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Abstract: In this paper, we consider the following Yamabe type problem of poly-

harmonic operator :

Dpu :|u|N4fgmu on SV
(P)

u € H™(SY),
where N > 2m + 1,m € N;, SV is the unit sphere with the induced Riemannian

metric g = ggv, and D,, is the elliptic differential operator of 2m order given by
O 1
D,, = —Ay+ (N —2k)(N +2k—2
TI(-ay+ 3V =200V + 26 - 2)

where A, is the Laplace-Beltrami operator on SV. We will show that the problem

(P) has infinitely many non-radial sign changing solutions.
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1 Introduction

We consider the following Yamabe type problem for polyharmonic operator:

{ Dpu = |ul™ 24 on SV P)

u € H™(SY),

2N

where m* = =5, N > 2m +1,m € Ny, SY is the unit sphere with the induced Riemannian

metric g = ggn, and Dy, is the elliptic differential operator of 2m order given by

Dy =T[4 + LN — 2k)(N + 2k~ 2))
k=1



where A, is the Laplace-Beltrami operator on SV (see [7]).

The well known Yamabe problem, which stems from the conformal geometry, is the problem
of finding some scalar curvature K in a compact Riemann manifold (M, go) of dimension n > 2.
More precisely, for a given smooth function K defined on this manifold, we want to find a new
metric g which is conformal to the original metric gg such that K is actually the scalar curvature

under this new g. In the case of m = 1, the Yamabe problem read as:

—AsNU—f—N(NT_Q)U—U% =0 onSV (1.1)
u > 0.
see ([3], [4], [31], [10]).
By using the stereo-graphic projection, the problem (1.1) can be reduced to:
—Au = u% in RN
u >0 in RY (1.2)
u € DVY2(RY),

where D'?(R”) is the completion of C§°(R") under the norm [py |[Vu[?. It is known that the
only finite energy positive solution to (1.2) are given by the family of the functions ( see [21] ):

2
14 [af?

N-2

pTE U @ - €)),U() = ( )T e e RN, u>0. (1.3)

Moreover these functions are corresponding to the extremals for the critical Sobolev embedding
(see [29]). And these functions are indeed all positive solutions of (1.2) even without the finite
energy requirement (see [9]). It is natural to ask weather there are finite energy non-radial
sign changing solutions to (1.2). This was first answered by Ding [10]. His proof is variational:

consider the functions of the form
uw(z) = u(|z1|, |22]), = (z1,20) € SN C RV =RF x RN F k> 2. (1.4)

The critical Sobolev embedding becomes compact and hence infinitely many sign changing so-
lutions exist, thanks to the Ljusternik-Schnirelmann theory. See also [17]. Recently, del Pino,
Musso, Pacard and Pistoia [24]-[25] gave another proof of countablely many sign changing non-
radial solutions. Their proof is more constructive: they built a sequence of solutions with one
negative bump at the origin and large number of positive bumps in a polygon. This gives more

precise information on such sign changing solutions.

On the other hand, the polyharmonic operator, in particular the biharmonic operator has
found considerable interest due to its geometry roots in recent years. For instance, when m = 2,
the problem (P) is related to the Paneitz operator, which was introduced by Paneitz [23] for
smooth 4 dimensional Riemannian manifolds and was generalized by [8] to smooth N dimen-
sional Riemannian manifolds. We refer the reader to the papers [2], [5], [6], [11], [12], [14], [15],



[16], [26], [27], [29], and the references therein, for various existence and multiplicity results on
the polyharmonic operator and related problems. It is evident from these papers that the poly-
harmonic operator presents new and challenging features compared with the Laplace operator.
However, few results are known for the Yamabe problem of polyharmonic operator. The purpose

of the present paper is concerned on this topic.

Similar to in the case of m = 1, by using the stereo-graphic projection, the problem (P) can

be reduced to the following problem in RY, namely

(—A)Y"u = |u|¥ 2wy in RN
(1.5)

u € D™ARN),

where N > 2m + 1,m € N, and D"™2(RY) is the completion of C§°(R™) with respect to the

norm induced by the scalar product

AZqy- A%v, if m is even,
(u,0) = { /BN (1.6)

m—1 m

VA" VA™ v, if m is odd.

Moreover it is known that the only finite energy positive solution to equation (1.5) are given by

the family of the functions (see [21],[6]):

N—2m N—2m N-—2

pm UMz —8),U@) =P, % (L+]af) 2,

m—1
where P, n = H (N + 2h).

h=—m
Generalizing the idea of Ding and using variational method, Bartsch and Weth [5] established
an unbounded sequence of sign changing finite energy solutions to (1.5).
In this paper, following the idea in [24]-[25], we will construct a sequence of non-radial sign
changing solutions for problem (1.5). Our result cover the case of Yamabe equations and the

biharmonic equations.

Our main results are:
Theorem 1.1 Let m > 1, N > 2m + 1, and write RN = C x RN=2. Then for each k large

enough, the problem (1.5) admits a finite energy solution of the form

N—

k 2m
up(e) =Ue) =Y 2 Ulpy (@ = &) +o(1),
j=1

N—-2m

m(i=1) /s S—=m —2m
where § = /1 —u%(ez = 10), 5 =1,2,- k Ux) = Py 1+ |:c\2)7N22 , ke =
sy 62 ,
oz for N >2m +2, and py = Pk for N =2m+ 1, and o(1) — 0 uniformly as k — oo.

O 18 a positive number which depends on k only.

As a consequence, we have



Theorem 1.2 Suppose that N > 2m + 1, then problem (P) has infinitely many non-radial sign

changing solutions.

Remark 1.3 The geometry picture of the sign-changing solution w is that it is positive near the
center while negative in the region of the bubbles scattered around the Obata type solution in the
middle.

Remark 1.4 We believe that similar result should also hold for the following Lane-Emden system

(=A)™u = |v|* s

in RN, m>1. (1.7)
(=A™ = |u’u.

It is known that (see [18]), for N > 2m, «, 3 > 1 but not equal to 1 such that

1 n 1 >N—2m
a+1l [B+1 N

(1.7) has no any positive solutions. On the other hand, for N > 2m, «, > 1 such that

1 1 N —2m
+ < .
a+l [B+1~ N

(1.7) admits infinitely positive solutions (see [19]), We conjecture that the following is true:

Conjecture 1.1 For N > 2m, a,3 > 1 and a%rl + ﬁ = Nj\?m, problem (1.7) has infinitely

many sign changing solutions.

The paper is organized as follows: Section 2 contains the construction of an approximation
solution and the estimates of the error. While the Section 3 will devote to the detailed calculus
and further thoughts on the gluing procedures and linearization of the problem. The proof of

the theorem will be also given in this section.

Acknowledgement: The first author was supported by NSFC (11171171) and the third author
was supported from a General Research Grant of RGC of Hong Kong.

2 Approximation solution and the estimate of the error

In this section, we first construct an approximation solution for our problem (1.5). Then we
give the precise estimate of the error.

As we mentioned in the introduction, it is well known that the equation

N+2m

(—A)"u = uN-2m (2.1)

has the following radial solution

N—-2m

N—-2m 2 _
U(zx) =B, % (+|z]) 2,
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with

m—1
Py = ] (V+2h).

h=—m

Moreover this radial solution U is invariant under the Kelvin type transform :
~ 2m—-N Y
aly) = ly|™ " u(). (22)
|yl
That is, U(y) = U(y)(c.L.[6]).
We begin with

Lemma 2.1 The equation (2.1) is invariant under the Kelvin transform (2.2), namely,

2N
N —2m’

Proof. The result is known. For the sake of completeness, we give the proof. We first prove

(—A)"a(y) = ‘a(y)‘mLQﬂ(y), where m* =

the case of m = 2. To simplify our proof, we make use of the spherical coordinates, then

N — A
Au(r,0) = (82 + —a + 5 Ju(r.6).
Iterate the Laplace-Beltrami operators two times, we obtain
N -1 A
APu(r,0) =(0F + ——0r + ) u(r,)
r

:[34+ 2(N—1)63Jr (N_l)(N_?’)af— (N—l)(N—?,)ar

r r T T2 7“3
8 — 2N 2N — 6 2 1
+ = Ay + 3 AgOy + ﬁAeaf + TjAg U(T7 9)’

which gives the formula of the scalar transform of u as the following:

N A
Nulp,0)] | =@+ 20, + “Pu(p.)]
p:T P p ==

- [aﬁ LN = 1)rdd + (N — 1)(N — 3)r292 — (N — 1)(N — 3)r%9,  (23)
+ (8 = 2N)r*Ag + (2N — 6)13 240, + 2r°Npd? + r%ﬁ} u(%, 0).
For the same reason, we have for a > 0,
A(ro‘u(%, 0)) = [a(N +a—2)r*2 43— N —2a)r* 3 497192 4 TO‘_QAQ] u(%, 0), (24)
and
AQT‘O‘u( :{a(a 2)(N +a —2)(N +a—4)r* 4727892 + (14 — 2N — 4a)r*" 793
+[ala+ N =2)+ (3= N=20)(9— N - 20) + (@ = )(N +a - 6)|r*~%0?
+ [a (a+ N —2)(7 - N—2a)+(3—N—2a)(a—3)(a+N—5)]ra*5aT
+ [a (N+a—-2)+(a—2)(N+a—4)|r* 1Ay
(10— 2N — 4a)r*~I8gD, + 208007 + 12403 bu(, ).
(2.5)



In order to avoid the possible © term and preserve the derivative terms, we set « = 4 — N in
(2.5) above, by comparison with the equation (2.3), we can derive the following formula of the
A? operator on the Kelvin type transform, namely,

A%*%(%, g) =r~(N+4) [a;* +2(N —1)rd2 + (N — 1)(N — 3)r28? — (N — 1)(N — 3)r30,

+ (8 — 2N )’I' Ag + (QN - 6)7'3A98r + 27'2A983 +r Ag}u(*, 9)
r
=

T

—r_(N+4)A2u(p, 0)‘

By using the formula (2.6), we have,

(—)%ily) =A%y) =~ A0, 0)|

T

= Au(p,0)|
p=z

== e 6)|
8

=[u[¥=1u(y).
For any m > 1, to avoid the horrible details and inessential repeats, it is reasonable to give an

induction to reveal the scheme of the proof in the case of m # 2. Indeed, for some fixed a > 0,

A7 (ru(,0) =A (A", 6)))

N

~A{ T [a—2n)(N +a— (b + 1))]7«a—2<m—1)u(%, 0)
h=0

3

+ 7«@_4(7”_1)63(771—1)”(1’ 9) 4+ ...

m—2
T [(e—2m)(N +a—(h+ 1))]A(Ta*2<m*1>u(%, 0))
h=0
A(Ta 4(m—1) 62(m 1) (i 0))—|—A---
m—2

=TI 1 a—2h)(N+a—(h+1))]}- [(0 = 2(m — 1))(a + N — 2m)]-
h=0

/—Aﬂ

Ly s sminfozmul gy 1 ]

a—2m
u(r

r

H (= 2h)(N+a—(h+ 1))]r“*2mu(1, 0) + roimA™u(p, 0)

T ‘p:l

T

By using the same statement as that in the case of m = 2, we set a = 2m— N, and the conformal
invariance under the Kelvin type transform (2.2) holds. O
Let
wuly =€) =p~ "2 U™ (y—9)).

Then a simple algebra computation shows that:



Lemma 2.2 w,(y—¢) is invariant under the Kelvin type transform (2.2) if and only if > +|¢|* =
1.

Let k be a large positive integer and p > 0 be a small concentration parameter such that:

p=ovmk~2 N >2m+2
p=206k"3log %k, N=2m+1,

where J is a positive parameter that will be fixed later. Let
G=VI— 2 Y, =12k,
be the points that are arranged symmetrically as the vertices of a planar regular polygon. Set
Uily) =wu(y — &), =1,2,...,k

and

In order to find out sign-changing solutions for the problem (1.5). We follow the method of
[24] and use the number of the bubble solutions U; as a parameter. This was originally developed
by Wei and Yan in [31] for the critical problems with the presence of weights. We will show that

when the bubbles number k is large enough, the problem (1.5) admits a solution of the form:

u(y) = Us(y) + ¢(v)

where ¢ is a function which is small when compared with U,. With u being this form, the

equation (1.5) can be restated as
(=A)"¢ —p|U" '+ E—N(¢) =0 (2.7)

where p = m* — 1, and
E = (-A)"U, — |U. [P~ U,
N(@) = |Us + 6P~ (Us + ¢) — U~ UL = plU" 0.

We expect that for k large, the error term E will be controlled small enough so that some
asymptotic estimate holds. In order to get the better control on the error, for a fixed number

N >qg> %, we introduce the following weighted L¢ norm:
L N+2m—2N
([l == ([ (L =+ [y]) © h(y)ll Lo (2.8)

and
@l := 11+ [y[¥>™) () | Lo (rn)- (2.9)



Proposition 2.3 There exists an integer kg and a positive constant C' such that for Yk > ko,

the following estimates for the error term E hold true:

N
Ck'™ ¢ f N >2m+ 2
1B < { ' ¥ Nz 2m+ (2.10)

Clog™'k if N=2m+1.

Proof. We estimate the error in two steps. In the first step, we estimate the error in the exterior
region:
k k
EXT := (1) B¢, (n/k) := [ {ly — &1 > n/k}.
j=1 J=1

In the second step, we estimate the error in the interior:

k
INT = EXT® = | J{ly — &| <n/k} where n << L.
j=1
Step 1: (The estimate for the exterior region EXT). In order to use mean value theorem

appropriately, we write the formula of E as the following:

E =(-A)"U, — |U,|P'U,
k

k k
—(—A)"*[U - ZUj] ~|u - ZUJ-\’H(U -3 uy)

j=1
k k
=UP =Y UP - U= U=
j=1 J=1 '

Jj=1

¥

uv- Uk
= [lalta| =+ 0]
U ;
7=1

k k k
—_ UU—SZUJ»\’H(U—SZUj) +ZU§?], for s € (0,1),
= i=1

j=1
1Y
u-- U k k
where |$|p_1x‘U =t =U - Y UPNU - Y Uj) - UL
3=1 j=1

We split the exterior region into two parts, namely:

k
Ii={yllyl =2} and I11:={lyl <2} [ ({ly - &1 > n/k}]:
j=1



For y € I, we have == £J| ~ 1+\y| Thus
— k —2m _N-2m 4m
!E(?J)ISC{(lﬂyF) 2m+[zu%(u2+|y_€j‘2) g ]rzm},

j=1

i N 2m N—2m

D w2 WPy -4 ]

7=1
kaN 2m 2m

<c[(+y?) "+ L ]
( Yl ) (1+ |y?)2m Z|y é‘N om
N 2m

T2
1+\y! QWZ\y f!N 2

For y € 11, we have two cases:
Case 1. There exists 79 € {1,2,3,---,k} such y is closest to &;,, but far away from all the
other &;’s (j # ip) so that

|j — ol
ly — 631_2\ =&~

Case 2. y is far from all &’s , namely, 3Cy > 0 such that |y — ;| > Cy (1 < i < k).

In both of the cases, we have

kol

B SC{(L+ )™+ [0 - 6P) )
j=1
k

—2m _N-2m
(Do (W ly-gP) 7]
N, 72m N-—2m

N2 2
‘y_x’N (Po— } Z,y &[N -2m

N— 2m
[y — Tip| ford

2 *Qm om 1.4 e m_ 9 : “N?m
<C (1_|_|y| ) [ mk‘m—l—max{z 71’0‘47 kN=2m m}]} ZW
J#ei =1 ’

N—-2m

o 1
<C .
(1+ |y[?)2m ; ly — &|N2m

Hence, by combining the results above, we obtain the estimate for F in the exterior region

as:
| Bl xzxr) =[I(1+ |y|) (N T2ma=2N gy N raexr)

) (N+2m)g—2N

k
m 1+|‘ 1/(1
Sy / ( m
Zl[ g, /b (1 [y]) "™y — | (V-2 |

N 1d7" +oo (N1 1/q
<C,U = /n/kTN ) /1 r )dr]

O +EF2m=Ny < Ok'0 . if N >2m+1;

<
Clog™ 'k, if N=2m+1.



Step 2: (For the interior region INT.) In this case, we see that for Vy € INT, there
exists j € {1,2,3,--- ,k}, such that |y —¢;| < n/k. In order to make the integral region restricted
to the regular region centered at the origin, for this particular j, we define

N+4+2m

Ejly)=pn" 2 E(& + ny).

N-—2m
Note that u* 2" U;(& + py) = Uly) and for i # j, p" T Ui + py) = Uy — p(& —
&), where p7lg; —&[ ~ Gl

Since p2(1+ |y[*) < p?(1+ mf‘lk:*‘l) < C. We have

|E(y)]
]{7/_,[, N—2m N-—2m N 2m N—2m
SO‘U(y)%—Z‘;_i‘N_ZerM 2 U(&j“‘ﬂy’ Z|J ‘N o +p2 U(&j"’ﬂy))
i#£j i#]
ku N=2m \p N+2m
+Z<‘§)‘J\72m) +u 2 UP(E + )
i#]
‘( 1 )N*2m + N—2m ’P*l N—2m n N—2m,, + N+2m
2 . 2 2 2
< 1+ [y[? K 2 I K
N-—2m

N+2m‘

<C‘M S
S SN

N—-2m
/J, 2
C——.
T Lyt
Hence we get the estimate of the error E in one branch of the interior region as
N N+2m ~ 1/q
Blto-geniy <C[ [ [u5 5B )" ay]
lyl<n/(ku)
n/(kp)  .N-1 1/
SC[HN_qu/ T74dr:| 4
0 1 4 rémq

SCMZm . k*%+4m

Ck™, it N >2m+2;
<
Ck™4 log~*"k,  if N=2m+1.

At last, by combining the estimates in the exterior region and interior region together, we
get

k
|E|lwx <[|Ellwx@xT) + |Ellscznt) < [ EllsnmxT) + Z [ E s (j2—e;1<n/)
j=1

1-& .

Ck™ a, if N >2m+ 2;
<

-1 - —4m 1 .

C’(log k+k - log k)gClog k, if N=2m+1.

3 Linearization and gluing

In this section, we focus on the invertibility theory for a linearized equation and the proof of the

main theorem follows from the obtained series of propositions and lemmas.

10



We consider the linear operator Lg defined by
Lo(9) i= [(—A)" = pUP |6, with p=m"—1.
We consider the following linear equation
Lo(¢) = h. (3.1)

Then it is well known that (see [6]) the solution space for the corresponding homogeneous
equation

Lo(¢) =0
is spanned by the following N 4 1 functions,

n—2m
2

U.

v; =0y,U, 1=1,2,3,---,N; wvyy1=2-VU+
We also consider the linear operator L, of (2.7), that is
Lu(@) = [(=A)" = plU o, with p=m"—1,

Since the region is scattered around the vertices of the regular k-polygonal, the direct calculus
on this L, is not convenient. We introduce the following gluing procedure to split the working
space into the respective single branch by some cut-off functions, and the equation (1.5) will be
splitted into k + 1 equations with respective single branches or simple linear operator L.

Let ((s) be a smooth function satisfying

(1, 0<s<1/2;

¢(s) = ¢ smooth, 1/2<s<1;

0, s>1.

\

We define the cut-off functions as
(ol ™y = lwle] ), i Iyl = 1;

C(kn_l\y—é’j!)7 if |yl <1,

Giy) =

such that
G) = Glm) suplG) € lly =&l <kl =12,k

By means of the cut-off functions, we can split the equation (2.7) into a system comprised
of k 4+ 1 equations.
ko
Let ¢ = Z (bj + ¢:? = (ylayQ); y/ = (y37 e 7yN)7 we assume
j=1

_ _2r(=1) g .
¢j(2/73/,) = ¢1(6 i ﬁyay/)aj = 17 T 7k> (32)

11



~ 2m—N 7T Yy
$1(y) = ‘ ‘ ¢1(72)’ (3.3)
|yl
al(ylf”7?/87”')yN):gz;l(yl)”'7_y87'”)yN)7 8:2)3>"'7N7 (34)
and
[¢1]l« < p with p << 1, (3.5)

—2m

Ne2m ~
where ¢1(y) :==p 2 ¢1(&1 + py).
Then the equation (2.7) can be splitted into the following system:
(=A™ — p|lUP " Cids + ¢ [ —plUP Y+ E~N(Gj+ > i + 1/})} —0, j=1,-- k:
i#]

k k
(=A)™ = pUP M+ | = p(ULP~ =P (1= Y0 G) +pU T (Y )]
j=1

Jj=1

k k k
—plUL Y (1= + (1= GIE-NO_¢;+v)) =0.
=1 =1 j=1

(3.6)

3.1 The existence of ¥

In this subsection, we will focus on the existence of ¢ in the second equation of the system (3.6).

For this purpose, we first prove the following

Proposition 3.1 Assume that § < q < N, let h(y) be a function such that ||h|.. < +oc, and
/ wh=0, VI=1,2,-- N+1.
RN

Then the equation
Lo(¢) = [(—A)m —pUP ¢ =, (3.7)

has a unique solution ¢ satisfying ||¢||« < oo and
/ Urizip=0, VIi=12---,N+1.
RN
Moreover, there is a constant C depending only on q and N such that
18] < Clh]] k-

Proof. Let
H={¢pc Dm’Z(RN)‘ / Urlyp=0, Vi=1,2,---,N+1}.

Then H is a Hilbert space endowed with the inner product:

A2y (y) - A™ 20(y)dy if m is even;
Rn

/n [(VAmT_lu(y)) : (VAmTv(y))]dy if m is odd.



Moreover, for any 5 eH

(Log, 6) =((—=2)"¢,0) — p(U"' ¢, 9)
=< ¢,¢ > —p(UP1¢,0)
=< 6,6 > —(¢,pUP"19)
= (¢, Lo).

By the Sobolev inequality, LP estimates ( Caldéron-Zygmund inequality)(c.f.[13]), and the

iteration by m times, we get

<] © -2 dl+ 1AF6I3 +10l], s evens
O[I=2)"613 + VA" 63 + l9]3],  mis odd,

_feliarol - 1A% ol ol3). s evens
“Lefiarel3+1a™ ol + 193], mis oda,
_ [ CiCa o + 1aF 0+ ol]. s evens
S Leliar e AT el + 9l3]. s odd,
<.
<Cl6ll3.

Hence Lg is a bounded, linear and self-adjoint operator in (H , (- )) The Fredholm alter-
native in Hilbert space tells us that the closure of the range of the operator Lg is the orthogonal
complement of the null space of L = Lg. We have known from the beginning of this section,
the null space is actually spanned by {vi,ve, -, vn41}, therefore, the invertibility problem (3.1)

has a weak solution if and only if
(hyv;)) =0, for i=1,2,3,--- ,N+1,

which are exactly the assumption required in Proposition 3.1. It admits a weak solution ¢.

20 ' = - = p+1, by Hélder inequality,

Since ||hl|+«« < oo, we choose the pair r =

N+2m>
we have y L
m)q— q _ T q
Il <[ [ Jbioc @ 2mn¥ay gy ay)
RY RN (3.8)
<C||hl. < oo,
and o .
p—1 < N+2'm)r (p 1)7‘ N+2m (N+2m)r
ool <( [ o ¥ER)EE( ] )
2m
o ) ¥ 3.9
- ([ o) (39
RN

<C[¢llp+1 = Cligllm < CI(V)™ 9| = Clllla < oo

13



By (3.8) and (3.9), we have f = pUP~'¢+ h € L", and the weak solution can be represented by

the following equations

A?¢-A?w+/ fv=0, m is even;
R B e for V1) € H. (3.10)
/ [(VAngb) (VA™z zp)} + [ fy=0, misodd,
RN RN
Now we define the functional Ay : H — R by
A== [ 1.
RN
then
/ A%¢~A%¢:Af(z/}), m is even;
RN

—1

/RN [(VAm2 ¢)- (VAmT_ld’)] = Ap(v), m is odd.

Moreover, by Holder inequality, we know that

[Ar )| < 1 lellllp+1 < ClFl 1N -

Thus Ay is a bounded linear functional on the Hilbert space (H , (', )), by the Riesz’s represen-

tation theorem, there exists a unique ¢ € H such that
AZ¢- Az m is even,
/R i [(VA’”T’ZZ)) : (VAT"TM m is odd.
Consequently, we can define an operator A : L" — H, through the functional Ay, by
A(f)=¢, and < A(f),¢ >u= (f,¢), V¢ € H.
As a result, the equation (3.1) can be equivalent to
¢ = A(h) + A(pUT™'¢) = A(h) + A(7(9)),

where 7: H — L", ¢+ pUP~1¢, is a compact mapping by the rapid decreasing rate of UP~1.
Set B = Ao, then B is the operator from H to H. Moreover, it is easy to see that B is also
compact since it is the composition of the bounded linear operator and the compact operator,

hence the equation (3.1) can be rewritten as
(I - B)p = A(h).

Also it is natural to verify that B is also self-adjoint, and the Fredholm alternative applies.
Hence (I — B)¢ = A(h) has a solution if and only if

Vv € Ker(I — B), (I —B)v=0=A(0),

14



since A is injective.

Then, we obtain h = 0 with
A(0) € R(I — B) = (Ker(I — B*))* = (Ker(I — B))*.
Therefore the equation (3.1) is reduced to the homogeneous version, that is
Lo(v) =0,

where v can be written as the sum of v;’s,

N+1

v(y) =Y ar-u(y),
=1

with constants aj, a9, ,any1.

Recall the constraint of the H is such that

0 :/ UPty v = az/ UP~H(y)oi (y)dy,
RN RN
which yields the vanishing components
=0, [=1,2,---,N+1, and v=0, Ker(l—-B)={0}.

Hence, the orthogonal complement R(I — B) = H,
this shows the existence of ¢ by

(I—B)é = Alh),

and the uniqueness of ¢ by
Ker(I — B) ={0}.

In the following , we will show that
6]l < CllA] -
Set ¢g = ¢, the linearized equation (3.1) is equivalent to the following system:

( (_A)QS = ¢1,
(—A)o1 = ¢o,

| (=A)pm—1 =pUP "¢+ h.

By the elliptic regularity, we know that {¢;,l =0,1,2,--- ,m — 1} are all bounded in L*> norm,

and h is also bounded in the L*° norm. Moreover by the Local elliptic estimates, we have
1D?¢m—1llLa(zy) + 1DSm-1llLasy) + dm—1llLooy) < CllbllL2(3y) < Cllhllr < Cllhfls
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ID*¢illLacs ) + 1IDGillLacs , ) + ol ) < Clldrllias,) < Cllérllres,., )

m

l=0,1,--- ,m—2.

Hence
1928 1) < Cllgm—1ll < Cl[h]|xx.

Without loss of generality, we can write

19l1s5,, = 1+ [y 2™)$W) | e (1) < CllSllzoo(Br) < Clld]les-

To complete the estimate outside the unit ball, we make use of the Kelvin type transform

2mN

= |y| (| |2) And a simple algebra shows,

(—A)"6(y) — pUP (1) (y)
:‘y‘_(Qm-&—N)( )m¢( ) Up 1 ) |y’2m—N¢(L)

Y
lyl? lyl?
(2m+N) m Y (p=D)@m=N)prp—1 Y _y | 12m=N 0 Y
=[y|” (=8l 1) —ply] () [l o)
=y A s ol )

—|y| BN h(\;b) h(y).

It turns out that
(=A)"¢ — pu? ' é(y) = h(y).
Similarly, by using the Holder inequality and the local elliptic estimates, we have

. N+2m)q—2N 1/q m— 20
Bl < € [l oty lay) ™ < -+ )™+ bl = e
1

2

and
161l s, = (1 + N 2™l oo (Be) < Clll Loy < CllAllLagay) < Cllhlles-

Therefore, we get the estimate for ¢
1@l < N@llsp, + 1Qllepe < CllA]-

This completes the proof of proposition 3.1. O

Now we return to the existence and uniqueness of solution v for the equation in (3.6), which
can be simplified to
(=)™ — pUPp + (Vi + V) - + M () =0, (3.11)

where

o =) (1-320), = ($6)

Jj=1

16



k k

k
M) = -p|" Y (1= G)ai+ (1= G) [E- N & +w)], (3.12)

Jj=1 j=1 Jj=1
and

N(@) = |Uc + ¢|P " (U + 6) — U7 U — p|UJ" 0. (3.13)

Proposition 3.2 There exists some positive constants kg, C, pg, such that for Vk > kg, and ng
satisfying (3.2)—(3.5), with p < po. Then there exists a unique solution ¥ = U(¢p1) to (3.11)

satisfying the symmetries:

w(?)y?n"' Yy Yl 7yn) :@Z)@, 3,y YL, ayn)v
¢@a yl) :w((a?%j\/jlg, y/)7 ] = ]-727 e 7k - ]-7
o) ="

Moreover N
Il < CIRT 4 lnlZ], o N 22m 2

Il < C[1og™ k+ llgnl), if N =2m+1.
And the operator ¥ satisfies the Lipschitz condition

W (1) — W (¢?)|« < Cllp} — s

Proof. Notice that

(Vi Vo) + M (@) | (9) = o™ [0+ V2 0) + M) (5).

we digress to a general problem for (3.7) in Proposition 3.1, where h satisfies

h(?vy?)a"' s Yy ,?/N) :h(gvy?)a"' s YL, 7ZUN)’
h(???/) :h(e%ﬁguyI% J: 1727'” 7k - 17

We claim that (3.7) has a unique bounded solution ¢ = T'(h) such that there is a constant
C, depending on g and N satisfying

18]« < C|[]].
Thanks to the results in Proposition 3.1, it is sufficient to check
(h,vl):/ hvy=0, V [=1,2,--- ,N+1.

_ ou

From the assumption that h is even with respect to ys3, y4, - - - , Yn, and the oddness of v; = TR

it is natural (h,v;) =0 for [ =3,--- | N.

17



For [ = 1,2, we consider the vector integral
h
I:/ h| " :cN/ (yg\,_l A dy.
RN ) RY (14 [yl2)2 +m Y2

(z,2) = (e V7 Ig,1),

Let

by the invariance of h and the integral I under this change of variables, we know that

GTH.IZCN/ e
(L fy2) =T L

h(z z
S U R
RN (1+ |Z|2) 2 29

=I,

which yields I = 0, since e T V-1 # 0 for k > 2.
For | = N + 1, we define a function I(\), for A > 0, by

N—-2m

10 =X [ U0y
RN
By changing the variables y +— 2z = #, we have

N

1(n) =22 /R UOwh()dy

_ (Mo AY oY y
V5 [ vty

[yl Myl
(1) -1
—07)F [ U0y
=I(A7Y) =g(N),
which shows
/ / 1 ! ]‘ /
I'l)y=4(1) = —ﬁf(x)h_l =—I'(1).

Thus
0=1'(1) = (h,un11),

Up to now we have verified that all conditions of proposition 3.1 are satisfied, hence
T(h) = [[¢]l« < Cl[hll,

and T is a bounded linear operator.

Now we return to our problem, take h = (V4 V2)¢ + M (%)), then the unique existence of 1)
is reduced to the survey of the fixed point of an operator M from the complete space X to itself,
where X denotes the linear space with bounded norm || - || and all symmetries in Proposition

3.2. For this purpose, we consider the following fixed point problem:
b= =T[(Vi+1a) + M(¥)] == M(), ® € X.

18



By the uniqueness result of Proposition 3.1 and fact that

wl(y):¢(yay37"'7_yl7"'7yN>7 l:3747"'7N;
Vi) = (e TV naaly) = !y\zm_Nﬂ)(ﬁ)

satisfy the 1)— equation in (3.7), we obtain that

=1 =4, = YN,

which are exactly the symmetries required in Proposition 3.2.
Throughout the last part of this section, we will prove that M is a contraction mapping.
This crucial conclusion is derived from a series of estimates of Vi, Vi, M respectively.
Recall

V= () (1236,

j=1
k
then the multiplier (1 -3 Cj) shows that suppV; C EXT.

7j=1
By using the similar arguments as in the discussion of Step 1 in Proposition 2.3, for y €

EXT, there exists s € (0,1) such that

R R R

<clvipu)|-[1+ ")

<Cllell Vi) U )|
<Clvll ) - . w)|uw)
k ok
el Uw|vw) s uw| [ Y i)
i=1 j=1

Note that EXT = I\JII. For y € I, we have p? + |y — &;|2 ~ 1 + |y|?, hence

k
N-—2m
> Uily) <Chkp = " U(y)
=1
CE*™ =Ny (y) < CU(y), N > 2m +2;

Ck™2log ' k-U(y) <CU(y), N=2m+1.

For y € 11, we have

K i N—-2m 1 W
Ui(y) = o2 -
; ®) ; (M2+’y_§i’2)
N—-2m N—-2m
<Ck-k 72 u =

2m+2—N

CKE <0 <CU@R) <CU(®y), N >2m+2;

Cloghk)™2 < CU(2) < CU(y), N =2m+1.
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Combine the obtained results for I and 11, we have

k
Ui(y) <CU(y), Yye EXT. (3.14)
2

Put (3.14) into the estimate of |V1¢|, we obtain, for y € EXT,

e

Vi) ()| <ClIullUP(y) - (D Uily))

=1
N—-2m

k
1 om 2
SCIWH*(W)Q Z\yfém
=1

At last by using the similar arguments as in the the Step 2 of Proposition 2.3, we know that

1—-N
a, N >2m + 2;

V1]l < .
Clog " k, N =2m+ 1.

Now we turn to the estimate of V5 - . Recall
k
V= (306).
j=1

k
The multiplier ( Q) shows that the support of V5 - 9 lies in the annular region, namely,
=1

j
suppVo C INT C {y‘“y[ —V1—p?| < %} := ANN.

By the argument of measures, we obtain

k
Vel SOl D NUPG ey e 1<rmy

j=1
<C||¢||« - meas(ANN)
N
<C||gll - kN < Cllpllk e

The discussion of M (v)) will be more technical, since the operator M is not linear as V; and
Vo are. We introduce the following notations to simplify the presentation of M (1)).

Define
k

k
My = —p|US 7= ey Ma=(1-Y ¢)E;
j=1

j=1
k

k
Ms(y) = (1= N )+ ).
J Jj=1

—1

Then the nonlinear operator M (1) can be rewritten as

M () = My + Ma + M3(¥)).
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For Mj, apply the estimate of the exterior region, we have

k
-1
1Ml <€ Z | ‘U*‘p ¢j“**(\y—sj|>n/k>
j=1

N
Cllyllk' "7, N >2m+2
Cll||«log ™ k, N =2m+1.
The estimate for My is the same as that for the error term E.

For Ms3(1)), we have
suppMs(yp) C EXT.

Recall the formula of N, by means of the mean value theorem, there exist s,¢ € (0,1) such

that

k k k k
NG+ |0+ 30 o7 (Ot o) = O Ul (D )
j=1 Jj=1 J=1 J=1

-

k
o+ 08+ P = P (38 )

k
:p|U*+tSZ )P 2|Z¢J+w|
j=1 7j=1

We restricted N to the exterior region, by the proof of Step 1 in the Proposition 2.3, we

have
. Cllén)l.U(y);
DO R LN
Jj=1 Z‘y_é‘.‘N—Q‘
j=1 !
Hence

k k

1M3(9) e =11 =D ¢) Zcbg + )l

]_ :

Mw

<CINCO_ 65+ ©)llwsoxry
7j=1
<C||[U« |+|Z¢;|+I¢I |Z¢J|2+|w! [
7=1

N-2

k
_ o2
<RI 3 g g maloans, + OO oo
=1

Cll¢n]? kl” +O|v)2, N >2m+2
Cllé1|2log ™ k + Cllw|% N =2m+1.
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Summing together the obtained estimates above, we have

[ M (D) [l <Ml + (| M2l + [ M3(0) [ s
N N
C(k' ™0 + el 2' 0 + [[w2), N >2m+2
C(logf1 k4 ¢l2log™  k + Hsz), N =2m+1.

On the other hand, for any 1,2 € B,» C X, by the mean value theorem, there exists some
s,t € (0,1) such that

M (9h1) = M (2)[|ax =[|M3(1) — Ma(t)2) |

k k
<CINCO_ dj+v1) = NOO_ 65 + ) ey

=1 j=1

k
=C||p|U. + Z o+ (¢ — 1/12)‘17_1(1/11 — o) — p‘U*‘p_l("L/fl — ¥2) |l px

j=1

k k
<C|||U. +tZ$j +ts(¢r — ¢2)‘p_2 | chg + s(1pa)| - |1 — ol pxy

j=1 Jj=1
<C(lgalls + 1 = all) 1 = P2lls - 1UP[|ax xry
<Cpl||1 — 2|«

More generally, we have

M1 = )l =l = T[(Vi + V2) - (11 — 2) + (M (%1 — %2))] |
<C[I1(Va +V2) - (1 = a)lles + | Ma(ip1) = Ma (W)
1_N

Cka +p)llr —Y2|ls, N >2m+2;
C(log ' k+p)llr — ¢olls, N =2m+1.

Choosing kg large enough and pg small enough, then for any k& > ko and p < pg, it holds:
1-N
Cka +p) <1,
C(log 'k +p) < 1.
Hence M is a contraction mapping from the small ball in X to the ball itself. The Banach fixed
point theorem gives the unique existence of . O
3.2 The existence of ¢; in (3.6)

In this subsection, we will turn to study the first series of equations (3.6):
(~A)"G; = plUPT G + G| = U0+ B = N (G + i +w)| =0, j=1, .k
i#]
Indeed, these equations can all be reduced to the ¢1— equation by means of the changing of the

variables, that is the equation:
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(=A)"p1 — UL 11 + 1 [ —p|UP Y + E — N(1 + Z&i + ¢)} =0.
il

In order to simplify the horrible formula above, we introduce the following new notation N, h:

N(¢r) = p(|hP~" — |U*|p_1C1)§Z~51 + Q1 [ —p|UP" Y + B — N (¢ + chz + TP)};

i#1
h=CGE+N(¢1);
where h is even with respect to each of the variables yo,ys3, -+ , yn and satisfies
~ o m)T y
h(y) = [y~ N h(=5).
[yl
Then the ¢1— equation can be simplified as
[(—ay™ = ploa" "]y + R = 0. (3.15)

Recall the definition of p,
§= oz 2, N >2m+2,
pw=062k"3log™ %k, N =2m+ 1.
We know that p is relevant to §, hence

_ Jen (GE+N(91))ons1 [ hon 41

p—1~2 B p—1~2
f]RNUl UN+1 fRN Ul vy

CN_|_1(5) .

is also a variable relevant to 4.

By the argument of changing variables through translating and scaling, we can get the
equivalence between equation (3.15) and equation (3.7).

Consider the result of Proposition 3.1, it is evident to assert that, the unique existence of 51

is equivalent to the verification of the following series of conditions

/%,_/ hoyy =0, 1=1,23,---,N+1.
RN RN

From the formula of ¢y11(d), we know one of the conditions holds

/ fffﬁ]\[.ﬂ =0¢& hUN-i-l =0« CN+1(5) =0,
RN RN

under a selected positive number 6.

And the existence of this particular ¢ is granted by the following lemma (see [24])

Lemma 3.3 We can write the § related fRN ﬁﬁNH in the following form as

/N hioy 1 =
R

) 1
AN*[(sa]\] — 1] +II€]\77—m

N—om Or(9), N >2m+2;

Tlog [baz —1] + =—=—6x(6), N =2m+1,
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where O (0) is continuous w.r.t § and uniformly bounded as k — oo, Ay = prN UP~Yon,1,

with the positive number

k
N-—2m _, 1 1
2 2 k]ggo N —2m ]222 e N >2m + 2;

anN =

V2 lim

1 & 1
, N=2m+ 1.
k—oo klogk; &1 — &l

In fact, by Lemma 3.3, we can see that for § small enough, fRN ?L'IFNH < 0, while for ¢ large
enough, fR N EﬁNH > (. By the continuity arguments with respect to d, we can always find some
do > 0 such that [py hin41 = 0.

For the simplified version (3.15), and for this particular dg, we give the following theorem to

complete the unique existence problem of splitting system (3.6).

Proposition 3.4 For h given above, assume in addition that

N+

N+2m ~ . .
hy) ==p 2 h(§+py) satisfying  ||h]le < oo

Then the equation (3.15) has a unique solution ¢ := T(h) that is even with respect to each of

the variables ys,ys3, - ,yn, and is invariant under the Kelvin type transform.:
~ 2m—-N~7, Y
o(y) =y o (),
[yl
and

o ¢UP oni1 =0, with (|l < O[]«

where ¢(y) = ng(fl + py)-

Proof. By Lemma 3.3, we have

/ hUN+1 = 0.
RN

It follows from the oddness of vo,vs, -+ ,vny and the evenness of h that
hv; =0, j=2,3,---,N.
RN

In the following, we only need to prove that fR ~ hv; = 0. However, this needs some toiling work,
since we do not have any symmetry of A with respect to the first component ;.

Define an integral I(t) and w,(y) as

N—-2m 1

I(t) == /RN wu(y — t&)h(y)dy, wuly) =p~ 2 U 'y).
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Then the direct calculus gives,

51 Yy — tfl Y — fl _N—2m _ N+2m
I'(l) = — =.U -h SpT 2 apT T2 dyl,
( ) RN W ( o ) ( I ) ‘t—l

o (3.16)
© RN

_ o Vi-p / hor
M RN .

Changing the variable y — z = ‘y%, we obtain
_ m)r, Y
10) = [y — €0l 2Ry
RN |
Y 2m—N7
= wy(—5 —t&1) |2 h(z)dz
[l = el Vhe)
2 _N-—2m

_/ ( Iz )szmpNA;,im “ &1 i 7 } Ty
T NP/ TN T ela Rl Gl 2 )2 o

= /RN wu(t)(y - S(t)fl)ﬁ(y)d%

where

I t
)= "o s(t) = .
M= g Y T e

Take the derivative on both sides of the formula of I(t), we get

1) =[ [ty =509 Fwdy w0 =€} [ 04 (v = 5060 v/ )] _,

N ~ V1= 2
=24 /RN on1(y)h(y)dy — TM(QMQ -1) hvy

RN
/1 — 12
:M(2u2—1)/ hv;.
H RN

Compare (3.16) and (3.17), we have
/1 — 12 1— 2
v / hvy =T1'(1) = o (2p® — 1)/ hvy,
K RN 2 RN

and the equality holds if and only if fRN hvy = 0, this is what we need at last.

(3.17)

Apply Proposition 3.1, we see that if hisa general function satisfying all the symmetries in
Proposition 3.2, then there exists some unique solution 5 =T (ﬁ) that is even with respect to

each of the variables yo,ys, - ,yny and
16ll« = [|Th]l+ < C|R]+x.

However, this R in our problem (3.15) is not general, but relevant to ¢, itself, which tells us
the direct application of the Proposition 3.1 can not work. We need to emulate what we have

done in Proposition 3.2, that is to construct a contraction mapping, then the Banach fixed point
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theorem will give the answer to our problem. Since h= G E+ N(¢1), we define an operator M
by
M(¢1) =T (GE + N(¢n)).
Then the unique existence of the solution ¢ is reduced to the existence of a fixed point of a
contraction mapping M.
In the following, we split (1 F + N (¢1) into several shorter terms and estimate these terms

one by one. Define

fu=pGUP = UPTY) i foi= (1= COUP o

k
f3 = —pCl‘U*‘piliﬁ(@); Ja= CIN(Zgj +U(¢1)); 5= CQE,

j=1
and
~ n+2m .
fl(y) =p 2 f2(§1 +:U’y)72 = 172737475'
Set
. 5
h=>fi
=1

Thanks to the multiplier (7, we know that
suppfj C {y|ly — &| <n/k} =1 INTy C INT, j=1,34,5.

For f;, we have

k
|fiw) S‘p\U(y) Y Uy +p e —€) —n' 2 UG+ )" - pUp’l(y)) o1 ()]
j=2
k
<O U@y +p 6 &) +n" 2 UG +uy) + U
j=2

N TR UG + ) + U W) - U) - 6]

N—2m
N-—2m 1

2
<Ol U™ (W) w2 < Clorllg

Thus we can proceed the same discussion of Step 2 in Proposition 2.3 and obtain

N
Clloillk «, N >2m+ 2,
||fl||** = Hf]-||**(INT1) S 1 (318)
Cli¢il<log™"k, N=2m+1
Similarly, with the application of the estimate of ¢ in Proposition 3.2, we can get the estimate

of fs, f4, fory € INT} :

N—2m

| Fa(y)| <CUP~ 1™ 4o(61) oo
N—2m
<CUP 'z [l
—2m _ N 1
TR 4 o)D) ey N> 2m4 2
< 1+ |yl
o N-2m 1 9 1
Cp 2 (log k+‘|¢l||*)w, N >2m+1,
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and

N
CT +anl?), Nz 2me+
e ( - )2 (3.19)
Cllog ™ k+ ||¢1]2), N=2m+1,
_N
Ll < CIOEE T+ CIWIE, N > 2m 2
4lxx >
Clorllog™ o+ Cllwl, N > 2m +1,
2,1-N 2 1-N.2 (3.20)
<) Cllenlek™ e + Cllonlls 4+ k7 0)" - N> 2m+2;

Cllgr]2log™ k+ C(|¢n]|? +log ™" k)?, N >2m+1.

The estimate of f5 can be directly derived from the error term E

Ck'™4, N>2m+2;
/5] < . (3.21)
Clog "k, N=2m+1.

For fs, we know that
|f2(y)| = [C1(uy + &) — 1] - UP™L - || < CUP|n]s,

hence

m)g—2n, _ N+2m ~ ’I’L—gl 1/q
falle <C[ [ (g ey fy gy
ly—&1[>n/k H

<C [M_ N g (N+2m)g—2N | /+O° r(N+2)q—2N—(N—2)pqdr} Y (3.22)
n/ (k)

N+2

<Cu'FTE <Ok

Sum all the estimates obtained above, we can see that for (;AS7 qgl, q/b\g € B,(0) Cc X,

C'™T +8].), N >2m+2;

5
M)« <CS 1£i()]lar < -
; C(log ' k+¢l:), N>2m-+1.

and

4
IM(G1) = M)l <C S 1fid1) — fi(B2) s

i=1
Ok + 10l + 12131 = dall., N = 2m 42
C(k™5 +k og™ bk + dlls + B2l 161 — dallo, N =2m+1,
=J|l¢1 — dalls, with J <1.
Hence M is a contraction mapping from B,(0) to B,(0), for k is large enough and p is small

enough. By the Banach fixed point theorem, there exists a unique solution 51 of the equation
(3.15). O
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3.3 The Proof of the Main theorem

Since we are looking for the solution with the form:

u(y) = Us(y) + o(y),

with u being this form, our equation (1.5) can be restated as (2.7). Then for ¢ = Z?Zl g?)j + 1,
by means of the cut-off functions, we split the equation (2.7) into a system equation of ¢;,j =
1,2, ...,k and ¢ (see (3.6)). In this way, the original problem is reduced to prove the existence of

1 and ¢~>j, j=1,2,..., k. These are done in Subsection 3.1 and Subsection 3.2 , respectively. Thus
k
for any k > ko, we get the sign-changing solution uy = U, + ) ¢; + ¢ for the poly-harmonic
j=1

equation (1.5). This completes the proof of the main theorem. ]
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