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Abstract

We consider the following Fife-Greene problem

E2Au+ (u—a(z))1—u*)=0 in Q, %:0 on 9N (1)
where () is a smooth and bounded domain in R™, v the outer unit normal to 92
and a a smooth function satisfying a(x) € (—1,1) in Q. Let K,Q_ and Q. be
respectively the zero-level set of a,{a < 0} and {a > 0}. We assume Va # 0 on
K. Fife-Greenlee ([21, 22]) constructed stable layered solutions while del Pino-
Kowalczyk-Wei ([14]) proved the existence of one unstable layer solution provided
that some gap condition is satisfied. In this paper, for each odd integer m > 3, we
prove the existence of a sequence € = ¢; — 0, and a solution u.; with m-transition
layers near K, whose mutual distance is O(e log %) Furthermore, u.; converges
uniformly to +1 on the compact sets of 21 as j — +o0.
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1 Introduction

Let © be a smooth bounded domain in R"(n > 2). Of concern is the following Fife-
Greenlee problem

e2Au+ (u—a(z))(l—u?)=0 in Q )
% =0 on 0f2,

where £ > 0 is a small parameter and v denotes unit outer normal to 0f2.
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The particular case a = 0 corresponds to the standard Allen-Cahn equation (see [6])

{ EAu+u(l—u*)=0 in Q, (3)
% =0 on 0f).
The function u represents a continuous realization of the phase present in a material
confined to the region at the point z which, except for a narrow region, is expected to
take values close to +1 or —1. Of particular interest are of course non-trivial steady
state configurations in which the antiphases coexist, see for instance [4, 17, 18, 19, 20,
23, 26, 27, 32, 33, 34, 36, 37, 39, 40, 41, 42, 45, 46].

There are also many known results for the general inhomogeneous case: smooth
function a satisfies —1 < a(z) < 1 in Q and Va # 0 on the smooth closed hypersurface
K = {a(z) = 0}, which separates the domain into two disjoint components

Q=0 UKUQ,,

with
a<0 in ., a>0 in Q,, a=0 on K.

The energy functional J.(u) corresponds to the problem (2) is

Jo(u) = f/ Vul? + 1/ W (2, u),
2 Ja €Ja
where .
W(z,u) = / (72 = 1)(7 — a(x))dr.
~1

Fife and Greenlee in [22] first proved the existence of an interior transition layer solution
approaching +1 in 2_ and —1 in 2, for all ¢ sufficiently small. Note that +1 is the
absolute minimizer of W(z,-) in the domain _, while —1 is so in its complement €.
The Fife-Greenlee solution, constructed by super-sub solution method, is stable.

Super-sub solutions were later used by Angenent, Mallet-Paret and Peletier in the
one dimensional case [7] for construction and classification of stable solutions. Radial
solutions were found variationally by Alikakos and Simpson [5]. M. del Pino [11] extended
these results to general interfaces in any dimension. Further constructions have been
done by Dancer and Yan [10] and Do Nascimento [16]. In particular, it is found in [10]
that this solution is precisely a minimizer of J.. Related results can be found in [1, 2].

On the other hand, a solution exhibiting a transition layer in the opposite direction,
namely u., approaching to +1 in {2, and to —1 in €2_, has been believed to exist for
many years. Hale and Sakamoto [24] established the existence of this type of solution
in the one dimensional case, while this was done in the radial case in [12], see also [9].
Such an opposite direction layer in this scalar problem is meaningful in finding transition

layer solutions for reaction-diffusion systems such as Gierer-Meinhardt with saturation,
see [12, 21, 38, 43, 44] and the references therein. Recently, M. del Pino, Kowalczyk



and the second author constructed transition layer solutions in the opposite direction
in the two-dimensional case [14]. Subsequently, Mahmoudi, Malchiodi and the second
author [29] extended this result to any n-dimensional case. Yang and the second author
[46] constructed (2m + 1)-transition layers solutions in the two-dimensional case. The
general high dimensional case remains an open question.

In this paper we will follow the idea in [15] and [33] to establish the existence of
a clustering layers solution in any n-dimensional case. More precisely, one can look
at the eigenvalues of the corresponding linearized problem as functions of e, and to
estimate their derivative with respect to . This can be rigorously done using a linear
perturbation theorem due to T.Kato, see Section 2, and by characterizing the resonant
eigenfunctions. This result gives us indeed invertibility along a suitable sequence €; — 0,
and the norm of the inverse operator along this sequence has an upper bound of order

n—1

1 N\ T
g; ° (log E—j) .
Our main result is the following.

Theorem 1.1 Let ) be a smooth bounded domain in R™(n > 2) and the smooth function
a(r) € (=1,1) in Q. Denote K,Q_ and Q. to be respectively the zero-level set of
a,{a <0} and {a > 0}. We assume Va # 0 on K. Then for each odd integer m > 3, we
obtain the existence of a sequence e = £; — 0, and a solution u., with m-transition layers
near K, whose mutual distance is O(elog %) Furthermore, u.; converges uniformly to
+1 on the compact sets of Oy as j — +o00. More precisely, near K, we have

u. () ~ gj(—l)‘“H <£ - fe(é)) :

1 €

Here we parameterize x = (2,C) with z and (, 2 € K being the closest point to x and
¢ =d(z, K), while H(x) is the unique hetero-clinic solution of

H'+H—-H*=0, H0) =0, H(foo) = *1. (4)

The functions f, satisfy

for1(2) — fo(2) = glogé - ?loglogé +0(1), 1<l<m-—1, (5)
and
e fot fom e (D e fa =T o), (6)

where k(Z) is the mean curvature of K and Ona the coefficient of the first order term of
the Taylor expansion of a

a(ez, ) = Onal(ez,0)eC + o(e). (7)

In the rest of the paper we will complete the proof of Theorem 1.1.
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2 Preliminaries

For the odd heteroclinic solution H(z) = tanh(%ﬁx) of (4) we know the asymptotic
properties

H(z) — 1= —2eV2 4 Qe 2V2), x> 1,
H(z) +1 = 2eV2® 4 O(e2V22), < —1, (8)
H'(z) = 2¢/2e7 V2l 4 O(e~2V2kl), z| > 1.

From the equation (4), we can get HTH% — (1752)2 = 0, which yields

1— H*(z) = V2H,.

Hence

OO 2 _L > - 2 .CC_&
/_medx_ﬁ/_m(l H)Hydr = ==, (9)

Integrating by parts, we have
o 1 [ 2
/ v HyH,yde = ——/ = Y2 (10)
oo 2/ - 3
By (4), we can also get
3/ (1-— Hz)er’ﬁxdx = —/ (Hypw — 2Hx)e"/§“dx = 8. (11)

We need to introduce the following well-known result [35].

Lemma 2.1 Consider the following eigenvalue problem
bz + (1 —3H?) = M\, ¢ € H'(R). (12)
Then we have
)\1 = O, )\2 < O, (13)

where the (\;); denote the eigenvalues in non-increasing order (counted with multiplicity),
with corresponding eigenfunctions (¢;);. As a consequence (by Fredholm’s alternative),
given any function g € L*(R) satisfying fR gH, =0, the following problem has a unique
solution

Gpe + (1 =3H> O =g, in R, / ®H, = 0. (14)
R

Furthermore, there exists a positive constant C' such that ||¢|| mw) < C||g|L2w)-



Now we scale the equation (2) by €' to obtain

{ Aut (u—a(ex))(1—w?) =0 in Q. (15)

Gu =0 on 09,

where ), = % Following the same notation we also set K. = %, and for 7 € (0,1) we

define
Ur={r e dx,K)<e T}

To consider the scaled problem (15), it is convenient to parameterize elements z € U,
by using their closest point z in K. and their distance ¢ (with sign, positive in the
dilation of Q). Precisely, we can choose coordinates z on K, and denote by n(z) the
unit normal vector to K (at the point with coordinates z) pointing towards €2,. We set
Z:=¢ez,( := e(. Then we can write

r=z+(n(ez). (16)

In the following, we let the upper-case indices I, J, . .. run from 1 to n, and the lower-case

indices 4, j,... run from 1 to n — 1. We also let g denote the metric on K (inherited

from R™), g. the one on K., and g. the flat metric of €., which will be expressed in the

above coordinates (z,(). If z1,...,2,-1 is a local set of coordinates on K., and if (g.);;
denote the corresponding components of the metric tensor, then we have

G-)ij + eC(Algy + A¥gy,) + 22 Algp A% 0
(gs)]] — ( (gE) J C( g]l Ojg k?) C glk j 1 7 (17>

where (A7) are the components of the second fundamental form namely they are defined
by 92 = AJ9Z To obtain (17), we notice that

7 82]‘
or 0z N C(‘9n ox
= eC—; — =n.
Hence since (g:)i; = (%, %), and in view of n is perpendicular to %, then we obtain
1 j 1

immediately (17).

We denote the eigenvalues of the matrix (A7) (with respect to the metric §) by
ki(ez),1 = 1,...,n — 1, which are called principal curvatures of K. Then the mean
curvature of K (scaled by a factor n — 1) is k(c2) = S0 ki(e2), 2 € K.. We have

dV,. = \/9-d¢dz = (1 + eCr(e2))dV,.d¢ + O(e*¢?)dVj. dC. (18)

The Laplace-Beltrami operator is defined in local coordinates by the formula

1
Agju= m@;(g”\/detgﬁju), (19)



where g7 are the elements of the inverse matrix of (gr;). By (17), elementary compu-
tations (see [31]) show that

Agu = uee + er(ez)uc + e Ak u + O(e)ue. (20)

Here Ak, stands for the operator in (19) freezing the coordinate ¢, namely summing
overi,7=1,...,n—1

P pp—
AK&QU = maz(g J detgaju)

This operator is nothing but the Laplace-Beltrami operator for the metric gg, . on
K. with coefficients ((g.)i;(-,¢)) in the coordinates zi,...,z,-1. With respect to this
metric, one can introduce a corresponding gradient Vg, defined by duality as

Y ou ) 0
<VKECU’ U>VK6< = (95) ‘7(.’ C)a_ZZ/U]7 if v= U]a_Z] < TKE‘ (2]‘)

From the expression of g;; in (17) then one can finds the estimates

Ou DU _ (1 4 O(e0))|Vyoul’ (22)

2 — (.

- [ btV = [ (950950005, + 00V ul e [Vavlnge (29

foe every u,v € H'(K.). Using again (17) one obtains

| 9aapdv, = 0 ) [ lucPdcav; + 1+ 0 [ (Vg ufdcdy;.. 24
U, U,

U-

Now we let \; and ¢; be the eigenvalues (with weight J,a) and the eigenfunctions of
_AKSO] = )\jana(ga O)@j? zZ € K7 (25)

with [} Ona(Z,0)pip;dV; = 6;;. Note that dya > 0, considering the previous choose of
n. Such eigenvalues can be obtained using the Rayleigh quotient. Precisely if M; denote
the family of j-dimensional subspaces of H!(K), then we have

A; = inf  sup fK [Vicol*dVs .
! MeMj pe M p£0 fK ana(za 0)902d‘/57

We can estimate the \; using a standard Weyl’s asymptotic formula ([8]), one has
Aj CK,anaj% as j — +o9,

for some constant Ck g,, depending only on K and dya.
We finally introduce the following theorem due to T. Kato ([25]), which will be
fundamental for us to obtain invertibility of the linearized equation.
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Theorem 2.1 Let T'(¢) be a differentiable family of operators from a Hilbert space X
into itself, where & belongs to an interval containing 0. Let T'(0) be a self-adjoint operator
of the form Identity-compact and let o(0) = 0¢g # 1 be an eigenvalue of T'(0). Then the
eigenvalue o () is differentiable at 0 with respect to €. The derivative of o is given by

% = {eigenvalues of P, o E;—Z(O) o Py},

where P,, : X — X,, denotes the projection onto the og-eigenspace X4, of T(0).

3 Approximate solutions

In this section, we will construct approximate solutions. We set U := K, x (—g, g), I, .=

[—g, g] From the previous section we know that equation (2) becomes

{ g + en(e2)ug + A cu+ O()u + u(l —u2) — alex)(1—u?) =0 (2,¢) € U,
u(-, £2) = £1.
(26)
For a fixed odd integer m > 3, we assume that the location of the m phase transition
layers are characterized by functions ¢ = fi(ez),1 < ¢ < m in the coordinates (z, ().
These functions will be left as parameters and satisfy

fi(ez) < faez) < -+ < f(e2),

and Y
2 K =
= (—1) =S 27
fi= (RS, (27)
where these f; satisfy
ﬁ+1_f@:p€,f+h€7 |h€|§M7 1§£§m_17 (28>
with )
166! sVt = SeBuapy. (29)
From (29), one has
Pel = Pe3 = = Pem, Pe2 = Ped = = Pem—1, Pet+1 — Pep = O(l), (30)
and /3 Y
2 1 2 1
per = =5~ log — — —-loglog — + O(1), (31)
€ €

which gives (5).



We now define in coordinates (z, () the approximation

where

With this definition we have that ug(z, () ~ H, (¢ — fe(ez)) for values of ¢ close to fi(e2).
We define a norm

lgll = sup e madCimnzat gz (), (32)
zeK (el
where 0 < ¢ < /2 is a suitable small number and ¢, := max(¢,0). Similarly, for a

positive integer | we set

Iglleg = sup sup |e7* Ml Imn(=CHM Dag(z, (), (33)
0<|a|<l ZEK CELL

where « stands for a multi-index.
For each fixed ¢,1 < ¢ < m, we define the set

Ay = {(270 cU: _% < (- filer) < %}
For convenience of the notation we will set

) )
foz—g‘f‘fl and fm—l—l:g"’fm'

Fix z, we let
Lo =A{C: (2,0) € A} (34)

and we also replace I, ., by I, for brevity.
In the rest of this section, we consider the solvability of the following problem

{u<<+em<ez>u<+0<s2>w+u<1—u2>—a(em)(l—u%=s?g<z,<> el g

u(+8) = +1.
We define
S(u) := uee + er(ez)ue + O(e*)ue + u(l — u?) — alex)(1 — u?) — e2g(2, ¢).

For each fixed ¢, we write t = ( — fy(¢z) and estimate the error of approximation
S(uo)(z,t+ fe(ez)) in the range I,. Let us consider first the case 2 < /¢ <m — 1.



As in [15], we get
S(up) = 6(—1)“1(1 _ HQ(t)) [e—ﬁ(fe—fz_ﬂe—\@t _ e—ﬁ(f£+1—f€)eﬁt:|
+er(=1) T H (t) — ednalt + fo)(1 — H*(t)) + Oy, (36)

where O, = O(gl+ue—a\t|) for some 0 < o < v/2 and w< % (1 — \% .

The above expression also holds for ¢ = 1,/ = m. The only difference is that the
term [e~V2Uefi) V2 _ o=V2fr—f0) V2] ig respectively replaced by

_e_ﬁ(f2_f1)6\/§t and e_ﬁ(fm_fmfl)e_\/it.
We define a function in Q.\ K, as
. 1 lf T &€ Q+,
W(z) = { -1 if €. (37)

We also let 7(6) be a smooth cut-off function with n(¢) =1 for 6 < ¢ and n(d) = 0 for
0 > g. Now we define our further approximation @g as

. . (e~ 41 dfre Q.
= n(leclyun + (1= n(echym = { Mo T R Ry
The error of further approximation is simply computed as
S(iao) = n(|e¢])S (uo) + O, (39)

where © has exponential size O(e¢) inside its support, and hence the contribution of
this error to the entire error is essentially negligible.

We also need to introduce two groups of smooth cut-off functions, for given z € K.,
as following

1 f ¢ — folez)] < 2 — 207 loglog L,
,z = . € 40
eas(6) { 0 if |¢ — fi(ez)] > 2 —atloglog L, (40)
where a = 1,2. We replace &, by & for brevity. Notice that
Eo1&e2 = &1, (41)
and
Gl =0 (-t ) el = O (s (42)
fe loglog %/’ fe (loglog )2 )
We define

Se(to) = &nS(to),



then from this and (36), (39), (5) we obtain

1
[Se(tio) ||« < Celog - (43)

We consider the linearized problem

{ Li(p) := ¢¢cc + er(ez)pe + O(e*)de + (1 — 3H7)d + 2a(ex) Hep = g + co & Hy,
J1. énoH; = 0.
(44)

Lemma 3.1 Let (¢,g,cp.) satisfy (44) with the boundary conditions ¢(+2) = 0. Then
for e sufficiently small we have

161l + leeel < Cllgll (45)

Proof. We prove this lemma by contradiction. Suppose that there exists (¢, g, cs.) such
that ||g|l. = o(1) and ||@]|« + |cee] = 1 as € — 0. Multiplying (44) by H, and integrating
over I, using the equation satisfied by H' and integrating by parts we obtain

|C€,€| - 0(1)7

which yields ||g + c¢.c&n Hj||« = o(1). Next we first show that ||@||g1(;.) = o(1). To show
this we rewrite (44) as

dcc + (1= 3H2)$ = Gn(g, ), (46)
where
Genl9,0) = g — er(ez)dc + O(*) o — 2a(ex) Hyp + co & Hy.

Note that ||Gep| r2.) = o(1) +O(1)cee +0(1) || @] a1y as € — 0. Hence Lemma 2.1 and
the contraction mapping theorem give a solution (¢, c,c) of (44) for which [|¢| g1, +
lcec| = o(1). Then the estimate in the || - ||, (and hence (45)) follows from standard
regularity results. The proof of this lemma is complete.

Remark 1 In fact, we can proved the following estimate

9l 2y + leeel < Cllglley-

Lemma 3.2 There exists a unique solution p.pn of

m

S(tio + @en) = Y _ ceclnr H(C = fo), / §npenH; = (=1,....m  (47)

/=1

for some constants cy.. Moreover, oy is unique, differentiable in z and satisfies

1
lp2nll. < Celog - (48)

10



Proof. We shall look for such ¢, in the following

Spah Zé@? ¢5€ +¢($)

We set
Ni(¢) = =3upp* — ¢ and  Nyp(¢) := atigd®. (49)

Elementary computations show that
S(tig + @en) = S(lo + Y _ Ender + )
=1

= 3 Tileldl,+erdl 4+ O(*)dL + (1 — 30)) e + 2aliode g
+  3&n(1— ﬂ%)w + & (N1 (Y + bep) + No( + 0 ) + £S5 (o)]
+ " +ery’ + 0D — 2(1 — atig)y (50)

+ (1 > fﬂ) {3(1 —ag) + Ny <¢ + Z 5@2¢g,£> + N, (¢ +) &2@,@) + S(Uo)}
=1 =1

+ Z[Cba,éf;é + 297 i) + (er 4+ O(e Z &2 Pe0,
=1

¢E,Z a ¢E,£
ac 0 acz

where ¢, ¢, denote respectively Then the problem (47) is equivalent to

the followmg system

Ly + erdl,+O(E)PL, + (1 — 3Ug) e + 2atiode,e + 3 (1 — Uug)Y)

+ En(Ni(¥ + @) + Na( + be ) + Seltio) (51)
= C@,sgﬁlHéa C € I@a (= 17 cee, M,
/ en(beg+0)H, =0, €=1,...m, (52)
1,

and

V" —2(1 — atig)Y + er)’ + O(e*)y

= - (1 - &1) {3(1 — )+ N, <¢ + ngg,ﬁ) + N (w +> &2@,@) + S(m)}
=1 =1

= (el + 200 &) — (g5 + Oe Z Elyer. (53)
/=1

Observe that the orthogonality cogdltlon in (52) is satisfied for ¢, + ¢ rather than
¢, hence we introduce new variable ¢,y = ¢. ¢+ 1. Then from (51) and (52) we obtain

(Blg/,e + 5“&;,5 + 0(52)@,@ + (1 — 303) e + 2atioPe
= — 36n(1 — @)Y — En(Ni(der) + No(der)) — Se(tio) (54)
+ "+ (er + O(E))Y' + (1 = 3ag + 2ati)yh + o ln Hy, ¢ € 1o,
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€ndeoHy=0, (=1,...,m, (55)

I,

Given small (ie’g with ||&)57[”H2(12) < Celog %, ¢=1,...,m, we solve problem (53) for
1. Observe that since |a(z)| < 1 and |ug| < 1, we have mingcq 2(1 — atg) > 0. Then by
a fixed point argument we have

1T & -
1Vl a2y < C(elogg+2||¢e,z|lipue)+( log lg )ZH@MHHZ u))

=1
1

< Celog -, (56)
5

where we have used (42). Next from Remark 1 we can solve (54)-(55) for ¢., which in
addition satisfies

- 1 -
buclley < € (logt + 19y + el ) £=Lewm

Combining this with (56), taking e small, and applying a fixed point argument again
we get a solution to (54)-(55) satisfying >, , ||§587g||H2(][) < Celogi,{=1,...,m. The
proof is now complete.

Next we show that we can choose h = (hy, ..., hy,) such that the coefficients in (47)

Ce:=(Cre,--vCme) =0.

Lemma 3.3 For e sufficiently small, there exists a solution u.(z,(;g) to (35) satisfying
u(2,¢9) = (2, ) + O(e'), (57)

in the || - ||«, where

:(2,¢) = ug + elog — [Z Enpeo+ 1| - (58)

Here for every £, ¢ satisfies
1\ .
Glot (L=3H2)g00 = (106 1) Oualt + (1~ 1)
~1
— 6 (5 log 1) (_1)“—1(1 _ H£2> [e—\/ﬁ(fe—fzfﬂe—\/it _ e—ﬁ(fe+1—fe)€ﬁt] : (59)
€
and @ satisfies
—1 5
" —2(1 — atig)t = (1 - ng) (log ) dnalt + fo)(1 — H?)

—1
— 6 (5 log 1) (_1)54-1(1 N HZQ) [e—\/i(fe—fe—l)e—\/?t _ e—\/i(fe-s-l—fz)eﬁt] } (60)
13
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Proof. Multiplying (47) by H,(¢ — f;) and integrating over I, we obtain
gatr = [ Stumi+ [ o+ (0= 3@ealt+ OHog ), (6)
0 0 0
and we have
[t (= 3udhganlty = [ (7 + (1= 30 il + O(e log 1) = O(c log ).
0 0
The left hand side of (61) can be estimated as

e (HY? = 22

Coe = TCg’E.;(l +O(1)>,
I,

while for the first term in the right hand side we can use (36) to obtain
/ S(uo)H, = gﬁ/ (H))? —s@na/ (t+ fo)(1 — H)H,

1, I, I,

+ 6(_1)€+1 Hé(l N H€2) [e—\@(fe—fe—l)e—\/it _ o —V2(fey1— —fo)e ] +O( 1+N)
Iy

= 16 [ —fe-1) e*\/ﬁ(f”“fe)} + 2—\3/§m - gaélla(—l)”lfg +O(e'™), (62)

where we have used (9) and (11). Hence we obtain, for 2 </ <m —1
16 [6—\/§(fe—fe—1) _ e—ﬁ(fe-u—fe)] _ %Eana(—l)“_lfg

" %ﬁs 2\!%(” (1) +OE™). (63)

Similarly, for £ = 1 and ¢ = m, we can get respectively

4 2 24/ 2

—16e V2R §58 af; + T\/_E \3/_61,&(1 +0(1)) + O(e'*™), (64)
4 2 2vV2

16€—x/§(fm—fm 1) _ 53 &fm + %_5 — T\/_Cm,a(l + 0(1)) + 0(51+“)- (65)

From (63)-(65), we derive that (C1es--+,Cme) = 0 if and only if the following system
hold
—16e VA=) —degaf, + 22k = O ),

16 [ V2(fe=fe-1) — g=V2(fey1- fe) 5ana(_1)€+lf€ + 2_\3/55/1
= O, 2< < m— 1,
16¢=V2(Fm—fm-1) _ 36000 fm + %58,% = O(e!h).

(66)
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Substituting (27) into (66) we obtain

—16be V22 I) A2 afy = O ),
16 |p-D e~ V2(Ffe—fe-1) _ b(*l)eﬂeﬂ/i(feﬂffe)} — %lgana(_l)@rlfz

(67)
o =0(e), 2<l<m—1,
160D o= V2(fm—fm-1) _ %)Eanafm = O(eltn),
where ,
b := eona,
We add all equations in (67) and obtain
fim ot fo— ot () fy b+ fr = O(M). (68)

Combining this with (28), to find f,,£ = 1,...,m (hence f; from (27)), we only need to
find hy,¢ = 1,...,m — 1. To this end, we add every adjoint two equations in (67) and
get

—16b~te VAU f) — dega(—1)2H(fy — ) O(e*™),
16b-D" e—f(fe fo 1) _ 6‘\[(f2+2—f2+1):| ha(— >Z+2(f£+1 _ ﬁ) (69)
O( ), 2<0<m -2,
16be~V2Um—1=Fm=2) — 42, a(~1)" Y (fr, — 1) = O(e14).

Substituting (28) into (69) and using (29) we obtain

=B (L (1P = ofeh),

eVZheot _ e=V2hert _(— )e+2 h( )€+2p€f;e -=o(e"), 2<L<m -2, (70)
67\/§hm—2 _ (_1)m+1 _ (_1)m+1p€7’717712 = 0(5“)’

where we have used (30) and (31).
We write the (m — 1) x (m — 1) matrix

[0 -1 0 O 0 7
1 0 -1 0 0
0 1 0 -1 0
0 0 1 0 0
A=|. .
0 0 -1 0
0 1 0 -1

| 0 L0
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and denote

ha

Furthermore, we set

Then (70) can be written as

For matrix A, if we denote

|

0 0
-1 0

then

|\

- ocoo=mU

0
0

omgw

Elementary calculations show that

- D-1

B
B
B

ssMivelios

F

D—l

B
B

F
F
D—l
B

F
F
F

Dfl

15

o m g

=H O W

Dfl

(_1 142 _hy

(_1>2+2pﬁ_722
Pe,1

(_1)m—1'+2 hm—1

0 1
F_{oo
0 -
0
0
0
0
B
D
F
F
F
F
F F
D' F
B D

Pe,m—2

(71)

(72)




where

1 0 1
D = { 10| (74)
We introduce the norm B
[hloc := max[h].

For a given b € R™! we first solve the problem

T(h) —a—f(b) = 0. (75)
Note that )
f(b)||oc = O :
£} = O(1 )
By this and (72)-(74), we know that (75) exists a unique solution
-1 1 -3
eV =l O(g), e =14 0(—), 0<j< T
2 log < log < 2
Hence
V2. om-—1 1 V2
hyjrv1 = ——log(—— — hojro = ——log(j + 1 :
2j+1 5 log(—5——J)+ O(logi)’ 2542 5 log(y +1)+ O(log%)
We denote

h =T '(a+f(b)).
Then solving problem (71) is equivalent to solving the following fixed point problem
h =T '(a+ f(h) +o(c")) =: G(h). (76)

Clearly, for sufficiently large M > 0, G is a contraction operator in the set {h : ||h||, <
M}. Indeed, we have

“ R - ..

G(h') — G(h?)|s <
I6(0) = GH)e < s

Hence the contraction mapping principle shows that problem (76) exists a solution h.
To show that u. has the expansion (57), we use the equation satisfied by ¢. . Let

Oeh = elogi [ZZI EnPeo + zﬂ] + O(g'*#). By (51), (53) and (36), we deduce that (g
and 7,& satisfy respectively

@ro+ (1 —3H7)deo
0! 1\ !
= (log E) Ona(t + fo) (1 — H*(t)) — (log g> k(=1) H (1)
1
- 6 <5 log 1) (_1)£+1(1 _ H2(t>) [e—ﬂ(fe—fe—l)e—ﬂt _ e_ﬂ(f£+l_f£)6\/§t:| :
19
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and

-1
U —2(1 — aiig)h <1 - ngl> (log ) Ona(t + fo)(1 — Hp)
-1
— <log é) k(=1 TH (1)
-1
- 6 (5 log é) (_1)54-1(1 — H?) [e—\/i(fz—sz)e—\/it _ e—\/i(feﬂ—fz)e\/it] 1.

These and (27) yield (57). We complete the proof of this lemma.
Using the solution u. obtained in the previous lemma, we can define the operator

L(¢) := ¢¢c + ek(ez)pc + O(€2>¢< + (1 — 3u?) ¢ + 2a(cx)u. .

Lemma 3.4 The solution u. constructed in Lemma 3.3 is unique. Indeed, the eigenval-
ues for the following problem

L(¢r0) + Ao =0 (77)

satisfy
1
Ao = —¢log g”yg@na(l +o(1) (C=1,....m), Apt1e > Yms1 > 0, (78)

for some positive constants Ve, Yma1. Furthermore, if

L(¢) =, (79)
then we have .
¢ = Z Cé,sHé + ¢J_7 (80)
=1
where .
1
lé*ll. = odllv.). Z| Crel = log (; / wH, ) (81)
hence o
Il < =7 L. (52)
&z

Proof. We first show (78). Let (Are, ¢ro) satisfy (77). By Lemma 2.1 it is easy to see
that either A\;. — 0, or A\, > v > 0. We discuss the first case decomposing ¢, as

beo = coHy + o, droH) = 0. (83)
I

17



Then we have
L((ﬁj:o) + )\Z,€¢2:0 = _CE,E]L’<H2> - C@,E)\é,eHév (84>

where ,
L(H)) = 3(H —u)H, + exH) + 2au.H, + O(£?).

Since A\r. — 0 and f]E qbgl,OHé = 0, from Lemma 2.1 we obtain that

1
ool < Clecd (<082 + el ). (89

Now multiplying (84) by H; ,£ =1,...,m, respectively and integrating over /., we have
| Lt = —eee | [ nitma;+n [ o). )
Is Is IE
For the left-hand side, we have

1
[ vt = [0 -se)mek+ 0 (5 (Elogg—l—|)\g,€|>)

I I

1
= / 3[H} — ug]ngsg%o +0 (g (g log . + |Ag,5|)) (87)
I

1
= 0 (5 <slogg + |/\gvg|>) ,

while for the the first integral of the right-hand side we have

[ s = [ s -+ o

- 6 / (1) HO(~1)2(H 4 fo— for) — 1)
D HE A+ fo— fo) + D) (£)2de + O(e)
= —Ge V2irSe) / H(t)(H' ()% V*dt (88)

L Ge VA1) / H(t)(H'(t))%eV?dt + O(e)
R
1
= ¢clog g%@la(l +0(1)) + O(e).

Note that
Ye >0,

since

/ H)(H(#)%2dt < 0 and / H)(H ()% dt > 0.

18



Clearly
)\g,g/] (H))? = A\ <¥ + 0(1)> . (89)

From (86)-(89) we obtain (78), where v, = %% > 0. The proof of (80), (81) follows
from similar argument. The uniqueness of u. can be deduced from (78). We complete
the proof of this lemma.

By using Lemma 3.4 we can obtain the following estimates.

Lemma 3.5 If ||g|l.; < C for some integer 1, then

[ue (2, G g)llsy < C. (90)
Proof. We only consider the simplest case: D = 8%1, since the higher-order derivatives

case can be deal with similarly. Differentiating (35) with respect to z; and letting
v:= Dg u.(z,(; g), we have

Lv + eD2 k(2)u- ¢ + D2 a(ex)(1 — u?) + O(e*) =0

in the norm || - |l,;—1. By (82) and the fact that DZa(ex) = O(elog ), (90) follows
immediately.

Lemma 3.6 If ||gil|« < C,i = 1,2 and if u.(z,(; g;) are the corresponding solutions of
(35), then we have the following estimate

[us(2, G g1) = ue(2, ¢ g2) [l < Cellgr — gl (91)

More precisely, following the notations in the proof of Lemma 3.4, the following estimate
holds true

us('z)C;gl) _us(z7<392) = de,OHé+¢0> (92)
=1
where .
> ldeol = O(ellgr — gall+),  Itholls = OElg1 — gall.)- (93)
=1

Proof. Let w = u.(z,(; g1) — ue(Z,(; g2). Then by (57) we have ||w|], = O(e) and
LPw — 3u.(z, ¢ go)w? + alex)w? + O(||w||?) + €%(g1 — g2) = 0

in the norm || - ||., where LOw = wee + erwe + O(e2)we + (1 — 3u(z, ¢ g2)%)w +

2a(ex)u.(Z, C; g2 )w.

By (80), (81), we have
Ioll« = O(e*[lg1 — gell.)
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and

m

> Jdeol
=1
1 " m 2
— = . / !
= 510g%o ; /Ig(a(sx) — 3u(2, (; g2)) [;dﬁ,oHZ—Hﬂo Hi| | +O(ellgr — gall+)-

Observe that a = O(elog ) near f; and [; H(H')®> = 0. The similar argument as in the
proof of Lemma 3.4 yields (93).

Lemma 3.7 If ||gi||« < C,i = 1,2 and u.(z,(;g;) are as in the previous lemma, then
the following estimate holds true

[ue (2, G5 91) = ue(Z, G g2) lea < Celllgr = g2ll« + (191 = gall1)- (94)

More precisely, for any multi-index a with |a| <1, we have

D2 (ue(2,¢ 1) — u(Z,G g2) = > doaHy + tha, (95)
/=1
where .
Z ldea|l = O(e(llgr — gall« + [lg1 — g2ll«1)), (96)
/=1
[Yalls = O (£2(lg1 — g2l + lg1 — g2ll«)) - (97)

Proof. As before, we set w = u.(z,(;91) — uc(2,(; g2). Then D;w satisfies

L®D.w + eDzkwe + O(EQ)U)C — 6uc(z,¢; g2)wDzw — 3w2D2u5(Z, ¢; 92)
—6u.(Z, C; g2) Dzuc (2, C; g2)w + Dzalex)w? + 2awDsw
+2D:au.(Z,(; g2)w + 2aDzu. (%, ¢ g2)w + O(||w]|2) Dzw + €2 Ds(g1 — g2) = 0.

As before, we decompose Dsw as
D;w = Z dg,lﬂé + ¢1.
=1

The same argument as in Lemma 3.4 gives (96), (97). By induction in the length of a,
we obtain the desired estimate.
From the results in Lemmas 3.3-3.7, we have obtained the following Theorem.
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Theorem 3.1 Assume
Hg(ga C)”*,l < C? [ eN. (98>

Then there exists g > 0 such that for e < ey and g satisfying (98), there exists a unique
solution u.(z,(; g) to the problem (35), which satisfies

us(Z, G g) = 4e(2,¢) + O(e"™),
in the || - ||+, where

. L&, . .
(%, ¢) = uop + €log B [Z §2peo + 1
=1

The functions $eo and U satisfy respectively (59) and (60).
Moreover, we have

lue(2, G 9)]la < C,
and if g1, g2 satisfy (98), then

[ue(Z, ¢ g1) = ue(Z, G5 g2) 10 < Celllgr — g2lls + llgr — gall+)-
By Theorem 3.1, using an iteration procedure, we can easily obtain the main result
of this section, concerning existence of approximate solutions to (15).

J

Theorem 3.2 For each fized integer J > 3, there exists an approzimate solution u:

satisfying (57) and
ule + er(e)ul + €Ak u” + O(E*)ul + u(l —u?) — a(ex)(1 — (u!)?)[|.2 < Ce’. (99)
Proof. We set
UE(Z C) = UE(E, Ca 0)7 g2 ‘= 07
and ‘ ‘
Ug(?, C) = UE<§, G gj)v 95 ‘= —AKdUg )
where j =3,...,J.
We first consider the case J = 3. Observe that u? satisfies
w2+ er(ez)u + O(2)ud + (1 — (u2)?) — a(ex)(1 — (u?)?) = O,

while u? satisfies

ule + er(ez)ud + O(%)ul + v (1 — (u°)?) — a(ex) (1 — (u*)?) + e Ay ul = 0.

e¢ €

By (90), for any [ € N we have
luZlls < C,

and by (94
v i = s < Ce,
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which implies that u? satisfies
[ude +enlez)ul + 2 Ag u’ + O(*)uf + v’ (1 — (u*)?) — alex) (1 — (u®)?)||ia < CE°.

For J > 3 (choosing [ in the initial step sufficiently large depending on J), we can
prove (99) using an induction argument.

Remark 2 The approzimate solution u! constructed in Theorem 3.2 is actually unique

(since the solution in Theorem 3.1 is unique), and smooth in .

Finally, we consider the dependence of u/ in €. It is convenient to scale the function
u! to Q defining a;](%x) := u(x). Then for J > 2 the derivative of u/ with respect to
o

e, namely v/ (z) = 5= (ex), satisfies

UQI,CC + 5/@(52)1}& + O(éz)v;{g + (1 - 3(u‘!)2)v;’ + 2a(ex)u;]v;]
da 2 7

+o-(E)(w)” = 1) + Z[((w)’ — w) = a((u))” = 1)] = O(?), (100)

in the || - ||+ norm.

Remark 3 The eigenvalue estimates in Lemma 3.4 also hold when we replace u. by u.
Furthermore, the eigenfunctions ¢po,¢ = 1,...,m in (77) satisfies regularity estimates
similar to those in (90).

4 Invertibility of the linearized operator

First we need to characterize the eigenfunctions of the linearized equation corresponding
to small eigenvalues. We study the eigenfunctions of the operator

Lo =1L¢+ A 6

corresponding to suitably small eigenvalues. The reason is that in order to apply Theo-
rem 2.1, it is necessary to consider the projection onto the eigenspace of oy. Precisely,

the eigenvalues of P,, o 63—2(0) o P,, can be found by using the Rayleigh quotient
(PO'O © %_Z(O) © PUO’LL, U)X

(u,u)x

plu) = , ueX, u#0.

Lemma 4.1 Suppose the function ¢ satisfies (see the notation in Lemma 3.4)
Lep 4+ A0nagp =0,  ||@||2w,) = 1, (101)

with A = O(elog %) as € — 0. We decompose
¢ = Pu(2)uo(z,0) + ¢*,
=1
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where ¢uo(2,C) is the eigenfunctions (normalized in L*([—e~",&7"]) with respect to the
volume form of g.) of . and where ¢+ satisfies

/ o (2,Q)puo(2,()dC =0, Vz€ K., (=1,...,m.
[~e=7e7]
Then, as € — 0, writing }u(z) = >, cujpj(€2), we have the following estimate
112 C < 2 4 4.2
l6 Iy < o 22 D0k (4 +24577). (102)
=1 j

for some constant C'.

Proof. We multiply the eigenvalue equation in (101) by ¢+ and integrate on U,. From
the definition of L. = L + A, and the uniform invertibility of L on ¢+, see Lemma 3.4

(we are actually substituting [—2, 2] with [—£~7,£77], but this not affects the eigenvalue
estimates), we find that

/ SrLS AV, < —CllI0H By + 10F 2] (103)

-

We also obtain from (23) that

- | oAk, = (14 0E) [V, 6P, (104)

€ €

From (103), (104) and (24) we deduce that

/ b LtV < —Clé* 2.,

and therefore

m

¢ Z Yl 0)dV, +/U o Z(¢£,OAK<w£)dV
-1

T /=1

Cllo™ i@,y <

+ / ot 3 (Weh e dro)dV,,
Ur (=1

Voo | + CIMN6™ 1220,

o /U T ¢L;<vnge,vKg¢e,o>d

From the orthogonality conditions on ¢+ and from the fact that these functions ¢y, ¢
1,...,m are eigenfunctions for I (up to a small error), the first term on the right-hand
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side vanishes. Since ¢y0,¢ = 1,...,m satisfy a decay estimate with respect to ¢ as in
(90), from (18) and (22) we obtain the following estimate

m m
Mm@y < Ce*> 0 ellraieny + C Y IV el 2y,
/=1 /=1

where we have used the that that A = O(elog1). By ty(z) = > ujpj(ez), the
asymptotic formula for A\; and a change of variables we find

C
| WP, < [ aualint)Pav, < 25 3ot
£ € j

and

C
Vi)V, < —

K.

2 2 o
€ E Jrtog .
J

Hence (102) follows from the last three formulas.

Lemma 4.2 Suppose the same assumptions of Lemma 4.1 hold. Then, as ¢ — 0 we
3

have ||¢*|| i,y = O(e2 log 1).

Proof. We rewrite the eigenvalue equation in (101) as

m

L = [beolr tbe(z) + o(2)Lopo + bo(2) A bro + 2(V i (), Vie br0)] + Leop™

(=1

= —A\Opa¢’ — \Ona Z Yo(2)Pe0-
=1

Using the facts that Lo = £log 27,0na(1 + 0(1))¢eo (€ =1,...,m), we have

m

Lo= D [ora(brcvul2) +elog daall + o)) + u(2)Dxc b (105)

(=1

+2(V i 0(2), Vi, br0)] + Led = —=A0nag™ — Ana > 1h0(2) 0.
/=1

Writing still ¢,(2) = > arjp;(e2), we let j. be the first integer j such that £?); > e.
For each ¢, we multiply then the last equation by ... au;p;(e2)eo respectively and
integrate in U,, and then sum for ¢ = 1,...,m. Using the orthogonality of ¢ to ¢y,
the self-adjointness of L. and integrating by parts we obtain

e 1226 ozéj C’(slog +|A]) < ZZ%])

=1 j>je =1 j>je

N|=

(F5z)
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D=

el (1i2%)( LSy gz );

(=1 j>je

¢LL (ZZWg%@O) dv|.

(=1 j>je

From (105), the last term can be evaluated as

/ ¢ Le (Z > Oée,j90j¢e,o> dv, < Ce Y Vi illag 6™ 2w,
- =1 j>j =1
%
< Cellé luzw) ( IR ) -
=1 j>je

Hence from the last two formulas and from the fact that A\; > 1 for j > j. we get

(577, 1 Z ZE O%J ) < CE% logé <€n 1 ZZO%J> + quJ_HLQ(UT) : (1O6>

=1 j>je

We also notice that by the L? normalization of ¢ one has

= IZZ%H\MLQ 1) <

Then from Lemma 4.1, (dividing the j’s into {j < j.} and {j > j.}), recalling our
definition of j. and (106) we have

3OY )é

(=1 j>je

|6 e,y < Ce+Ced 1 Ce (

1
< Ce? + Ce2 log g(l + 16 e )

which yields the desired result.
From (25) we have

1 1
52/ IVipi|> —elog —w/ Onap? = °X\j —elog —yg =1 Ay (107)
K € K £

Now we differentiate some suitably small eigenvalues of L. with respect to the pa-
rameter €. As an application we will obtain the invertibility of L. for a quite large family
of . Then, as in [30], Proposition 7.3, using Kato’s theorem one can prove the following
result.
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Proposition 4.1 The eigenvalues A of the problem
L.u + AOpau = 0, m U, (108)

are differentiable with respect to €, and they satisfy the following estimates

O\

My, < 5= < M3, (109)
where
M} = inf Jo. GIV gul?® + 6ulv/u® — 2av/u? — 20.auu?)dV,
e u€ Hy,u#0 fUT Opau? d‘/gg
and )
M2 = sup Jor. GIVgul? + 6ulv/u® — 2av/u? — 20.aulu?)dV,
e weHy u0 fUT 8nau2d‘/gg

Lemma 4.3 Suppose the assumptions of Lemma 4.1 hold, except that we now use the
3
normalization ||¢|| g,y = 1. Then, if || = O(e2 log L) we have

m

5n11 Z Z ag; =0 (eilog %) ’

— 5
=1 [Ae,j|>e

and

12 Z |/\47]|azj: (5glog§>.

Uiag et
Proof. We define the sets
Ep={jeN: )\, <—ci}, FEun:={jeN:\,>ei}
and the functions

P (2 Z g jpi(e2) bea(z) = Z i pj(e2),

]EE@ 1 jEE2,2

o1 = Z 1;@,1(2)@,0, Gg = Z 1;6,2(2>¢€,0-

(=1

¢
As one can easily see from the orthogonality of ¢ 1(2) and 1e2(2), ||¢1]|m @), |02/l m @)
and || Y%, Yedeollr2w,) stay uniformly bounded as € tends to zero. We multiply next

26



the equation in (101) by ¢; and integrate

0) (62 log ) / 1 LepdVy, = / (Z YePeo + Cbl) Le¢1dVy,

=0 (52 log — ) D1 || 2 0,y + ZW@,OLsﬁbldvgs

Ur =1
=0 (52 log — ) / Z¢€¢£,0Ls¢ld‘/ga‘
Ur =1

From the expression of L. we have

3 1 _
0 (52 log é) = /U ZW@ O{Z bj, OAK<7/JJ 1(2) +elog gw@na(l +o(1)¢j0%51(2)

T (=1

ﬂ/& 1(z AKC% 0+ 2(Vi j1(2), Vi bj0)]}

)
0(1) 2
Ton-1 Z Z AejQi

= 1]€Eg’1
1
2
1 & moo
+O0E) | o D0 Do ol | D Il
{=1 jEE; 1 =1

1
2
1 & S
00 (25305 aty) S Wl
/=1

Then we have

1 & 1
> 03 ;|\l < Cetlog -
(=1 jEEy, €

Still from the fact that |Ag;| > i for J € Eyq, one also deduces

m

1
gnfl

1
2 < Ceilog -
g g

(=1 JjE€EE:1

A similar argument, replacing Ey; with E;, gives similar estimates, so we obtain the
conclusion.

As an application of the above lemma, we obtain the following estimates of the
derivatives of small eigenvalues of L..

Lemma 4.4 Suppose A is as in Lemma 4.1, and assume that |\| = 0(5% log1). Then,
for e sufficiently small the eigenvalue X\ is differentiable with respect to €, and satisfies

O\
Ei; > 0.
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Proof. Suppose u is an eigenfunction of L. with eigenvalue A. Using the eigenvalue
equation and Proposition 4.1, we see that the numerator in Kato’s formula can be
substituted by the expression

2 J\2Y, 2 J 8u;’ 2 8 J J. 2 2
g[(1—3(u5) Ju —l—QauEu}—l—GuE e —fut - 85 au dVy +0(e)| w7

By Lemmas 4.2 and 4.3 we can evaluate the latter integrand substituting to u the

function
u = Z@owe = Z Z g, beop;(€2).

5
|>\Z]|<€4

m 2
/ Ona (Z ¢e,0&e> dVy. = 1.
v =1

We normalize u so that

We have
Sou! ou’ m 1\ 2
/ / (1+e¢k) ( (1= 3(u?)?) + 2] + 6ul 5= — 2a—5= ~ 20, ;,) (;%W> o
We claim
e T ) s J a_J
/_ET I+ ecr) (g[(l = 3(u)?) + 2au] + 6u aug a ;g ) o

= Ona (% + 2/ t2(H'(t))%dt 4 2f? /(H’(t))3dt> (1+0('"7). (110
Indeed, from [33], we know
/[2(1 —3H?) — 6tHH'|(H")*dt = 0,

hence we have

L/€J<1+e<n>(§<1—¢xuzf>

—e— T

o .
) =0,

where we have used the facts that 2 5 ~ (—g %’3) H' near f; and ¢po = coHy + ¢y
We also have

= 4 ou!
/_ET(l + eCk) (ECLug —2a 5% 20.au ) o

= 8na/[2tH(H’)2 4+ 2(t + fo)?(H')*dt(1 +O(e'™T))

— dua @ + 2/Rt2(H’(t))3dt +of? /R(H’(t))Sdt) (14+0(E"™).  (112)
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(111) and (112) give (110). By (110) we can obtain the result of this lemma.
In the rest of this section we prove our main theorem, showing that the operator L.
is invertible for a suitable sequence €; — 0.

Theorem 4.1 For J > 3, let u! and L. be as above. Then for a suitable sequence
g; — 0, L., : H*(U,) — L*(U;) is inwertible and the inverse operator satisfies

n—1
n+1

_ 1)\ 2
HL;H <C¢; * (log —> ,  foralljeN,
€j
Proof. First of all we give an asymptotic estimate on the number N, of negative eigenval-
ues of L.. We denote the eigenvalues of L. by A;. in non-decreasing order and counting
them with multiplicity. From the Courant-Fisher characterization we can write A;. in
two different ways

- ulL.udV, - uL.udV,,
—Aj.= sup inf u —Xi.= inf sup fUT—g

’ 113
MeM; wEM,u#0 fU,— 8nau2dvg5 J:€ MEM;_1 1 M,uz0 fU‘r 8nau2d‘/gs ( )

Here M; (resp. M;_;) represents the family of j-dimensional (resp. j — 1 dimensional)
subspaces of H?(U,), and the symbol L denotes orthogonality with respect to the L?
scalar product with weight 0,a.

Using the first formula in (113) one can plug-in functions of the form u = 3", | ¢r0tbe
so that (see (105))

m

Lou = Z[@,O(A&W(Z)W% log é'ﬁana(l"i_o(l))¢Z)+¢£(Z)AKC¢Z,0+2<VKC¢E<Z)7 Vi be0)]-

(=1

From the decay estimates of ¢y, ¢ = 1,...,m with respect to ¢ and the Weyl’s asymp-
totic formula we can obtain the lower bound

n—1

1\ =
N: > (1+0(1))Cq (Ej_l log 8—) )

J

The similar argument as in [33], we can get the upper bound

n—1

1\ 2
N. < (1+0(1))Cq (5}1 log 5_) ,

J

with the same constant as before. In conclusion we have
n—1

1\ 7
N, ~ Cq (5;1 log 5_) , ase—0. (114)

J
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Now for [ € N, we let &, = 27!, Then from (114) we have

N,

€l+1

N, ~ Cq <2<l+1>"T‘1(1og 2l+1) 25 _ 91" (log 21)"T’l> (115)

n—1 n—1

n (I+1Y 2 1\ =

= (g (22 (L> — 1) (el_llog —) :
l €l

By Lemma 4.4, the eigenvalues of L. bounded in absolute value by o(g) are increasing in
€. Equivalently, by the last equation, the number if eigenvalues which become negative,

n—1

. _ T
when ¢ decrease from ¢; to €;11, is of order (51 Hog 6%) . We define

B, = {E S (5l+1751) s ker L, 7é @}, Bl = (5l+175l> \ B.

By (115) and the monotonicity in € of the small eigenvalues, we deduce that

n—1

2

1
card(B;) < Ne,,, —N. < C (511 log —) ,
&l

and hence there exists an interval (a;, b;) such that

meas(B;) ntl 1\ =z
b)) C B, b — >(———= > 2 | log —
(ar,br) C B, by — ar| > Ccard(Bl) > Cg, (og 51)

From Lemma 4.4 we deduce that L+s, is invertible and
2

n—1

n+1 2

) _ 1
||Lall+bl || S CEZ ? <10g _)
2 €l

Now it is sufficient to set €; = “ZTJ”” The proof is completed.

We consider now the problem in the whole domain 2., and not only in the strip
U,. Precisely, we first choose a cutoff function 7.(6) which is identically equal to 1 for
0 < %, and which is identically equal to 0 for 6 > %. We then define the function
u! by

@ (2, ¢) = ne(I¢)ul (2,¢) + (1 = n(I¢]))W,
where W is defined in (37). It is easy to verify that, by the exponential convergence to
+1 of u/ in the compact sets of Q. (and also by the decay of its derivative), that

~ _n—1 R
1S-(a)|r2ny < C=2, ||Se(@)| () < CE7,
where

Se(u) :=uee + er(ez)uc + A u+ O(e*)ue + u(l — v?) — alex)(1 — u?).
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We consider next the eigenvalue problem

Au+3(1 — (2))*)u — 2(1 — at! )u + Nopau = 0,

£

and we denote the eigenvalues by j\jvg, counted in non-decreasing order with their mul-
tiplicity.

As one can easily check, if A is bounded from above, the corresponding eigenfunctions
decay exponentially away from K.. Therefore, reasoning as for [30], Proposition 5.6, one
finds that there exists a constant C' such that

\j\jg — S\jﬁ] < Ce € provided 5\j,€ <lor S\jﬁ <1.
Hence, by Theorem 4.1 and the last formula we obtain the following result.

Corollary 1 For J € N, let S\jﬁ be as above, and define the operator ﬁg(u) = Au +
3(1—(a!)*)u—2(1—atl)u. Then for a suitable sequence e; — 0, L., : H*(Q2.) — L*()
1s invertible and the inverse operator satisfies

n—1

. g1 1\ 7
||L€_J1|| <C¢; * <log E—) ,  forallj €N,

J

5 Proof of the main theorem

Finally we prove Theorem 1.1 by applying the contraction mapping theorem.
Proof of Theorem 1.1 Let ¢; be as in Corollary 1. We set

u. =ul + ¢, ¢ € H* ().

Since L, is invertible,

Se(a! +¢) =0 (116)
can be written as
¢ =T.(¢) = —Le,[S-(a)) = 30l ¢* — ¢* + ag?).
For p > 0, we introduce the set
Ay =10 € H*(Q:) N L=(Q:) : |lIgll] < o},

where ||[¢]|| == |||l z2(0.) + |9l Lo (0)-
By standard elliptic regularity results and by Corollary 1 we know that there exists

a positive constant C'(n,2) such that

n—1

n+tl 1\ 2 n—1
T < o= (1o 1) ™ 7 4 1ol
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and

n—

1
2

Ii76r) ~ Tu(oa)l < Cn e (g2 ) liall + il - el

for ¢ = ¢; and ¢, ¢1,¢9 € H?*(Q) N L>®(Q:). Now, letting p = &', choosing first [
sufficiently large, then T, is contractive in A,. Furthermore, we choose sufficiently large
J, then T.(¢) € A, for any ¢ € A,. Then by contraction mapping theorem we find a
solution of (116), which completes the proof of Theorem 1.1.
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