — t° = €L and g—o — 1l ase— 0.
We decompose the second component, h,, into two parts:

he(w) = & (eh
where the inner expansion hi(y) for y = (z — t¢) /e satisfies

(D(t + ey)h1y(y))y + w?(y) =0,

r —t°

) 4 hQ(x)) +0(e) in H(Q), (6.1)

(6.2)
hl(O) - 0, hl,y(o) = O
and the outer expansion hs(x) is given by
(D(2)hgy(2))s — ha(x) — €hy(z) =0,
(6.3)

hgw(:l:l) = —hLy(:l:OO).
Integrating 6.2, we get

b (3) —03p(y), —oo<y<IL, -
1y\Yy) = .
—02p(y), L <y< oo,

where 0; = D;"/* and p(y) has been defined in (2.2).

)

Recalling from (2.3) that
a= /oowQ(z)dz =3
0
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we have
hyy(—00) = 04«9%, hy,y(00) = —046’%.

Integrating (6.4) once more, we have (up to order O(e) which is included into the error term in (6.1))

T — 1€ Balr —x), —1<x<mx,
ehy ( ) - (6.5)
€ —Ora(r —x), T <z<l
Hence by (6.4) hy satisfies (up to order O(e) which is included into the error term in (6.1))
(D(x)hoy(2))y — ho(z) — €hy(z) =0,
(6.6)

hgw(—l) = —0%01, hQ,x(l) = 0%0&
Solving (6.6), using (6.5), we get

cosh 0 (z + 1)
cosh 6y (zy, + 1)’
cosh Oy (z — 1)
cosh Oy (xp — 1)’

—0la(z — 1) + Ab,

-1l <x<ay,
ho(z) =

O3a(x — x3) + B, T < <l,

Continuity of the function he(z) at x = x, gives A = B and continuity of D(x)hy,(x) at © = x;, implies
6
0 = Dihoy(z,) — Dohay(x)) = A (tanh Or(zp + 1) + 071 tanh 05(1 — :L‘b)> — 2«
2
and so we have

A= 20[62
~ Bytanh @y (x, + 1) + 0; tanh Oy (1 — )

Hence

Oy tanh 61 (x, + 1) — 67 tanh (1 — x3,)
0y tanh 61 (x, + 1) + 61 tanh O2(1 — )

Dihy (2 ) = DQhQ,x(.T;_) = Atanhf(z, +1) —a =«

which implies
hoo(zy) = 0708, hou(z)) = 0508,

where

. 02 tanh 91 <$b + ].) - 61 tanh 82(]. — $b)
~ fOytanh @y (ap + 1) + 6 tanh y(1 — 23)

0

(It is noteworthy that the parameter 3 satisfy 0 < # < 1 and is a constant combining the most important
information around a jump. One will see later that the equilibrium behaviors of the system is essentially
determined by this value.)
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Finally, we consider the Solvability condition for Liapunov-Schmidt reduction which is given by

0 = & / ha(t° + ey) dy + O(e)
= [ W) (ay®) + et + ) dy + O
= [ W) Gply) + ol )y + [0 @) (o) + R (e dy + O)

( ~oto) +ad)dy) 43 (7w (-000) + 08) ) + 00
= (/ p(y) +af)dy — /LOO w(y)(=p(y) + aff) dy>
+6 ([ ( ply) + o) dy) +0(e)

= aff; /_Oow (y) dy + (63 —93)/50 w’(y)(—p(y) + aB) dy + O(e)

since p(y) is an odd function.

Hence, for given 6y, 05, 3, we need to find L such that
967 [ wiy)dy+ (63— 63) [ w') (—ply)/a+ B) dy = O, (6.7)

Remark 6.1. We remark here that, in general, the form of the condition (6.7), used for the existence
argument of a spike near a jump, is independent of the number of segments. That s, although here we
show the analysis specifically for N = 2, the existence arqgument for an arbitrary number of segments
requires exactly the same condition (6.7). The only difference among different cases is implicitly distin-
guished through the parameter 3. For general domains with multiple segments, one only needs to replace

the constants 61 and 6y by 0y and 61 in the immediate segments around the jump in consideration.

We now discuss when condition (6.7) can be satisfied. Firstly, note that § = 0 (6.7) is not possible
since we assumed #; # 65. Secondly, the case 3 < 0 can be reduced to the case § > 0 by reflection
at the center x = 0 of the domain: observe that by this reflection 6; and 6, are exchanged, x;,t¢, 8
all change signs, then note that the order of the locations of the jump discontinuity and the spike are
reversed so that the equation x, = t° + ey with y = L changes to —x, = —t* + ey with y = —L. As a
result, (6.7) is transformed to

063 [ wi(y)dy+ (67 = 63) [ w)(—ply)/a+ ) dy =

which is equivalent to (6.7).
Therefore, we shall always assume (3 > 0 which is equivalent to (3.1)
A necessary condition for (6.7) is
07 < 05,
as otherwise (6.7) implies by separating 67 and 63 on different sides of the equality
ﬁ(ﬁfo w(y) dy + Hf/L w(y)(=p(y)/a + B) dy = 9§/L w(y)(=p(y) /o + B) dy

for which 1.h.s. is obviously bigger than r.h.s. if 6; > 6, which gives a contradiction.
We now study (6.7) in detail.
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An important observation is that the integrand of

| vt w)=p(v)/a+0) dy

changes sign around p(y) = af.
The function p has the following properties:

p(0) =0, p(y)=w’(y) >0, p—y)=—py),

ply) = [ wPdy = a(=3) s y - oo (6.9)
and [ satisfies the inequality
0<p<l.
Thus for all 0 < # < 1 there is exactly one positive y =: Ly > 0 such that p(Lo) — af = 0. Further,
ply) —af <0if 0 <y < Ly and p(y) —af > 0if y > L.
To give an explicit formula for Ly, using (2.3) we compute

9 L 3 L
p(Lo) = 5 tanh 70 -5 tanh? 70 = af.

From this equation Ly can be uniquely calculated.

Recall from (3.6) that for any real number L we have defined

1) = [ @) (plw)/a ~ B)dy.
Then

I(L)-0as L —o00, I(L)— —-720<0asL— —oc0
I(L) achieves its unique maximum among all real L at L = Ly > 0, where I(Lg) > 0.

~

I(L) is monotone decreasing on (Lo, 00).

(L)
(L)
(L) is monotone increasing on (—oo, Ly).
(L)
I(L) =0 for a unique L = L; < 0.

We give an elementary interpretation of I(L) using the following two graphs.

16

1.4F

1.2f

1+

0.8

0.6

0.4r

0.2r

Figure A. The left and right figures corresponds to the following two integrals depending on L respectively:

[e.9]

/ T wdpy)dy  and / w?(y) dy.
L L
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I(L) is simply the linear combination of the two graphs with the weighting — on the latter (note
that 0 < 5, p(y)/a < 1).

1 T T T T T T T 0.5

051

L)

Figure B. The left and right figures corresponds to I(L) for f = 0.2 and f = 0.6, with maximum values
about 0.92 and 0.17, located at about 0.26 and 0.90 respectively. As will be shown in the next section, the dotted
lines and solid lines corresponds to unstable and stable steady states respectively.

Therefore, the equation I(L) = ¢ has

two solutions  if 0 < ¢ < I(Ly),

one solution  if c=I(Ly) or —7.260<c<0, (6.9)
no solution if ¢ > I(Lg) or ¢ < —7.203.

Because of 6, < 0y for (6.7) only the case ¢ > 0 is relevant. Combining (6.9) with (6.7), we have

(i) two solutions for (6.7) if
03 — 01 1(Lo)
202 36

0<pB<

(ii) one solution for (6.7) if
_ 03— 0% I(Ly)

b= 207 3.6
(iii) no solution for (6.7) if
03 — 07 I(Lo)
f> 229% 36
This shows Theorem 7. 0]

7. STABILITY ANALYSIS II: SMALL EIGENVALUES OF THE SPIKE NEAR THE JUMP

In this section, we investigate the eigenvalue problem which after re-scaling becomes
2

9 We w; B
€ A¢e - ¢e + 2E¢e - Bigwe - /\6¢67 (71)

(D(x)¢s,x)$ - ¢e + 2€ewe¢5 = /\eT'le}ea
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where
we = 55_1 [/lue,tE + ¢€,t5] ) Be = T[we,t€ + ¢e,t€]a (72)

t¢ = x, — €L is the center of the spike which has been determined in Theorem , and &, is given by (4.8).
In particular, we investigate the small eigenvalue, i.e. we assume that A\ — 0 as e — 0.
Let us define

T —t°

To

eolw) = x () e, (7.3)
where 79 and x(x) are given in (4.2) and (4.3), respectively. We define
Krew .= span {i, o} C H*(Q),
Crew = span {1, o} C LA(Q).

Then it is easy to see that

We(x) = Wep(x) + es.t. (7.4)
Further
hea(t + ey) = h1y(y) + hau(zy) + O(e)
=07(—p(y) +38) + O(e) for —o <y < L (7.5)
and
Be,l‘(te + €y> - hl,y (y) + hQ,z (xz_> + 0(6)
= 05(—p(y) +38) + O(e) for L <y < 0. (7.6)
Note that W, o(z) = Eotho(z) + O(e) in H2(—1,1) and W, o satisfies
= )2
EQAlIJ@Q — Wep + (w}—?[)) +e.s.t. = 0.
Thus d,, := 90 gatisfies
N o 2 WZy -
AW, ) — W, g+ . W — U—le)zhe +es.t. = 0. (7.7)
Let us now decompose
be = edfieg + G (78)

with complex numbers af, (the scaling factor € is introduced to ensure ¢. = O(1) in HZ.(€2.)), where
pr LK.

Suppose that H(beHH]zV(QE) = 1. Then \aj] <C.

The decomposition of ¢, implies the following decomposition of ).:

Ve = €agiben + ¥ = eagli(y) +a(x)] + U7,

where the inner expansion 1 (y) is given by

(D(t + Ey)@z)l,y(y))y + 2w(y)wy<y> =0,

11(0) = 0, 11,(0) = —67w?*(0)

(7.9)
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and the outer expansion () satisfies
(D(2)Y20())s — 2(z) — ¢ (z) =0,
(7.10)
V20(£1) = —th1y(£00).
Integrating (7.9), we get
_H%wz(y)a -0 <y < L7
Uny(y) = (7.11)
_Q%w2(y)7 L< Yy < 00,
—§6(cosh™(y/2) = 1), —oco<y<L,
—%Gg(coshf‘L(y/Q) —1), L<y<o.
This implies
U1y(=00) = O(¢),  t1,y(c0) = O(e).
Integrating 1, once more, we have
—61p(y), —c0<y<L,
w=1 (1.12)
—b3p(y) + (05 — 07)p(L), L <y <oo.

in the case L > 0 and a similar result holds for L < 0. The important observation now is that i (y) is
continuous at y = L. (Note that 1, (y) has a jump at y = L.)

Hence 1)y satisfies (up to order O(e) which is included into the error term in (7.10))
(D(2)¢2,0(2))e — Ya(x) — thi(x) = 0,
(7.13)
¢27x(_1> = Oa 1/12,95(1) — 07

which implies 1, = O(1) in Hx* ().
Substituting the decompositions of ¢, and 1, into (7.1), we have, using (7.7),

[(@e0)’ 5 (@)
ea0< ]_120 he_ B2 ¢e,0

- —2
+EAPL — ¢t + 2%55 - % Lo AGEest. = Aeagi (7.14)

We first compute

Let us also put

- 200, o2
Logt = A — oF + gt — Tyt

gl — —cqpt 1
he € hz € (7 5)
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Multiplying both sides of (7.14) by UN);O and integrating over (—1, 1), we obtain

1 / ’
rhs. = e)\eag/ W, oW, o dx
—1 ’ ’
— N [ (w, () dy (1+0(9) (7.16)
and
12 . L2, 1 w? ~,
Uhs. = —eah [ G5 [veo — ] wlgde + /. (ol do /. (o) dr
= Jl + JQ -+ J3 + 0(62),
where J;, 1 = 1,2, 3, are defined by the last equality.
The following is the key lemma.
Lemma 7.1. We have
Jio= g (05 — 01w (L) (p(L)/a = B) + ofe) (7.17)
= —eapl3 (05 — 01)I'(L) + ole), (7.18)
JQ + J3 = 0(6), (719)
Using Lemma 7.1 and comparing l.h.s. with r.h.s., we obtain
— e€3(03 — 03)I'(L)a§ + o(e) = 1.2\ agéa (1 + o(1)), (7.20)

using (2.3). Equation (7.20) shows that the small eigenvalue A, of (7.1) satisfies
1 .
Ae = —ﬁefo(% — 0D I'(L) + ofe).

This shows that if I'(L) is positive, the small eigenvalue A satisfies Re(A.) < —ce for some ¢ > 0
which is independent of e.
On the other hand, if I’(L) is negative, then for € sufficiently the system is unstable due to a Reduction
Theorem (Theorem 8.1 of [25]).
This, together with the results in Section 5, concludes the proof of the stability theorem for a spike
near a jump. The result is given in Theorem 7.2.
O

Theorem 7.2. The spikes near the jump have a small eigenvalue which satisfies the asymptotic expan-

ston
1 .
Ae = —ﬁego(% — 0D I'(L) + ofe). (7.21)

All the other eigenvalues are stable. This implies that the spike with the smaller L (the right one) is
stable, the one with the larger L (the left one) is unstable.

Lemma 7.1 follows from the following series of lemmas.

Now we estimate ¢. We derive
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Lemma 7.3. For e sufficiently small, we have

162 || 20,y = OC€).

17

(7.22)

Proof: As the first step in the proof of Lemma 7.3, we obtain a relation between ¢> and ¢-. Note

that L. is invertible from (***)* to (C**)* with uniformly bounded inverse for ¢ small enough. By

the fact that L. is uniformly invertible, we deduce that

162 || 520,y = OC€).

Then we have by the equation for ¢ :

VR = 2t /1 Gt ). d
€ 0 - € 1 ) eWe,0 z

- Jpwor dy

= 2G5, 1) AL

LA O(€?) = O(e).

By (7.23), we have J, = O(¢®) and (7.24) implies that J3 = O(e€?).
Finally we prove the key lemma — Lemma 7.1.

(7.23)

(7.24)

Proof of Lemma 7.1: The computation of J; follows from the outer and inner expansions of h and

¥e0, respectively. In fact,

Ji =

Here we have used

—ea 11 o (veo — R ) 1, g dz + o(e)

yeTem (¢eo — he) i, dz + o(e)

ot [ w )y v) [0n(0) + ) — hay o) — haa(ap)] dy
—eardd [T wr g W )+ () — by (9) — hao(a)] dy + ofe)
carés [ Lu { = (0] + ) — b)) d
veaiéd [~ ) { 61000 = )] + st = a1} dy
—eaaéa’gw?’(m [(@1(L) + a(ws) = by (L7) = ho(ay))]

beagd s (D) [(60(1) + va() — Py (1) = hoa(a)] + ofe)

cayd s () [(n (1) = () + (o) — ()] + (e

cayéis (63 — 0w (L)lp(L) — 3]+ of)
—eaG3(65 ~ OI(L) + o).

j;w@/) ()] =~ (y) — w?(y) =0 for —oo <y < L,

ddy[wl(y) — hiy(y)] = —03(w*(y) —w?(y)) =0 for L <y < oo.
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Further, we have applied the estimates
hoae(y) = O(1),  hoge(zy) = O(1),

Uoe(ry) = O(1),  thou(x)) = O(1)
and the facts that ¢ is continuous at y = L and ), is continuous at x = x,.

Thus we obtain (7.17).

O

Remark 1: Large eigenvalues for a spike near the jump are treated in the same way as that of
interior spikes. Since we only need to compute ¥ (x;), and no derivatives of ¢ are required, the inner
expansion is not needed.

Remark 2: In view of Remark 6.1, if we turn to the case with an arbitrary number of segments,
similar results as in Section 6 and Section 7 should also hold. Indeed, we will show the existence of a

spike near a jump for N segments in Section 9 with minimal effort.

8. EXISTENCE OF INTERIOR SPIKES FOR N SEGMENTS

We now turn to the study of interior spikes for NV segments. To show existence, we first compute the
Green’s function for N segments in (—1,1), where the Dirac delta distribution is located at one of the
jumps:

Let G(x, ;) be the Green’s function which is defined as the unique solution of the problem

(D(2)G(x,2)z)e — G(z,2;) + 0, = 0, G.(—1,z;) = G.(1,2;) =0,
DZGGC(:BZ_?:UZ) - DH—lGx(xj_axl) = 17 G(.T;,.Tl) - G(.CE:'_,{EZ) = 07 (81>
Dij(l';, xz) - Dj+1Gm<x]‘+7xi) = O? G(x;7 xz) o G(l’j,xl) = 07 j 7é i?

where §,, is the Dirac delta distribution located at z; and —1 < ;3 < 29 < -+ < 7; < X < -+ <
xn_1 < 1. Let (; be given by

Further, for ty # x; let G(z,ty) be the Green’s function defined by
(D<x>G<$>tO)I)x - G(x:to) + 5to = 07 Gm(_lato) = Gm(L tO) = Oa

D(tO)Gz(t(;vtO) - D(tO)Gx(tar7t0> = 17 G(ta7t0) - G(té, tO) = OJ ( )
8.3
D(z5)Go(x5  to) — D(x])Ga(x]  t0) =0, G(zj,to) — G(xf,tg) =0,j=1,... ,N—1,

J
where 0, is the Dirac delta distribution located at {p and —1 < 21 <2y < -+ <21 <fp <x; < -+ <
Ty_1 < 1.

Our first goal is to prove results on the zeros of the derivative of the diagonal of the regular part of
Green’s function. This will imply existence or nonexistence of a spike.

Our result goal is to determine the sign of the second derivative at such a root. This will answer the

question of stability or instability of the spike.
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Therefore let us consider the regular part H of G. It is defined by
i,
—H(z,ty) = G(x,ty) — 56’91””‘/0' for y € (zi-1, 7).

If ty = x; the regular part of G is defined by

O 1o
— e Yile—ail , <y,
H(z,y) = G(z,y)

Z+1 e—9i+1|l’—2i| ,
2
Then H(x,y) satisfies the elliptic differential equation

T > x;.

In particular, if x € (x;_1, ;) then
Note that by symmetry H(x,y) = H(y,x). Denoting the derivative with respect to the first variable

with subscript x, and that of the second variable with subscript y, we have

H,(to,to) = Hy(to, to), H'(to.to) := th(tO,to) = 2H (o, to),
H.(to, to) = Hyy(to, to), H"(to,to) = 2Hx(to, to) + 2Hyy(to, to),
Hpo(to, to) = Hyyy(to, o), Hawy(to, to) = Huyy(to, o), ete.
We try to find a solution of
H'(tg,to) =0 with ¢y € (z;_1, ;)

and then determine

1z d2
H (tg, tg) :== —H(to, to).
( 0 0) dl’% ( 0, 0)
By (8.2) we have
i+ 1 -1
DG, (x7 @) = 5;7 DGzt 1 2i 1) = 512,
By the definition of H we have
LG
~DH, (o) = DGl w) =
iy — + 1 B
—D;Hy(x;" 1, xio1) = DiGy(x 1, xi-1) + 5=

This implies
DiH,<xi—laxi—1) = —fi_1, D,-H/(xi,:v,-) = —0i.

We consider three cases:

Theorem 8.1. (i) 5,1 >0, 3; <0.

Stable interior spike: There exists a unique interior spike which is stable.

(ZZ) 51;1 < 0, ﬁz > 0.

Unstable interior spike: There exists a unique interior spike which is unstable.
(11i) Bi—1 - B; > 0.

No interior spike: There is no interior spike.
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This gives a complete classification of all interior intervals.

Remark: For boundary intervals, there are two cases according to the signs of #; and By_1, and the
existence or nonexistence of a stable interior spike follows from the classification for the two segment
case.

Proof.

Case (i) Bi—1 > 0, 5; < 0, Stable interior spike:

By the intermediate value theorem there exists at least one root of H'(tg,ty) with ty € (x;_1, z;) such
that H'(to,to) changes sign at to from negative to positive.

We show that for this root H"(tg,ty) = 0 is impossible. We argue by contradiction. Using (8.4) we
get

Hooo(to, to) = Hy(to,

, )=0
Hx:vy(t07t0) = Hy<t07

)0’

to
lo
and so H" (ty,tg) = 0.
Taking the derivatives with zz then with zy in (8.4) and adding up we get
Hopza + Hagey — (Haw + Hey) = 0.
Taking the derivatives with yy then with zy in (8.4) and adding up we get
Howyy + Hozay — (Hyy + Hyy) = 0.
Taking the sum of the two previous equations gives
Hizeo + 2Hpzey + Hygyy = 0
which can be rewritten as
(Hiw + Huy)uw + (Hyw + Hyy )iy = 0.
This is equivalent to
H"(to,to) = 0.

In the same way it can be shown that

dk
mH(to,to)ZO, k:1,2,

This implies H (ty,to) = ¢ which contradicts the boundary conditions
H/(xiflaxifﬁ = —Bi1, Hl(ﬂfi,%‘) = -5
Therefore H”(to,tp) = 0 is impossible. Since H’ changes sign from negative to positive at t, we
necessarily have H”(to,ty) > 0 and the spike at ¢, is stable.
We show that there is a unique root of H'(tg,ty) in the interval (z;_1, ;). Assume that this is not

the case, then there exist (at least) two such roots z, < x,. We assume w.l.o.g. that H'(to,%y) > 0 for
all ty with z, < ty < x,. Then obviously we have

H"(24,7,) >0, H"(zp, 1) <O.
Using (8.4) we get

1 1
—H (x4, 24) < —H (xp, xp) = Hya(xp, 15). (8.5)

Hxx asda) =
(Tay Tq) D D
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Here we have used the fact that H,(to,ty) > 0 for z, < ty < .
Using (8.4) again, we get
Hmy(l‘ba xb) - ny('ICLJ x(z)

(Ib,$b)
= [Hmy(xv y) dx + nyy(xa y) dy|

(Ta,za)

(zp,2p)
= o [Hy(z,y)dx + Hy(x,y) dy] >0 (8.6)
since the last integrand is positive if we choose the path from (z,, x,) to (x, z) sufficiently close to the
diagonal (z,z), x, < x < xy.
Together (8.5) and (8.6) imply that

H' (x4, 24) < H"(z, 7p)

which gives a contradiction.

To summarize, we have proved that in Case (i) there is a unique solution of H'(ty,ty) = 0 with
to € (xi_1,x;). Further, H"(ty,to) > 0. By Proposition 4.1 there exists a unique interior spike. By (5.1)
this spike is stable.

This completes the proof in Case (i).

The proofs in Cases (ii) and (iii) are similar and are therefore omitted.

O

We now consider the special case of three segments. An explicit computation of the Green’s function
for (8.1) which is done in Appendix A (Section 11) yields

T1T3 + (T1 —T3)y; cothfa(zy — x1) — 32
61 B T1T3 + (T]- + TS)% COtheg({L‘Q — xl) =+ 9%7
2
T1T3 + (T3 — Tl)é coth by(xy — 1) — 9%
= — 2
B2 = TIT3 + (T1+ TS)é coth Oy(zy — 1) + eiz’
2

where

1 1
T1 = o tanh 6, (z; +1), T3 = e—tanheg(l — Ig).
1 3

In particular, we have the following two cases:
Case (i) f; < 0 and (5 > 0 for

1 1
—tanh 0 (x1 +1) < —.
7 1(z1+1) G
There exists a stable interior spike in the central interval. There exists no spike in either the left or

right interval.
Case (ii) 1 > 0 and f, < 0 for

1 1
e—ltanh Or(x1 +1) > %

There exists an unstable interior spike in the central interval. There exists a stable spike in both the

left or right interval.
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We illustrate this behavior in Figures 3 and 4 for x; = —0.4, 25 = 0.4 and € = 0.0001. We consider
the choices 6; = 03 =1, 05 = % which belongs to Case (i) and 6; = 05 = %, 0y = 1 which belongs to
Case (ii).

In Case (i) we show a stable interior spike in the central interval and a stable spike near a jump.

In Case (ii) we show a stable interior spike in one of the boundary intervals and a stable boundary

spike.

9. EXISTENCE OF A SPIKE NEAR A JUMP FOR N SEGMENTS

We now consider a spike near a jump for N segments.
Let (; be given by (8.2).
Using 3;, 0;, 0;41 in (6.7) we get

52 [Tty [~ wtdy = (02, —03) [T ) (o) - 0 [T wtaz) dy

Separating — Z“ > 1 on the L.h.s. and §; on the r.h.s. we get

G / w d?// w dy—/ w?(y) (;i/oywz(z)dz—/oww%)dz) dy.

This implies the necessary and condition condition for existence of a suitable real number L to solve

this equality (for given 91'9# and (3;) which is given in the following theorem:

Theorem 9.1. Let 3; > 0 be given by (8.2) and let 0; = D_l/Q, 01 = DZJrl be given by the neighboring
diffusion constants. Then there exist spikes near the jump if and only if

7 / w dy/ w® dy <
< Legggfoo) /Loo w?(y) (;Z /Oy w?(2) dz — /OOO w?(2) dz) dy
- LC;O w?(y) <ﬂ11 /Oy w?(2) dz — /OOO w?(2) dz> dy,

1 Lo 00
ﬁi/o w?(z) d,z:/o w?(2) dz.

where Lo 1s given by

Remark. In the previous characterization the left-hand side is a function of 9;% only and the right-
hand is a function of (; only (note that L has been eliminated). This gives a simple criterion for
existence of a spike near a jump involving only these two quantities which both come from the order 1
length-scale. Note that for solvability no quantities of the order e length-scale are required.

An example of a spike near a jump for three segments in presented in Figure 3.
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10. NUMERICAL COMPUTATIONS

We now show some numerical computations for system (1.1). We display different types of stable one-
spike solutions for the two- and the three-segment case. We choose 2 = (—1,1) and varying diffusion
value for the coefficients €2 and D(x).

In each situation we always present the solution for t = 10°. By this time, in all cases, the compu-
tation has come to a standstill and this steady state is numerically stable (long-time limit). The first
component, a, is shown on the left, the second component, h, on the right.

In the two-segment case we divide €2 at either x;, = 0 or x;, = 0.5 and choose different constants for
D(x) on each of the resulting subintervals.

In the three-segment case we divide {2 at either x1 = —0.4 and x5 = 0.4 and choose different constants
for D(x) on the resulting subintervals.
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11. ApPENDIX B: THE GREEN’S FUNCTION FOR THREE SEGMENTS

In this appendix we compute the Green’s function G(z,ty) for N = 3, i.e. in the case of two jumps
or three segments.

First we consider a spike at a jump. We solve the system (8.1) for ¢ty = x9 and N = 3.

cosh 6y (z + 1)
coshby(xy + 1)

-1 <x < a,

sinh 6y (x — 23) sinh 6y (x — 1)

G(z,ty) =

, 11 <3 <o, (11.1)

sinh 0y (1 — 9) sinh 0y (e — 1)

cosh Oy (z — 1)
cosh fy(ze — 1)’
then G(x,to) is automatically continuous at © = 1, x5 and it satisfies the Neumann boundary condition

at x = —1 and z = 1.

The jump conditions of G' at x;, xo give the following linear system for (A, B):

To < x <1,

~ tanh 0 () + 1) + - coth Oty — 1) ) A — = =1 1.2
(01 an 1(w1 + ) + 0, co 2( 0 fﬂl)) 0 sinhﬁg(to — 3;1) ) ( )
1 1 A 1
= coth Bs(2s — to) + — tanh By(1 — B- = 0. 1.3
(92 coth Oy(xe — to) + 0 anh 05( ZE2)+> 0 sinh 0 (22 — Lo) ( )
We have to compute G(tg,t) = B. We get
Bl 03 tanh 0 (z1 + 1) cosh Oy (w3 — 21) + 0 sinh O (25 — 71) (11.4)

~ G3tanh @ (2 + 1)sinh y(zo — 1) + 0105 cosh Oy (20 — 1)
1
+— tanh 93(1 — I‘Q).
05
Now we assume that —1 < z; < tg < 22 < 1, i.e. we investigate a spike in the central segment.
We have to solve the system (8.3) for N = 3.
Using the ansatz

cosh 6y (z + 1) ey
cosh 6y (z1 + 1)’ b
sinh Oy (x — to) sinh 0y (x — 1)

A t
sinhﬁg(xl — to) Sinheg(to — ZE1)7 o1 < T <o,

Gz, ) = (11.5)
sinh 6y (x — x5) sinh 6y (x — to)
t
sinh 92(750 — .Z'Q) sinh (92(132 — t0)7 0T < T
cosh Oy(z — 1)
1

coshf3(x — 1)’ Tp<® <4

then G(z,ty) is automatically continuous at z = w1, ty, vo and it satisfies the Neumann boundary

condition at x = —1 and = = 1.

The jump conditions of G' at z1, o, x2 give the following linear system for (A, B, C):
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1 1 B 1
— tanh 6 1) + — coth Oy(ty — A—— =0
(5 tanh (s + 1) + - coth aft — 1) ) A = - =y = "
A B C 1
% sinh 6y (x1 — to) + o (coth O2(tg — x1) + coth Oa(zy — o)) — B sinh B (2 — To) = 1,
1 1 B 1
— coth 6 —t — tanh f5(1 — - — = 0.
(02 0 2<$2 0) + 93 an 3( x2)+> ¢ 92 sinh (92(ZE2 — to) 0
We have to compute G(tg,ty) = B. We get
Jr e !
N 02 %Sinh2 02(750 —xl)tanhﬁl(xl + 1) Sinheg(tg —ZEl)COShQQ(tQ —ZEl) (116)

+ coth «92(t0 — 171) + coth 62((132 — to)

1
B % sinh? 0 (29 — to) tanh O5(1 — ) + sinh Oy (25 — to) cosh Oy (25 — to)}

. i 02 tanh Ql(xl + 1) cosh 92(750 - Il) + 91 sinh 02(750 — LL’l)
N 92 62 tanh 01(371 -+ 1) sinh 92<t0 - LE1> + 01 cosh (92(150 — .Tl)

92 tanh 03(1 — IL‘Q) cosh 02(1‘2 — t()) + 83 sinh 02([E2 — to)
92 tanh 93(1 — .%'2) sinh 92(1‘2 - t()) + 93 cosh 02(1‘2 — to)

12. ACKNOWLEDGMENTS

The work of JW is supported by a Grant of RGC of Hong Kong. The work of MW is supported by
a BRIEF Award of Brunel University. MW thanks the Department of Mathematics at CUHK for their
kind hospitality.

REFERENCES

[1] D. L. Benson, P. K. Maini and J. A. Sherratt, Analysis of pattern formation in reaction diffusion models with
spatially inhomogeneous diffusion coefficients, Math. Comp. Mod. 17 (1993), 29-34.
[2] D. L. Benson, P. K. Maini and J. A. Sherratt, Unravelling the Turing bifurcation using spatially varying diffusion
coefficients, J. Math. Biol. 37 (1998), 381-387.
[3] D. L. Benson, J. A. Sherratt and P. K. Maini, Diffusion driven instability in an inhomogeneous domain, Bull.
Math. Biol. 55 (1993), 365-384.
[4] E.N. Dancer, On stability and Hopf bifurcations for chemotaxis systems, Methods Appl. Anal. 8 (2001), 245-256.
[5] A. Gierer and H. Meinhardt, A theory of biological pattern formation, Kybernetik (Berlin) 12 (1972), 30-39.
[6] P. Gray and S.K. Scott, Autocatalytic reactions in the isothermal, continuous stirred tank reactor: isolas and
other forms of multistability, Chem. Eng. Sci. 38 (1983), 29-43.
[7] P. Gray and S.K. Scott, Autocatalytic reactions in the isothermal, continuous stirred tank reactor: oscillations
and instabilities in the system A + 2B — 3B, B — C, Chem. Eng. Sci. 39 (1984), 1087-1097.
[8] D. Iron, M. J. Ward and J. Wei, The stability of spike solutions to the one-dimensional Gierer-Meinhardt model,
Physica D 150 (2001), 25-62.
[9] P. K. Maini, D. L. Benson and J. A. Sherratt, Pattern formation in reaction-diffusion models with spatially
inhomogeneous diffusion coefficients, IMA J. Math. Appl. Med. Biol. 9 (1992), 197-213.
[10] A. May, P. A. Firby and A. P. Bassom, Diffusion driven instability in an inhomogeneous circular domain, Math.
Comp. Mod. 29(4) (1999), 53-66.



WANG HUNG TSE, JUNCHENG WEI, AND MATTHIAS WINTER

[11] H. Meinhardt, Cell determination boundaries as organizing regions for secondary embryonic fields, Developmental
Biology 96 (1983), 375-385.

[12] J. Murray, Mathematical Biology I/1I, Springer, 2002.

[13] K. Page, P. K. Maini and N. A. M. Monk, Pattern formation in spatially heterogeneous Turing reaction-diffusion
models, Phys. D 181 (2003), 80-101.

[14] K. Page, P. K. Maini and N. A. M. Monk, Complex pattern formation in reaction-diffusion systems with spatially
varying parameters, Phys. D 202 (2005), 95-115.

[15] J. Schnakenberg, Simple chemical reaction systems with limit cycle behaviour, J. Theoret. Biol. 81 (1979),
389-400.

[16] A. M. Turing, The chemical basis of morphogenesis, Phil. Trans. Roy. Soc. Lond. B 237 (1952), 37-72.

[17] J. Wei, On the construction of single-peaked solutions to a singularly perturbed semilinear Dirichlet problem,
J. Differential Equations 129 (1996), 315-333.

[18] J. Wei, On single interior spike solutions of Gierer-Meinhardt system: uniqueness, spectrum estimates and
stability analysis, Euro. J. Appl. Math. 10 (1999), 353-378.

[19] M.J. Ward and J. Wei, Hopf bifurcations and oscillatory instabilities of solutions for the one-dimensional Gierer-
Meinhardt model, J. Nonlinear Sci. 13 (2003), 209-264.

[20] J. Wei, On single interior spike solutions of Gierer-Meinhardt system: uniqueness and spectrum estimates,
European J. Appl. Math., 10 (1999), 353-378.

[21] J. Wei and M. Winter, On the two-dimensional Gierer-Meinhardt system with strong coupling, SIAM
J. Math. Anal. 30 (1999), 1241-1263.

[22] J. Wei and M. Winter, Spikes for the two-dimensional Gierer-Meinhardt system: The strong coupling case, J.
Differential Equations 178 (2000), 478-518.

[23] J. Wei and M. Winter, Spikes for the two-dimensional Gierer-Meinhardt system: The weak coupling case, J.
Nonlinear Science 11 (2001), 415-458.

[24] J. Wei and M. Winter, On the Gierer-Meinhardt System with Precursors, Discr. Cont. Dyn. Systems, to appear.

[25] J. Wei and M. Winter, Spikes for the Gierer-Meinhardt system with Discontinuous Diffusion Coefficients, sub-
mitted.

[26] L. Wolpert, Positional information and the spatial pattern of cellular differentiation, J. Theor. Biology 25 (1969),
1-47.

[27] L. Wolpert and A. Hornbruch, Double anterior chick limb buds and models for cartilage rudiment specification,
Development 109 (1990), 961-966.

DEPARTMENT OF MATHEMATICS, THE CHINESE UNIVERSITY OF HONG KONG, SHATIN, HONG KONG
FE-mail address: whtse@math.cuhk.edu.hk

DEPARTMENT OF MATHEMATICS, THE CHINESE UNIVERSITY OF HONG KONG, SHATIN, HONG KONG
FE-mail address: wei@math.cuhk.edu.hk

BRUNEL UNIVERSITY, DEPARTMENT OF MATHEMATICAL SCIENCES, UXBRIDGE, UB8 3PH, UNITED KINGDOM
FE-mail address: matthias.winter@brunel.ac.uk



