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Abstract

For any rank 2 of simple Lie algebra, the relativistic Chern-Simons system has
the following form:

N1
Aup 4 (37 Kye — Y07 Z§:1 eV Ky;e Kj) = 4r Z Sy,

N inR%L(0.1)
Aus + (Zle Koje¥i — Z?Zl 25:1 e Ko K;j) = 4w Z dq;

j=1

where K is the Cartan matrix of rank 2. There are three Cartan matrix of rank
2: Ag, By and Ga. A long-standing open problem for () is the question of
the existence of non-topological solutions. In a previous paper [0], we have proven
the existence of non-topological solutions for the Ay and By Chern-Simons system.
In this paper, we continue to consider the Go case. We prove the existence of

N Ny
non-topological solutions under the condition that either N, ij =N Z qj or
j=1 J=1

Ny Na
No ij % leqj and N1, Ny > 1, [Ny — Na| # 1. We solve this problem by
j=1 J=1
a perturbation from the corresponding Go Toda system with one singular source.
Combining with [0l], we have proved the existence of non-topological solutions to
the Chern-Simons system with Cartan matrix of rank 2.
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1 Introduction

1.1 Background

There are four types of simple non-exceptional Lie Algebra:A,,, B,,, C,,, and D,,
which Cartan subalgebra are sl(m + 1), so(2m + 1), sp(m), and so(2m) respectively. To
each of them, a Toda system is associated. In geometry, solutions of Toda system is
closely related to holomorphic curves in projective spaces. For example, the Toda system
of type A,, can be derived from the classical Pliicker formulas, and any holomorphic
curve gives rise to a solution u of the Toda system, whose branch points correspond to
the singularities of u. Conversely, we could integrate the Toda system, and any solution
u gives rise to a holomorphic curve in CP" at least locally. See [, [EI] and reference
therein. It is very interesting to note that the reverse process holds globally if the domain
for the equation is S? or C. Any solution u of type A,, Toda system on S? or C could
produce a global holomorphic curves into CP". This holds even when the solution u has
singularities. We refer the readers to [E] for more precise statements of these results.

In physics, the Toda system also plays an important role in non-Abelian gauge field
theory. One example is the relativistic Chern-Simons model proposed by Dunne [, [T,
[ in order to explain the physics of high critical temperature superconductivity. See
also [[¥], [[@] and [20].

The model is defined in the (2+1) Minkowski space R'?, the gauge group is a compact
Lie group with a semi-simple Lie algebra G. The Chern-Simons Lagrangian density L is
defined by:

L= —ke"Ptr(0,A,A, + gAuAVAp) — tr((Dug)' D*¢) — V (¢, ¢)

for a Higgs field ¢ in the adjoint representation of the compact gauge group G, where
the associated semi-simple Lie algebra is denoted by G and the G—valued gauge field A,
on 2 + 1 dimensional Minkowski space RY? with metric diag{-1,1,1}. Here k > 0 is the
Chern-Simons coupling parameter, tr is the trace in the matrix representation of G and
V is the potential energy density of the Higgs field V (¢, ¢') given by

V(6,6 = tr({16, 6101 — 6) (16, 6']. 6] — *0)),

where v > 0 is a constant which measures either the scale of the broken symmetry or the
subcritical temperature of the system.

In general, the Euler-Lagrangian equation corresponding L is very difficult to study.
So we restrict to consider solutions to be energy minimizers of the Lagrangian functional,
and then a self-dual system of first order derivatives could be derived from minimizing
the energy functional:
D_¢=0
F+— = ]%2 [U2¢ - [[gbv ¢T]a ¢]a Clﬂ )

where D_ = D1 — iDQ, and F+_ = 8+A_ - 3_A+ + [A+,A_] with A:t = Al + Z’A27
0+ = 01 £ 10,. Here 0; and D; are respectively the partial derivative and the gauge-
covariant derivative w.r.t z;, i = 1, 2.

(1.1)



In order to find non-trivial solutions which are not algebraic solutions of [[¢, ¢], ¢] =
v2¢, Dunne [] has considered a simplified form of the self-dual system (D) in which
both the gauge potential A and the Higgs field ¢ are algebraically restricted, for example,
¢ has the following form:

¢ = ¢"E,,
a=1

where r is the rank of the Lie algebra G, {E4,} is the family of the simple root step
operators (with £_, = E), and ¢* are complex-valued functions.

In this paper, we consider the case of rank 2. Let
ug = In |¢"|.
By using this ansatz, then equation () can be reduced to
Ny
Auy + 35 (30, Kye = Y0, Y7 e Ky Kij) = 47 Y 6y,

v in R?, (1.2)
2
4 . i j
Augy + 112_2(212:1 Kye" — 25:1 Z?zl " Ky Kyj) = 4 Z 0,
i=1

where K = ( gn glz ) is the Cartan matrix of rank 2 of the Lie algebra G, {p1,...,pn, }
21 S22
and {qi,...,qn,} are given vortex points. For the details of the process to derive (I2)

from (IM), we refer to [],[24],[B8] and [BA]. In this paper, without loss of generality, we
assume Z_; = 1.

It is known that there are only three types of Cartan matrix of rank 2, given by

A, — (_21 _21) By(=Cy) = (_22 _21) G = (_23 _21) 13

In the previous paper [0], we have constructed non-topological solutions in the case
of Ay and Bs. In this paper, we will construct non-topological solutions for the G case,
i.e. the following equation:

Ny
Ay 4 2e™ — e¥2 = 4?1 — Qe2u2 4 ptu2 4 4 Z Op,
=1
g (1.4)
Aug + 2e¥2 — 3e™t = 4e?v2 — Ge?™1 — Jemrtuz 4 Ag Z Og; -
=1

1.2 Previous Results

In the literature, a solution u = (uy, us) to system () is called a topological solution
if u satisfies

2
Uq(2) = an(K_l)aj as |z| = 400, a =1,2,
j=1



and is called a non-topological solution if u satisfies

Uq(2) = —o0  as |z] = 400, a=1,2. (1.5)

The existence of topological solutions with arbitrary multiple vortex points was proved
by Yang [B4] more than fifteen years ago, not only for Cartan matrix of rank 2, but also
for general Cartan matrix including SU(N + 1) case, N > 1. However, the existence of
non-topological solutions is more difficult to prove. The first result was due to Chae and
Imanuvilov [@] for the SU(2) Abelian Chern-Simons equation which is obtained by letting
u1(2) = ua(z) = u(z) in the Ay system where u satisfies

N
Au+e'(l—¢e") = 47T25P1 in R (1.6)

J=1

Equation (8) is the SU(2) Chern-Simons equation for the Abelian case. This rela-
tivistic Chern-Simons model was proposed by Jackiw-Weinberg 1] and Hong-Kim-Pac
[[@]. For the past more than twenty years, the existence and multiplicity of solutions
to (CH) with different nature (e.g. topological, non-topological, periodically constrained
etc.) have been studied, see [B], [@], (6], [B], [@], @3], [22], [23], [E], [EF], [E9], [B0], [B1],
[B2], [B3] and references therein.

In [@], Chae and Imanuvilov proved the existence of non-topological solutions for (ICA)
for any vortex points (pi, ..., py). For the question of existence of non-topological solutions
for the A, system , an “answer” was given by Wang and Zhang [B3] but their proof contains
serious gaps. In fact they used a special solution of the Toda system as the approximate
solution, but they did not have the full non-degeneracy of the linearized equation of the
Toda system and their analysis for the linearized equation is incorrect. Thus, the existence
of non-topological solutions has remained a long-standing open problem. Even for radially
symmetric solutions (the case when all the vortices coincide), the ODE system is much
more subtle than equation (IT8). The classification of radial solution is an important issue
for future study as long as bubbling solutions are concerned, see [@], [8], [B], [@], 3], 2],
(23], (23], (28], (B3], [B2], [B4] in this direction.

For the rank 2 Chern-Simons system of Lie type, Huang and the second author [[4, [F]
studied the structure of radial solutions. Among other things, they proved the following
result:

Theorem A If (uj,usy) is a radially symmetric non-topological solutions to the rank 2
Chern-Simons system of Lie type with all vortices at the origin, then

ur(r) = —2aq logr + O(1), ug(r) = —2aslogr + O(1) (1.7)
at infinity for some oy, ay > 1. Futhermore,
J(a1 - 1,0&2 — 1) > J(Nl +1,N2+ 1),

where J(z,y) is the quadratic form associated to K.

For the existence of non-topological solutions of radially symmetric solutions, recently,
in [B], Choe, Kim and the second author proved the following result:

4



Theorem B If (ay, ay) defined in (IC2) satisfies

—2N1—N2—3<C¥2—O[1<2N2+N1+3,
2000 + g > N1+ 2No+ 6 and o + 2a9 > 2N; + Ny 4 6,

then the A, Chern-Simons system has a radially symmetric solution (uq,us) subject to
the boundary condition (IZ2).

For general configuration vortices in R?, we first got the existence of non-topological
solutions for the A, and By Chern-Simons system by perturbation from the A, and Bg
Toda system with a singular source. In [0], we proved the following:

Theorem C Let {p]}J 1 {412 C R2. If either

NZij NIZQJ ’

or

1 2
) Ny ij + le:qj and Ny, Ny > 1, [Ny — Ny| # 1, then there exists a non-
j=1 j=1
topological solution (uy,us) of the Ay and By Chern-Simons system respectively.

1.3 Main Results

In this paper, we continue our work on the rank 2 Chern-Simons system. We consider
the remaining Gy Chern-Simons system. We give an affirmative answer to the existence
of non-topological solutions for the system with Cartan matrix Gs. Our main theorem
can be stated as follows.

Theorem 1 1. Let {pj}] 2 Aa Y2 CR2If either

(a) NQij = leqj ;
p p

or

(b) Ny ij #+ leq] and N1,Ny > 1, [Ny — No| # 1, then there exists a non-

topological solutzon (ul,ug) of problem (I3).

Remark 1.1. Note that if N = 0 or Ny = 0, by translation, assumption (a) in Theorem
2 is always satisfied.

Non-topological solutions play very important role in the bubbling analysis of solutions
to (A). Therefore, our result is only the first step towards understanding the solution
structure of non-topological solution of (I22). For further study on non-topological solu-
tions for the Abelian case, we refer to [B] and [(@].



We will prove Theorem I in three cases which we describe below:
Assumption (i): ij = qu , N1 = Ny; (1.8)

N1 N2
Assumption (ii): N, ij =N qu ; N1 # Ny, Ni, Ny #1

j=1

Ny No
or Ngzpj 7é leq]‘ , |N1 — N2| 7£ 1 s Nl,NQ > ]_, (].9)
j=1 j=1
Assumption (iii): N ij N, Zq], N1 # Ny, Ny=1or Ny =1. (1.10)

If we can prove the existence of non-topological solutions under the above three assump-
tions separately, then it is easy to see that Theorem I is proved. So in the following, we
will prove the theorem under the three assumptions respectively.

1.4 Sketch of the Proof

In the following, we will outline the sketch of our proof. We follow exactly the same
idea as in the proof for the Ay and By case.

As in [0, we will view equation () as a small perturbation of the Gy Toda system
with a singular source.
After a suitable scaling transformation, the system () is transformed to

AU1+H |z —epjlPe 201-Us o
DRI | epy 2 L I — ey I £ — gl
o (1.11)
AU, + 1122, |2 — £ 2e2V2 730 o
= 2271102 |2 — eqy]'e 402 ~601 — 312 |2 — eq;|PTI |2 — epy|2eV2 U1,

When ¢ = 0, we obtain the following limiting system

AU, + |z]2M1e200-02 — () in R2
AT, + |2[2M2202-300 — (i R2 (1.12)
fRQ |Z‘2N1€2U1—U2 < 400 , fRQ |Z|2N2€2U2_3U1 < +00

which is the G Toda system with a single source at the origin.

An immediate problem is the classification and non-degeneracy of the above system.
In [E0], Lin, Wei and Ye obtained the classification and non-degeneracy results of the
SU(N + 1) Toda system with singular sources. In [B], we use the results of [E] to obtain
a complete classification and non-degeneracy of the G, Toda system (CI2). In fact, the



Toda system with Go can be embedded into the Ag Toda system under suitable group
action. The solutions to (ITI2) depend on fourteen parameters

(a, /\) = (043,1, C43,2,C52,1, 52,2, C53,1, C53,2, C54.1, C54,2,
Ce61,15 61,2, C62,15 C62,25 A4, )\5)-
The dimension of the linearized operator is fourteen.

The main difficulty of dealing with system is the large dimension of kernels. There are
no explicit formula for the coefficients, except in the case Z;V:ll p; = Zj\fl g , Ni =Ny
which can be considered as the reminiscent of the SU(2) scalar equation. To get over this
difficulty, we make use of the two scaling parameters for solutions of the Toda system and
introduce two more free parameters . Instead of solving the coefficient matrices for fixed
scaling parameters, we only need to compute the two matrices in front of the two free
scaling parameters we introduce.

Now let us be more specific. The term of order O(e) will satisfy (228) and (EZ29) in
Section 4. The O(¢?) term will satisfy (2230). In this O(g?) term 1, we introduce two
free parameters &, & which play an important role in our proof. See Section B and B.
At last the solution we find will be of this form

U=Up+ eV + el + v, (1.13)

where Uy, = (Uyp, Usp) is the solution of (II2), and b denote the parameters (), a) for
simplicity of notations. In order to solve in v, we need to solve a linearized problem:

A¢1 T ’Z|2Nle%l~]1,o—(:f2,o (2¢1 _ ¢2) — fl (1 14)
Ay + 2Mie2207 000 (26 — 361) = fy |

where f; and fo are explicitly given. Due to the existence of the kernel of the linearized
equation, (fi, f2) must satisfy some extra condition in order to have a solution. See Lemma
22 for the necessary and sufficient condition. After that, we use the Liapunov-Schmidt
reduction method to solve the nonlinear equation. It turns out that we can choose the
perturbation a and A such that we can get the solution.

Now we comment on the technical conditions. In the proof, we will choose (A4, As5) first,
depending on the assumptions. In general, the reduced problem for a has the following
form

1 1
gBa+gAa-a—|—Qa+O(|a|2)—|—ao = 0O(e), (1.15)

where A, B, Q are matrices of size 12 x 12, and a, € R*2. Furthermore, the matrix Q can
be decomposed into

Q=8&Q1+&Q+ T (1.16)
where & and & are two free parameters. As we said before, we shall not attempt to
compute the matrices A, B and 7. Instead we focus on the two matrices Q; and Q. All
we need to show is that at least of one of these two matrices is non-degenerate.

N No
In case (a) of Theorem [, i.e. N ij =M qu, by a shift of origin, we may
j=1 j=1

Ny Ny
assume that ij = Z ¢; = 0. In this case, the e—term eV vanishes and both A and
j=1 j=1



B vanish. If Ny # Ny, N1, Ny # 1 or N; = Ny, then ay vanishes and we obtain a reduced
problems (in terms of a) as follows:

Qa+ O(|al*) = O(e). (1.17)

If Ny # Ny, Ny = 1, or Ny = 1, we use a different O(g?) approximation 1 in (ICI3) and
we obtain the reduced problem as follows:

Qa+ O(|al*) +ag = O(e). (1.18)

See Section B. In both cases, we can show that the matrix Q is non-degenerate and ([CI3)
can be solved by contraction mapping.

N1 N2
The case (b) is considerably more difficult. Since Nj Z p; # N1 Z q;, the e— term
j=1 J=1
exists and presents great difficulty in solving the reduced problem (IIH) in a. To show
that B = 0, we need |N; — No| # 1. To show that the ay term vanishes, we need
N1, Ny > 1. In this case the reduced problem now takes the form

“Aa-atQa+O(aP) = 0(c). (1.19)

where Q has the form of (II8). By choosing large &; and & = 0, we can solve (CI9) such
that |a] < O(e).

In summary, the technical condition we have imposed is to make sure that B = 0 and
that the quadratic term %Aa -a and the O(1) term can not coexist.

The organization of the paper is the following. In Section B, we present several impor-
tant preliminaries of analysis. We first formulate our problem in terms of the functional
equations (Section EI). Then we apply the classification and nondegeneracy result of Go
Toda system (Section E2). In Section B33, we establish the invertibility properties of the
linearized operator. Finally we obtain the next two orders O(e) and O(e?) in Section ZA4.
In Section B, we solve a projected nonlinear problem based on the preliminary results
in Section 2. In Section H, we prove our main theorem under the Assumption (i). In
Section B, we prove the theorem under the Assumption (ii). In Section B, we prove the
theorem under the Assumption (iii).

2 Preliminaries

In this section, we consider the following G system in R?:

N1
Auq + 2e™t — g2 = 4e21 — 22Uz 4 ptrtuz 4 Ag Z Op,
=1
J N, (2.1)
Augy + 2e%2 — 3e¥t = 4e?v2 — Ge?™1 — Jemrtvz 4 Ag Z Og; -
j=1



2.1 Functional Formulation of the Problem

Defining

N1 N2
u1:Zln|z—pj|2—|—ﬂ1, u2221n|z—qj|2+ﬂg,
j=1 i=1

and z = f, and let U; and Uz to be

INL1<Z) = Ul(g) + (2N1 + 2) 1116, ’L~L2(Z) = UQ(Z) + (2N2 + 2) 1118,

U\ _aai(U
(0:)=e (),

where G is the Cartan matrix ( _23 _21 ) Then (Uy, Usy) will satisfy

and

( AU, + H;-V:l1|2 — ep;|2e20i=0n
= 222112, |2 — ep;[*e? 7202 — 2T |2 — ep; PTI2, |2 — g, 2>,
(2.2)
AU, + H;V_Zl|2 — gq;|?e?V2 30

| = 221102 |2 — eq;| 162001 — 32102 |2 — e PTIIY |2 — epy[2el2 00,

From now on, we shall work with (E32). For simplicity of notations, we still denote
the variable by z instead of Z.

2.2 First Approximate Solution
When ¢ = 0, () becomes

AU, + |Z|2Nleﬂ71‘02 -0
AU, + |2[2N2202-301 — 9 (2.3)
I]RZ |Z|2N1€2U1_U2 < 00, fRQ |Z|2N262U2_3U1 < 00

For this system, we have gotten the classification and non-degeneracy result in [].
From Theorem 2.1 in [B], we see that all the solutions of (E33) depend on fourteen param-

eters (cu3, Cs2, C53, Cs4, Co1, Co2, M1, As) € C8 x (RT)?, and all the solutions of (233) are of the
form

6
e =200+ > NIP(2)?), (2.4)
i=1
where -
R<Z> — gt Zcijz“ﬁ"'Jr“j, (2.5)
§=0

pr=p3 = pa = pig = N1+ 1, po = ps = Na + 1,



and

1

Ao = (212 (1 + M2)2(12,u1 + 12)2(3p1 + p12) (B + 209))2 A N5 (2.6)
A= (27 i (1 + MQ)Q(QT ¥ 12) (31 + 2112)) 2N (2.7)
T @l G ) P 25)
o (231 (pa + p12) (2401 + 1))’ (2.9)
Ao = (2572 iy + p12))*Aads. (2.10)

See Theorem 2.1 in [B)].
We denote by

()\7 a) = (>\4, As, C43,1, C43,2, C52,1, C52,2, C53,1, C53,2, C54,1, C54,2, C61,1, C61,25 C62,1,5 062,2)- (2-11)

When a = 0, the radially symmetric solution of (E23) can be expressed as follows:

e U0 = pl_}; =2p; ", (2.12)

e V20 .= pQ_IG =4p,* (2.13)
and
pl—l = A+ )\172#1 + )\2T2(u1+u2) + )\3T2(2u1+u2) + )\4T2(3u1+u2) + )\5T2(3u1+2u2) + /\67a2(4m-5-2u2)7

pl = A NopPAy b A (42 (A N6 (201 + 1)+ Mg (1 4 112)2) + Aods(3p -+ 2p0)?
Fr (M (B + 202)? + A Aa) + o (Ag + 4Nar™))
+122 (Ng (Ao (1 + o) + As(2p1 + p2)*r? + My (3pq + pag)?r*)
FAH (5N + As(pn + p12)* 17 4 N2 + po)*r )
+T6(H1+H2)(T2“1(/\2/\6(3M1 4 )+ Asds (e 4 p2)?) + A As (201 + po)?
A (N Ao (i + p12)? + 13A0Ns) + At + p2) 1) + s A2 (2.14)

where py = Ny +1, pp = Ny + 1 and Ai are defined before.
Observe that the radial solution (U o, Us ) depends on two scaling parameters (g, As).
Later we shall choose (A4, A5) in different ways.

Next we have the following non-degeneracy result:

Lemma 2.1. (Non-degeneracy) The previous solutions of (ZZ3) are non-degenerate, i.e.,
the set of solutions corresponding to the linearized operator at (Uy o, Usyp) is exactly four-

¢ > satisfies |p(z)] < C(1 + |z])* for some

teen dimensional. More precisely, if ¢ = ( ¢1
2

0<a<l, and

2Ny 201 0—Ua0 _ —
{ Ay + [ (261 — 62) = 0 (215)

Dy + |2 N2e20203000 (26, — 3¢1) = 0,

10



then ¢ belongs to the following linear space KC: the span of

{Z)\47 Z)\57 Z

€43,19

Z,

€43,2

Z

€52,17

Z

€52,2

A

€53,19

Z,

€53,29

Z

C54,1

Z

€54,2

Z

C61,17

4

C61,29

Z062,1 ) ZCez,z }7

Z)\ = Z>\4’1 = a)‘4 [;]1’0 Z)\ — Z>‘571 — 8/\5 [21,0
! Z)\472 8)\4 UQ,O ’ ° Z)\5,2 &5 Ugyg ’

Z o < Zc43,i71 ) < 8043,1' (21,0 ) Z L ( ZC52,’£71 ) _ ( 6052,1-[21,0 >

s ZC43,2‘72 C43,i UQ,O ’ o2 ZC52,1‘,2 855271-U270 ’
Z, = ZC53”"1 = 8653’1' IZLO 7 — ZC54,1',1 _ 6654,1’ q1,0

C53,4 ZCSBJ72 @05371. U270 bl C54,4 ZC54J72 8654’1. U270 9
Z = Zcﬁl”"l aCGl’i (2170 7 — ZC62,1‘71 _ acﬁz,i [21,0

C61,i ZC61,2‘72 8c61,i U270 5 c62,i Z062,¢,2 8062,1- U270 s

fori=1,2.
For a proof, we refer Corollary 2.3 in [B]. For the reference of computation later,
we want to write down the explicit expression of all kernel functions of the linearized

where

equation. For the simplicity of notations, we use Ui y,, - etc to denote 0, Uy, ete.
- 23prba) | o7y pACa+) 22 2 r2lutua)
Uy, = (7" VTR T N\gr it TR + —
e T ’ PR ) I3 (i + 1222+ 122 (B + o)
: )
22NN i 3 (pn + p2) (201 + pi2)* (B + p12)? (31 + 2p2)%/”

4p2 [ 1
2503 (1 4 p2)3 L AINZ (200 + )0 (Bpun 4 112)2 (B3 + 241 1)
221u§)\5(lu/1 + u2)6r6(ﬂl+ﬂ2)
pIAT (B + pi2)?
X (214N11N§)\Z(M1 + p2)* (3 o)t (256 Aa (i + o) + 3) — 1)

L3 25 (g o+ o) D U N (i) (2401 p12)* (e + pa)*r — 1)
PIAL (20 + p12)* (Bpan + p12)?

2 192p3 pr2H1
2(“1 + ﬂ2)27“2u2(_Ai(Q#l_(‘_lﬁz_gét(%)ﬂl+#2)4 - )‘421(2#1+521)/f12(3ﬂl+li2)2 + 220#?#3(,&1 + ,U2)27“6‘u1)

55 (3p1 4 2p02)*

UQ,)\4

+

+242,u‘11,ug)\§(,u1 + M2)10T12u1+8,u2 :

11



7“2“'1

2YNZ2 3 (i + ) (2 + p12) (B + 2p12)?

= M [TGMMM + 2T\ ) S (i + piz)

: ]
2NNt 3 (b + 1) (201 + pa2)*(Bpn + p12)? (31 + 2p10)2 )
= 4p2 |:3M§)\4T10u1+6#2 + 2%&%#3)\4)\5(“1 + M2)2T12u1+8u2 4 27/1’%“%)‘421(,”1 + M2)4r6(2u1+u2)
381 +6p2 )\47”2(3“1"'“2)

+ —
273 (2p + p2)?  2Y 3 NE (i + )t (Bun 4 240)?
37a2(2M1+M2)

22BN (i + 2) (2 + 1)  (Bpn + 2410)?
2K
2353 ANIAZ (g p2)A (201 + 12)S(Bpn + ) (Bpr + 2pn)?
1 ( #i 3 2003 (p + o) Pr20ntre)
2348 s Na(pen 4 p12)8(Bpa + p2)? \ A3 (2001 + p12)8(Bpa + 2p2)*  A2(2p1 + p12)* (Bpa + 2412)?

—2%0 i3 (g + u2)67“6(”1+”2))] 7

)\ 2 T +4pe )\ 1
U17C43’1 - A <>\4T5“1+2M2 + 6( sl 'uQ)T 1(#1 + H2)r

2110 2(3p + p2)
Ag(pin + po)(2p1 + pug) 13 H202
24231 + p2)

Uporsy = P2 (1 + 1) ods (2101 + p2)? + Apida)
2,¢43,1 2M2(3M1+M2) M1 T M2 0A3 41 T H2 1o A2

+rta (27"2“2()\0)\6(3M1 + pi2)(3p1 + 2p12) (201 + pi2)?
Fp2(MAs (11 4 p2)* By + 2p2) + 23 AaXa (Bpus + pi2)))
+3A 1k A (pn + pr2) (21 + p2) (3 + M2)>

202 (201 + p2)r? (NoAa(Bpa + p2)® + MAs(ps + pi2)?)
+(2p1 + p)r?Hatr2) (2(u1 + p12) (M A6 (3 + 2p2)°

+ ) cos 16,

FuiAsAg) + (2p1 + pi2)r2 (Ao e (B 4 p2)® + Ashs (p1 + M2)2)>
+2(p1 + p2) (B + pa)r*CHTE) (X3 X6 (201 + p12)? + 15 A4 A5)
+3pp a6 (i + pi2) (201 + p12) (Bpa + pag)r ¥ F42| cos i 6,
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U17652,1

U27052,1

plr2u1+,u2
(p1 =+ pr2) (g + 242
—~2X6(3p11 + 2)r*)) = o + p12)) | cos (211 + p2)e.

) [(sz(ﬂl)\z;(?)/il + i) + (Bpa + 2p2)72 (N5 (pia + pi2)

Apar2nth [7”2“2 < — 2(3p1 4 22) T (200 N6 (2001 + p12)* By + o)
(11 + p2) (Bpt1 + 2p15)

=i ds (f1 + 112)*) + Aods (p1 + p12)* (B + 2p12)°

—2(p1 + p2) (B + pr2)r ™ (M Ae(Ba + 2012)° + pirsha)

FuiAa(As (i + p12)? = 212X (3p1 + uz)r2“1)> + u7(AoAa(Bpn + p12)® + Mg (pn + p12)?)
—|—,u1r4(“1+“2)< — 2(3p1 + 242) (Ao X6 (Bt + 12) + AaAs (k1 + p2)?)
—2(p1 + p2) T (Ag e (201 + p12)” 4 5A4N5) + 3NaXe (par + p2) (B + pa2) (B + 2M2)T4’“)

+3p1 A5 A6 (p1 + p12) (Bpa + p2) (31 + 2M2)7“8“1+6“2] cos(241 + f12)0,

[ gt A3 (24 A pug)rPHrth2 TIPS 72
"L2(31 + 20) 2p2(3p01 + 2p42) ’
/\ 2 Tp1+3p2
_ 6(201 + p2)r ] cos(jun + 112)0,
2[[12

4p2 [ 3(n +u2)< 2 2 9
! 2 21\ 3 2 Ao s (3
242 (3401 + 2p42) g 7 (H2(2A0 A5 (11 + 12)" (B + 2p12) + pi Ao M (B + 1))
— o6 (2001 + p2) 2 (3puy 4 po) (Bpey + 2p2)) + 2p0(2p1 + p12) (Mo (3p1 + 242)* + A2 A3)

—(2p1 4 p2) P (M Xe (B + 202)* + /ﬁAsM)) — R (o As (20 + p12)” + Mgz Ao)

— R (2201 + o) (Mo Xe(Bun + p2)? + AsAs (pr + p2)?)
—3ua Ao s (2011 + p2) Bpin + 2p0) + 2(3pn + 2p0)r 1 (Mg A6 (211 + p2)® + p3AaX5))

+3p1paAsAg (2001 + pi2) (g + 2u2)r11“1+7“2} cos(p1 + p2)0,

Aor2HHH2 14 (Bpay + pup)
(b1 + p2) (3p1 + 2p12)

Aport [ 2 2,.2(2
No(p1 + p2) (3pa + Xa 4 A5 (Bpq 4 2pug) 22 e i)
(h1 + p12) (31 + 2p12) ol p12) (3 - pr2) (4 e (341 ) )

_|_7=2(2M1+u2) <>\5(,U1 + NJ2)2(3PJ1 + 2#2)T2u1(2>\1(2ﬂ1 + IUZ) + Iulr2(u1+u2)()\3 + )\67~2(2M1+u2)))

1 [)\5r6“1+3’”2 + } Cos f120,

i (pa (B + p2) As(p1 + p2) + 224 (21 + po)r)
20 (65 (pg + p12) (201 + p2)® + Ae(3p1 + p2)*(Bps + 2#2)7“2“1»)] cos fi20,
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by 3pu1+2p2
o papm + M)] cos(3p + 2412)0,
(201 + p2) (Bpa + o)

N 4p27,3u1+2u2 9 5
Useqrn = @+ 112) Gy + 1) 201 (AoA6 (21 + p12)”(Bpun + pi2) — ArpiaAs (1 + 12)”)

- (MQ)\Q(Q,ul + p2) A5 (1 + p12)? + Ao (3p + pag) *r?)
FAs (k1 + i) (21 + pr2) " (pas (pn + p2) + Ae (21 + pi2) (3pan + p2) 1)
(g + p2) Bpa 4 p2)r™ (13As + Ao (201 + /~L2)2T2‘“)>

7 5 2
U17061,1 = p [/\GT w1+ u2+

—6uTAs A (b1 + p12) (201 + /~62)7“6”1+4“2} cos(3p + 242)0,

7 1 2 )‘4T3M1+M2:U’1:U’2

= M [)\67"5“ +3u2 _ (2,u1 n u2)<3u1 n 2,u2):| COS(3,U1 + MQ)G,
oy = P91y 4 o) (o ha(Zr o) (Bt + 20) + o)
(201 + p2) (B + 2412) R
(20 + p2)r " (M Ne (Bpn + 2p2)° + piAsha))
A oA (20 A+ i) — ) (B 4 2p) (AsAe (201 + p12)? + A5

F6M N6 (11 + p12)2 (201 + p12)r*Y) — i ds e (2001 + p2)? (B + 2p9) %W 12| cos(3p + p2)d,

and by replacing the cos terms by sin terms, we have the Ucz‘j,z'
For simplicity of notations, we also denote by (Z1, Za, - - - , Z14) the kernels (Zy,, Zx,, -+, Zegy)-

Because {Z;} are linearly independent, we have

det[(/R2 AZZ . Zj)iyjzly...714] 7é 0. (216)

We have the following corollary:

b1
2

2N1 201’0—[7210 _ 2N 202’0—301’0 _
{ Agy + 2|z|* e o1 — 3|z N2e pa =10 (2.17)

Corollary 2.1. If ¢ = ( ) satisfies |p(z)| < C(1 + |z|)* for some 0 < o < 1, and

A¢2 + 2’Z|2N262[~]Qyo—3[~]1}0¢2 _ |Z’2N16201‘0_02’0¢1 — O’

then ¢ belongs to the following linear space KC*: the span of

* * * * * * * * * * * * * *
{ZM’ Z>\5’ Z Z Z Z Z Z ZC54,1’ ZC54,2’ ZC61,1’ ZC61,27 ZC62,1’ 2062,2}’

C43,17 T7C43,27 T7C52,17 T7C52,27 T7C53,17 753,27

(]

where
zF 21— Z;

Zr=| ) = S 2.18
(7)-(20%) 215
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We have
det[(/2 Z; - Z7)ij=3,- 14] # 0. (2.19)
R

. . . U1 x
We will choose the first approximate solution to be < LAeas eszesscsaconcor) ) ywhere
2,(A,€43,€52,C53,C54,C61,C62)
the parameters )\, C43, C52, C53, C54, Cg1, C62 S&tley

|a| = |C43| + |C52‘ + ‘C53| + ‘054’ + |061| + ’062| < C(]é?, |/\| = O(l) (220)

for some fixed constant Cy > 0.

For the simplicity of notations, we also denote b = (X, a), and U; 1, = Us ( css csa.053.c00.c01,c60)-
We want to look for solutions of the form

Ul = Ul,b + eV + €2¢1, [?2 = 0271[, +eWy + €2¢2, (2.21)

where b is fixed.

To obtain the next order term, we need to study the linearized operator around the
solution ( ql’o )
Uso

2.3 Invertibility of the Linearized Operator

Now we consider the invertibility of the linearized operator in some suitable Sobolev
spaces. To this end, we use the technical framework introduced by Chae-Imanuvilov [H]
and which has been used in [0]. Let o € (0,1) and

X, = {u e I3, (R, / (1+ |2[2*)udz < +oo}, (2.22)
R2
2
_ 2,2 12 24« 2 u
Ya—{UEVVlOC (R ),/RZ(1+|.T| )|AU| +W <+OO} (223)
On X, and Y,, we equip with two norms respectively:
£l = sup (X + [y)**|f ()], [IAll. = sup (log(2 + [yl)) " [A(y)]- (2.24)

yeR? yeR?

Clearly, the linearized operator in (213) is bounded from Y, to X,.
For f = ( ;1 ), g= < gl ), we denote by (f,g) = e [ - gda.
2 2

Using the non-degeneracy result we get, i.e. Lemma P and Corollary B0 in Section
P2 and noting that (212) is the adjoint operator of (Z13), we have the following:

ha

Lemma 2.2. Assume that h = < 3
2

> € X, be such that

(ZFh) =0, fori=3,--- 14. (2.25)
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b1
2

Then one can find a unique solution ¢ = ( ) = T~1(h) € Y, satisfying

[0l < Cllhl, (2.26)

Ay + 221200020 (261 — ) = I
A¢2 + ’Z‘2N1€2U2’0_3U1’0(2¢2 — 3@51) = h2

such that < AZ;;¢ >= 0 fori =1,---,14. Moreover, the map h AN ¢ can be made
continuous and smooth .

We note that the uniqueness in Lemma P2 is due to (Z0@). In the next subsec-
tions, we will use Lemma P2 to obtain our approximate solution up to O(¢?). However
our approximation solution would be chosen according to our assumption of the vortex
configuration.

2.4 Improvements of the Approximate Solution

Similar to the A, and By case, we need to find the O(¢) and O(g?) improvement of
our approximate solutions. So we need to find solutions of the following equations.
Denote by

f(éf, Z) = HiV1|Z - gpi|27 9(572) = HiV2|Z - €Qi|2'

Then by Taylor’s expansion, we have

fe,2) = f(0,2) +ef(0,2) + 8—22f55(0, 2) + O(e?)

where
Ny

F00,2) = 2N, fo(0,2) = =2[zPM72 <) “pjz > (2.27)

j=1
Similarly we can get the expansions for g(e, z).

Let ( Yoa ) be the solution of
W2

AV + |Z|2N1€201’0702’~°(2\1{0,1 — Vy2)
= _f€(07 2)62U170_U2707
A\If()yz + ‘Z|2N2€2U2’O_3U1~’0 (2\1{072 — 3\110’1>
= —g.(0, z)e2V20=3V10,

(2.28)

Let ( gi’l ) be the solution of

1,2

(

AT+ |2]PNre2010-020 (2 — ;) = —|Z|2N1€201’~0_02’~°(2‘I’0,1 —U02)(2Zi1 — Zi2)
—fo(0,2)e?V0720(27; | — Z; 5)

A\I/Z"Q + |Z‘2N2€202’O_301’O<2\I/i,2 — 3\111'71) = —|Z’2N2€202’0_301‘0 (2‘110’2 — 3\11071)(221"2 — 3Zi,1)
—g.(0, z)e2V20=3010(2 7, 5, — 37, 1)

(2.29)

16



fori=3,---,14.

Let < ¥ ) be the solution of
(2

Awl + |Z’2N1€201,o—02,0 (2¢1 _ ¢2) — 2|Z|4N1€401,0—2(72,0 _ |Z|2(N1+N2)602,0—Ul,0
_%’Z|2N162U1,0—U2,0 (2\11071 _ \11072)2 _ f5(07 2)6201,0—02,0 (2\1}071 _ \11072) _ w‘e?ﬁl,o—ﬁzo

Aw2 + ’Z‘2N2€202’0_301’0(2¢2 _ 3w1> _ 2’Z|4N2€402‘0_601’0 _ 3’Z|2(N1+N2)€U2’0_01’0
—%’Z‘2N262U2’0_3U1’0(2\D072 _ 3\110,1)2 _ ga(07 2)6202‘0_301’0 (2\11072 _ 3\11071) _ 955(2072') 6202’0_301’0.
(2.30)
Obviously, if Z;V:ll p; = Ejvjl ¢; = 0, then f.(0,2) = ¢-(0,2) = 0 by (ZZZ2), in this
case, Vg = U, = 0 for i = 3,---,14. Note that if Ny Z;.V:llpj =M Z;le ¢;j, we can
always shift the origin such that Zé\hl pj = Z;le ¢; = 0. Hence f.(0,z) # 0 occurs only

when assumption (b) of Theorem I holds. In this case, using Lemma P, we know

that there exists a unique solution ( Vo1 ) € Y, of (Z28) such that (¥y, AZ;) = 0 for

Yo,2
j=1,---,14. If Ny Z;V:llpj #+ Ny Zj\fjl q;, then | N7 — Ns| # 1 implies that the right hand
side of equation (ZZ29) is orthogonal to Z for i = 3,--- ,14. By Lemma B2, there exists
a unique solution ( ii’l > € Y, of (Z0) such that (V;,AZ;) =0 for j = 1,---,14.
0,2

And if Ny, Ny > 1, the right hand side of (E230) is orthogonal to Z for i = 3,--- ,14. By

Lemma 3, we can find a unique solution 1y = ( zo’l ) € Y, such that (o9, AZ;) =0
0,2

fori=1,---,14.

Similar to the A, and By case, the solution we will use later is ¢ = 1o+ &1 2y, +&2),
where &1, & are two constants independent of a and will be determined later.
Finally, the approximate solution with all the terms of O(¢) and O(e?) is

(Vi _ Ul,b + (Vo + Z;ig W q1a;) + ey
V = = ~ 7 9 , (2.31)
‘/2 UQ’b + E(\Ifo,z -+ Zi:3 \1’2'723.1') +é wg

we use the notation

b = ()\4,)\5,8),
a = (a37a47”'7a14)

= (043,17 C43,2, C52,1, C52,2, C53,1, C53,2, C54,1, C54,2, C61,15 61,25 C62,15 062,2)-

Parameters A4, A5 will be chosen later according to different assumptions in Theorem

0. After Ay, A5 are fixed, a will be chosen in order to find a solution of (E32) in the form
Vi+e . . i .

of (2231) Then ( V420, ) S8 solution of (E3) if s satisfies

{ Avy + [P 2000020, — ) = Gy (232)

Avy 4 |2|2e2020-3010(20, — 3u,) = Go,

17



where

G1 = E1 + NH(U> + N12<U), (233)
G2 = E2 -+ Nzl('l)) -+ NQQ('U), (234)
Nll (’U) — 2H|Z . €pj|4(e4U1_2U2 - 64V1_2V2)

—1I|z — gpj]2H|z - <€qj|2(eﬁ"”01 — eVQ’Vl)

Np(v) = — (e, 2)e201702 4 f(e, 2)eVi V2

)

52
10,2670 (21 =)
N21 (U) = 2H|Z — 8qj|4(€4U2—6U1 . 64V2—6V1)
_3H|Z — 5pj|2H‘Z B 8(]]-’2(6027&1 B e‘/val)7
—qg(e, 2 62(72—301 +g(e, 2 e2V2—3V1
NQQ(U) = g( ) g( )

22
+9(0, 2)e2V2073010(2y, — 3u,),

and FE; are the errors:

By = 21|z — epy e — T1Jz — ey PT1Jz — gy PtV — 2]z MieiOhom2o
Ell

o2
+(0, 2)e2107120 (2 — 4hy)
f(07Z) 2U1 0—U2,0 2 2i[l 0*020
+T€ ’ ’ (2\11071 — \11072) + fE(U, Z)e ’ ’ (2\11071 — \11072)
f55(07 Z) 6201’0_02’0
9 )

+‘Z|2N1+2N2602’0_Ul’0 +

By = 2M|2 — eq;| %™~ — 3102 — ep; M|z — eq;[2e"2 "1 — 2|22 020 =600
E22

=)
(0, 2)e 020000 (24 — 3un)
9(0,2)

+T€2U2’0_3U1’0 (2\110,2 — 3‘1’071)2 + gE(O, 2)6202’0_301’0(2\11072 — 3\11071)

Gee (Oa Z) 62(72,0—301,0

+3|Z|2N1+2N26U2,0—U1,0 +

+

Here

Ey = o o o

—f(e, 2)62V17V2 + f(0, z)eZUl'beZ’b +ef(0, z)eQUl’O’UQ’O (2Wo1 — Vo) + e f:(0, 2)62U1,07U2,o
14

T Z e[f(0,2)e* 1020 (205 — Wy o) + (0, 2)e?V107 2020y — W 5)(2%51 — Z;)]ay
i=3

14

+ Z e f-(0, 2)€2Ul’07U2’0(22@1 — Zi2)a;

1=3
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and

By =
—g(e, 2)62‘/2_3‘/1 + ¢(0, z)ew?’b_wl’b +e4(0, z)erQ’U_SUl*O(Q\IJOQ —3Wq1)

+5gg(0 2)e2020=3010

+Z (0, 2)e?V20=3000 (20, o, — 3, 1) 4 g(0, 2)e2V2073010 (2, — 3W1)(2Z:5 — 37Z:1)]ay

14
+ Z 895(0, Z)€2U2’073U1’0<2ZZ'72 — 327;71)3_2'.

1=3

By Taylor’s expansion, we have

14 14

By = —£(0, z)e*0ro- U“{ D QU = Wi0)a; Y (2751 — Z0)ay
i=3 =3
14 1 ’ 14
+(2¢1 - w2) Z(QZi,l - Zi,2)ai + 5(2‘110,1 - ‘1’0,2)2 Z(QZM - Zi,2)ai
=5 14 12134
+(2‘If0,1 - ‘1’0,2) Z(Q‘I/i,l - ‘Ifm)ai + (2‘1’0,1 - ‘1’0,2) 2(221',1 - Zi,2)ai}
=3 =3
(O = Z aza] (20170_02’0)) (2\110,1 - \110,2) aiaj
i,7=3
) i 14 ) ) 14
_fs(07 Z){erl’O_U2’O (2\1’0,1 - \1’0,2) Z(QZM - Zi,Q)ai + e?tro~Uzo0 2(2%,1 - ‘I’i,z)ai
~ ;:3 ~ ~ y i=3
+25 Oy 2U1’°_U2’°))az‘aj} = 5 /e (0, 2)?hom 0N (27,0 — Zis)a,
1,j=3 =3

14

14
HAF(0,2)2e4 0002020 N 27, — Zig)ag — f(0,2)9(0,2) Y P20 U0 (Ziy — Ziy)a
=3

+0(e) + O(e? + \3\2)513 (2.35)
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and

14 14

By = —g(0, 2)e2020-301, o{ S QU - 300)a; > (27,0 — 3Z;1)a
i=3 =3
14 1 ’ 14
+(2¢2 - 3¢1) 23(221,2 - SZi,1>ai + 5(2\11072 - 3\11071)2 23(22112 - SZM)ai
T iy
+(2¥g0 — 3% ) Z(Q‘I’m —3W;1)a; + (2¥g2 — 3 4) Z(in,z — 3Zi,1)ai}
14 l::)i ] =3
—I0E N O, (BT (20, — By a2y
i,j=3
- - 14 N o
95<O, Z){€2U2‘0_3U1’0 (2\11072 — 3\]:’071> Z(QZZ’z — 3Zi,1)a¢ + e2U2073U10 2(2\11172 — 3\112'71)&7;
14 ~ ~ 1i:3 } } 14 =3
+% ”223 aiaj (6(2U2’073U1’0))az’aj} - 5955(07 Z)€2U2’073U1’0 ;(22@2 - SZi,l)ai
7 ) o TR
+4g(0, 2)2e 0207810 (27,5 — 3Z;1)a; — 3f(0,2)g(0,2) Y ™20 (Z5 — Ziy)ay
i=3 i=3

+0(e) + O(e* + |al?),
(2.36)
where O(e) denotes all items only involving with ¢, and not with a.

3 A Nonlinear Projected Problem

Similar to Proposition 2.1 in [[], we have the following result:

Proposition 3.1. For a satisfying (ZZ20), there exists a solution (v, {m;}) to the following
system
Avl + |z|2N162U1 0— U2 0(201 _ 112) Gl + 2143 ml( )Zz*,l
Avy + |2 |2N262U20 3U10(2v2 —3u) =Gy + Zz ,m;(0) Z7, (3.1)
(AZ;j,v)y =0, fori=1,--- 14,

where G = ( gl ) and m;(v) can be determined by

2
G+Zmz )Z;, Z7) =0, forj=3,...,14. (3.2)

Furthermore, v satisfies the following estimate
o]l < Ce, (3.3)

for some constant C' independent of ¢.
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By Proposition B, the full solvability for (E32) is reduced to m; = 0 for i = 3,--- | 14.
Since by (Z19), det((Z}, Z{)ij=3... 14) # 0, and recall the definition of m; in (B32), m; =0

1) J
is equivalent to

400 2m
/ / G- Zrdddr =0 fori=3,---,14. (3.4)
0 0

To solve (B4), we observe all V;; terms in (E233) and (E534) are small. In fact, we have
the following lemma:

Lemma 3.1. Let ( 51 ) be a solution of (B33). Then we have the following estimates:
2
/ (N11(U) -+ Nl?(v)>Z:1 + (Ngl('l}) + NQQ(U))Z;:2dx = 0(52), (35)
R2
for i = 3,--- 14, where O(e?) < C1e* for some positive Cy independent of a provided
la| < 1.
Proof:

The proof is similar to that of Lemma 2.4 in [0].
L]
From the Taylor expansions in (E233) and (EZ38), we obtain that the error projection
can be expressed as

“quwh&ﬂp:é&ra+Qa+OﬂM%+O@) (3.6)

4 Proof of Theorem LT under Assumption (i)

Suppose the Assumption (i) holds. By a translation, we might assmue that Z;N:ll D =
Z;.Vil ¢; = 0 and Ny = N, , and we choose (§1,&) = (0,0) in this section. This case is
the reminiscent of SU(2) case, even though, the proof is considerably harder since there

are fourteen dimensional kernels instead of a three-dimensional one for the SU(2) case.

Lemma 4.1. Let ( 1 ) be a solution of (B83). The following estimates hold:

V2
<<E7 Z:43,1>7 <E’ Z:4312>7 <E7 Z:5271>7 <E7 Z:52’2>’ (4]‘>
<E7 Z:53,1>7 <E7 Z:5372>7 <E7 Z:5471>7 <E7 Z:54’2>7
<E7 Z:61’1>7 <E7 Z:(;l,z>7 <E7 2;6271>7 <E7 Z:ggyg>>t

= T(a) +O(a*) + O(e),
where T is an 12 x 12 matriz defined in (F11). Moreover, T is non-degenerate if N > 0.

Proof:
Without loss of generality , we may assume that Z;V:ll P = Zjvjl ¢; =0 and Ny =
Ny = N, and denote by p = N + 1. Now we choose the parameters (A4, A5, &1, &) =

1 1
(3X210“6, 15X29“6,0, 0), so that we have

1 45 x 2% 4 1 3 x5 x 2110

01,0 — — - @@ U270 — = — =
e P1,G 201 (1+r2“)6’ € P2,G 4P2 (1+r2“)10

(4.2)
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Since SN p; = 32N s = 0, we have f.(0,2) = 0, Wg; = Woo = 0. By (Z2), we have
\Iji,l = \111'72 = 0, 1= 3, . 14. Recall that

E:(g), (4.3)

where by (2233), and (EZ38), we have

2 14 14
1% pi
By o= PN — ) Y (2201 — Zin)ay fgs( 2)=C Z@Zm ~ Zis)a;
P2, i3 P2.G
o 14 p 14
+ AN EENT 27— Zig)ay — |2 N EEEN (Zig — Zin)a
L R (i
+ O(e) + O(e* + |a]?),
2 14 1 p2 14
Ey, = |z PN 2G<2¢2 — 311) 2(221‘,2 —3Z;1)a 2955(0 Z) 2(2212 3Zi1)a;
/)1 G i—3 P1 KeRwm
p4 14 P 14
-+ 4|z 4NLG QZZ - 3Z2 -3 INEZG Zl — Zz a;
B 5o ;( 2 a3 Z( 2= Zia)

+ O(e) + O(* + |a]?),

where f..(0, 2) is

Jee(0,2) = 2\z|2( Z ps)? + 2 Z Pi1 €os 0 + piasin @) (pj1 cos @ + pjosind))

i#£]
=202 " pil? + > (pupsi — piapj2) €08 20 + (ppja + piapj) sin 20)
i i#]
= 2|Z|2(N_1)<Z(pi1pj1 — PiaPj2) €08 20 + (papj2 + piepj1) sin 26). (4.4)
1#]

Similarly we can get the expression for g..(0, 2).
Since

/ h(r)cos20(2Z;1 — Z;2)(2Z;1 — Z;2)rdrdf
/h ) $in20(2701 — Zs2)(221 — Zs)rdrdd = 0,
and
h(r)cos20(Z; o — Z;1)(Zj2 — Zj1)rdrdf

/h sin 29 i,2 — Z )(ijz — Z]”l)’f’d’l“de = 0,
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fori,j =3,---,14, from (E4), we have

/ / faa(O, 2)6201’0_02’()(222"1 — Zi,2)<22j,1 — ng)?"d’f‘d@ = 0, (45)
0 0

and

/ / e (0, 2)e2020 7300027, ) — 37,1)(22;5 — 3Z;1)rdrdf = 0, (4.6)
0 0

fori,7 =3,---,14. Note that f..(0,2) = ¢..(0,2) =0if N = 1.
Another important observation is the following:

[e's) 2 5 _
/ / T2N€2U1’O_U2’O(2’¢1 - ¢2)(2ZZ‘71 - Zi72)<2Zj71 - ng)’l“d’l“d@ (47)
0 0

oo 21 _ )
= / / f(O, 2)62U1,0—U2,0 (2¢? - wg)(2Zz’1 — ZZ'72)(2Z]‘,1 — Zj,g)Tdee,
0 0

[e's) 2 B B
/ / 7‘2N€2U2’0_3U1’0 (21/)2 — 3¢1)(2ZZ’2 — 3Zi,1)(22j,2 — 3Zj71)’l"d7‘d0 (48)
0 0
= / / g(o, 2)620210_301’()(21#3 — 3¢?)<2Zz,2 - 3Z7;’1)(22j’2 — 3Zj71)7"d7“d8,
0 0

where (¢?,49) is the radial solution of the following system:

Awl + |Z|2N1€2[71,0—[72,0(2w1 _ ¢2) — 2’2‘4]\7164[71,0—2[72,0 _ |Z|2(N1+N2)6l72,0—01,0
Ad)Q + |Z|2N2€2ﬁ2’073ﬁ1’0<2'¢2 . 3¢1) — 2|Z|4N2€402’076U1,0 - 3|Z|2(N1+N2)602’0701’0.
(4.9)
Obviously, (19,49) is the radial part of (1o1,%02). Because of this observation, when

dealing with the O(g?) approximation, we only need to consider the radial part of the
solutions.

In fact we can choose ¥¥ = 1, 9§ = gw such that ¢ is the solution of the following

ODE:
8(N + 1)%r2N N3 X 285(N + 1)

(1 + r2+2)2 Y= (1 + r2N+2)d
Combining (E33), (E4), (E=2) and (EX), one can get the following:

Ay +

(4.10)

/E - Zyrdrdf

or 14

= / / Z ([2lzret0ro2la0(az;y — 27, 5); — |22V 220002, — 73 )a

— f(0,2) 00~ UQO(QQ/)O 11— Yo02)(2Z; 1 — Zi,Q)az} Zia

o [afepaettae o2z, — 37, )a; — 32PNl o2y, — 7, ay
— (0, 2)e272073000 (24 5 — 34 1) (20 — 3Zi,1)al} Z,’;2>rdrd0

O(laf® + [¢[*) + O(e),

+
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where O(g) is independent of a.

Thus we can get that for i = 1,2

C43,i

/E ZF  rdrdf

Ik
= / (4 4Np1G |:<QZC431 - ZC43,¢,2>2C431 (2ZC432 - ZC431 )(220541 - ZCS4,i72>C547i]
2,G

- r4Np2_’G |:(ZC43,¢,2 - ZC4327 )(22043 il ZC43,1',2)C43J + (ZC54,1‘72 - ZCs4 irl )(22643“ - ZC43,2‘72)C54,1']

Pl,G

0?
- 2N -G (2w1 0~ ¢2 0) [(2Z643 il ZC43,i72)2043,7; + (22043 il ZC43 i )(22054 il ZC54,1',2)C54,1']

- Z

043,1'72)

)

P2,G
4Np2G 1 2 1
+ 4r p [3(220431 3ZC43@ 1) C43,i + 3(220431 32043,1'71)(22654@ 320541 )65472']
1,G
_ T4N5j—’z |:(ZC43,i,2 - ZC43,1'71)(2ZC43 2 3Zc431 )043,i + (ZC54’1',2 - 2554“ )(2Z043 i 3204371_,1)05471:]
P> 1
R 0(2%0 — 31 0)[ (2Zcy552 — BZcyyi1) Cazi
P1 G
1
+ 3(2ZC43 i 32043 il )(2Z054z 32054,i,1)c54,i]>rdrd0
Pl
- / [(4 w pl G<2ZC43“ - ZC43,¢,2)2 - T4NZT_72(ZC43,1',2 - ZC431 )(220431 - ZC43,2',2)
2,G s
1 s
+ N QG(2ZC4327 3ZC4317 )2 - T4N’02_7G(ZC43,1'72 - ZC43,2'71)(2ZC431 3ZC431, ))
/)1 G P1,G
Pla 1056
- 2 ( - (22043“ - ZC43,~L72)2 + _:2),_(22%1, 3ZC43“ ) )1/])64371'
P2,G 301 ¢
P1 G P2.G
+ (4 4Np (22643 irl ZC43 ir2 )(2ZC541 ZCs4,i,2) - T4NP1_G(ZCS4,1',2 - ZC54 irl )(220431
2 G b
pQG ,02,G7“4N
+ 6 (22643,2‘72 - 3264317 )(2Z654Z7 3ZCJ4“ ) (2654,1,2 - chzu, )(2Z643Z7
3 Pic P1,G
2N PlG
- ?(pz (2ZC431 - ZC431 )(2Z654z - Z054,i72)
LGy g Vo .37 drdf
+ ga( €43,i,2 043,1',1)( C54,i52 C54,i51 ) w Cs44|TAT

= 7T<J1 -+ /qlwrdr)c@ﬂ- + (JQ -+ /q7wrdr)c547i
+ O(e) + O(|a]* + &%),
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similarly, we can get that

and

/ E-Z}, rdrdd

P G
/(4 4Np1 |:(2ZC541, - Z054,¢,2)20541 (22043“ - ZC43Z7 )(2205417 - ch4,¢72)c43,i]
2,G

P2,G
7"4N2_ |:(Zc54,i:2 - Zc54 i )(22054 il Zc54,7;,2)c54,i + (ZC43,i72 - ZC43 rl )(22054 1 ZCS4,i72)C43,i]

Pl

p?
2N pl G( wl 0~ ¢2 0) [( cs4,i,1 T Z054,i72)2654,i + (220431 - ZC431 )(22054 il ZC54,1'72)C4371']

1 1
44Np20[ (2Zessi2 = 3esai) 50 + 32 Zess12 = 3egai) sy 12 = 3 )|

C54,i52 C54,i5 C54,i,2 C43,i5 c43,i,1
n a3 3

e,
T4Np2_ |:(ZCS4,1’72 - 2054,171)(226541, 326541, )65472' + (ZC43,i,2 - ZC43 il )(2Z054 i 32654,1,1)043,1']

P1.G

2
p 1
7"2N§—7G(2¢2,0 - 3%,0) [—

(27
Pia 3

2
C54,i,2 3ZC54 Jisl ) Cs4,i

1

3 (2ZC43 2 3ZC43 i )(22054 i 3ZC54,1'71)C43,Z'] )Tdrd@
Pl
/ [(4 W= (22054“ - ZC54,7;72)2 - T4N’02_7G(ch4,i72 - Z054 i )(2205417 - 2654,2'72)
,02 G P1,G
.
4N 26 (2265417 3Z054'u )2 - T4N’02_7G(ZCS4,1‘72 - Z054,7171)(2ZC5417 3ZC54 ir1 ))
p1 e, P1,¢
P 105
2 ( - G(2Z054 il ZC54,i,2)2 + _?:,_’G(chm )2 3Z054 i1 ) >¢> Cr4,i
P2,G 301 ¢
P1 G P2.c
4T4N (226431, - ZC4317 )(226541, - 2654,1,2) - T4N_(ch4,i,2 - chzu, )(220431,
PQ G P1,G
Pz G Pz,GT4N
6 (2ZC43,1‘72 - 3ZC43,¢,1>(22054 i 32054 il ) (ZC43,1',2 - ZC43 il )(2Z654 Jis
Pl,c P1,G

1 P1G
g 2 ( (226541 _ZC541 )(220431 _ZC43,1',2)

P2,G
193¢
3 pg_ (2ch4 02— 3054 1)(2ci5,0 = 37450 )) ¢) 043,z'] rdrdf
1.G¢

’/T(Jg -+ /Q4w7’d7“)0437¢ + (J4 -+ /Q7¢7’d7”)0547i
O(e) + O(lal* +¢2),
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C52,i

/E Z%  rdrdf

P
/ (4 w pl < |:(2Z%2 irl 2852,1',2)265271} - T4N£i—72 |:(ZC52,1',2 - 2652 irl )(22652 il chz,i,2)652,ii|
2 G b

2
p
7,,2N1_7G(2¢170 — 19 p) [(QZC52 ol chg,iz)?cs)z,i]

P2,G
44Np2G 1 2Z 3Z 2 4Np2,G
( €52,i,2 €52,i,1 ) C524| — T~ —— (Z052,i72 - chz ir1 )(22052 ir2 3ZC52 i1 )C5Q7i
Pig L3 P1L.G
P> 1
2N p2 .G (21/12 0o — 3¢1 0) [ (22052 2 3ZC52 i 1)265272'] >7‘de9
1,G
i
/ [(4 N (22052 il T Z652,¢,2)2 - TANPQ_G(ZCSQ,@? - Z652 Jisl )(22052 il 2652,«;,2)
,02 G P1,G
4
T4N 20(22052“ 3ZC5217 ) 7“4N102_7G<ZC52,1'72 - Z052,i71)(2265217 3Z052u ))
p1 G PG

3
1 PlG 1P2G
g 2 <p2G(QZC52 il chz,m?) +3 3p1 G(QZC52 is

(Js + / Qrdr)ess; + O() + O(jal? + &),

—3Z,.1) >¢)c52ﬂ-] rdrdd

C53,i

/E Z%  rdrdf

Ik
/ <4 AN pl G |:<2Zc53 i1 2653,1,2>2C53,’LC| - T4sz7z |:(ZCE)3,1',2 - ZC53 ir1 )(22003 isl ZCSB,i72)6537ii|
2 G b

2

p

T2Np1_12(2¢170 — 1)) [(22653 il Zc53,i,2)2053,i]
2

05 Pral P2,
4r w pl G [3 (22053 is 32653 171)20537{| - T4Np1_G |:(Z053,i12 - ZC53,1‘71>(QZC53 is 32653 i1 )05311}

I 1
T2Npi2,’—7G(21/J2’0 — 31/110) [5(22053“ 32053 i1 )2053’2‘] )Td?”d@
1,G
ih
/ [(4 WE G<2ZC531, - ZC53,i,2)2 - T4N102_7G<Z653,i72 - chgz )(2Z053u - ch3,i,2)
pQG P1,G
e P2.G
5y 4N (2Z0531 3ZC53 i1 ) T4N_<Z053,i,2 - chs,i71)(220531 3ZC53 ir1 ))
3’ Me PLG
1 Pl 105
§ 2 (p;G(ZZCmu - 2653,172)2 + 3P2 (22053“ 3Z053z, ) )¢)C53,i
1,G

m(Js + /qwrdr)%s,i +O(e) + O(Jal* + ?),
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C61,i

/E 7% rdrdf

p
= / <4 NS |:(2ZC(31 i ZCGl,i72)2061,i:| - T4Np2_,G [(Zcm,u? - Zcﬁl,i,l)(QZCfn,iJ - ZCSl,i72

p2 G PG
03
N Np; Z (2¢1 U ¢2 0) |:( c61,is1 T Z061,i,2)2061,z‘:|
Ay 4NIOQG 1 07 7 AN P2.C ,
+ 3( C61,i5 -3 €61,i,1 ) Ceri| — T —— ( c61,i2 ZCGl,iJ)(QZCfn i 3Zc61 il
Py G PG
1% 1
- T2Np§_’G(2¢270 - Bwlvo) |:§(2ZC6'1 1, 3Z061 i 1)206171] >7“d’l"d0
1,G
Pl
— / [(4 anPra (2201 i1 — Zegyi2)” — r4Np2—’G(Zcm,i2 — Zeg1 i1)(2Zeg i1 — Zegy 1.2)
:02 G P1,G
4 4nDs
+ o2 g =3 1) — T4Np2_vG(ZC6M2 — Zogrit) (2 egs 0 = 3 ey 11 ))
304 G PG
1 pl ,G 1 pQ .G
J— g 2 <p2 (22061 'L? ZCGl,iaz) + 3 pl G (22061 17 3ZC61 “ ) >¢> CGl,Z
= w(Jr + /%w"”dr)cﬁl,i +O(g) + O(|al]* + 2),
/E 2, rdrdd
i
_ /(4 PG [(QZCGQZ, - 266%_72)206271} _ r4Np2—’G[(Zc62,i,2 — Zey 1) 2%y i1 = Ze
Pz G P1,G
2N piG )
- T p2_G(2¢1,0 - 77Z}2,0) |:(QZC62 i ZCGQ,i,Q) CGQ,i]
Ay 4NP2G 1 0y _ 3y 2 aNP2G [ ( P P
+ 3( €62,i,2 €62,i,1 ) Ce2,i| — T  —— ( c62,i,2 062,2.’1)(2 C62,i,2 3Z662“
'01 G P1,G
1% 1
_ r2N 2 G (2%112 0— 3%10) [ (2Zc45.2 — 3Zeqs.,, )62 Z] >7’drd0
::L/[ (4 (2 1~ Zay 2 = TN (D2 = Ty )2t — T, 2)
102 G P1,G
4 4nPo
* § 4N » (22662“ 3ZCG2 i1 )2 - T4N,02_7G(Z062,i,2 - Zc62,i,1)(2Zcez i 32062 il )>
Pl G P1,G
1 pl G 1 p2 G
— 3 2 <p2 - (22062 P ZCGQ’“Q) + - 3 p (22062 ) 3Zc62 il ) >w> 062,i

::ﬂk+/%mmmm+m@+mm%m%

where all the terms O(g) < Ce, O(e?) < Ce?, O(]al*) < C|a|? for some positive constant
C independent of a and ¢ provided that they are small enough.
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So we get that
<<E7 Z:43,1>7 <E7 Z:4372>7 <E7 Z:5271>7 <E7 Z:52’2>7
< C53,1 C53,2 C54,1 C54,2/7
<E7 Z:61,1>7 <E7 Z:61’2>7 <E7 Z:6271>7 <E7 Z:62’2>>t

B, Z5 VB, Z- V(B Z5, VB Z. )
= T(a) + O(ja]*) + O(e),

and
7 0 0 0 0 O 173 0 0 0 0 O
O 7I; 0 0 0 O O 173 0 0 0 O
O 0o 7; 0 0 O O O O 0o 0 O
O 0 0 7175 0O O O O O 0 0 O
o o o o0 T, 0 0 0 0 0 0 O
~ o o o o0 o 1T, 0 0 O 0O 0 O
T= 7 0 0 0 O 0 176 0 O 0 0 O ’ (4.11)
0O 7 0 0 0 O 0 174 0 0 0 O
O 0o o 0 00 0 O T 0 0 0
o 0o o 0 0 0O 0 O 0 Ty 0 O
O 0o o 0 0 0 0 O 0 0 13 0
O 0 o 0 0 0O 0O O 0 0 0 Ty
where

Ty = (L + /qlwrdr), Ty = (Jo+ /q7wrdr),

5= (Js+ /Q21/1Td7’)7 Ty = (Js + /%W”d?“),

Ts = (J3 + /q4¢rdr), T6 = (Ja+ /qﬂbrdr),

Tr = (Jr + /%Wd?”), Ty = (Js + /qﬁwdr)
The determinant of the matrix 7 is

(T\Ts — ToTs)* T TITETE
= (J5+/q2¢rd7“)2(J6+/Q3¢rdr)2(J7+/q51/)rdr)2(Jg+/q6¢rdr)2

x[(J +/q1@/zrdr)(J4+/q7wrdr) — (Jo +/q7¢rdr)(J3—l—/q41/err)]2

Next we prove that the matrix 7 is non-degenerate, i.e. the determinant of T is
nonzero. For this purpose, we need to calculate the integrals J; to Js, and [ ¢i¢ordr to
[ gziprdr But in the integrals, there is the function ¢ for which the expression is unknown.
In order to get rid of ¥, we use integration by parts. The key observation is that for any
¢ satisfying ¢(oco) = 0, we have

/0 A %)w]mr - /O RN %)(ﬁ]wrdr. (4.12)
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By direct calculation, one can get that

1 1
a1 - 3T2N[ 2U1 o U20(2ZC43 1( ) - ZC4372(T))2 + 5 3 QUZO 3U10(2ZC43 2( ) - 32043’1(7’))2]
2,.2u+2N
— 18(/257)12(—1787“2“ + 12524 — 37467 + 5380r% — 374671 + 125212
T
—178r 1 4 9ri% 1 9),
1 1
a2 = 3T2N[62U1 0=Us, 0(22652 1( ) - 205272(7’))2 + 3€2U20 30, 0<2Z652 2( ) - 3205271(7“))2]
oo T o o2
= 2240( 2“_1_1)12( Srof 4+ 2rtH 4 2)2)
T
1 1 .5 ’
a3 = STQN [erl 00z, 0(2Z053 1( ) - 2053,2(r))2 + §€2U2’073U1’0<2ZC53,2<7’> - 3265371(T>>2]
_ —1260%(57»2# — Bt g B 1)2)
1 1
44 - 3T2N[ 2Ul o U20(22054 1( ) - 2054,2(r))2 +3 3 QUZO 3U10<ZZC54 2( ) - 3255471(7’))2]
o (222N - 0 »
325y (T8 4052
T

—12146r%" 4+ 17420r% — 1214671 4+ 4052r12* — 578141 4 297161 29),

1 1
ds = 3T2N[62U1 0=Us, 0(2ZC61 1( ) - 206172(r))2 + 3€2U2O 30, O<2Z061 2( ) - 3206171(r>>2]
_560M2T10u+2N
(1)
1 1
ds = 3T2N[ 2U1 o U20(2ZC<32 1( ) - ZCG2,2(T)>2 + 3 3 2U20 30, 0<2ZCG2 2( ) - 3286271<T>>2]
_560M27,.8,u+2N(7,2,u _ 1)2
(,’n2u + 1)12 )
1
qr - 3 2N[ 2010 U20(22054 1( ) - 205472(r))(2ZC43,1(T) - ZC43,2(T))
1
+3 2U2 0=301, 0(22054 2( ) - 3Z654 1( ))(22043 2( ) - 3ZC4371)(T>]
(222N
=105 e (=112 4 21 — 119 B 4 1) (=737 4 1537 — 73r% + 81 + 8),

where we denote by Z, (r) the radial part of Z,, ;.
So we need to find solutions of ODEs:

8(N +1)2r2V

Ag; + (1 +r2N+2)2

bi = i (4.13)

for ¢; defined as above and 1 =1,--- | 7.
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Following the same idea as in the proof of Lemma 3.4 in [0, one can get that

(817100 — 3527141 41393121 — 15847100 + 1435r8# — 30475 4 108rH + 82+ + 1)

¢1 = — 8(7’2“ + 1)10 s
¢y = (350712 — 3367104 4 392781 4+ 48p6K 4 27 4 82 4 1)
S 5(r2r +1)10 ’
gy — _ (30071 — 85T 4 17647101 — 8331 4 3980 4+ 271 4 812 + 1)
b 10(r2 + 1)10 :
bu = 2(14571# — 640714+ 4 24857121 — 28967104 + 25277 — 592r% + 172r% + 8r% + 1)
b 45(r2u 4 1)10 :
gy — _ DU 1 A8r 127 4 8% 4 1)
o 54(r2e + 1)10 7
b5 = (1897108 4 42781 4 A-rOH 1 9Tp4t 4 82 4 1)
- 135(12 1 1)10 )
¢ P (160120 — 720100 - 27375 — 32870 4 27374 — 7212 4-16)
T = )

2% + 1)10

So by direct calculation, we have

* N3 X 25(N 4 1)1
_ AN
/wqirdr = /0 r (13 2V oirdr.

Since all the terms in the integrals are explicit now, by direct calculation, we get

J5+/q2wrdr
N cse(+2)

— N+1
5405400( N 4 1)10
X (229219200N11 + 2741981760N1° + 14845935288 N? + 48087228720 N8
+103607697806 N7 + 155921208688 N° + 167142190971 N® + 127469747650 N*

+67655345084 N> + 23742751992 N2 + 4943660256 N + 461099520)7

Jo + / qsYrdr

_ Nmoese(§5g)
5405400( N 4 1)10
X (73483200N11 + 879636240N° + 4780746072N? 4 15595933680 N® + 33964635664 7
+51871736672N° + 56687585199N° 4 44305756250N* + 24240925096 N

+8824079448 N2 + 1917285264 N + 187548480),
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Jr + / gsYrdr

~ miNese(§h)
70053984(N + 1)10
X (604195200N11 + 7224396480N " + 38670644088 N? + 122313524400 N®
4253958797454N7 4 363332551792N° + 365322970803 N° + 257996555026 N'*

+125308378700N? + 39819491064 N> + 7439155488 N + 617621760),

Jg + /qmﬁrdr

TN cse( o)

 437837400(N + 1)10
X ((N +2)(2N + 3)(3N +4)(4N + 5)(5N + 6)(N(N (2N (12N (504N (855N + 3997)

+4024843) + 51916217) 4 62504971) + 19787638) + 2554776)) :

(Jl—i-/qlL/J’l“dT)(ch—i—/Chw?”dT) — (Jz—l—/(]ﬂ/)?“d?‘)(Jg—{—/Qﬂ/J’l“dT)

T N? esc(§59)
~ 6949800(N + 1)12

+17041651) + 77384503) + 1031119715) + 2064834729) + 1398543708)
+617719460) + 161120544) + 18780480)).

((N +2)%(2N + 3)2(N(N(N(N(2N(9N (2N (120N (4365N + 37031)

One can check that the above terms are all nonzero if N > 0. So 7T is non-degenerate
it N > 0.
m
As a consequence of Lemma Bl and Lemma B, the coefficients m; varnish if and
only if the parameters a satisfy

T(a) + O(Ja]*) + O(e) = 0, (4.14)
where 7 is defined in (EI0). Obviously, (B2d) can be solved immediately from (EZLT)
with |a| < Ceg, for some C' large but fixed.

If N =0, we choose the zero-th approximate solutions to be radial Uy, and the final

2
(B3) with m; all zero in Proposition B, since G is radial, (B4) is automatically satisfied.

approximate solution to be radial, then one can easily find a radial solution 21 ) to

5 Proof of Theorem IL.T under Assumption (ii)

In this section, we are going to prove Theorem I under Assumption (ii). This
situation is more complicated than the previous one, since the O(e) approximation and
O(e?) approximation induce several difficulties. The problem is that we cannot obtain the
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explicit expressions for these terms. In this case, we will see that the two free parameters
&1, & we introduced in Section E4 for the improvement of the O(g?) approximate solution
play an important role. A key observation is that we only need to consider the terms
involving & and &. This is contained in the following lemma.

Lemma 5.1. Let < U1

fori =

) be a solution of (B3). The following estimates hold:

V2

(B,Z;,.) (5.1)
= 51(«41043,i + 31054,1‘) + 52(-212043,1' + 5’2054,1‘) + 'ﬁi(a) +O((1+[¢])|al?) + O(e),
(E,Z,,) (5.2)

= 5161052,i + 52(/;2052,2' + Tai(a) + O((1 + |€])]al*) + O(e),
(E,Z,,) (5.3)

= 51771053,2' + 52152053,1 + Ta(a) + O((1 + [€])]al®) + O(e),
<E Z;54 z> (54>

= 51(51054,1' + ﬁ1C43,i) + 52(52054,1' + ﬁ2043,i) + 7-21(3) + O((1 + !6\)\8\2) + O(e),
(B, Zey, ) (5.5)

C61,i

= 5191661,1' + 5252061,1 + ﬁi(a) +O((1+[¢])]al*) + O(e),
(E, Zey, ) (5.6)

C62,i

= 517'[1062,2‘ + 527:[2062,1 + ﬁi(a> + O((1 + |§D|a\2) + O(e),
1,2, where
Aj - / / 2N1 2U1 o U2 O(QZJ 1= ZJ 2)<2ZC43 1,1 ZC43 1 2)2

+ 3 LN 2020-800(9 7, ) 37, 1)(2 s 2 — Besyr1) ?|rards,  (5.7)

5 +oo 27
Bj = /0 /0 |: 2N1€2U1 o UQO(ZZJ 1= Zj,2)<2ZC43,1,1 - ZC43,1,2)<2ZCE>4,1,1 - ZC54,1,2)

1 -
+§T2N2€2U2’0 3U1’0(22j72 — 3Zj,1)(2ch4,1,2 3Zc5471,1)(22c43’1,2 32043,1,1)i| Tdrdg,
(5.8)

B +oo 2T - .

Cj = / / |:7=2N1 e?U1o-Uz0 (QZJ}I - Zj72)(2ZC52,1,1 - ZC52,172)2
0

1

3 2N2 2U2 0— 3U1 0(22 3Zj,1)(2Z052,1,2 _ 3265271’1)2} Td?"d@, (59)

'Zsj = /0 / 2Nl 2U1 o U20<2ZJ 1= Zj72)(2ZC53,1:1 o ZC53,172)2

1

3 2N2 2U2 0— 3U1 0(22 3Zj,1)(2Z(353,1,2 _ 3205371’1)2] Td?”de, (510)

32



_ “+o0o 2m . ~
5]' / / |:7,2N1€2U1,0*U2,0 (2Zj,1 — Zj72)(2ZC54Y1,1 _ ZC547172)2
0 0
1 . 3
4 §T2N2€2U2,0—3U1,0(22j72 —321)(2Z 50,2 — 3205471,1)2]7"drd0, (5.11)

+0o0
]: / / 2N1 2U1 o U20<2ZJ}1 - ZJ}2>(22043,171 - ZC43,172)(22654,171 - ZC54,172)

+3 12Nz ,202,0-301, 2Z59 —3Z;1) (2205112 — 3Zess11) (201512 — 320437171)]rdrd9,
(5.12)

+o0o 2T
gj / / 2N1 2U1 o U20(2ZJ',1 - Zj:2)<QZC61,1>1 - 2061,1,2)2

3 2N2 2U2 0— 3U1 0 (2Z BZ] 1)(22061 12— 3ZCGI,171)2i| rd?“dg, (513)

Q.il

—+00
/ / 2Nl 2U1 0=z, 0(2Zj71 - Zj,Q)(QZCGQ,Ll - ZC62,172)2

= L 2N 20003000 (9.7 37, 1) (2 s — 320627171)2} rdrdd,  (5.14)

for 3 =1,2, and 7~Ej are 12 x 1 vectors which are uniformly bounded as € tends to 0, and
are independent of &1,&o.

Proof:
By (E233) and (E=38), F is of the form

L(Jasat ((-)a) +O(aP) +0(). (5.15)

Recall that ( Zl ) = ( 2/20’1 ) + &2y, + &Zy,. In the following computations, we
2 0,2

only need to consider the terms involving &; and &, since all other terms are independent
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of & and &,. By the orthogonality of cos(kf) and cos(lf) for k # [, we obtain

+00 2
- / / E-Z;,, rdodr
0 0

[e'e) 27 - -
_ / / |:7,2N162U1,0*U2,0 (51(22171 _ Z1,2) + 52(222’1 _ Z272)>
0 0
X (22043,171 - ZC43,172)C4371Z*

c43,1,1

4 2N 202,0-3010 <51(22172 —3Z11) +&2(2222 — 3Z2,1)>
X (2Zeyy,2 — 32043,1,1)043,12:43,1,2

L 2N 2000-02 (51(22171 — Z19) + &5(225,1 — Zg,z))

X (22%4,1,1 - ZC54,1,2)C54,1Z:43’171

4+ p2N2202,0-3010 <51(22172 —37Z11) +&2(27Z22 — 3Z2,1)>
X (22510 — 3ZC54,1,1)054,1Z:43,1,2 rdrdf

la*

+ Tia(@) + O(=0) + 0(e) + O((L + [¢)faf* +22),

where 771 (a) is the remaining terms which is a linear combinations of a which comes from

the remaining terms of O(g?) of E, and the coefficients of the linear combinations are
2

uniformly bounded and are independent of &;,&5,a. The O(%) terms comes from the

O(%) term of E which is independent of .
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Thus

+o0o 21
- / / E-Z:, rdfdr
0 0 ’
+o00 2 . -
- 51 [(/ / {TQNIQQULO_UQ’O (22171 - Z172)(2ZC43,171 - ZC43,1,2)2
0 0

1 - .
+§T’2N2€2U2'073U1‘0 (22172 — 32171)(22643‘1’2 — 32043’1’1>2}7”de9> C43,1

+o0o 27 . -
+</ / {72N162U1707U2’0<2ZL1 - Zl72)(22054,1,1 - ch4,172)(22043,1,1 - ZC43,1,2)
0 0

1 . -
+§T2N262U2’0_3U1‘0 (221’2 — 32171)(22843‘1’2 — 3ZC43’1,1>(22654,1,2 — 3ZC54‘1’1)}7”d7“d0) 65471]

+o00 2w ~ .
+&5 [(/ / {7,2N1 e2U1,0=U2,0 (222’1 _ 22’2)(22643’1’1 . ZC43,1,2)2
0 0

1 ~ ~
—+— 2N2€2U2’0_3U1‘0 (222,2 - 3Z2,1)(Zc43,1,2 - Zc43,1,1)2}rdrd9> €431

3
+o00 2 5 5
+</ / {T2N162U1’0_U2’0(2ZQ,1 - 2272)(22643,1,1 - ZC43,172)(22654,1,1 - 2054,172)
0 0
1

r
—|——7“2N2€2U2’0_3U1’0 (2Z272 — 32271)(22643’1,2 — 3Zc43,171)(2ZC547172 — 32054,1,1)}74d7’d9> 05471]

w

la*

FTi@) + 0(%0) +0() + O((1+ [eDlal + )
=& (A1043,1 + 31654,1) + 52(/12043,1 + B2C54,1)

+7(2) + 0(20) 4 0(0) 4 +O((1 + leDlal? + ),

e
where .[ll, le,lgl,lgg are in (B2) and (B3R).
Similarly, we can get the other estimates.
O
From the above lemma, we have the following result:

U1

Lemma 5.2. Let < ; ) be a solution of (@A). Then the coefficients m; = 0 if and only
2

if the parameters a satisfy

Q(a) Z’Nf(a)+0(ﬂ) +O0((1+[¢)]a*) + Ofe), (5.16)

2
9
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where Q

A 0 0 0 0 0 B 0 0 0 0 0

o A4 0 0 0 O 0 B 0 0 0 0

0O 0 ¢ 0 0 0 0 0 0 0 0 0

0o 0 0C 0 0 0 0 0 0 0 0

O 0 0 0D 0 0 0 0 0 0 0

- O 0 00 0 D, 00 0 0 0 0

Q=4 F. 0 00 0 0 & 0 0 0 0 0 (5.17)

0O F 0 0 0 0 0 & 0 0 0 0

O 0 0 0 0 0 0 0 G 0 0 0

O 0 0 0 0 0 0 0 0 G 0 0

O 0 0 0 0 0 0 0 0 0 H 0

0O 0 0 0 0 0 0 0 0 0 0 H

A 0 0 0 0 0 B 0 0 0 0 0

0O A4 0 0 0 0 0 B 0 0 0 0

0 0 C 0 0 0 0 0 0 0 0 0

0 0 0C 0 0 0 0 0 0 0 0

0 0 00D, 0 0 0 0 0 0 0

L 00000 D, 0. 0 0 0 0 0
Fb 0 0 0 0 0 & 0O 0 0 0 0

0 F» 00 0 0 0 & 0 0 0 0

0O 0 000 0 0 0 G 0 0 0

0O 0 0 0 0 0 0 0 0 G 0 0

0O 0 0 0 0 0 0 0 0 0 Hy 0

0 0 0 0 0 0 0 0 0 0 0 H

= &Q1+ Qo (5.18)

and T is a 12 x 12 matriz which is uniformly bounded and independent of &1, Es.

Proof of Theorem ICT under Assumption (ii): Under the Assumptions (ii), we will
A

(272 p1 pa(p1+p2)) -

in the appendix of [M], by direct but tedious computation, we can get that for A large,

choose \; =

5 and A5 = % for X large enough. Similar to the computation

A =p1 A oA,
C1 =\ +o(Ah),
Dy =1\ 2 +0(A7%),
E1 =N +o(A7h),
Gi = 1A +0o(A7?),
Hi =+ o(1),

and
(5.19)



where v, to g are non zero as follows:

_ 409201 (p1 + p2) (301 + '“2)7r2 csc( 2l

o 2011 + 2 241 4 i
Yoo = —44695552u1 415 (i + ) (24 + 12)* (B + o),
_ _56m
va = pEpa2% T I (2 — n) (61 — pio) (11 + p12) (201 + p12) (31 + 2010)
8uq
- Suqm
X <(M1 + p12)*(2pn + p12)* (3pr + 2#2)2> TR (40— Bpapg — 643)m° ese(5 ),
2p1 + o
14pq
4 52W+17 _ 2(p1+pg)
n = B () g )+ )2 + 1) (B + 2p)?)
(3p1 + p2)
2uqm
X (g1 + Tpio) w2 cse(————),
(941 + Tpz) (2M1 0
7
V5o = —341/@#322“1@‘2 +23(M1 + 112)" (3p1 + 2p12)°
2 2 2\ 5t ——1 2 T
X (1 + p2)™ (21 + pi2)”™(3pa + 2p2)7) 2 X (5pug + )7 ese(————),
2p1 + o
Ly o™ 415 5 2
Vo= g2 (o ) (20 4 p2) Bp + p2) (B + 2p02)

2pq _ T
X (111 + 1) (24 + p12) (Bpua + 2p10)) 71052~ Csc(2,u1—ilu2).

It is easy to see that from the above expressions that 1, v2, V4,75, V6 are all non zero,
and 3 is also non zero, since for ps = 2y or s = 61, ¥3 is also non zero.
So we have

A& - BF = 71745\75 + 0(5\75)
# 0,

and C~1, 151, gl, (51, 7:[1 are both non-zero i~f \is large enough. Therefore, we choose &, large
and & = 0 to conclude that Q(&;, &) — T is non-degenerate. After fixing (A4, As), (&1, &2),
it is easy to see (B) can be solved with a = O(e).

]

6 Proof of Theorem T under Assumption (iii)

We are left to prove the theorem for N, vazll p; = Np 25\21 ¢;, N1 # Ny and one of
N; is 1. Without loss of generality, assume N; = 1 and vazll pi = Zj\fl q; = 0. In this
case, for the improvement of approximate solution in the O(g?) term, we can not solve
equation (2230) in Section 2. Instead of solving (2230), we can find a unique solution of
the following equations which is guaranteed by Lemma P2

A¢1 + |Z|2N1€2ﬁ1’0_02*0(2'l/11 _ ¢2) — 2|Z|4N164l71,0—2l72,0 _ |Z|2(N1+N2)6l72,0—01,0
Ad)Q + |Z|2N2€2ﬁ2’073ﬁ1’0<2'¢2 . 3¢1) — 2|Z|4N2€402’076U1’0 o 3|Z|2(N1+N2)602’0701’0.
(6.1)
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We use this unique solution as the new 1y, and proceed as before. Then by checking
the previous proof, we can get that in this case, the error ||E|l. < Cp and we can get a
solution v of (BAl) which satisfies

[o]l« < Co, (6.2)

for some positive constant Cj, and the following estimates hold:

/RQ(NH(U) + N12(0)) Z;1 + (Na1(v) + Noo(v)) Z]5dz = O(e), (6.3)

forie=3,---,14.
Then the reduced problem we get is

Q(a) + T(a) + O((L + [¢])[a*) + O(1) + O(e) = 0, (6.4)

where the O(1) term comes from the O(1) term of the error E since we use the solution
of (E) instead of (2230) as the O(¢?) improvement. Recalling that Q = Q(&;, &) depend
on two free parameters &1, &, and arguing as before, we can choose &; large enough. Then
it is easy to get a solution of (EA) with a = O(&%) for any 0 < a < 1.

O
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