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Abstract

For any rank 2 of simple Lie algebra, the relativistic Chern-Simons
system has the following form:

N1
Aup 4 (37 Kye — Y27 2311 i Ky;e% K,j) = 4 Z O,

Jj=1 : 2
No in R,

Aug + (X7, Kaeti = 3070 Y5 e Ko Kj) = 4w Y 6,
j=1

(0.1)
where K is the Cartan matrix of rank 2. There are three Cartan
matrix of rank 2: Ay, Bs and Gs. A long-standing open problem for
(0.1)) is the question of the existence of non-topological solutions. In
this paper, we consider the As and By case. We prove the existence of
non-topological solutions under the condition that either Z;V:ll pj =
Y2 g5 or S py # 332 g5 and N1, Ny > 1,|Ny — No| # 1. We
solve this problem by a perturbation from the corresponding Ay and
B, Toda system with one singular source.
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1 Introduction

1.1 Background

There are four types of simple non-exceptional Lie Algebra:A,,, B,,, C,,,
and D,, which Cartan subalgebra are si(m + 1), so(2m + 1), sp(m), and
so(2m) respectively. To each of them, a Toda system is associated. In
geometry, solutions of Toda system is closely related to holomorphic curves
in projective spaces. For example, the Toda system of type A,, can be
derived from the classical Pliicker formulas, and any holomorphic curve gives
rise to a solution u of the Toda system, whose branch points correspond
to the singularities of u. Conversely, we could integrate the Toda system,
and any solution u gives rise to a holomorphic curve in CP" at least locally.
See [16] and reference therein. It is very interesting to note that the reverse
process holds globally if the domain for the equation is S? or C. Any solution
u of type A,, Toda system on S? or C could produce a global holomorphic
curves into CP". This holds even when the solution u has singularities. We
refer the readers to [16] for more precise statements of these results.

In physics, the Toda system also plays an important role in non-Abelian
gauge field theory. One example is the relativistic Chern-Simons model pro-
posed by Dunne [7, 8, 9] in order to explain the physics of high critical
temperature superconductivity. See also [13], [14] and [15].

The model is defined in the (2+1) Minkowski space R, the gauge group
is a compact Lie group with a semi-simple Lie algebra G. The Chern-Simons
Lagrangian density £ is defined by:

L= —ke“””tr(auAl,Ap) + gAqu/Ap - tr((Du¢)TDM¢> - V(¢7 (bT)

for a Higgs field ¢ in the adjoint representation of the compact gauge group
G, where the associated semi-simple Lie algebra is denoted by G and the
G—valued gauge field A, on 2 4+ 1 dimensional Minkowski space R'? with
metric diag{-1,1,1}. Here k& > 0 is the Chern-Simons coupling parameter, tr
is the trace in the matrix representation of G and V' is the potential energy
density of the Higgs field V (¢, ¢') given by

V(6,6") = 1gtr(([16, '), 6] — v%0) (16, 61 6] — %),



where v > (0 is a constant which measures either the scale of the broken
symmetry or the subcritical temperature of the system.

In general, the Euler-Lagrangian equation corresponding L is very diffi-
cult to study. So we restrict to consider solutions to be energy minimizers
of the Lagrangian functional, and a self-dual system of first order derivatives
could be derived from minimizing the energy functional:

D-¢=0 (1.1)
F+— = ]%2 [Qb - [[¢7 ¢T]7 ¢]a qu ’
where D_ = Dy —iDy, and F,_ = 0, A_ — 0_-A; + [A4, A_] with AL =
A1+iA,, O+ = 01 11i05. Here 0; and D; are respectively the partial derivative
and the gauge-covariant derivative w.r.t z;, i = 1, 2.

In order to find non-trivial solutions which are not algebraic solutions of
[0, 0], ¢] = ¢, Dunne [8] has considered a simplified form of the self-dual
system (I1.1) in which both the gauge potential A and the Higgs field ¢ are
algebraically restricted, for example, ¢ has the following form:

¢=> ¢"E,
a=1

where 7 is the rank of the Lie algebra G, {E.,} is the family of the simple
root step operators (with E_, = ET), and ¢® are complex-valued functions.

In this paper, we consider the case of rank 2. Let
U, = In | .

Then equation (1.1) can be reduced to

Ny
1 2 U; 2 2 Uj Uj —
Auy + k_2(2i:1 Kye" — Zi:l Zj:l e" Kye JKij) =dm E :5pj
j=1 . 9
No in R<,

AUQ + %(222:1 KQie“i — Z?:l Z?:l e“iKgieuj Kl]) =A4r Z 5(]3'
j=1

(1.2)
K K
Ky Ky
G, {p1,---,pn, } and {q1, ..., qn,} are given vortex points. For the details of

where K = is the Cartan matrix of rank 2 of the Lie algebra
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the process to derive (1.2), we refer to [8],[22],[31] and [32]. In this paper,
without loss of generality, we assume k£ = 1.

It is known that there are three types of Cartan matrix of rank 2, given
by

A, = (_21 _21> . By(=Cy) = (_22 _21> Gy = <_23 _21) . (13)

In this paper, we construct non-topological solutions in the case of A,

and B;. ForK:A2:<_21 _21)andK:B2:(_22 5 ),equation

(1.2) becomes

N1
Aug + 2e" — 2 — (4?1 — 2e%2 — et1tuz) = 4 Z Op,

T InR%(14)
Aug + 2e¥2 — et — (4e?2 — 2e*™1 — g1 tu2) = 4 Z Og;

j=1

and

Ny
Auy + 2" — e¥2 — (4?1 — 2e?u2) = 47TZ Op,
7= N,  nR%(15)
Aug + 2e¥2 — 2e™ — (4e2 — 4?1 — 2e"1Tu2) = 47 Z dq;
j=1

respectively.

1.2 Previous Results

In the literature, a solution u = (uq, us) to system (1.2) is called a topo-
logical solution if u satisfies
2
Uq(2) — In Z(K‘l)aj as |z| — 400, a=1,2,

j=1

(@)



and is called a non-topological solution if u satisfies

uq(z) — —o0  as|z| — 400, a=1,2. (1.6)

The existence of topological solutions with arbitrary multiple vortex points
was proved by Yang [32] more than fifteen years ago, not only for (1.4) and
(1.5), but also for general Cartan matrix including SU(N + 1) case, N > 1.
However, the existence of non-topological solutions is more difficult to prove.
The first result was due to Chae and Imanuvilov [2] for the SU(2) Abelian
Chern-Simons equation which is obtained by letting u;(z) = us(z) = u(2) in
the system (1.4) where u satisfies

N
Au+e"(1—e") =4r Y 6, in R (1.7)

j=1

Equation (1.7) is the SU(2) Chern-Simons equation for the Abelian case.
This relativistic Chern-Simons model was proposed by Jackiw-Weinberg [12]
and Hong-Kim-Pac [11]. For the past more than twenty years, the existence
and multiplicity of solutions to (1.7) with different nature (e.g. topological,
non-topological, periodically constrained etc.) have been studied, see [1], [2],
[3], [4], [5], [17], [18], [19], [20], [24], [25], [26], [27], [28] and references therein.

In [2], Chae and Imanuvilov proved the existence of non-topological solu-
tions for (1.7) for any vortex points (p1, ..., px). For the question of existence
of non-topological solutions for the system (1.4), an “answer” was given by
Wang and Zhang [30] but their proof contains serious gaps. In fact they
used a special solution of the Toda system as the approximate solution, but
they did not have the full non-degeneracy of the linearised equation of the
Toda system and their analysis for the linearised equation is incorrect. Thus,
the existence of non-topological solutions has remained a long-standing open
problem. Even for radially symmetric solutions (the case when all the vor-
tices coincide), the ODE system of (1.4) or (1.5) is much subtle than equation
(L.7). The classification of radial solution is an important issue for future
study as long as bubbling solutions are concerned.

1.3 Main Results

In this paper, we give an affirmative answer to the existence of non-
topological solutions for the system with Cartan matrix A, and By. Our
main theorem can be stated as follows.



Theorem 1.1. Let {p; ;}/:11) {g; ;\7221 C R2. If either

N1 N2
(a) ij = Z%‘ ;
Jj=1 j=1
or

M No
(b) ij =+ qu and Ny, Ny > 1, [Ny — Ny| # 1, then there exists a
j=1 j=1

non-topological solution (uy,us) of problem (1.4) and (1.5) respectively.

Non-topological solutions play very important role in the bubbling anal-
ysis of solutions to (1.2)). Therefore, our result is only the first step towards
understanding the solution structure of non-topological solution of (1.2). For
further study on non-topological solutions for the Abelian case, we refer to
[3] and [5].

We will prove Theorem (1.1 in three cases which we describe below:

N No

Assumption (i): ij = qu , N1y = No; (1.8)
j=1 j=1
Ny N

Assumption (ii): ij = qu , Ny # Noy Ny, Ny >1 (1.9)
j=1 j=1

Ny N
or Y pi#Y ¢ INi—No| #1, Ni,Np > 1
=1 =1

Ny No
Assumption (iil): Y p; = ¢, N # No, Ny =1or N =1.(1.10)
j=1 j=1

If we can prove the existence of non-topological solutions under the above
three assumptions separately, then it is easy to see that Theorem 1.1/ is
proved. So in the following, we will prove the theorem under the three
assumptions respectively.

1.4 Sketch of the Proof for the case A,

In the following, we will outline the sketch of our proof for the Ay case,
the proof for B, is similar.



First, let us recall the proof of the existence of non-topological solutions
of Chae and Imanuvilov [2] for single SU(2) equation (1.7). Getting rid of
the Dirac measure, (1.7) is equivalent to

Au+ij:1|z—pj|2 ”:H?[:l|z—pj|462“ in R%, (1.11)
After a suitable scaling transformation, the equation (1.11)) becomes
AU + |z — EijQeU =1, |z — epj]‘lem in R? (1.12)

where ¢ is small. Let ¢ = 0. The zeroth order equation of (1.12) is
AUy + |z]*NeP =0 in R?, / |2*N eV < +o0. (1.13)
R2

Prajapat and Tarantello [23] gave a complete classification of solutions to
(1.13). In fact all solutions to (1.13) are given by

8(N +1)2)?
()\2 + ’ZNJrl _ a/‘Q)Q'

Uyro = log (1.14)

(Furthermore, in a recent paper [10], del Pino, Esposito and Musso proved
that the solution Uy, is actually non-degenerate (see also [16] for another
proof).)

In [2], the authors have chosen the following radially symmetric initial
approximation

8(N +1)?
(1 + [z[2+DY2°

This radial solution is non-degenerate, i.e., the dimension of the kernel of
the linearized operator is exactly three, and is spanned by gTUp 3—52 g—g To
obtain the next order term in ¢, in the reduced problem, one then needs to

solve the following equation

Up = log (1.15)

|Z’4N+2

IN Uo s
A+ 2|7V e ¢ = —(1 PRTRETITE

(1.16)
Because of the special form of the right hand side, the solution to (1.16)
can be found explicitly ([2]). Then by adding appropriate “small” non-radial
functions, they used the standard implicit function theorem to prove their
result. In this procedure, the number of solvability conditions (and so the

8



number of free parameters) is exactly 2, since the codimension of the lin-
earised problem as in (I.16) is 2, and the scaling parameter has been fixed.

Now we comment on the main ideas and difficulties for systems. As in
[2], we will view equation (1.4) as a small perturbation of the SU(3) Toda
system with singular source. (Recently, the complete classification and non-
degeneracy of solutions to the Toda system with singular source was obtained
by Ye and the second and third authors in [16].)

Let us first consider the system (1.4)). Similar to the procedure of leading
o (1.12), after a suitable scaling transformation, the system (1.4) is trans-
formed to

AU, + 1T 11|z Epj|26201_02
= 2521, |2 — ey "2 — PTIN |2 — ey [PTTN2 |2 — eg; ™2, (1.17)
AU, + IT; 21\,2 - 5q]]2 20>=Un

_ 2€2HN21’Z . 5q]|4 405201 2HN21’Z . Eq]| HN11|Z . Ep]]2 UI+UQ_
When ¢ = 0, we obtain the following limiting system

AU, + |2]2M1e200-02 — () in R2
AU, + |2|*N2e22=U1 = () in R? (1.18)
Joo |22V < oo, [ [2[V2e22 70 < 400

which is the SU(3) Toda system with single source at the origin.

In a recent paper of Lin, Wei and Ye [16], the authors have completely
classified all the solutions of (1.18). In fact all solutions are of the form (see
Lemma 2.1 below)

(1.19)

{ eUt = ¢ 4 | 2N — a2 4 5| 2N N2 Vil g2
erg — Cll + C/2|ZN2+1 . a/|2 + Cg|ZN1+N2+2 o b/ZNngl o d/|2.
The solutions written above depend on eight parameters (a, 1) = (a1, az, by, ba,
dy,ds, p11, f12). In particular, all ¢; and ¢, depend on the variables py, po. See
Lemma 2.1. Furthermore, they showed that the dimension of the kernel of
the linearized operator is eight.

The main difficulty in this paper is the large dimension of kernels. Unlike
the single equation (1.7) case in which the coefficients for determining the
free parameters can be computed explicitly, there are no explicit formula for



the coefficients, except in the case Zjvzll p; = Z;le ¢; , N1 = Ny which can
be considered as the reminiscent of the SU(2) scalar equation. To get over
this difficulty, we make use of the two scaling parameters for solutions of the
Toda system and introduce two more free parameters . Instead of solving
the coefficient matrices for fixed scaling parameters, we only need to compute
the two matrices in front of the two free scaling parameters we introduce.
Now let us be more specific. The term of order O(e) will satisfy (2.32)
and (2.34) in Section 2. The O(g?) term will satisfy (2.36). In this O(&?)
term 1, we introduce two free parameters &, & which play an important
role in our proof. See Section 2.8 and 2.9. At last the solution we find will
be of this form
U=U,+ eV + %) + 2o, (1.20)

where Uy = (Uya, Us.a) is given by (1.19), and a denote the parameters (a, 1)
for simplicity of notations. In order to solve in v, we need to solve a linearized
problem:

Ay + [ofPMre20007 020261 — 65) = fy (1.21)
Ay + |2[PN1e20207000 (269 — 1) = fo

where f; and fs are explicitly given. We use the Liapunov-Schmidt reduction
method to solve it. It turns out that we can choose the perturbation a and
1 such that we can get the solution.

Now we comment on the technical conditions. In the proof, we will choose
(1, p2) first, depending on the assumptions. In general, the reduced problem
for a has the following form

1

1
gBa—i— EAa-a+ Qa+ O(|al*) +ag = O(e), (1.22)

where A, B, Q are matrices of size 6 x 6, and a; € R Furthermore, the
matrix Q can be decomposed into

Q=6Q: +6&Q+T (1.23)

where & and & are two free parameters. As we said before, we shall not
attempt to compute the matrices A, B and 7. Instead we focus on the two
matrices Q; and Qs. All we need to show is that at least of one of these two
matrices is non-degenerate.

10



M No
In case (a) of Theorem [1.1} i.e. ij = qu, by a shift of origin, we

j=1 j=1
Ny Ny

may assume that ij = Z ¢; = 0. In this case, the e—term ¥ vanishes
j=1 j=1

and both A and B vanish. If Ny # Ny, N;, Ny > 1 or Ny = N,, then ag
vanishes and we obtain a reduced problems (in terms of a) as follows:

Qa+ O(|al*) = O(e). (1.24)

If Ny # No, Ny = 1, or Ny = 1, we use a different O(e?) approximation 1 in
(1.20) and we obtain the reduced problem as follows:

Qa+ O(|al*) +ag = O(e). (1.25)

See Section 2.9. In both cases, we can show that the matrix Q is non-
degenerate and (1.22) can be solved by contraction mapping.

Ny Ny
The case (b) is considerably more difficult. Since ij #* qu, the
j=1 j=1
e— term exists and presents great difficulty in solving the reduced problem
(1.22) in a. To show that B = 0, we need |N; — Ny| # 1. To show that the
ag term vanishes, we need Ny, No > 1. In this case the reduced problem now
takes the form

1
~Aa-a+Qa+O(|]al®) = O(e). (1.26)
5
where Q has the form of (1.23). By choosing large & and & = 0, we can
solve (1.26) such that |a] < O(e).

In summary, the technical condition we have imposed is to make sure
that B = 0 and that the quadratic term 1Aa-a and the O(1) term can not
coexist.

We remark that in the SU(2) case, we may assume that Zjvzl p; = 0 and
so there is no e— term. The reduced problem for a is considerably simpler
since the kernel is three-dimensional only and a is basically one-dimensional.

1.5 Sketch of the Proof for B, Case

Since the idea of the proof for By case is the same as A, case, we only
mention the main difference.

11



For the B, case, after suitable transformation, when ¢ = 0, the limiting
equation (1.18) becomes:

AU, + |z[2Me20 =02 —
AUQ + ‘Z|2N2€2U2—2U1 — O (127)
Jeo |22V 702 < yoo,  [o [2]HV2e22 7201 < 400,

An immediate problem is the classification and non-degeneracy of the
above system.

In [16], Lin, Wei and Ye obtained the classification and non-degeneracy
results of the SU(N + 1) Toda system with singular sources. In the ap-
pendix, we use the results of [16] to obtain a complete classification and
non-degeneracy of the By Toda system (1.27). See Theorem 4.1 and Corol-
lary 4.1. This is new. In fact, the Toda system with By can be embedded
into the AsToda system under the group action U, = Us. The dimension of
the linearized operator is ten and all the solutions of (1.27) can be expressed
as

3
e =+ Z Xl Pi(2)]?), (1.28)
i=1
where -
Pi(z) = Zhteta Z Cz‘jzulﬁm—m}a (1.29)
=0

py = py = Ny + 1, b = Ny + 1 and ¢;; are complex numbers and \; are
positive numbers. The solutions of (1.27) depend on ten parameters (a,\) =
(€21, €30, C31, C32, Aoy A1). See Theorem 4.1

Once we get the classification and non-degeneracy results, the proof can
go through as the A, case. Of course the computations get harder as we now
have to compute two matrices with 64 coefficients.

1.6 Organization of the Paper

The organization of the paper is the following. In Section 2, we prove
Theorem (1.1 for the A, case. In Section 2.1, we present several impor-
tant preliminaries of analysis. We first formulate our problem in terms of the
functional equations (Section 2.1). Then we apply the classification and non-
degeneracy results of Lin-Wei-Ye (Section 2.2)). In Section 2.3, we establish

12



the invertibility properties of the linearized operator. Finally we obtain the
next two orders O(e) and O(e?) in Section 2.4 and Section 2.5 respectively. In
Section 2.6, we solve a projected nonlinear problem based on the preliminary
results. In Section 2.7, we prove the theorem under the Assumption (i).
Finally we prove our main theorem under the Assumption (ii) and As-
sumption (iii) in Section 2.8 and 2.9 respectively. In Section 3, we prove
our main theorem for B, case, the proof is similar as in Section 2. In the first
part of the appendix, we show the classification and non-degeneracy results
of the By Toda system with singular sources. We postpone all the technical
calculations in the second and third part of the appendix.

Remark 1.1. Since the proof for the Ay and Bsy case are similar, we may
use the same notations in Section 2 and Section 5.

Remark 1.2. We belicve that the idea to deal with By case can be used to
deal with the Go case. But it will be more complicated.

2 Proof of Theorem 1.1/ in the A, Case

In this section, we consider the following system in R?:

Ny
Ay 4 2e™ — e¥2 = 4?1 — Qe?u2 _ gtz 4 A Z Op,
=1
s (2.1)
Ay + 2e%2 — e = 4e?uz — et _ gtu2 4 4g Z Og; -
j=1
2.1 Functional Formulation of the Problem

The aim of this section is to transform system (2.1) to a more convenient
form. Defining

Ny Ny
u1221n|z—pj|2+ﬂ1, u2:21n|z—qj|2+ﬂ2,
j=1 j=1

13



we obtain from (2.1) that (@, ug) satisfy
Nty + 20T 2 = py e — Tz — g
= ATV [z — P — O [z — g% T [z PIIE [2 — g e,
Aty + QH]' 2 |z — gylPe™ HNIl’Z —pj|7e™
= 4HN21|'Z - %‘4 22— 2HN11|Z - p]|4 2 HN21|fZ — qjl HN11|Z - p]|2 e,
Then, making a change of variables z = g, and defining
ﬁl(z) = Ul(é) + (2N1 -+ 2) 1116, ’ag(Z) = UQ(E) + (2N2 + 2) IDE,
we get the equations satisfied by Uy, U, are

AUy + 2110 |2 — ep;[Pet — TTN2 |2 — eq;[?e? = 42T |2 — ep;[*e®™
—2€2HN21|Z j‘4€2U2 . 2HN11’Z €pj|2HN21‘Z ’2 Uy+Us

AU + 2% |5 — e — %, 15— ep, e = 42T3% | — cg, 10
—2521_[ 2 |E —epy|te?Ur — 2HN2 \z—sq]|2H 2|2 — epj|eVi
(2.2)

U\ _ A1 U . . 2 -1
Let ( U2) A, (U2 ),Where A, is the Cartanmatr1x< 1 9 >

We obtain from (2.2) that (U, Us) satisfy

AU1+H] LIz —epj)?e 2010 o
— 2€2HN11|Z ep; ‘4 4U—2U QHNIIIZ o €pg|2H 21‘2 qu’2€U1+U2

AU, + Hé.vjlﬁ — gqj|26202_01
| = 22202, |2 — ;|20 = 20125 |5 — gy PIR |2 — ep el
(2.3)
From now on, we shall work with (2.3). For simplicity of notations, we
still denote the variable by z instead of Z.

2.2 First Approximate Solution
When ¢ = 0, (2.3) becomes

{ AU, + |z[2M1e20 =02 —

’ - 24
AU2 + |Z|2N262U27U1 — O ( )

14



whose solutions can be completely classified, thanks to [16].

Defining .
U\ [ w1 —20In|z|
( U, ) N ( wy — 2 In|z| )’ (2:5)

where ( “ > = A" ( Ny >, we get an equivalent form of (2.4):
(0] N2

Aw; + e?V17v2 = 4o, dp,
Awy 4 2271 = Ao, (2.6)
fRQ €2w1—w2 < 400, fRQ €2w2—w1 < +00.

For this system, we have the following classification result by [16]:
Lemma 2.1. Let (wy,ws) be a solution of (2.6). Then we have

o (Classification) The solution space of (2.6) is eight dimensional. More
precisely, all the solutions of (2.6) satisfy that

Cwy O 2N —a? | N2 N )2
S B |
0 C/l + C/2|ZN2+1 _ a/|2 _|_ C/3|ZN1+N2+2 _ b/ZN2+1 _ d/|2

€ = |Z|2042 ,

with (p1, 2, a,b,d) € Rt x RT x C x C x C and

C(Ne+ D (M Ne+ 2 N1
Cl_T’ €2 = AT 03—4F ,
M2
1
= (N 4+ 1)(Ny+ 1) (N 4+ Ny +2), creaes? = .
M +1 Ny + Ny + 2 N, +1
CL/:—7 b,:—a’a d=- d—i—ab;
Ny + Ny +2 Ny +1 N2+1( )
Ny +1
d = % = deiea(N) + 1),
Ny + Ny +2
A
Ny +1
¢ = Zp = deaca(Na + 1%

15



By (2.5)), all the solutions of (2.4)) are of the form

{ 6701 — 67w1|zl2a1 =0 + CQ|ZN1+1 _ a|2 + C3|ZN1+N2+2 _ bZN1+1 _ d|2

6—02 _ €—w2|z|2a2 _ 0,1 + c/2|ZN2+1 . a’|2 + Cg’ZNH-NQ—i-Q Nl d’|2,

(2.7)
where we have eight parameters (a, p1) = (a1, as, by, be, dy, do, i1, pi2).
When a = 0, we obtain the radially symmetric solution
e U0 = prt =1 4 ol 2P 4 | M2 (2.8)
e~U20 — pat =)+ |2 4 |22

Observe that the radial solution (17170, 02,0) depends on two scaling pa-
rameters (f1, i2). Later we shall choose (1, u2) in different settings.
Next we have the following non-degeneracy result from [16]:

Lemma 2.2. (Non-degeneracy) The above solutions of (2.6) are non-degenerate,
i.e., the set of solutions corresponding to the linearized operator is exactly

¢ > satisfies |p(2)] < C(1 +

etght dimensional. More precisely, if ¢ = ( ¢;

|z])* for some 0 < a < 1, and

Agpy + |2|2N2e2020-U10 (26, — ¢1) = 0,
then ¢ belongs to the following linear space IC : the span of

{Z,U«U ZMZ’ Za17 Za27 pr Zb27 Zd1a Zd2}7

16



7 _ thl,l _ 8“1({1’0 B pl(Nz +1-— Ni:gl 2(N1+N2+2))
" Ly 2 I, Uz p2((Nv 4+ 1)pg — NQH p2(N1HNz+2)) ]
7 Zw1 \ {0010 \ _ p1((Ny + Ny + 2)r <N1+1) N1+21 2N1+Nz+2))
e ZM272 B 8“2(]20 N ((Nl —+ 1) M 2(N2+1))
7 _ Zay 1 _ aalﬁl,o . C p pNitl cos N1 +1
o Zuz ) \ 0uUso ) \ chpad am pN1+2N243 oo Nl + 1
Loy = ) 02/)17“N1+1 sin(N; + 1
" o 2NN i (N, ! 1

caprr? NN cog(Ny + 1)6
c gl‘)’lp N2t cos(Ny +1)0 )
c3prr? N1 N2 gin(Ny + 1)0
h gZ parM2tsin(Ny +1)0 )7
c3prrM N2 cos(Ny + Ny + 2)6
A gjlp pN1HN2+2 cog(Ny + Ny + 2)0
B c3prr™ N2 2 6in(Ny + Ny + 2)6
B cggszp rpNEN2H 2 6in (N + Ny +2)6 )

Il

and py, pe are defined in (2.8).

For simplicity of notations, we also denote by (Z;, Zs, - - - , Zs) the kernels
(Z,uu ZMQ’ T 7Zd2)'
From the above definitions, we have

/ AZy-Z, :/ ANZ, T, :/ AZ,-Za, :/ ANZZ, :/ Ay, Zgy =0
R2 R2 R2 R2 R2

for¢,7 =1,2, and

/ AZai-Zaj:/ Azbi-zbj:/ AZg, - Zg; =0
R2 R2 R2

for i # j. By Holder’s inequality,

([ 82020 = ([ V20920 < (| IVZuP)[ IVZ,P)

_(/RAZ Z)(/RAZ 7).

17
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%)

= (/ AZai : Zai)(/ AZbi ’ Zbi)
R2 R2

(/ AZaqz ) Zbi)2 - ( VZai ’ VZbi>2 < ( |VZaz|2)( |Vsz
R2 R2 R2

RQ

for : = 1,2. So we obtain

det[(/ AZZ : Zj)i,j=1,---,8] 7& 0. (210)
R2
Corollary 2.1. If ¢ = ( zl ) satisfies |o(2)| < C(1 + |z])* for some 0 <
2
a <1, and
A¢1 + 2|z|2N162~ﬁ1,0*€]2,0¢1 _ |Z|2N262€72,0*~Ul,0¢2 =0 (2 11)
A¢2 + 2|Z‘2N262U2’0_U1’0¢2 _ |Z|2N162U1’0_U2’0¢1 — O, .
then ¢ belongs to the following linear space IC*: the span of
{Z;«l7 Z;27 Z:;’ 2:;27 Zl;:? Z:27 Z;17 Z;;Q}’
where
e Zin N _ [ 2Zin— Zip
7 = ( 7 ) _ ( e ) . (2.12)
Since
/ Z;‘i-Zji‘,:/ Zy -2y =0
RQ 7 RQ J
for i,5 = 1,2, and
/ Z;-Zz_z/ Z{,:-Zg‘,:/ Z;ZnZ;_:/ Zy 2y =0
RQ J R2 7 RQ J R2 J
for ¢ # j. By Holder inequality
([ zzy <] z z) z-2)
R2 R2 R2
fori=1,2.
We have
det[(/ Zz* : Z;)i,j:3,~-~,8] 7é 0. (213)
]RQ

18



We will choose the first approximate solution to be ( gl’(“’a) ), where
2,(n,a)

the parameters pu, a satisfy
ja] := [a] + [b] + |d] < Coe, || = O(1) (2.14)

for some fixed constant Cy > 0.
We want to look for solutions of the form

01 = 01’(%;1) + 8\111 -+ €2¢1, UQ = 02’(‘“,3) -+ 5\112 + €2¢2, (215)

where a = O(g), and pu fixed. For simplicity of notation, we will denote by

Uniway ) — ( Ura . One should always keep in mind that the radial
UQ,(u,a) U2,a

solutions depend on two parameters i1, us.
To obtain the next order term, we need to study the linearized operator

around the solution < 1{1,0 )
Uz

2.3 Invertibility of Linearized Operator

Now we consider the invertibility of the linearized operator in some suit-
able Sobolev spaces. To this end, we use the technical framework introduced
by Chae-Imanuvilov [2]. Let a € (0,1) and

Xo={uc L?DC(R2),/ (1+ |2 ) u’dr < +o0}, (2.16)
R2

2

Vo= {u € WEER), [ (L o )|AuP 4 s < +oo). (207)
RQ

’$‘2+o<

On X, and Y, we equip with two norms respectively:

/1l = sup (1 + [y)**|f ()], [IAlls = sup(log(2 + [y)) ' A(y). (2.18)
y€ER? yER2

For f = ( ﬁ ),g: < i; ),Wedenoteby (f,g>:fR2f-gdx.

The main lemma on solvability is the following:
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h

Lemma 2.3. Assume that h = < 3
2

> € X, s such that
(ZX h)y =0, fori=3,---,8. (2.19)

Then one can find a unique solution ¢ = ( zl > =T7Y(h) €Y, such that
2

Ady + [z e20r0=020(26) — ) = Iy
Ay + |z[PMe2V207000(2¢; — 1) = hy » [0l < CllAll. (2.20)
(p,AZ;) =0, forj=1,---,8

Moreover, the map h z, ¢ can be made continuous and smooth .

Proof:
First, we show that there exists a solution to
i 2N 201 0—Ua 0 i AT — *
Aoy a7 T 20 =) = AZL p 1 (1)
Ay + [2[* e 2071020 — ¢) = AZT,

and ¢' € Y,. To this end, we solve this system in radial coordinates. We
only consider ¢'. (¢? can be obtained in the same way.) Multiplying the first
equation of (2.21) by Z7,, and the second equation by Z,, for i = 1,2, and
recalling the equations that are satisfied by Z; 1, Z; 2, we have

{ A¢1(2Zzl ) AZ; 1(2¢1 ¢%) = AZT,1ZZ1

, 2.22
AG5(2Z;5 = Zin) — AZio(205 — ¢1) = AZ} 27, 222

Integrating the above equations over a ball B,., and integrating by parts, we
obtain

01 82, 1 8gb2 0Z; 4
2| Ghza - St SR - Sk
D1 8212 6¢2 0Z;i1 4
/a 5 EZ”Q <J51 Zz 1T, o33
+ | VZLVZi, + V2,V
B,
8Zf’1 . 8Zf 9
_/E)B e Zi + 5 —Z 5 =0, fori=1,2.

20



1
So ¢! = < z% ) will satisfy the following ODE system:
2

¢''(r) = H(r)¢' + f(r), (2.23)
where

-1
H — 2Zl,l - Zl,2 2Z1,2 - Zl,l 22{,1 - Z{,2 221,2 - Zi,l o H—IH
2791 — Zoy 2729 — Zan 27y, — Zhy 224, — T4, ) L T®

(2.24)
and
* * 8Zik1 * 8Zf2 *
f=—-H1 ( |81§T\<IBT IVZEAP + IVZo? = [op, o Zia + 57 Z12) >
= — 1 . . N N o7 * N oOZ* N .
‘mlar\ ([, VZ5,VZi 1 + V25,V Z 5 = [op, —a-Zo1 T 523 2)
(2.25)

We know that the fundamental solutions of this ODE system are given by

< Z11 > , < 221 ), and we can get that f = O(2). Hence we have
212 Za2 '

@' =t 21 + taZs, (2.26)

where

t; = O(log(1 +1)). (2.27)

So we can solve (2.21) in the radial coordinate, and we can get that the
asymptotic growth of ¢' is at most log|z|. Thus ¢' € Y.
We let L be the linearized operator:

o1\ _ [ A+ [2Nre20n0- 020 (26, — )
L( o5 ) B ( Agy + ’Z‘2N132U2,0—U1,0(2¢2 — ¢1) > ) (2-28)

Since both coefficients of (2¢1—¢3) and (2¢2—¢1) decay like O(|z|~2(2+2))
and O(]z|~23+N)) at oo, it is standard to show that L : Y, — X, is a
bounded linear operator and L has closed range in X, for v € (0,3). For a
proof, we refer to [2] (See Proposition 2.1 in [2]). Therefore

X, =ImL® (ImL)*.
Let ¢ € (ImL)*. Then (Lu,¢)x, = 0, Vu € Y,, or equivalently,
(LU7 (;D)LQ(IRQ) = O,
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where ¢ = (1 + |2]*T*)¢(z). Thus, L*¢ = 0 in R?, where ¢ satisfies
A(,Ol + 2|Z|2N162(:]1,0*?2,0901 _ |Z|2N262[?2,0*[?1,0g02 — - RZ
ASO2 + 2|Z|2N2€2U2’0_U1’0Q02 _ ’Z‘2N1€2U1’0_U2’0g01 — 0 )

with 2( )
QO z

— L dz < .

/RQ PO R

From here, we can apply the Green formulas to show that
()] = O(1 + log |2]).

Thus, by Lemma 2.2, we have that ¢(2) belongs to the 8-dimensional kernel
space of L*. Thus ¢p(z) € span{Z}| i =1,2,...,8}.

However, our previous result shows that AZ}y and AZ; € ImL. Then it
implies ¢(2) € span{Z}|i=3,...,8}. So (ImL)* Cspan{Z;|i=3,...,8}.
By the integration by part and the fact that ZF — 0 as |z| — 400, i =
3,...,8, we have Z C (ImL)*. Therefore we prove

ImL =span{Z;|i=3,...,8}".

Since by (2.10), det((AZ;, Z;)) = det(—(VZ;, VZ;)) # 0, there exists a unique
¢ to (2.20) and (AZ;,¢) =0, i = 1,2,...,8, provided that (h, Zf) =0, i =
3.....8
It remains to prove the estimate in (2.20). We prove (2.20) by contra-
diction. Assuming that there exist (¢, h,) satisfying the system(2.20) such
that ||¢n|l« = 1, ||n|ls« = o(1). By blowing-up analysis, we obtain a limiting
solution to
Ay + 2216201070026, — 65) =0,
Ay + 2127207010 (2¢, — ¢1) = 0,
2N7 ,201,0—Uz,0 7.
< |Z|2N 620 70 (221,71 Z’L72) , ¢1 > — O7 for Z — 1’ . 78,
|Z| 2e2¥2,0 1’0(221'72 — Zi,l) ¢2
(2.29)

with ||¢]|« < 1. By the non-degeneracy result Lemma 2.2, we conclude that
¢ = 0. Hence ¢, — 0 in C} _(R?).

loc

- - 2N1 ,201,0—U2,0 _
Next we write A¢,, = h,, with h,, = — |Z|2N 620 & (2001 = 0n2) +
|Z‘ zem20TEL0 (2¢n,2 - ¢n,1)

( Z"’l ) Since ¢, — 0 in C} (R?), hy(y) = H(I);% Hence by the Green’s
n,2
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representation formula, we have

6u(2) = 0a00) = [ 0w )y = o(1)og(2+ 21). 60(0

ly—=z "

This is a contradiction to the assumption that ||¢,|. = 1.

o(1).

]

2.4 Improvements of the Approximate Solution: O(e)

Term

For the order O(e) term, one need to solve equation of the form (2.32),
the right hand side of the equation only involves cosf and sinf and hence

can be solved.
First denote by

f(g,z) = H§V:11|Z - 5pj|2> 9(57'2) = Hj‘\gl‘z — &g

Then by Taylor’s expansion, we have

2

F(e,2) = £(0,2) +ef.(0,2) + % £..(0,2) + O(e%)

where
Ny

F(0,2) = [P, £(0,2) = =2[2PM 2 <Y Tpjz >

j=1
Similarly we can get the expansions for g(e, 2).

Let ( Yoa > be the solution of
Voo

(

A\I’OJ + ’Z’|2N1 6201’0_02’0 (2\11071 — \11072)
N
= 2|z|2N1=1¢2010-Uz20 Zl(pﬂ cos 0 + pjo sin §)
AW, + ’Z|2N26202’°]_2011’°(2‘I’0,2 — Wo,1)
N
= 2|z|2N2=1¢2U20-U10 ZZ(qﬂ cos 0 + ¢;2sin0).
\ Jj=1

*

(2.30)

(2.31)

(2.32)

Note that the existence of the solutions to (2.32) is guaranteed by Lemma
2.3l In fact, since h(r)cosf, h(r)sinf L ZF for i = 3,---,8, there exists a
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unique solution < 50’1 > of equation (2.32) such that (¥y,AZ;) = 0 for
0,2

t=1,---,8. Moreover, it is the linear combination of functions of the form
hy(r) cosf and hy(r)sin 6.

Next, if we use
- Vi Upa + e,y
v=( 2 )= ( 1) 9.33
( Va ) ( Uza + V0,2 ) (2:33)

we incur an error between O(¢g) term and ﬁi,a — Ui,o- To get rid of this term,
we need to solve

(

- AT+ |22V 2010020 (20 | — W5 5) o
= —|Z|2N162U1’0_U2’0<2\I/0’1 — \IIO’Q)(QZi’l — Zi’g) — fE(O, Z>€2U1’O_U2’O (2Zi’1 — Z/L'72>

o AV, 5 + |Z|2N2€202’0_Ul’0 (2W; 0 — ;1)
= —’zPNQeQUQ’O_ULO (2‘1’072 — ‘1’071)<QZZ'72 — Zi,l) — gE(O, Z>€2U2’0_U1’0(2Zi,2 - Z'L',l);
(2.34)

\

fori=3,--- 8.

The solvability of (2.34) depends on (Ny, N3).Since the right hand side
are linear combinations of functions of the form h(r) cos(NV;0), h(r) cos(NV; +
2)0, h(r) cos(N1+ No+1)0, h(r) cos(N1+ Na+3)0, h(r) sin(N;0), h(r) sin(N; +
2)0, h(r)sin(Ny + Ny + 1)8, h(r) sin( Ny + Ny + 3)6, one can easily see that
if |[N; — No| # 1, the right hand side of equation (2.34) is orthogonal to

ZF for i = 3,--- 8. Similarly by Lemma 2.3, there exists a unique solution
( ii’l ) of (2.34) such that (V;,AZ;) =0for j=1,---,8.
0,2

Thus the approximate solution including O(e) term is

~ ‘71> (U1a+€(‘1’01+2$_ ‘I’Hai))
V fd ~ g ’ ’ 1=3 ’ s 235
( Vo Usa +(Wo2 + Z?:s U, 0a;) (2.35)

where we use the notation a = (ag, a4, - ,as) = (a1, as, by, be, dy, ds).

Remark 2.1. Note that when Zf\gl P = Z;\El q;, with a shift of origin, we

can assume that SN p; = Z;le ¢; =0, then the O(e) vanishes, i.e. ¥y and
W, are all zero fori=3,--- 8.

24



2.5 Next Improvement of the Approximate Solution:
O(g?) Term

The next order term, which is of O(g?), is crucial.

Let the first correction of O(g?) be ( zl ):
2

A1/)1 + |Z|2N16201,0—02,0 (2¢1 _ 1/}2) — 2|Z|4~N164{71,0—202,0 _ |Z|2(N1+N2)e(71,0+l72,0

[P (20 — W) — L0, et D0 (20 — W) — Lo

AwQ + |Z’2N2€202"0_Ul’0 (2'1#2 _ wl) — 2|Z’4N2€4U2’0_201"0 o |Z‘2(N1+N2)€Ul’0+0270
—%|Z‘2N1€2U2’0_U1*0(2\I/072 _ \1;0’1)2 _ 95(0, 2)6202,0—01,0 (2\1}072 _ \IJOJ) _ Weﬂb,o—m,o_
(2.36)
Observe that the right hand side of (2.36) consists of functions which

are either radially symmetric or radially symmetric multiplying cos(26) and
sin(26). Thus if Ny, Ny > 1, the right hand side of (2.36) is orthogonal to Z}

0
fori =3,---,8. By Lemma 2.3, we can find a unique solution vy = < V1 )

vy
such that (¢, AZ;) =0 fori=1,--- 8.

When N; = N, and Z;V:llpj = Zjvzl q;, we are able to deal with (2.30)
like in [2] by choosing p; = ps = 1. However in the general case we do not
have explicit formulas for (2.36). Here comes our new idea. Instead of solving
(2.36), we observe that adding the two radially symmetric kernels Z,, and
Z,, gives another solution to (2.36). Thus the solution we will use later is
=1y + &2, + &2, where £, are two constants independent of a and
will be determined later.

Finally, the approximate solution with all the O(g) and O(&?) terms is

vo (Vi 2 ((Urate(Por+ X0, Winan) + 201 (2.37)
‘/2 U2,a + 6(111072 + Zi:3 g’i,ZaZ‘) + 521/)2
2
Then ( Vit 821}1 ) is a solution of (2.3) if ( U1 ) satisfies
Vo 4 €70y Uy
Avy + |z|2N162~01’0*€7270(21;1 — ) =Gy (2.38)
Avg + |Z|2N262U2,0—U1,o (21}2 _ Ul) — Gg, :
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where

G, = Ey + Nii(v) + Nio(v),
G2 = EQ + NQl(’U) + NQQ(’U),
Nu() = 211]z — epy (et 200

—I|z — ep;|’I1|z — eq;]*(

SN g f(e )

eU1+U2 -

€4V1 —2V2)

eV1+V2)

Y

Nia(w) = .
10,2000 (20, — ),
N21 (U) = 2H|Z — 5Qj|4(6402_201 . €4V2—2V1)
_H|Z — 5pj‘21_[|z — €Qj|2(€U1+U2 . evlJrV2)7
—g(e, 2)e202 01 4 g(e, 2)e?V Vi
NQQ(U) — g( ) g( )

c2

—l—g(O, Z)€2U2’0701’0 (2’02 — 'Ul),

and FE; are the errors:

Ey = 20|z — ep;|'e™ 2 — 11|z — ep; PTT|z — eq;[2e" 72 — 2| M1 10200

2N1+2Ny Uy 0+U:
+|Z| 1+ 20 1,0t 2,0 4

+£(0,2)e27107 2020y — ¢y)

0 ~ -
f( >Z) 62U1,0—U2,0(2\1j071 — 111072)2 + f5(07 Z)GQUI’O_U2’0<2\I’071 - \1’0,2) +

+

By = 200|z — eq;|*e?> ™" — |2 — ep,|* |2 — gq;|?e"* T2 — 2|z|4N2e40270_20170

2N1+2No Uy 0+U.
—|—‘2| 1+ 20 1,0+ 20 4

+

2

q(0,
9(0,

En

c2

E22

52
2)e?20 7000 (2, — 4y

2

26

z) e2V20= U0 (9 5 — W 1)? + g.(0, 2)6202’0701’0(2\110,2 — Vo) +

(2.39)
(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

fe<(0,2)

2

2

62U1,0—U2,07

955(07 Z) 620270*01,0



—f(e,2)e21 V2 4 £(0, 2)e2ra02a 4 2 £(0, 2)e20107 020 (2 — W o) + (0, 2)e2010- 020

8
+ Z e(f(0,2)e? 0720 (2W; 1 — Wy5) + £(0, 2)e? 0720 (200 — W09)(2Zi1 — Zin))a
+ €f5(0, Z)€2U1’07U2’0<222'71 — Zm))ai

Eoy =
—9g(e, 2)62‘/24/1 + ¢(0, Z)eQUQ’*‘*Ul’a +e9(0, 2)62U2’°7U1’0(2‘I/0,2 —Wg1) +€9:(0, Z)€2U2,07U1,o

8
+ Z £(g(0,2)e” 2070 (205 — W; 1) + g(0, 2)e® 2070 (2Wg 5 — W 1) (2Z55 — Zin))a
i=3

8
-+ Z €gg(0, Z)€2U2’07U1’0 (221"2 — ZM))ai.
=3

By Taylor’s expansion, we have
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8
E f(o Z) 2U10 U20{ Z 2\Ijzl_ 7,2 azz 2Zzl_ 12)
=3

M- 8§

Il
oW

(2‘110 1— Yy 2)2 (QZM - Zi,Q)ai

l\DI»—

8
21/}1 ZQZ’Ll_ 2,2 az
1=3
8

)

+(2Wg; — Yo 2) Z 20, — Uo)a; + (2%o1 — Wo2) Y (2Zi1 — Zio)a;}

=3 i=3
8
_f(gez) Z aaiaj (€(2U170_U270)) (2\1’10,1 - \IIO,2) a;a;
i,5=3
o 8 R
f=(0, 2){e2V107 20 (20 — Wy o) Z(QZi,l — Zig)a; + e2Uro~l20 Z(Q‘I’m — W, 9)ay
8 1"':3 g i=3
+é Z 8aiaj (6(2U1*°_U2’°))a,-aj} — §f55(0, Z)€2U1’0_U2’0 Z<2Z271 — Zijg)ai
i,5=3 i=3
J ~ o .
+4f(0, 2)2€4U1’072U2’O Z<22i71 — Ziﬁg)ai Z i1t ZZ 2 U1 0+02,0
=3 =3
+0(e) + O(e? + |a]?),
(2.45)

where O(e) denotes all items only involving with e, not with a. We have a
similar formula for Ej.

From the Taylor’s expansions above, we can obtain that F can be ex-

pressed as

E= éAa -a+ Qa+ O(|a]®) + O(e). (2.46)

Remark 2.2. Since the case Zfﬁl P = Zj\fl q;, N1 = N is the reminiscent
of the scalar equation, we will use 1 = by in this case. In the other cases,
we use P = o +&1 24, +E&7,, to be the second approzimate solution instead
of ¥o. This is the main difference from [2]. This plays an important role in
the proof. It turns out that because of the two free parameters &1,&o, in the
proof of the main theorem in Section 2.8 and 2.9, we can reduce our problem
to the invertibility of a 6 X 6 matrix Q defined in Lemma |2.7. This definitely
simplifies our proof. Unlike in [2], we do not need to calculate all the other
integrals in [ E - Z}.
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Remark 2.3. Let us recall the conditions we need for the O(g) and O(e?)
improvements of the approzimate solutions. For the solvability of the O(e)

term, we need SN p; = Zjvjl g or M p # Z;\Zl ¢, |[N1 — No| # 1. For
the solvability of the O(e?*) term, we need Ny, Ny > 1.

2.6 A Nonlinear Projected Problem

We have the following proposition:

Proposition 2.1. For a satisfying (2.14)), there exists a solution (v, m;) to
the following system

Av; + |z|2N16201*°*02’0(201 —vp) =Gy + Z§:3 mi(v)Z;4
Avy + ’z’2N2€2U2‘0_U1’0 (2112 _ Ul) =Gy + Z§:3 mi(v>ZZQ (247)
(AZ;,v) =0, fori=1,--- 8,

where m;(v) is determined by

8
G+ mi(v) 2, Z;) =0, forj=3,....8, (2.48)

=3
G, : . :
or G = . Furthermore, v satisfies the following estimate
Go

o]« < Ce, (2.49)

for some constant C independent of €, where || - || is defined in (2.18) .

Proof:

This can be proved by Lemma 2.3/and a contraction mapping. In fact, v is
8
a solution of this system if and only if v = T~(G(v)), G(v) = G + Z m; 27,
=3

where m;(v) satisfies (2.48)). For C' large enough, we define

B={veY,,|v|.<Ces(AZ,v)=0fori=1,---,8}. (2.50)
Since )
Ui —
e'te = O(l n |z|2(N1+N2+1)) as |z| — oo, (2.51)
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from (2.45)), we can get that
|E || < Ce. (2.52)
Since

Nip(v) = 21|z — €pj|4(6401_02 — M2y ]2
—ep; M|z — 5qj|2(601+02 — Vi)
= 20|z — ep;| e 72"2(%(4vy — 2u5) + O(eh)|v|?)

—T|z — ep;|* ]z — eq; 2" V2 (€2 (v1 + va) + O(Y)|v?),

by (2.51), we have

1 1 2 4 2
’Nll(v)‘ < C<1 + ‘Z|4(N2+2) + 1+ |Z|2(N1+N2+4)>(8 ‘U| +e |’U| )7 (253>
Thus
N1 (0)]]s < CE|0]]s, (2.54)
and
[N () = Niy (0@ < C2 [0 — 0P (2.55)

Similarly, we have

. 20, -0, 2Vi —Va . .
ng(U) _ f<57 2)6 + f(Ey 2)6 4 f(O, Z>€2U1’07U2’0<2U1 . U2)
(

-2
= — (0, 2)(e2Vra7l2a _ 2U107U20) (29 — wy) + (0, 2)e*V1a7020(2y; — 0y)
+ef(0, 2)e2VramV22) (20, — ) + O[] (f(0, 2)e2 10720y,

again by (2.51), we have

2
[Ni2(v)| < 05W(|U| +elv[%), (2.56)
so we can get
[N12(v)[l4s < Celjo]l., (2.57)
and
IN12(0®) = Nia(0?) || < Ceffo™) — o). (2.58)

From (2.52), (2.54) and (2.57), we can also prove

Im;(v)| < Ce
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and
imi(v1) — mi(v2)| < Cellvr — val|..

So for v, v(® € B, we have

L o - 1
TG @D < Ce, ITHGED) = THGE). < Sl = v ?]..

Thus by the contraction mapping theorem , there exist a solution v of (2.47).
O

By Proposition 2.1), the full solvability for (2.3) is reduced to achieving

= 0 for ¢ = 3,---,8. Since by (2.13), det((Z,Z!);j=3,.5) # 0, and

i
recalling the definition of m; in (2.48), m; = 0 is equivalent to

~+o00 27
/ G- Zrdddr =0 fori=3,---,8, (2.59)
0 0

where G = gl given in (2.39) and (2.40).
2

We have the following lemma:

Lemma 2.4. Let ( U1

y ) be a solution of (2.477). Then we have the following
2

estimates:
V00 + N0 7 + (Var(0) + Na(0) Zide = OE), (260)

fori=3,--- 8.
Proof:
By proposition 2.1, (2.54) and (2.57), we have
\ / (N11(v) + Niz(v)) Z71 + (Na1(v) + Naa(v)) Z7 5 dx|
R2

1
N kk o | 1o~
IN@I R

<ce/ ||v|| p |2+a| *dx

< c£?.

|27 |dex

Thus the proof is finished.
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2.7 Proof of Theorem 1.1/ for A; under Assumption (i)

IWe assume that SN p;, = Zjvjl ¢; and N; = N, , and we choose
(&1,&) = (0,0) in this section. This case is the reminiscent of SU(2) case,
even though, the proof is considerably harder since there are eight dimen-
sional kernels instead of three for the SU(2) case. We have the following
estimates for the error projection:

Lemma 2.5. Let (
holds:

51 ) be a solution of (2.47). The following estimate
2

(B, 230 (B, Zo,) (B, 23,0, (B Z3,) (B, Z3,), (B, Z4,))" - (2.61)
=T(a) +O(|a]*) + O(e),

where T is a 6 X 6 matriz defined in (2.69). Moreover, T is non-degenerate.

Proof:
Without loss of generality, we may assume that SN s Dj = Zj\le ¢ =0
and N; = Ny = N. Now we choose the parameters (pq, o) = (1,1) so that

we have )
601’0 = 602"0 = p = 8(]V—+1>
p (1+ r2N+2)2°

Since Zi]ilp,- = Zfil ¢; = 0, we have f.(0,2) = 0, Ug; = ¥po = 0. By
(2.34), we have ¥;; = VU, 5 =0, ¢ =3,...,8. First let us recall that

E— ( g; ) , (2.63)

(2.62)

where by (2.45),
8
By = —|z*p(2¢; — Z (2Zi1 — a;
1=3

1
_ 5fga(o7 Z),O Z(QZl’l — Zi’g)ai

8
+ 4|Z|4N,02 Z 271 — Zis)ay |4Np2 Z i1+ Zig)ay,

=3 =3
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and f..(0,2) is

fé‘g(o, Z) = 2|Z|2(N_1)(Z |pZ’2 + 2 Z(pll cos + Di2 sin 9)(])]1 cos 6 +pj2 sin 9))

@ i#]
= 21zPNY il + ) (pipi — pizpj2) €08 20 + (pupja + piapin) sin 26)
i i
= 2|Z|2(N_1)(Z<pi1pj1 — piapj2) €08 20 + (pipja + pigpj1) sin 26). (2.64)

i#]

We have a similar formula for Es.
Since

/h(r) COS ZQ(QZZJ — Zi’z)(QZjJ — ijg)rdrde
= /h(’f’) sin 29(22171 — ZZ'72)(2ZJ"1 — ng)?”d?"de = 07

fori,j =3,---,8, from (2.64), we have

0o 2 - -
/ / f55(0; Z)QQULO_UQ’O(QZZ‘J — ZZ"Q)(QZ]‘J — ijg)’l“d?”de = 0, (265)
0 0

fori,j =3,---,8. Note that f..(0,z) =0if N = 1.
Another important observation is the following:

00 2 5 5
/ / T2N62U1’0_U2’0<277Z)1 — ¢2)(2Z¢71 — Zi72)<2Zj’1 — Zj}g)?”d?"dg (266)
0 0

0 2T _ B
= / / 7’2N62U1,0*U2,0 (2¢0,1 - wO,Q)(ZZi,l — Zi,2)(22j71 — ng)?“d?"de,
0 0
where (10,1, %02) is the radial solution of the following system:

A¢1 + |Z|2N16201,0702,0 (2¢1 _ 1/}2) — 2|Z|4N164U1,0*202,0 _ |z|2(N1+N2)eU1,0+02,0
A¢2 + |Z|2N2€202’0_Ul’0<21/12 _ Q/’l) — 2|Z|4N2€402,0—201,0 _ |Z|2(N1+N2)6ﬁ1’0+02’0.

(2.67)

Now we choose 11 = 12 = 1 such that it is the solution of the following
ODE:

8(N+ 1)27’2N N S(N—I— 1)2 9

(1 4 7.2N+2)2 - ((1 i 7,2N+2)2) :

A+ (2.68)
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Combining (2.65) and (2.66), we have

+

/E - Zyprdrdf
or 8 _ -
/ / Z 2|Z|4N1 401,0— 2U20(4Z - 2Zz 2) |Z‘2N1+2N2€U1’0+U2’0(Zi1 + Zz’2)ai

(0, 2)e2000-020 (29 | —4p0) (2251 — Zi 2)31} Zia

[2|z|4N26402’0_201’0 (4Zz‘,2 _ QZz 1) |Z|2N1+2N2 Uy 0+U2 O(Zi,l + Zz‘,Q)ai

g(O, Z>€202’0_Ul’0<2’¢072 — w0,1)<2Zi,2 — Ziyl)ai] Z,;",2>?"d7’d¢9

+ O(la]’ + [¢]*) + O(e),

where O(e) is independent of a. Replacing the Z; term in the above expres-
sion by Z; , we have for i = 1,2

/E - Ly rdrdf

/ / rNp* (1922 | + 1927 5 — 342,41 Z4, 2)a;

N 2 (1924, 1 2y, 1 + 1920, 9 70,0 — 1T 24,1 2y 0 — 1720, 57,1)bi
-y [r Np(5Z2 | + 522 5 — 8701 Za,2) i
12N p(5 201 Zy 1 + 570 2%, — 4201 Zy2 — 42%.,22%1)@] )rdrde
=7 /OO <T4N,04(767’2(N+1) + 76rSVFD _ 1367’4(N+1))a2-
+T4N,24(767’4(N+1) — 3drP(NF — 3450V HD),
) [TQNpS(QOTQ(N—&—l) 1 oSN _ 327“4(N+1))a,-
2N (20,4 gy 2N+ 8T6(N+1))bi] )rdr

+0(Ja]* + 0(e)?) + O(¢)
= (76J1 — 20J2 — 136J3 + 32J4)CLZ — (34J1 — 8J2 — 76J3 + 20J4)bz
+0(e) + O(|al* + &%),
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and replacing the Z; term by Zj , we have for i = 1,2
/ E - Zy rdrdd

— /°° /27r (7"4N,02(19Zli-,1 + 1925 5 — 342,12y, 2)b;
+T‘4?Vp2((;.9Zai,12bi,l +19Z,, 02,0 — 1724, 1 2y, 0 — 1724, 22, 1)
—1 [T2Np(5Zli,1 + 5Zli,2 — 874,17, 2)bi
12N 0(5 24,1 Zp1 + 570,070 — 40,1 20,0 — 424, 5 Zb“l)ai} )T drdd
=7 /OO <T4Np4(19r2(N+1) 1975 _ 344N Dy,

0

+r N pH (76PN HD 342N _ 34, 6(0NHD)

3 [T2Np3(5r2(N+1) 16N 81”4(N+1))bi
2N 3 (2074 NHD _ g 2N+ _ 8r6<N+”)aiDTdr

+0(|a]* + &%) + O(e)
= (19J1 — 5J2 - 34J3 + 8J4)bz + (76J3 — 20J4 — 34J1 + 8J2)ai
+0(g) + O(e? + |a)?).

Similarly, we have for i = 1,2
/E - Zyrdrdd
00 2w
= / / <r4Np2(19Z§“1 + 19252-,2 — 3474,124,5)d;
0 0

. /oo <72r4Np47“4(N+1)di _ [18T2Np37“4(N+1)di] )rdr
0

+0(|al*) + O(¢)
= (72J3 — 18J4)d; + O(|a]?*) + O(e),
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where
Ji=m /OO N pt (P2 WD SNy gy
0
b= / T NN S0 g
0
—— /OO AN AN g
0

Jy=m /OO Yr2NFL 3 pANED g
0

So we get that

(E, Z3,), (B, Z,,),(E, Z;,),(E, Z;,), (E, Z4,), (E, Zj,))'
=T(a) +O(la]*) + O(e),

where
7, 0 17, 0 0 0
0O 17y 0 1T 0 0
|73 0T, 0 0 O
T= 0O 173 0 T, 0 O ’ (2.69)
0O 0 0 0 T O
0O 0 0 0 0 T
and

Ty = 76J; —20Jy — 136J3 + 32J4, To = —(34J; — 8Jy — 76J3 + 20J4),
T35 =76J3 —20Jy — 34J, +8Jy, Ty =19Jy — 5Jy — 34J3 + 8Jy4,
15 = T72J3 — 18J4.

The determinant of the matrix 7 is

(TWTy — ToT3)° Tz
- [36<2J1 - J2 + 2<2J3 - J4>>(4J1 - JQ - 2(4J3 - J4))<4J3 - J4>]2.

Next we prove that the matrix 7 is non-degenerate, i.e. the determi-
nant of 7 is nonzero. For this purpose, we need to calculate the integrals
J1, Jo, J3 and Jy. But these involves the function v for which the expression
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is unknown. In order to get rid of v, we use integration by parts and a key
observation is that for any ¢ satisfying ¢(oo) = 0, we have

JACS %mmdr - [T+ %mwdr. (2.70)

So we need to find solutions of

8(N + 1)2r2N

Agy + (1 +T2N+2>2

b1 = 2N p3(p2NFD | 6Ny (2.71)

and

8(N + 1)2r2N

Agy + (1 +T2N+2)2

By = 2N pPrANHD), (2.72)

For this purpose, let us consider a general form of this ODE first:

8(N +1)*r2N 3 tN+t—2
¢ =p°r . (2.73)

AQb + (1 + 7"2N+2)

Letting s = rV*! and ¢(s) = ¢(r), then ¢ will satisfy

— 8

512(N + 1)*si2
A .

(1+2)8

¢ = (2.74)

By stereographical projection, letting s = tan g, and 45(9) = ¢(s), we get
that the equation satisfied by ¢(0) is the following:

Ag2d+26 = 8(N + 1)*(1 + cos §)" tan' "2 g (2.75)

where Ag: is the Laplace-Betrami operator on S%2. The equation for ¢, ¢,
are reduced to

- - 1
Agapy + 2¢9 = 8(N + 1)4(2 — cos 20 — 7608 40), (2.76)

and - )
Ag2¢2 +2¢2 = 8(N + 1)4(§ — 5 cos 20 + g cos 40). (2.77)

By direct calculation, we can get that

~ 72 1
4 —
¢ =8(N+1) (8 + 9 cos 20 + ™ cos48),
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and

~ ) > 1
g = 8(N + 1)4(E + 3¢ €08 20 — mcoséw).

So we have

7 2(1 —6r2 N2 4 pANFL) (] — 62N E2 4 pANH2 10
=8(N+1)*(= — )=
o1 = 8INH) G+ ey Tl (1+ r2v+2)d I+ o)

(2.78)

and

5 5(1 - 67"2N+2 + T4N+4> 1 (1 _ 67’2N+2 + 7,.4N+4)2 4
= 8(N+1)*(— S —1)+=
02 = SN (5 + 350 vz 1aa (1 + r2N+2)s J+g%0);
(2.79)

where @g(r) = }jr:z—x:z satisfies
8(N + 1)2r2N

Apo + (1 V)

wo = 0.

Note that we add the terms containing ¢y to ensure that ¢;(co) = 0 for
i=1,2.
After simplification, we have
~32(N + 1)* (54 10722 4 9ptN )
¢1 = 9 (1 + r2N+2)1 ’
64(N + 1) 2r2N+2 41
9 (1 + r2N+2)4‘

Po =

Thus, we have

Jl — /OO 7,4N+1p4(7ﬁ2N+2 4 T6N+6)dr
0

BN+ /°° t" 3t N 4¢n 217 ”
2(IN+1) J, (145 1A+t (1487 1+t 7
where 1 = HLN By direct computation, we have

/OO " -k /w A"
o (I+8F T k—1-nJ; (L+t)k17
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SO

_(8(N 1)) 5 ., 6 T o
Ji= 2(N +1) (((4—77 3)5—n+4) n 2)/0 (1+t)8dt'

By (2.70)), we have

© §(N + )22V,
JQ :/0v (m) gbl'f’d?”

_ (8;\][\:_15)4 /wl_gt%zrllfi; 9t2)dt
L[ o 8¢ 4
= (BN +1)) /0 slarer qrg  aro?

BN+, 54 7 <
~36(N +1) <(5—n_8)ﬂ 4>/0 (1+t)8dt’

00
J3 — / T4N+1p4T4N+4dT

_ BV +1)Y)! /°° A

2(N+1) (1+1)3
BN 412 [~ g o w
= AN+ ) /0 axor oo T aro®

BN+ 6 7 S
T 2(N+1) ((5—77_2)6—77+1)/0 (1+t)8dt’

and

* 8(N + 1)*r2N
J4:/0 (W) (bg?"dr

_ B+ 1)%)4 /°° 1 (2t 4 1)t"

2(N +1) 9 (1+1)8

NI R o
BT /0 o\ar aro
BN+, 14 ©
T OI8(N+1) <6—n_1)/0 (1+t)8dt'
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So we can get that

(BN + 1)) 1057 o
(2= T2) + 22 =) = = s <6—n><5—n><4—n>/o (

(4Jy — Jo) = 2(4J5 — Ju) =

1+41)8

tn

2(N+1)  9(6—-n)(5-n)4—n)
(8(N +1)2)432+ 111n+ 372 [ "
2(N+1) 9(6-n)(5-mn) /0 (1+1)8

ATy — J, = dt #0,

for n = NLH This shows that 7 is non-degenerate.
O
As a consequence of Lemma 2.4 and Lemma 2.5, the coefficients m,; var-
nish if and only if the parameters a satisfy

T(a) + O(|al*) + O(e) = 0, (2.80)

where 7 is defined in (2.69). Obviously, (2.80) can be solved immediately
from (2.69) with |a] < Ce¢, for some C' large but fixed.
[l

Remark 2.4. Note that even ZzNzll P = vajl g and Ny = Ny, u; and us
may be different from each other.

2.8 Proof of Theorem 1.1 for A; under Assumption (ii)

In this section, we are going to prove Theorem 1.1/ for Ay under Assump-
tion (ii). This situation is more complicated than the previous one, since
the O(e) approximation and O(g?) approximation induce several difficulties.
The problem is that we cannot obtain the explicit expressions for these terms.
In this case, we will see that the two free parameters &, & we introduced in
Section 2.3/ for the improvement of the O(g?) approximate solution play an
important role. A key observation is that we only need to consider the terms
involving & and &. This is contained in the following lemma.

U1

Lemma 2.6. Let (
V2

) be a solution of (2.47). The following estimates

40

(8(N + 1)2)* 244 + 53 — 1481 + 1487° /°°
o |

141)8

dt # 0,

dt #0,



hold:
(E,Z;,) (2.81)

laf*

= §1(Ava; + Bib;) + §a(Asa; + Bab;) + Thi(a) + O(aj) +O((1+[&]al?) + O(e),
(B, Zy,) (2.82)

= & (Duai + € + Eo(Daa + Cob) + Tala) + 020 4 O((1 + eDlaf?) + O(e),

(E,Z}) (2.83)
|al?

= €161, + EEads + Tula) + O(0) + O((1 + €Dfal?) + O(),

for i =1,2, where

+oo
/ / 2N1 2U10 U2 0(2Zj,1 _ Zj,2)(2Za1,1 —_ Za172)2 (284)

2Nz 202,001, (2759 — Zj1)(2Z4,0 — Zal,l)Q} rdrd®,

+o0 2 - .
Bj = / / |:7“2N162U1‘0_U2’0 (QZJ‘J — Zj72)(2Zb1’1 — Zb172)(2Za171 — Za1,2)
0 0

+T2N262ﬁ2’070170 (2Zj,2 - Zj,1)<2Zb1,2 - Zb1,1)(2Za1,2 - Za1,1)i| Tdrde? (285)

+00
/ / 2N1 2010~ UQO(QZ],J — Z;2)(2Zy, 1 — Zb172)2 (2.86)

2Nz 202,001, (2750 — Zj1)(2Zp, 0 — Zbl,l)Q] rdrd®,

+oo 27 - -
D; = / / [TQNI(?ZULO_UQ‘O(?ZJJ — Zj2)(2Zy 1 — Zy2)(2Zay 1 — Zay 2)
0

+T2N2€20210701’0 <2Zj,2 - Zj,1)<2Zb1,2 - Zb1,1)(22a1,2 - Za1,1)i| rdrd@, <287)

+o0 2
/ / 2N1 2010~ UQO(QZ],J — Z;2)(2Zagy 1 — ZdLQ)2 (2.88)

2Nz 202,001, 02750 — Zj1)(2Z4, 0 — Zdl,l)Q] rdrdd,

for 3 =1,2, and T;; are 6 X 1 vectors which are uniformly bounded as € tends
to 0, and are independent of &1, &s.
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Proof:
By (2.45), E is of the form

L )a a4 (()a)+O((1+ [¢)a) + 0(e). (2.89)

€

0
Recall that < zl ) = ( z%) ) + &2, + &2,,. In the following compu-
2 2

tations, we only want to compute those items involving & and &;, since all
other terms are independent of & and &. Obviously, we have

< h(T)Za%Z', Zal,j >=< h(T)Zbl,ia Zbg,j >=< h(T)Zdl,ia ng,j >=0.

Hence we obtain

+o00 27
—/ / E - Z; rdfdr
0 0

2w B B
_ / / 7,2N1 e2Ur0=U20 (51(22171 - Z1,2) + 52(222,1 - ZZ,Q)) (QZal,l - Za1,2)a1

+r 2No 2U20 U, ,0 fl 22172 — Zl,l) —+ 62(22272 — Z2,1)> (QZal,g — Zal,l)alZ;hz

472N 201,0-Uz0 (fl 2711 — Z12) + &(2251 — Z2,2)> (2Zby,1 — Zu,, )blZa1 1

| p2N2 202,0~U1,0 612210 — Z11) + 2(2Z50 — Zz,1)>(22b1,2 — Zbl’l)blZ;“hQ} rdrdf

+Ti(a) + 0(e) + O((1 + [¢])]al”* + &%),

where 771(a) is the remaining terms which is a linear combinations of a, and
the coefficients of the linear combination are uniformly bounded which are
independent of &, &, a.
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Thus

“+o00o 27
—/ / E - Z; rdfdr
0 0

“+00 27 - -
=& [(/ {TQNl €2U1’07U2’°(2Z1,1 - Zl,2)(22a1,1 - Za1,2)2
0 0

+7,2N2€202,0*UL0 (22172 — Z1,1>(22a1,2 - Zal,l)Q}’r'drd0> aq

+o0o 2 _ B
+</ / {T2N1€2U1’07U2’0 (22171 — Z1,2>(2Za1,1 — Zalvg)(Qthl — thz)
0 0

+T’2N2€202’0_UI’0 (2Z172 — Zl,l)(QZal,Z — Zal,l)(2Zb1,2 — Zbl,l)}rdmw) bl]

+oo 27 _ ~
+& [(/ / {Tleerl,o—Uz,o(QZZl _ 2272)(22%1 _ Za1,2)2
0 0

—I—T2N2€202’0_Ul’0 (22272 _ Z2’1)(2Za172 — Za171)2}7“d7“d0> aq

+o00 2 _ 5
+</ / {r?M PV 20 (275 1 — Z52) (22011 — Zay2) (220,10 — Zi, 2)
0 0

+T2N2€202’0_UI’0 (2Za172 — Za1,1>(22b1,2 — Zb171)Zb1712a172>}7"d7"d0> bl]

al”

+Tu(a) + 0(e) + O(—-) + O((1 + [¢])[al* +&7)

g

= 51 (A1a1 + Blb1) + 62(./42&1 + Ble) + ﬂl(a) + 0(5) + O(

2
a
BE) o1 +lelaf + ).
where Al,AQ, Bl, BQ is in (284) and (285)

Similarly, we can get the other estimates.

From Lemma 2.4 and 2.6, we have the following result:

Lemma 2.7. Let 21 ) be a solution of (2.47). Then the coefficients m;
2

varnish if and only if the parameters a satisfy

Qea) = ~T(a) + o2 1 o((1 + e jaP) + 0ce), (2.90)

3

43



where Q

A, 0 B, 0 0 0 A, 0 B, 0 0 0
0 A, 0 B, 0 0 0 A, 0 B, 0 0
B D, 0 C, 0 0 0 Dy 0 C 0 0 0
Q=& v p, 0 0 0o 7% 0o p, 0 ¢ 0 0
0 0 0 0 & 0 0 0 0 0 & 0
0 0 0 0 0 & 0 0 0 0 0 &

= &Q1 + &Qo, (2.91)

and 7T is a 6 X 6 matriz which is uniformly bounded and independent of &1, &;.

Proof of Theorem 1.1/ for A, under Assumption (ii): Under the As-

sumptions (ii), we will choose p1; = 1 and p» large. Even in this simplified
situation, the computations of Q; and Qs are very complicated. So we put
the computations in the appendix.

If N7 # N, we might assume N; > N,. Otherwise, we can exchange u;
and us. First, obviously under the assumption on Ny and Ny, B; = D; =
0 due to the orthogonality of coskf and coslf for k # [. Secondly, the
computations in the appendix give us:

_ Nj+1 _ Nj+1
o Ni+Ng+2 N1+Ngy+2
Al =7y + o(f1y ),
_6N1+4N2+10 _6N1+4N2+10
— N1+Ng+2 N1+No+2
C1 = Yahiy + o(f1y ),

_ 3Nj+2Ny+5 _ 3Nj+2No+5

Ex=ryspy T ooy ).

If N; = Ny, the computation in the appendix gives us:
AiCr—BY = ipy" +o(py"),
E1 = sty Inpg +o(py ),

where ~; for ¢ = 1,--- 5 are non zero constants. Therefore, we choose &;
large and & = 0 to conclude that Q(&1,&) — 7 is non-degenerate. After
fixing (p1, p2), (&1,&2), it is easy to see (2.90) can be solved with a = O(e).

O
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2.9 Proof of Theorem 1.1 for A; under Assumption
(iii)

We are left to prove the theorem for Zf\[:ll P = Z;le ¢;, N1 # N, and
one of N; is 1. Without loss of generality, assume N; = 1 and vazll P =
Zj.vil ¢; = 0. In this case, for the improvement of approximate solution of
the O(¢?) term, we can not solve equation (2.36) in Section 2.5. Instead of

solving (2.306), we first find a unique solution of the following equations which
is guaranteed by Lemma 2.3:

A¢2 + |Z|2N26202,0*ﬁ1,0<2,¢2 _ %01) — 2|Z|4N26402,0*201,0 _ |Z|2(N1+N2)60170+02’0.
(2.92)
We use this unique solution as the new 1)y, and proceed as before. Then by
checking the previous proof, we can get that in this case, the error || E|. < Cj
and we can get a solution v of (2.47) which satisfies

{ A¢1 + |Z|2N16201,0—02,0 (le _ ¢2) — 2|Z|4N1€4UI,0—202,0 _ |Z|2(N1+N2)601,0+02,0

[v]l+ < Co, (2.93)

for some positive constant Cj, and the following estimates hold:

/RQ(NH(?)) + Ni2(v)) ZF 1 + (Nay(v) + Naa(v)) Z odx = O(e), (2.94)

fori=3,---,8.
Then the reduced problem we get is

Q(a) + 7 (a) + O((1 + [€])]al*) + O(1) + O(e) = 0, (2.95)

where the O(1) term comes from the O(1) term of the error E since we use
the solution of (2.92) instead of (2.36) as the O(¢?) improvement. Recalling
that Q = Q(&;,&) depend on two free parameters &, &, arguing as before,
we can choose &; large enough, then it is easy to get a solution of (2.95) with
a=0(*) forany 0 < o < 1.
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3 Proof of Theorem 1.1/ in the B, Case

In this section, we consider the following B, system in R%:

N1
Auq + 2™t — ™2 = 4e?™r — 2e2%2 4 Agr Z Op,
j=1

. (31)
2
Aug + 2e¥2 — 2™ = 4e?"2 — 4e?1 — 2emituz 4 4gr Z dg;-

=1

We follow the same idea as the proof for the A, case. Since the idea is
similar, without confusion, we will use the same notation as in Section 2.

3.1 Functional Formulation of the Problem for B, Case

As in Section 2.1, we let

N1 N2
u1:21n\z—pj]2+7l1, u2:21n\z—q]"2+112,
j=1 j=1

and z = g, and let

7:01(2) = Ul(g) + (2N1 + 2) 1Il€, 712(2) = UQ(%) + (2N2 + 2) 1116,

U\ _pai(U
(5.)== (1)

where Bs is the Cartan matrix ( _22 _21 ) Then (Ul, UQ) will satisfy

and

) 3 i o
AUy + TN |2 — ep; P2Vt

= 252H§\El|é - 5pj’4€401_202 - 52H§Vi1‘5 - 5Pj|2H§V:21|5 - €Qj|26027

AU, + Hévj1|§ — 8(]j|26202_201
[ = 26%T02) |2 — eqy|*etV2 400 — 2220102 |7 — gy PTII2 |2 — epy[2et™.
(3.2)
From now on, we shall work with (3.2)). For simplicity of notations, we
still denote the variable by z instead of Z.
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3.2 Classification and Non-degeneracy for B; Toda sys-
tem

When ¢ = 0, (3.2) becomes

(3.3)

AU, + |z[2M1e20 =02 —
AU, + |2|2N2¢202-201 —

whose solutions can be completely classified. See Theorem 4.1

Defining )
U\ [ wi—20In|z|
( 02 ) a < Wo — 20[2 In |Z| ’ (34)

where ( o > =B," ( M ), we get an equivalent form of (3.3):
®2 N,

Aw1 -+ €2w1—w2 = 47TC(150

AU)Q -+ €2w2—2w1 = 471'@250 (35)
fR2 €2w1—w2 < 400, fR2 €2w2—2w1 < —+o0.

For this system, we have a classification result, see Theorem 4.1. From
Theorem 4.1, we see that all the solutions of (3.5) depend on ten parameters
(a1, €30, C31, C32, Ao, A1) € C* x (RT)2. So all the solutions of (3.3) are of the
form

3
e_Ul —e ™1 |Z|20é1 = (A() + Z )\Z|-P’L(Z)|2)J (36>
i=1
where
(Asa) = (Aos A1, Ca1,15 €212, 30,15 €30,25 C31,15 €312, C32,1, C32,2)- (3.7)

When a = 0, we obtain the radially symmetric solution of (3.3))

el = prb (3.8)
= Ao+ i |22 Ao 220D 5|2 2208)
e = pyt (3.9)

= 4[)\0)\1a2 + AoXa(a + ﬁ)2|z|2ﬁ + (Mods(2a + B)2 + )\1>\252)|Z|2(a+5)
+ /\1/\3(Oz +6)2|Z|2(2a+ﬁ) + )\2/\30[2|Z’4(a+ﬁ)]’
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where &« = Ny +1, = Ny + 1. Observe that the radial solution ((71’0, ﬁgo)
depends on two scaling parameters (A, A1). Later we shall choose (A\g, A1) in
different ways.

Next we have the following non-degeneracy result (see Corollary 4.1)):

Lemma 3.1. (Non-degeneracy) The previous solutions of (3.3) are non-
degenerate, i.e., the set of solutions corresponding to the linearized oper-

ator is exactly ten dimensional. More precisely, if ¢ = < 21 ) satisfies
2

lo(2)] < C(1+ |2])* for some 0 < o < 1, and

(3.10)

A¢1 + |z’2N1€~201'0_~02’0 (2¢1 _ ¢2) =0
Agy + [2|*N2e2V2072000 (20, — 26¢,) = 0,

then ¢ belongs to the following linear space KC: the span of

Z

€21,29

{Z)\(w Z)\la Z

C21,19

Z

€30,17

Z

€30,27

Z

€31,17

Z)\ = Z)\O’l = 8>‘0 [:]1’0 Z)\ — Z)‘l )1 — a)q Z—;]170
’ o2 OhUzo )’ ! Zx 2 O\Usp )7

Zc . = ( Zc21‘i’l > et ( 8021‘ilijl70 > ZC . = < ZCBO,Z‘J‘ ) — < CBO,’L'Z?]-,O )
2 ZC21,7,'72 802171'U2,0 ’ 20 ZC3072‘,2 CSO,iUZO ’

7 _ ( chl,i,l _ ( 8031,1'[{1,0 > 7 _ < Z632,z‘71 ) _ < CBZ,iqLO )
C31,i - ) C32,i - I
' Z 8031,1'U270 ' ZCB2,2‘72 Csz,z'UZO

Z031,2= 2032,1 ) 2032,2 }7

€31,i,2

fori=1,2, and

( o r2(20+5)
a)\oUl,O = —pP1,B |:1 - (8a(o¢+ﬁ)(2a+ﬁ))2)\(2)i| s
et o 2 r28 A r2(20+8)
8)\0[]270 = _4p2,B [CY )\1 + (8aB)?n - (80/%2014-5))2)\8 (311)
. ri(atp)
\ (8(a+B)(2a+8))? (8af(a+3))2A1A7 | *
( ] r2B o
8>\1U170 = _p17B |:1 — W]?’Q :|7
7 _ 2 A28 r2(20+6)
OnUzp = —4p2.5 [0‘ A0~ Gagxt T BaarmTe (3.12)
. rd(a+p)
L (B(a+8)(2a+0))2(8aB(a+F))2 AT Ao |’
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and

ac21 1Y1,0 = _pl,B)\2T2a+B COs 697 (3 13)

QCQMUQ 0 = —4fy  Xoa(a + B)[Nor? + Agrtet37] cos 36, ’

80212 ~17 = —p17B)\2’I“2a+’8 sinﬁ@, <3 14)
= —4f2_1)\2a(oz + B)[Xor? + Agria+38] sin 30, '

?

&’QJ o‘?QJ
s 3
Cj

10 = —p1.X\r% TP cos(2a + )0,

50 = 4pa pAsa(a + B)[A17r2TF + Xor2et35] cos(2a + 3)
30,2 ) 1,0 = —pP1, B)\3r2a+ﬁ SID(QCY + ﬁ) (3 16)
CmQU 20 = 4pa pAza(a + B) A2 + Aor?2t3P] sin(2a + B)6,

43.15)

S’

— = =
SQD
(V)
Sz
o ©
|

.))

Ouys Urg = =1 [Nt — 28] cos(a + 9)0,
0,

riaaU20 = —4p2.5| (Aodga(2a + B) + et ypeso (3.17)

—2/\2)\3aﬁr3a+35] cos(a + 3)0,

( a031 2U1,0 = _pl,B()\3T3a+ﬁ — %TCH_B) sin(a —+ ﬂ)e,

8031,2U2,0 = —4ps B [(Ao)\?@(?a +0)+ /\(122?5) yro+h (3.18)
—2)\2/\30467"30‘*3/3} sin(a + )6,

( 8632,1&1,0 = _pl,B( 2al+ﬁﬁ)r + A T3a+25) COS 046’
Oegz, Uz 0 = —4P2,BT()\0)\3(04 + B8)(2a + 3) + %W)T“”?S.w)
+F2MA38(8 + a)r 3‘1”5} cos af,

( a632,201,0 = _pl,B< 22-5@70 + A 7’3a+2ﬂ) sin 04(9
< 8032 2U2,0 = _4p2,BT<)‘0)‘3(a + 6) (2& + ﬂ) %—W>r0‘+2?3'20)
+2M A36(68 + a)r 3‘”25] sin ad),

k
and py g, p2.p are defined in (3.8) and (3.9).

For simplicity of notations, we also denote by (27, Z, - - - , Z19) the kernels
(Zxg> Zays =+ s Zeyy,)- Because {Z;} are linearly independent, we have
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detK/RQ AZZ : Zj)i’jzl’...,l()] 7é 0. (321)

We have the following corollary:

Corollary 3.1. If ¢ = ( zl > satisfies |p(2)] < C(1 + |z])* for some 0 <
2
a <1, and
Ay + 2|z[N12010- 020 — 9[2N2¢2020-2000¢5, = (3.22)
A¢2 + 2|Z|2N262U27072U1’0¢2 o |Z|2N162U1,07U270¢1 — O’ .
then ¢ belongs to the following linear space K*: the span of
{Z;\o’ Z;N Z:21,1’ Z;21,2’ Z:30,17 Z:30,2’ Z:31,1’ Z:31,2’ Z:32,17 Z:32,2}’
where
Z* 271 — Z;
Zr =\ )= M) 3.23
()2 629
We have
det[(/ Z;k : Z;)i’jzg’...’lo] 7& 0. (324)
RQ

ql,(A,C21,6307631,632) )
Y

U2,(>\1021 ,€30,C31,C32)

We will choose the first approximate solution to be (

where the parameters \, co1, 30, €31, C32 satisfy
|a| = |621| + |630| + |031| + |032| S 008, |>\| = 0(1) (325)

for some fixed constant Cy > 0.
We want to look for solutions of the form

Ul = 01»(%621,030,631,032) + eV + €2¢1’ UZ = 02,()\,021,630,631,032) +eWy + 52¢27
(3.26)
where (ca1, €30, €31, C32) = O(€), and A fixed. For simplicity of notations, we
will denote by ( Unonear cancanca) ) = < Uia )

2,(A,c21,€30,¢31,¢32) Usa
To obtain the next order term, we need to study the linearized operator

around the solution ( ql’o )
2,0

50



3.3 Invertibility of the Linearized Operator

In this section, X,, Y, and the || ||, || - ||« norms are defined as in Section
2.3l Using the non-degeneracy result we get in Section 3.2/ and following the
argument as in the proof of Lemma 2.3, we have the following:

hi

Lemma 3.2. Assume that h = < L
2

> € X, be such that
(ZF h)y =0, fori=3,---,10. (3.27)

Then one can find a unique solution ¢ = ( zl > = T~Y(h) € Y, satisfying
2

{ A¢1 _I_ |Z|2N16%01,0*0270(2¢1 — gbg) - hl ||¢H* < CHhH** (328)

A¢2 + |Z|2N1€2U2’072UI’0 (2¢2 — 2@51) = hg

such that < AZ;,;¢ >=0 fori=1,--- ,10. Moreover, the map h AR ¢ can
be made continuous and smooth .

In the next two subsections, using Taylor’s expansions, we improve our
approximate solution up to O(g?).

3.4 Improvements of the Approximate Solution

Similar to the Ay case, we need to find the O(g) and O(e?) improvement
of our approximate solutions. So we need to find solutions of the following

: v .
equations: Let ( \110’1 ) be the solution of
0,2

/

AW+ [2]2V1e2010-020 (20 — Ty )
N
_ 2|Z|2N17162(~]1,o*02,0 Zl(pjl cos 0 + pjo sin 6)
A\Ifo’g + |Z|2N26202’Oz§él’0 (2\110’2 — 2\11071) <329>
N.
_ 2|Z|2N2716202,072U1,0 i(le cos ) + g;o 5in 0).
\ j=1



Let ( Via ) be the solution of
P
(AT, [P0 D0 (20, — Uy, = —|Z|2N1€201’~°_02’~°(2‘P0,1 —U02)(2Zi1 — Zip2)
—1:(0,2)e2Vro"20(27, 1 — Z; 5)

A\I/ivg + |Z|2N26202’07201’0 (21111'72 — 2\111 1) |Z|2N262U2 0~ 2U1 0(2\110 9 — 2\110 1)(221‘72 — QZZ‘J)
—g:(0, 2)e*V20=20r0(27, » — 27, 1)
(3.30)

\

fort=3,---,10.

(G .
Let ( iy be the solution of
2
Awl + |Z|2N162[~]1’0702‘0 (2¢1 _ 7702) — 2|Z|4N1 64[]1’072{]2’0 _ |Z|2(N1+N2)602’0
_%|Z|2N162U1,07U270 (2111071 o 111072)2 - fe((), 2)6201’0702’0 (2\11071 o \11072) o fEs(ZO,Z) 6201,0702,0

A¢2 + |Z|2N2€2U2’07201’0(2¢2 _ 2,(/}1) — 2|2|4N2€4UQ’07401,0 o 2|Z|2<N1+N2)602’0
—|2[2N22U20-2U10 (2 5 — 2W ;)2 — g (0, 2) 20202000 (20 5 — 20 ;) — L£02) 20202010,
(3.31)

Using Lemma 3.2, we know that there exists a unique solution ( zm ) €
0,2

Y, of (3.29) such that (U, AZ;) =0 for j =1,---,10. While the solvability
of (3.30) depends on (N, N2). Note that if Zévilpj = Zszzl q;, we might
assume they are zero. Then ¥y = 0 and ¥; = 0 for ¢ = 3,---,10. But if
Z] 1P # Z] 14;, then [Ny — Ny| # 1 implies that the right hand side of
equation (3.30) is orthogonal to Z; for i = 3, --- , 10. Similarly by Lemmal3.2,
\pi’l ) €Y, of (3.30) such that (¥;, AZ,) =
2,2
0 for j = ,10. And if Ny, Ny > 1, the right hand side of (3.31) is
orthogonal to Z;“ forv = 3,---,10. By Lemma 3.2, we can find a unique

solution vy = < io’l ) € Y, such that (¢, AZ;) =0fori=1,---,10.
0,2

Similar to the A, case, the solution we will use later is ¢ = ¥y + &2y, +
&4y, where &1, &, are two constants independent of co1, c30, €31, c32 and will
be determined later.

Finally, the approximate solution with all the terms of O(e) and O(e?) is

V:(‘/l)_<Ula+€(\DOl+Zl 3Qzlaz)+€w1> (332>
Vs U2a+€(‘1/02+zz 3\I/z2az)+6 () .

there exists a unique solution (
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we use the notation

a= (83,34» T 7310) = (021,17 C21,2, C30,1, C31,1, C31,2, C32,1, 032,2).

‘/1 + 62U1 . . . . U1 .
Then ( Vo 42, | 82 solution of (3.2) if v, satisfies

Avy + |z|2Nle~201’0_~02’0(21)1 —v9) = Gy (3.33)
Avy + |2*N2e2V2072010 (205 — 20y) = Gy, '
where
Gl = E1 + Nll(?,l) + le(’U), (334)
G2 = EQ + N21 (U) + NQQ(U), (335)

Nll(U) = 2H|z — 5pj|4(€401_202 _ €4V1—2V2)
—T|z — ep; ||z — eq| (7 — €2),

_ (e 2)en T f(e )i

N12(U>

)
H1(0,2)e00~020 (20, — u),
Not(v) = 20|z — eq; |} (102101 _ Va1V
—211)z — ep, PI1Jz — g, (e — ),
—qg(e, z e202—201 . £, 2)e?Ve=2Vi
NQQ(U) = g( ) g( )

-2
+9(0, 2)e2V207 201029y — 20),

and E; are the errors:

Ey = 2M|z — ep;|*e® ™22 — 11|z — ep;|’T|2 — eq;]?e"? — 2|Z|4N164l71,o—2l72,o
Ey
=

+£(0, 2)e20r07V20 (29, — yy)

+|Z|2N1+2N2602,0 +

0 7 7 €€ 07
+f( 72) €2U1,0_U270(2\I’071 — @072)2 + fa(O’ Z)erl,O—Uz,o(2\1,071 _ \11072> + Me

2 2

93

201,0—02,0
)



Ey = 20|z — eq;|*e*2™*1 — 211|2 — ep; [!I1|2 — eq;|?e"? — 2|z\4N264UQ’0_40170

o E
2N1+2No U 22
2’2‘ 1+ 22,0

22
(0, 2)e* 2072000 (2 — 2¢)
+¥62UQ*0_2U1*0 (2Wg9 — 2Wg,)* + ¢:(0, 2)6202’0_201’0(2\1’0,2 —2Wy,)
+%0’2)62ﬁ2’0201’0.

Here

Ep =

—f(g,2)e*"1 "2 4 £(0, 2)6201’3_02’3 + (0, 2)6201’0_02’0(2\11071 — W) + (0, 3)6201,0—02,0

10
+ Z e(f(0,2)e? 0720 (2W; 5 — Wy5) + £(0, 2)e?07 20 (200 — W09)(2Zi1 — Zin))a
i=3

10

+ Z e f-(0, 2)62U1’07U2’0(QZ¢,1 — Zi9)a;

i=3
and
Eyy = ) i i i
—g(g,2)e?> 721 4 g(0, 2)e?2272V0a 4 2g(0, 2)e2V202V10 (20 5 — 20 )
+e9.(0 2)6202’0_201’0
10
-+ Z 5(9(0, 2)62U2’0_2U1’0 (2\1[1'72 — 2\112"1) =+ g(O, Z)€2U2’0_2U1’0(2\1/0’2 — 2@0}1)(2Z¢72 — 2Z7;,1))ai
i=3

10
+ Z €g5(0, Z)€2U2’072U1’0 (2Z¢72 — ZZZ-71)ai.

1=3

By Taylor’s expansion, we have
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10 10

E f(o Z) 20, 0— U2 0{ Z 2\111 1 — ‘Ifl 2)8_1 Z<QZZ’1 — Ziyg)ai

=3 =3
10 10
1
+(2¢1 - wz) Z(QZM - Zz',2>az 5(2‘110 1— Y 2) Z(QZM - Zi,2)az'
= 10 ‘ 130
+(2Wo,1 — Yop2) Z(Q‘I’i,l —W0)a; + (2% — Yo 0) Z(QZM — Zio)a;}
i=3 =3
f(OZ Z 2 (e 2U1,O—Uz,o)) (200, — W) a;a,
©,]=3
- 10 N
—f2(0, 2){eVom 20 (2 — Wy ) Z(in,l — Zig)a; + 2o lzo 2(2%71 —V;0)a;
10 ~ ~ 1i:3 } } 10 =3
+% Z aiaj(e(ZUl’OiUQ’O))aiaj} - §f58(07 Z)erl’OfUQ’O Z(2Zi,1 - Zi,Q)ai
i,j=3 i=3

10

10
4 £(0,2)2et 02020 N (27, — Zin)a; — £(0,2)9(0,2) Y 20 7, a
i=3

i=3
+0(g) + O(e* + |a]?),
(3.36)
and

10 10

EQ = —g(O, 2)6202’0_201’0{% Z(Q\IJLQ — 2\112'71)&1' 2(22172 — 2Zi71)ai

=3 1=3
10 10

1
+(20 — 201) Y (2Zi2 — 2Zi1)a; + 5(2%0: — 2W01)> Y (2Zin — 27;:)a;

1=3 1=3
10 10

+(2Wg —2¥ ) 2(2‘111,2 — 2V, )a; + (2Wg — 2W ) Z(in,z —2Z;1)a;}

=3 =3

O Z) Z alaJ QUQO 20 O)) (2\1’0,2 - 2\11071) a;a;
i,j=3

(3.37)



10 10

—gg<0, Z){(EQUQ’O_gUl’O((Q\IIO’Q — 2\1’0,1) 2(22172 — 221"1)32' -+ 6202’0_201’0 2(2\111,2 — 2@@1)&1‘

i=3 1=3
10 10
A of 1 o
oz D O, (PN asa;} — 20 (0,2)e™ 2020 Y (27,5 — 27,0 )a,
i,j=3 i=3

+4g(0, z)2e*T20=4010 i(zz@2 —27;1)a; — 2£(0,2)g(0, 2) i 207, ya,
LO(e) + O + Jal2). -
where O(eg) denotes all items only involving with e, and not with a.
From the Taylor expansions above, we obtain that £ = ( g; ) can be
expressed as
o %Aa-a—i—Qa—i—O(]aP) — 0(e). (3.38)
Similar to Proposition 2.1, we have the following result:

Proposition 3.1. For a satisfying (3.25), there exists a solution (v, {m;})
to the following system
Avy + |z[2Nle%Ulv0’?2vo(21)1 —vy) = G+ 30y mi(v) Z
AU2 + |Z’2N262U2,0—2U1,0 (2’02 _ 21)1) — G2 —+ 2323 mZ(U>ZZ2 (339)
(AZ;,v) =0, fori=1,---,10,

where G = ( G ) and m;(v) can be determined by

G
10
G+ mi(v)Z;,Z;) =0, forj=3,...,10. (3.40)
=3

Furthermore, v satisfies the following estimate
][« < Ce, (3.41)

for some constant C' independent of <.

By Proposition [3.1, the full solvability for (3.2) is reduced to m; = 0
for i = 3,---,10. Since by (3.24), det({Z},Z)ij=3.. 10) # 0, and recall the

i 4
definition of m; in (3.40), m; = 0 is equivalent to

+o00 27
/ / G- Zrdddr =0 fori=3,---,10. (3.42)
0 0
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We have the following lemma:

Lemma 3.3. Let < zl ) be a solution of (3.39). Then we have the following
2

estimates:
/R (N (0) + N0 ZEy + (Nor(0) + Noo(0) Zigde = O), (3.43)

fori=3,---,10.

Proof:
The proof is similar to that of Proposition 2.1.
O

3.5 Proof of Theorem 1.1/ for B, under Assumption (i)

We assume that SN p; = Zj\i ¢; and Ny = N, , and we choose
(&1,&) = (0,0) in this section. This case is the reminiscent of SU(2) case,
even though, the proof is considerably harder since there are ten dimensional
kernels instead of a three-dimensional one for the SU(2) case.

Lemma 3.4. Let ( 21 ) be a solution of (3.39). The following estimates
2
hold:

(E. 2, ) AE, 22y ) (B 22y, VB 22, ), (3.44)
(B, 22, ) B 22, ) AE, 22, ) (B 2, )
= T(a) + O(a]*) + O), (3.45)

where T is an 8 X 8 matriz defined in (3.55). Moreover, T is non-degenerate.

Proof:

Without loss of generality , we may assume that > s D= Zjvgl ¢ =0
and N; = Ny, = N, and denote by u = N+ 1. Now we choose the parameters
(Ao, A1, &1,82) = (48u3’ 16u5’0 0) so that we have

v _ 3x 2% g 3 x 264

— Rl ol = —_— 3.46
e P1,B = (1—1—7“2#)3’ P2,B = (1—|—r2“)4 ( )
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Since Zf\ilp,- = ZZ]\LI ¢; = 0, we have f.(0,2) = 0, Yo = Yoo = 0. By
(3.30), we have ¥;; = U, 5 =0, i =3,...,10. Recall that

E= ( g; ) : (3.47)

where by (3.36), and (3.37), we have

2 10 10
P I
By = —2PV R Q20 — ) Y (2751 — Zio)ay f%( )2 (2201 — Zin)ay
P2.B 3 P2,B =5
p4 10
1,B
+ 42 Z(2Z“ 2)a; — 2" ,OQBZZ 28,
2,B i=3
2 10 1 2 10
By = —|2PV2E 20— 200) Y (270 — 2Zi0)ai — 50e:(0,2) 52 > (2Zin — 2Z51)a
IOIB =3 2 plB i=3
P 10 10
+ 4|Z!4N% Z(in,z —2Z;1)a; — 2|Z’4N/)2,B Z Zisa;,
LB =3 i=3

where f..(0, 2) is

foe(0, 2) = 2|22V (Z ps|? + 2 Z pi1 cos 0 + piasin 0)(p;1 cos O + pja sin )

( i#£]
- 2|Z|2 (N=1) | sz|2 + Z pzlpjl - szng) cos 20 + (pzlp]2 +p22pjl) sin 2‘9)
@ i#]
= 2|Z|2(N_1)(Z(pi1pjl — piapj2) €08 20 + (pi1pj2 + piopj1) sin 26). (3.48)

i#]

Similarly we can get the expression for g..(0, z).
Since

/h(?") COS 29(2Zz,1 — Zi’z)(2Zj71 — ijg)rdrde

= /h(’f‘) sin 29(22171 — ZZ'72)(2Z]"1 — ng)?”d?"dg = 07
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and
/h(’l“) COS 20(2272 — ZLl)(Zj,Q — ijl)Td’l“dg
= /h(?“) sin 29(Zz,2 — Zi,l)(Zj,Q — Zj71)7“d7"d9 = O,

fori,j =3,---,10, from (3.48)), we have

o) 2 - -
/ / foe(0, 2)e?V07 2027, | — Z,0)(2Z;1 — Zjo)rdrdd) =0, (3.49)
0 0
and
[e'e) 21 - .
/ / 955(07 2)62U2’0_2U1’0 (2Zi,2 — 2Zi,1)(22j,2 — 2Zj’1>7’d7"d9 = 07 (350)
0 0

fori,j =3,---,8. Note that f..(0,2) = g..(0,2) =0if N = 1.
Another important observation is the following:

00 2w 5 5
/ / 7"2N€2U1’0_U2‘0 (21/)1 — @Z)Q)(QZZ'J — ZZ‘,Q)(QZ]‘J — ng)?“d?“de (351)
0 0

e’} 2 5 5
= / / f(O, Z>€2U1’0_U2’0(21/1071 — w0,2)<2Zi,1 — Zi72)(2Zj’1 - Zj’g)Tdee,
0 0

00 2w 5 5
/ / 7”2N€2U2’0_2U1’0 (77/12 — @Z}l)(ZZ"Q — Zi71)(Zj72 — Zﬂ)rdrd@ (352)
0 0

e’} 2m 5 5
= / / 9(0, 2)e2V2072U0 (4 o — 4 |V (Zig — Zin)(Zj0 — Z1)rdrdd),
o Jo
where (10,1, %02) is the radial solution of the following system:

Awl 4 |Z|2N16201,0—Uz,0<2w1 _ 2/12) — 2‘Z|4N16401’0_202’0 _ ’Z|2(N1+N2)602,0
Aw2 + ‘Z’2N262ﬁ2’0_201’0 (2¢2 _ le) — 2‘Z|4N26402’0_401’0 _ 2‘2’2(N1+N2)€02,0'
(3.53)
Because of this observation, when dealing with the O(e?) approximation,
we only need to consider the radial part of the solutions.
In fact we can choose ¥p1 =¥, o2 = %w such that v is the solution of
the following ODE:

8(N +1)%2N — U96(N + 1)*

A@b—l— (1_|_7a2N+2)2 r (1+T2N+2)4' (354)
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Combining (3.49)), (3.50), (3.51) and (3.52), one can get the following:

/E - Zyrdrdf

ox 10

— / / Z 2| |4N1 4U170—20270 (4Zi71 _ 2Zi72)ai _ |Z‘2N1+2N2602’0Z7;72ai

— (0, 2)e20107 020 (2 | — 409 5) (27, — Zz’,z)az} Zyq

+ |:4|Z|4N26402’0_401’0(2ZZ"2 — QZM)ai — 2|Z|2N1+2N2€UQ‘OZZ‘72&Z‘

— g(O, Z>6202’0_201’0 (21#02 — 21#04)(22@2 — QZM)aZ} Z;:Q)Td?"de
O(lal* + [e[*) + O(e),

where O(e) is independent of a. Replacing the Z; term in the above expres-
sion by Z*  we have for i = 1,2

o100
/E Z,,, rdrdf

- / <4 " g: [(22@1 ol = Zey2) 010+ (2Zegy 0 = Zegy12) (2 ey, 11 Zczl,i,z)csz,z}

— %y [Zcﬂ 0222y i1 = Zegy 12)C21,0 F Ly 2(2 20y, 10 — Zcm,i,z)c?,z,z}

[

P
- T2NP_;<2w1,0 - w2,0) [(22021 il ZCQ1,¢,2)2C21 i (22632 il ZC32 i )(2Z621 sl T ZC21,i,2)C327ii|

+ 4r N 22 [Q(Zcm,zﬂ - ZCQI i ) Co1, + 2(Z032 2 Z032,i71)(ZC21,z‘72 - ZCQl,i71>C327i:|
1

— 27’ P2 |:Zc21 172(2021 2 Zc2l,i71)6217i + ZC32,¢,2<ZC21,¢,2 - ZC21,171)C32,i]

a 2N 22 (2w2 0 2¢1 0) |: ( €21,i,2 ZCQl,i,1)2021,i

1

+ 2(2032 »2 ZC321‘ 1)(Z621,i,2 - Z<321,i71>c327ii|>rd71d0
16,u4 4AN+1 ) ;
= / (m [(2402621 1 + 120Z021 2 3362621&,71Z0217i72)6217i

— 1687,

C21,i,

+ (2402621,1'712032,1'71 + 1202021,1',22632,@'72 1Z032,i12 1682621 1722032,1'71)032»1']
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m+ +

+

2M2 2N+1 ) )
mw [(802021 1 + 442021,14,2 - 112ZC21,¢,1ZC21,i72)621,i
(80ZC21 i 12032,1',1 + 442021,1‘,2ZC32,¢,2 - 56ZCQ1,i,1Z032 i 562021 Jis 22032,i71)c327i:| > drdf

O(e) + O(|a]* + £%)
(J1 — J3)eari + (J2 — Ju)csa,i
O(e) + O(la]* + %),

similarly, we can get that

-

+

/E Z,,, rdrdd

h
/(4 e |:(2an21 _ZCSZ,i72)26321 (220211 _ZC21,¢,2)<2ZC321 - ch2,¢,2)621,i:|

1
T4Np2 [2032,1,2(2Z0327i71 - chgyi,2)63277; + ZCZI,'L72<2ZC32,1',1 — ZC32,1‘,2>021,ZC|
2
2N Z; (2¢1,0 — 20) [( canil — Zegni2) 320+ (2Zey i1 — Zegy 12)(2Zegy 11 ZC32’Z,’2)C2M}
4T4Np_i |:2(Z632’i’2 N Zc327i’1)2632:i + 2<ZC21,1‘72 - ZC21,1‘71)(Z632,¢,2 - chQ,i,1)021,i:|

P1
4N
2r P2 |:ZC32 i 2(ZC321' 2 2032,1-,1)C32,i + ZCQl,i72<ZC32,i72 - ZC32,1'71)C21,2']

2N 22 (21/)2 0— 2¢ 0) [ ( 32,2 ZC32,1-,1)2032,¢
1

2(2021 2 ZC21 i 1)(Z032,i72 - Z032,i71>0217i:| >7“de9

].6,&4 AN+1 )
/(m [(2402 €325 1+120Z632 2 336Zc32,¢,1ZC32,1-,2)032,¢
(240Z ey, 11 ey i1 + 12070y, 973 5 — 16870, 11705y 10 — 16870y, 2 Zer 11 )cm]
%w[@oz 2 HAZE =112, 1 Dy 2
(80Zey, 11 Zess st + 4470y, 2 sy 2 — 5620y 1 Zrp2 — 56y, 22032,1.71)@14)(17«650

O(e) + O(la)* + &%)
(J5 — J7)esai + (Jo — Js)cori
O(e) + O(|a]* + &%),
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and

C31,i

/E Z*  rdrdf

/ (4 N zl [(22031 il Z031,i72)2631,i] - T4Np2[ZC31 i (2Z031 il ZCSl,iy2)6317i]
2

P2 Z L0 — ¥2.0)[(2Zeys 110 — Zegy2) o]

4r N 22 [2(Z631,i,2 - ZCSl,i71>2C317i] - 27’ P2 [ZCSI i (ZCSI,i72 - ZC31,1‘,1)C31,Z']
1

2 22 (292,0 — 29010)[2(Zeyy i 2 — ZcSml)Qc;»,l,i])rdrdH

1

].6/14 4N+1 )
/ ((1 + 7,2N+2)4 [(2402 €31,i,1 + 1202031 2

2,.2N+1

3362%1,1»,1ZC31,¢,2)031,1‘]

2u°r
3(1 + r2N+2)2
O(e) + O(|a]* + &%)
(Jo — Jio)esri + O(e) + O(la* + &?),

v|(8022, , + 4472

€31,i,2

12y 1y, 12) o1, | )

C30,i

/E Z%  rdrdf

/ <4 N 21 [(2Z6302 - ZCBO,i72)QC307i] - T4Np2[ZCSOz (2Z630 il ZCSO,i72)0307i]
2

2N zl (21,0 = V2,0)[(2Zeg051 — Zegos,2)Ca0,)
2

4r w 22 [2(2030,1',2 - ZCBO,i)1)203077:]
1

2
2r pQ[ZCSOz (cho,i,Q - ZCSO,iyl)C307i] - T2N%(2¢2,0 - 2¢170)[2(2030,i,2 - Zc3o,i71)20307i]>rdrd6
1

16,[14 4AN+1 ) ,
/ <—<1 T (24022, 1 + 12022, 5 = 836 Zyy 1 Zugg2)s01]

2 2r2N+1
3(1 + r2N+2)2
O(e) + O(lal* + %)

(JH — Jm)Cgoﬂ' + O(€> + O(|a|2 + 82),

" [(802330 L HMAZE - 112Z030J.,1chomg)c?,gji]>drd€
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where J; for e =1,--- 12 are given in the above expressions.

So we get that
(<E7 Z:21,1>7 <E7 Z:2172>’ <E’ Z:g(),l)? <E7 Z:3()72>7

(B, Z:, ) AB, Z, ) (B 2L, ) (B 22, )

€31,1 €31,2 €32,1 €32,2

=T(a) +O(la]*) + O(e),

and
7, 0 0 0 0 0 17, 0
0O 73 0 0 0 0 0 Ty
0O 0 173 0 0 0 0 0O
= 0O 0 0 73 0 0 0 O
= o 0o 0 o 17, 0 0 O ’ (3.55)
O 0 0 0 0 T, 0 O
= 0 0 0 0 0 15 O
0 7s 0 0 0O 0 0 Ts
where

TIZJI_J37 T2:J2_J47
T3:J11_J127 T4:J9_J107
Ts=Js—Js, Ts=Js— Jr

The determinant of the matrix 7 is

(T1Ts — ToT5)°T5T;
= [(J1 — J3)(Js — J7) — (Jo — Ju)(Js — J8)]*(Jo — J10)*(J11 — J12)*

Next we prove that the matrix 7 is non-degenerate, i.e. the determinant
of T is nonzero. For this purpose, we need to calculate the integrals J; to
Ji2. But in the integrals, there is the function v for which the expression
is unknown. In order to get rid of ¢, we use integration by parts. The key
observation is that for any ¢ satisfying ¢(co) = 0, we have

e 8(N + 1)2r2N 0 8(N + 1)2r2N
So we need to find solutions of the following ODEs:

8(N—|—1)2r2N B pAN+2 4 12N+10
(1+T2N+2>2 qb— (1_|_7.2N+2)8 ’

Ay + (3.57)
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8<N+1)27’2N T6N+4_|_rlON+8

Aps + (1 + r2N+2)2 ¢= (1+ r2N+2)8 (3.58)
and 8(N )2 2N 8N+6
+1)°r r
Ap + (1 + r2N+2)2 ¢ = (1 + r2N+2)8° (3.59)
Let us first consider a general form of this ODE:
(N + 1)22N FN+=2
Ag+ (1 + r2+2)2 ¢= (1 + r2N+2)8’ (3.60)
for t = 4,6,8,10,12. Let s = r*! and ¢(s) = ¢(r). Then ¢ satisfies
- 8 - si2
A, — . 3.61
¢+ (1+52)2¢ (N 4+ 1)(1 + s2)8 (3:61)

By stereo-graphical projection, letting s = tan g, and ¢(6) = H(s), we get
that the equation satisfied by ¢(0) is

- - 0
A52¢ + 2¢ = m(l + cos 0)6 tant*Q 5, (362)

where Age is the Laplace-Betrami operator on S2. By direct calculation, we
have

T 1 99 59 257 1
p— - _ 2 = 4 . .
9=y 32(N + 1)2( 5 T35 cos(26) + 90 cos(46) + 50 cos(66)), (3.63)

and
Y 1 45 325 17 1
- - + 57 c0s(20) — o cos(46) — o 64
¢2 28 32(]\[ + 1)2( 9 + 36 COS( 9) 90 COS( 9) 20 COS(GQ))’ (3 6 )
and
¢53 1 (% —+ § COS(20) — 1 COS<49) + i COS(69)), (365)

T W xR(N+1)24 8 20 40
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From the relation between ¢ and gg, we can get

128(19 + 7612 + 2750 + 40075 4 2757 + 767100 4 197121)
28 x 32(N +1)2 x 45(1 + r2#)6

128 x 19
T 45X 25 x 32(N + 1277
128(11 + 44r? + 5574 4 80r% + 558 4 447100 4 117121)

28 x 32(N +1)% x 45(1 4 r2n)6

128 x 11
T B x 2P x32(N+ 127"
64(1 + 4r> 4 5rt 4 5% 4- 410 - p120)

28 x 32(N 4+ 1) x 5(1 4 r2n)6

64

5x 25 x 32(N 1 1277

¢ =

P2 =

(3.66)

_p2N+2 .
where ¢o(r) = LL:Q—NH satisfies

8(N + 1)22V

(1 + r2N+2)2 ¢o = 0.

Apg +

We add the terms containing ¢y, to ensure that ¢;(c0) = 0 for i = 1,2,3 so
that the integration by parts makes sense.
So by direct calculation, we have

96 44N+ 32(11¢; — 64¢9 + 120¢3)
h / e y ; pdr, (3.67)
064N+ 32(T¢y — 4409 + T8¢p3)

Jy = Jg= —/ (1 + r2N+2)s x 3 pdr. (369
064N+ 32(5¢p1 — 28pa + Hdds) o

’ / e v ; pudr, (3.69)
96 A AN+

ho = / m X 320(¢ — 2) 1%, (3.70)

J12

96 4,.4N+1
/ i x 32065 p2dr. (3.71)

(1 + T‘2N+2)4

Since all the terms in the integrals are explicit now, by direct calculation,
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we get

JQ - JIO

1
— - / S o (2507 (261 1638405y 40961 47 #(=261 + 20480,

+r2(522 + 8192042)))dr
12848 / ( 1044 3132 3393 1566 261 7372812
= - -q _ _

B ) ) L R LA ) R G I
2211847 22528047 | 8192017  8192° | 4096 it
AT+6)°  (@+F  @+oT (@rep (Trpt

Jll - JlQ
-9 12 2,20 4 2,.4p0 1024 2,.60
_ —768[L4/T10M_3 9 + 5 O,LL ret 4 096,u et 0 wer dr
(14 r2#)10
_ 334 3/( 29 _ 87 N 87 _ 29 n 20482 _ 614442
I A SR L (R () R C o LA (e LA (R

51207 2048% | 1024y,° ot
(1+6)8 (1415 (1+t)4 ’

Iy — Js
1 _

B _/ o (2067 ! (=30 + 102470y r(=30 + 4096%) + 6% (31 + 4608

—r(351 + 81924%) + 2r¥(93 + 112644)))dr

195 /( 783 2349 | 265 1395 | 336 30  552064°

TN a0 T a0 Tt s G+t (48 (I (10

(16588’ | 18T 983047 | 225387 | 204847 102442,
(L+6° (0% (1+)7 (140 (145 (1+17
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Js — Jr
256" 1 —3+6p 10,2 2 2
= — —45 + 2048y10% 12r%(21 4 2560
3 /(1 +r2u)10(r ( + Ot 1207 (21 + 1)
—2r*(225 4 40962) + r®(—45 + 8192u?) 4 4r% (63 + 1024042)))dr
12848 / ( 1044 3132 3564 1908 477 45 737281
== : _ _

T T G I R A R R A G W) A G W) R O
2211842 2498564% 13107242 3072012 409642 204842

— - - + )t"dt,
T R G ) R G ey ) I G R oY

Jo—Jy=Js— Jg
1
= 2560t [ ———(r 3O (—21 — 21r% 1492 (9 + 102444%) + 14r%%(9 4 102442
(]_ + 7"2“)10

—4r*(57 4 20481%)))dr
1 1 42 231 21 4y
_ 198, / (( 522 566 776 9 3 368641

T I I R RSy PRy LA G WV I G ) O SRR
110592u%  124928u%  65536u2  14336u2
— — + )t"dt,
(1+1)° (1+41¢)3 (1+t)7  (1+41t)°

N

TIN- By direct computation, we have

/OO LA /oo LA
o (I+t)F  k—1-nJ, (QL+pk1

So one can get that

where 1 =

(J1 = J3)(Js = Jr) = (J2 = Ju)(J6 — Js)
(1284°%)%
((34+2N)?2(4+3N)?2(5 +4N)%(6 +5N)?(7T+6N)2(8+ TN)?)
x (1296(1 + N)*(1 + 2N)?(111153029448 + N (1155840790846 + N (5383345380791
+4N (3698970614035 + 3N (2215580694621 + 128N (21256160723 + N (18071934337
+224N (46903715 + 32N (557767 + 96N (1307 + 132N)))))))))))

mo,
X(/m) # 0,
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J9 - JIO
1283
3(3+2N)(4+3N)(5+4N)(6 +5N)(7+6N)(8 4+ 7N)
% (36(2 + TN + 6N?)(613356 + 3574985 + 8639370N? + 11096430N? + 7999140N*

t77
3072000N° + 491520 N6 / — _dt+0
and
Jll - J12
384

(3 2N)(4+3N)(5+ 4N)(6 + 5N)(7 + 6N)(8 + 7N))
((1+2N)(2 + 3N)(3 + 4N) (612660 + 3090671 N + 6206694N? + 6206792

n
2480N* + 614400N° /—dt .
+3092480N* + 614400N°)) DL £0

Therefore, 7 is non-degenerate, and then Lemma 3.4 is proved.
O
In the next section, we assume the Assumption (ii) holds. We are going
to prove Theorem [1.1 for Bs.

3.6 Proof of Theorem 1.1/ for B; under Assumption (ii)

Similar to the A, case in Section 2, we will see that in this case, the two
free parameters &;, & we introduced in Section 3.4/ for the improvement of
the O(e?) approximate solutions play an important role. It turns out that we
only need to consider the terms involving & and &. See Lemma 3.5 below.
Thus we reduce our problem to the non-degeneracy of an 8 x 8 matrix Q,
which is relatively easy to handle. See Lemma 3.6.

(%

Lemma 3.5. Let (
Vo

! ) be a solution of (3.39). The following estimates
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hold:

(E,Z,, ) (3.72)
=& (A1C21,z‘ + 31032,0 + 52(/12021,1' + 5’2032,1‘) + ﬁi(a) +O((1+ |§|)|a|2) +O(e),
(B, Zey, ) (3.73)
= 51(C1032,z' + 751021,7;) + 52(52032,1‘ + 752021,1) + %i(a) + O((1 + |§|)|a|2) + O(e),
(E,Z:,.) (3.74)
= 5151030,i + 5252030,1‘ + j%i(a) +O((1+[¢Dal?) + O(e),

(E, Z;;l ) (3.75)

=&4LF 1031,i + §2J%2031,i + ’jzli(a) +O((1+ [¢])]al*) + O(e),

fori=1,2, where

+00 27
/ / 2N1 2le ,0— U2 0<2Zj71 — Zj72)(2Z021’1,1 - ZC21,172)2

2N2 2U20 2U1 O(Zj 2 ZJ 1)(2021,1,2 - Z021,1,1)2:| rdrcl@, (376)

+o0 21
B o / / 2N1 2U1 o U20(2Zj71 - Zj,?)(2ZC32,1,1 - 2032,172)(2Z021,1,1 - ZC21,172)

+4r 2Nz 2U2 o~ 2U1 0 ZJ 2 — ZJ 1)(ZC32,1,2 - ZC32,1,1)<Z021,172 - Z621,1,1)} Tdrdg? (377)

+00
/ / 2N1 Ur0-Ua0(27,, — Z39)(2Zegs11 = Zegs 1 2)”

2N2 2U2 0=20, O(ZJ 2~ ZJ 1)(2032,1,2 - ZC32,171)2} T’d?“de, <378>

+oo 27 - .
’Dj = / / [7’2N162U1’0_U2'0 (QZJ‘J - Zj,2)<22021,1,1 - Zc21,1,2)(22032,1,1 - Zc32,1,2)
0 0

+4T2N26202*0_201‘0(Zj’2 — Zj,l)(Zcm,l,? - ZC21,1,1)(Z032,1,2 - ZC32,1,1)i| Td’f’d@, <379)

+o0 27 ~ ~
2N7 2U1,0—U 2
/ / [T tes¥ 1.0 2’0(22j,1 - Z]',2>(22030,171 - Z630,1’2>
0 0

+ 47"2N2€202’072UL0 (ZJ'Q - Z]'J)(ZCP)OJ,Q - Z030,1,1)2:| rdrd@, <380)
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"Tj = / / 2N1 2U1 o U20(2Zj71 - Zj72)(2ZC31,1,1 - ZC31,172)2

+ 4?2 QUQO 200, O(Zj 2= 22 )(2631,1,2 - ZCs1,171)2 rdrdf, <381>

for3=1,2, and ’j;j are 8 x 1 vectors which are uniformly bounded as € tends
to 0, and are independent of &1,&5.

Proof:
By (3.36) and (3.37), E is of the form
1
~(.)a-a+ ((...)a) + O(la]*) + O(e). (3.82)

€

0
Recall that ( zl ) = ( :i%) ) + &2y, + &2Zy,. In the following com-
2 2

putations, we only need to consider the terms involving & and &;, since all
other terms are independent of & and &. By the orthogonality of cos(k6)
and cos(10) for k # [, we obtain

+00
—/ / E-Z,, rdfdr
0 0

o] 2 ~ B
= / / |:7“2N162U1,0*U2,0 (51 (2Z1,1 - Zl,2) + 52(222’1 — 2272))
0 0
X <2Z021,1,1 - Zc2171,2)C21’1Z:21’1’1

r2ee2leo2000 (6,27, = 27,1) + 62(2 — 225,) )
X (2Z021’1’2 — 220217171)621 1Z621 L2

+ p2Nie2010- T2 <51(221 1 — Zip) +&(225, — Z2,2)>

X (2ZcS2,1,1 - Zc32,1,2)032 1Zc21 1,1

+ r2N2g2020-2U10 <51(221,2 —2Z11) + &(2222 — 222,1))
X (2Zeyr2 = 2Ze5011)C32,1 20, , 2] rdrdf

+ Tufa) + 020) £ 00 + 01+ el + <),

where 773 (a) is the remaining terms which is a linear combinations of a which
comes from the remaining terms of O(e?) of E, and the coefficients of the
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linear combinations are uniformly bounded and are independent of &, &, a.
2 2
The O(%) terms comes from the O(%) term of E which is independent of

£.
Thus

+oo 2m
— / / E-Z;, rdfdr
0 0
+o0 2w 5 5
= 51 [(/ / {7"2N1€2U1’0_U2’0(221,1 - Zl,2)(22czl7171 - 2021,1,2)2
0 0

+4T2N262U2‘0_201‘0(Zl72 — lel)(ZcZLhQ — 2621‘171)2}7“de9> 62171

400 2w N _
+</ / {T2N162U1’0_U270(2Z1,1 - ZL2)(QZC21,1,1 - ZC21,172)(22632,171 - ZC32,172)
0 0

+4T2N262U2‘0_2U1’0(Zl,2 - Zl,l)(2621,1,2 - ZC21,1,1)<ZC32,172 - ZC32,1,1>}Tde9> C32,1i|

+o0o 27 ~ .
+§2 [(/ / {7,2N1€2U1,0—U2,0 (222’1 o Z2,2)(2262171,1 o 2021,1,2)2
0 0

+4T2N26202'0_201’0(ZQ’2 — 22’1)(2621’1,2 — ZC21‘1’1)2}7‘CZ7’d6> 021’1

+o0 2 5 5
+</ / {T2N162U1'0_U2’0<2Z2,1 - ZQ,Q)(22621,1,1 - 2021,172)(22332,1;1 - ZC32,172)
0 0

A2V 20202000 (7, ) — 7o V(Zepy 0 — Zemrn)(Zespro — ch}l’l)}'rdrd9> 032,1}

la*

+T11(a) + O(-) + 0(e) + O((1 + [¢] |al”* + 7)
= &1 (41021,1 + [;’1032,1) + 52(-[\2021,1 + 32032,1)

2
~ a
(a) +0(20) 4 0(e) ++0((1 + el laf + ),
where Ay, Ay, By, B is in (3.76) and (3.77).

Similarly, we can get the other estimates.

From the above lemma, we have the following result:

Lemma 3.6. Let Zl be a solution of (3.39). Then the coefficients m; =
2

0 if and only if the parameters a satisfy
. - al?

Q(a) = T(a) + O(—) + O((1 + [¢])[al*) + O(e), (3.83)
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where Q

A0 0 0 0 0 B 0 Ay 0 0 0 0 0 By
0 A 0 0 0 0 0 B 0 A 0 0 0 0 0
0 0 & 0 0 0 0 0 0 0 & 0 0 0 0
- 00 0 & 0 0 0 0 0 0 0 & 0 0 0
Q=S 0 0 0 A 0 0 0 Telg 0 0 0 A 0 0
0 0 0 0 0 F 0 0 00 0 0 0 % 0
D, 0 0 0 0 0 G 0 D, 0.0 0 0 0 G
0O D, 00 0 0 0 C 0 Dy, 0 0 0 0 0
= &Qi +&£Qo,

and T is a 8 x 8 matriz which is uniformly bounded and independent of &, &.

Proof of Theorem 1.1/ for B, under Assumption (ii): Under the As-

sumptions (ii), we will choose Ay = 1 and A; large. The computations in
the third part of the appendix show that

-/le = 71)\1_2 + 0()\1_2)>

Np+1 Np+1
5 T Ni+Ng+2 TN fNg+2
C1 =7\ +o(N ),
2N{+No+3 2N +No+3
c T Ni+Ng+2 T Ni+No+2
&1 =1\ + o(A ),
_ 3N1+2Ng+5 _ 3N1+2No+5

Frm g T o] Mo

nd - Aty + O\ ?) if Ny = N.
B, =D :{ L 0if ]\}I%NJ 2 (3.85)
where 71, 72,773 and 7y, are non zero constants. So we have
_ 3Ny +2No+5 _ 3Ny +2Ny+5
A1C~1 - [;)1151 = { Y17Y2A Mg o( Ay e ) if v5 =10
WA 0(A7) if 5 # 0

# 0,

and 51,.7:'1 are ]ooth noN-Zero. Therefore, we choose & large and & = 0 to
conclude that Q(&1,&2) — 7 is non-degenerate. After fixing (Ao, A1), (&1, &2),
it is easy to see (3.76) can be solved with a = O(e).
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O
In the next section, we will prove our main theorem under the Assump-
tion (iii), i.e.,

N1 Ny
Zpi:ZQjaNl =1,Ny # 1. (3.86)
i=1 j=1

3.7 Proof of Theorem 1.1 for B, under Assumption
(iii)

We are left to prove the theorem for Zfill pi = Zj\zl ¢;, N1 # Ny and
one of N; is 1. Without loss of generality, assume N; = 1 and Zfill pi =
Zj.vjl ¢; = 0. In this case, for the improvement of approximate solution in
the O(e?) term, we can not solve equation (3.31) in Section [3.4. Instead of
solving (3.31)), we can find a unique solution of the following equations which
is guaranteed by Lemma [3.2:

{ A¢1 + |Z|2N1€201,0*ﬁ2,0(2¢1 _ ¢2) — 2|Z|4N1€401,0*202,0 _ |Z|2(N1+N2)602,0
A¢2 + |Z|2N262U2,0*2U1,0 (277/}2 _ 2¢1) — 2|Z|4N264U2,0*4U1,0 _ 2|Z|2(N1+N2)6U2’0.
(3.87)
We use this unique solution as the new 1)y, and proceed as before. Then by
checking the previous proof, we can get that in this case, the error || E|, < Cj
and we can get a solution v of (3.39) which satisfies

[v]|. < Co, (3.88)

for some positive constant Cj, and the following estimates hold:

/R (N0 (o) + Nua(0)) 23+ (N (0) + Noa(0)) Zigdn = O(c),  (3:89)

fori=3,---,10.
Then the reduced problem we get is

Q(a) + T(a) + O((1 + |€])]al*) + O(1) + O(e) = 0, (3.90)

where the O(1) term comes from the O(1) term of the error E since we use the
solution of (3.87) instead of (3.31) as the O(e?) improvement. Recalling that
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Q = Q(§17£2) depend on two free parameters &1, &; and arguing as before,
we can choose & large enough. Then it is easy to get a solution of (3.90)
with a = O(& @) for any 0 < o < 1.

O

4 Appendix

This appendix contains three parts. In the first part, we show the clas-
sification and non-degeneracy results of the By Toda system with singular
sources. In the second part, we give the technical calculations of the matrix
Q while in the third part, we give the technical calculations of the matrix Q.

4.1 Classification and Non-degeneracy of B, Toda Sys-
tem with Singular Sources

In [16], Lin-Wei-Ye obtained the classification and non-degeneracy of so-
lutions for SU(n + 1) Toda system with one single source

— Au; =Y a;e + 4ryd, in R i=1,..,n (4.1)

j=1

where A = (a;;) is the Cartan matrix for SU(n + 1), given by

2 -1 0 0
-1 2 -1 0
0 -1 2 0
A= (a) = (4.2)
0 -1 2 -1
0 -1 2

In this subsection, we consider the By Toda system:

Au + 2e* — e’ = 4y dp  in R?
Av + 2e¥ — 2e* = 4mydy  in R? (4.3)
Jpo € < 400, [on ¥ < 400.

An important observation is that Toda system with B, can be embedded
into the AzToda system

74



Auy + 2e™ — e'2 = 47y, in R?

Ay + 22 — " — e = 47,0y in R?
Aus + 2e"3 — e¥2 = 4#7550 in R?,

Jros €% < +00,i=1,2,3.

(4.4)

The transformation from (4.4) to (4.3) is the following:

i ! !
Uy = U, U2 =V, U3 = U;Y1 = 71,72 = V2,73 = V1-

In other words, Toda system with By corresponds to solutions of Toda
system with A3 under the following group action

Uy = us. (45)

As a consequence, we just need to take the solutions of Lin-Wei-Ye [16]
in Az case with 73 = 73 and compute the solutions under the group action

(4.5).
(g;>:321(z>. (4.6)

We define
Then the system (4.3) is transformed to

Alf)l + e1—wz — 4o dg
A’LDQ + 62@2_2'@1 = 47TO(2(50 (47)
Jgo €272 < 400, [ €727 < 400

where < n > = B! ( n ) We introduce the notation (wy,ws, w3)" =

Q2 72
A (ug, ug,uz)t, and (ag, a0, a3)t = A3 (v, 75,74)". Then (4.4) is trans-
formed to
3
Aw; + €% = 4dmwa;0p, in R?, where o; = Z a'’;. (4.8)

j=1
In order to find the solution of (4.7), we need to find the solutions w of

(4.8) under the group action w; = ws, and then ( Z}f}l ) = ( Zl > The
2 2

following theorem gives a complete classification.
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Theorem 4.1. Let w be a solution of (4.7), then wy can be expressed as

where

3

e = 272 (g + Y NI B(2)P), (4.9)
=1
i—1

IR 10
7=0

Wi =~i+1, and ¢;; are complex numbers and \; > 0, satisfy

Ay = :

(8u’1u’2(u’1+ul’2))2>\1 ’
Ao =
T AT A Yy (4.11)
Cro — Hh c Con — —(c31—ca1c32)ph
1077 2uf4pf 320 ©20 (24 +ih)
Moreover,
e if v1,72 € N, the solution space is a ten dimensional smooth manifold;

if 1 € Nyy & N, then cop = c39 = c31 = 0, the solution manifold is
four dimensional;

if 1 € Nyyy € N, and 27, € N, then ¢33 = c30 = 0, the solution
manifold is six dimensional;

if 1 € Nyvo € N, but 2v1 € N, then c3p = c31 = ¢33 = 0, the solution
manifold is four dimensional;

if 1 &€ Ny & N, and v1 + 72 € N, then co1 = c30 = 30 = 0, the
solution manifold is four dimensional;

if 1 € Ny € N, and 27, + v € N, then co1 = 31 = ¢33 = 0, the
solution manifold is four dimensional;

€Ny N, and2v1+ 72 € N,y +72 €N, then e = c30 = ¢31 =
c3o = 0, the solution manifold is two dimensional. All the solutions
must be radial.

Remark 4.1. The maximal dimension of the space of the solutions is 10,
which coincides with the dimension of the Lie algebra associated with Bs.
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Proof:

By Theorem 1.1 of Lin-Wei-Ye [16] with n = 3, the solution of (4.8) can

be expressed as
3
e =122 Mo+ ) Ml B(2)P),
i=1

where
i—1

— Myt (R
Pi(z) = 27T Nt T
J=0

wi =i+ 1, and ¢;; are complex numbers and \; > 0, satisfying

J

AoAAaAg = 2_12H1§i§j§3(z 1) 2.

k=i

Using formula (5.16) in Lin-Wei-Ye [16], we have

3
e = 2P+ ) NIF(2)),

i=1

where
i1

K3
=0

If we denote by L; = /A\;, L} = \//\_;, we have

L{y = 8Lo Ly Loy iy (11 + 1),
Ly = 8LoLy Ly + 1) (20 + i),
Ly = 8LoLoLypy (py + pia) (2117 + i),

/
C/ o C32/’L2
10 — / 1\’
(2p4) + p5)
/
;o —(031 - 021632)M2 ;o
Cop = y Co1 = Ca1,

! !
(207 + 115)
/ J—
Cao = (€30 — C10C31 — Ca0C32 + C10C21C32),

, —(ea0 — croca) (2p) + pi5) g c10(2p + 1)

Cor = =
31 / y =32
Ho

7

. / )
Pl(2) = 2t +§ :C;jzuﬁr .

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)



Since w; = w3, we obtain the following relations:

1 1
L2 - 5 L3 - 5 (417)
8Ly pr prp(ph + 1) 8 Lo (1 + py) (207 + pty)
! !
9 —(031 - 021032)M2
Clg0 = ———C32, Co0 = (418)
20y + (207 + 1)

We conclude that w; satisfies (4.9) and (4.11)). The other parts of the theorem
follow from [16].
O
From Theorem 4.1 we can get that the solutions of (4.7) depend on 10
parameters Ao, A1, 21, C30, C31 and czo. By formula (5.16) in [16], we get the
radial solution of this system can be written as

-1 _ 2a1 ,—w1,0
P = T €
= Mo+ )\17"2“/1 + )\2r2(u’1+u’z) + )\3702(2u’1+u’2),
—1 _ 2a ,—w2,0
Pop = T 7€

=4 [AOAW? + Ao (] + )17+ (Mg (201] + 4ih)? + M dgpu/3)r?Ha+42)

o Aida(pl + ph)PraIR) 4 g Ay prtUa i) |

where the parameters are defined in (4.11). We state the following non-
degeneracy result which may be useful in constructing non-topological solu-
tions of the Chern-Simons system:

Corollary 4.1. (Non-degeneracy) Assume v1,7v2 € N. The set of solutions
corresponding to the linearized operator of (4.7) is exactly ten dimensional.

More precisely, if ¢ = ( 21 ) satisfies |p(z)] < C(1+ |2])* for some 0 <
2

A(bl + €2w1,o—w270(2¢1 — ¢2) =0
{ Ay + 202072010 (2, — 29,) = 0, (4.19)

then ¢ belongs to the following linear space KC: the span of

a <1, and

{wAm Wy Wegy 1y Wegy 9y Wegg,1y Wesgas Wegy 15 Wegy o0 Wega 1) Wega o }7 (4'2())
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where

( w B 1 F2@2p]+ub)
Wo = TPLE | LT () @) 7R |
_ 12 2K
wa, = —4p2.B [[L A+ (CTATALYY
PARY+HY) Aqr2(2Hf+ib) ]
L (8(ph+1h) 2uh +15)) 2 (B phy (y +15)) 2 M NE (Buf (2] +1b))2NE |
( 2!
_ 24 r=t2
Wi, = —p1.rH|l —
LA 1B [ iy )AL
/2 Agr2t2 r2Qu1+uy)
wo ), = —4 Ao — 72
2h P25 [“ 1207 )3 T B Cul i) o
4(p) 1)
T
L (814 +1h) (2] +115))2 (B iy (1 +115))2 A3 o |
and
_ 20 ! !
Wr,epy, = —P1,BA2T 12 cOS 10,
_ 1,0 / ! 4p +3 ! /
Wa,epr, = —4p2,pAopth (7 + p5)[Aor2 + Agr17°2] cos i),

{ Wiego, = —P1,8 A3 2 cos(2y1] +,N/2,)97 ‘e
W2,c501 = 4:02,3)\3//1 (:ull + MIQ)[)‘lr2“1+“2 -+ )\27’2“1+3”2] COS(Q/L’l + //2)07

(Wreny = —prNar¥iHh — St cos (11 + b)),
Wa,cq,, = —4p2.B [()\0)\3%(2#'1 + p) + %)WH%
k 2o gl Ly | cos(u + )0,
(Wi = —p1p(gtagyrs + Aar ¥ 1) cos 140,
Waepns = —4p | (MoNaih + ) (241 + piy) -+ A0S 20
\ F2M st 11y + 125)r 524 | cos 150,

and by replacing the cos terms by sin, we get wjc, ,.

Finally, using Theorem 1.3 of [16], we have the following quantization
result:

Corollary 4.2. Suppose u = (uy,us) is the solution of (4.5). Then the
following hold:

/ edr = 47 (27 + 72 + 3), / e?dr = 8m(y + 72+ 2) (4.21)
R2 R2
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and uy(z) = —(4 4 271) log |z] + O(1), ua(z) = —(4 + 272) log |z| + O(1) as

4.2 The Calculations of the Matrix Q;

In this section, we give the computations of Q;. As mentioned in Section
2, we set g1 = 1 and let ps large enough. For simplicity, we denote by
a=N;+1, 3= Ny + 1. We will show that for uy large, the elements of the
matrix Q; and Qs can not both be zero.

Case I: The calculations of Q; when N; # N,

Suppose N; # N, we have (Z;, Z;) =0 for i # j and i,j = 3,...,8. So
the coefficient matrix is the same as above with B; = D; = 0, i.e the matrix
is diagonal. Without loss of generality, we assume o« > 3. The asymptotic
behavior of the coefficient matrix in the case of (u1, p2) = (1, p2) as pg — +00
can be estimated as follows.

Recall that

1

1 + 2|29 + c|zo 182’
1

¢y + ch|28|% + cy|zotB)?

p1=

P2 =

where after ignoring a common constant ﬁ,

«
c=0, co=(a+PB)us, cs=—
a+
G=am, =2 4 _p
H2

First by the change of variable ¢t = r?, from (2.84), one can get that

_,4 2T
ML / / ta 1P1 2211 — 712)(2Z0, 1 — Zay 2)°

T
i tﬁ”&@Zm — Z01)(2 0,5 — Zay1)?|dtdO
P1
= A1+ Ay+ A3+ -+ Ajo,
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where A;,i = 1,---,12 are defined below.
First we consider A;:

2 p
A = / / 0 0L 20,22, il
= [Tt e e - L
0 P2 H2

/°° 8(av+ B)242°7 3 (B — Lt2tF) (apy + 2247 4 GrotF) .
o (B + (o + B pate + 2 to+h)>

(t=13"s)
B = 8(av + ff)%afs? ! ks [ 8(a+ B)3s2048-1(3 + (B — a)s®)
R ”2/0 (Bt @y T, G+ (a+ Ay ds +h.ot.

Then we consider A,:

Ay = //ta 1plleZ212dtd9

(6]
= / 2(a + B)*0* 2 pipy (B — Et”ﬁ)dt
0

0 2120+28-1(3 _ o ja+f
/ 2(a + B)°t* (8 — ot *) dt
0 (B4 (a+ B)uat® + Lto+0)3 (apy + S48 4 fto+0)

We divide the estimates of 1412 into three cases.
If @ > 20, we use t = p, *s to obtain that

_ 3a+2p o0 2 o + /8 2/882a+2ﬁ 1
A / (a+B)
0

oG+ (at o) ds + h.o.t.

2
If @ < 203, we use t = pj s to obtain that

_ 2a 0 2(0{ + ﬁ)2a5267a71
Ay = —u, ”° ds + h.o.t.
T ) Bl grasy T
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If « = 203, one can get that
/” 2(a + B)*t77H(B — 2 t%7) p
2 t
0 BB+ (a+ B)pat? + L1393 (apy + 2219 4 5t39)
(o =1

Ay, =

/°° 2(a + P)*a°(8 — =) ;
o (B+ (a+ Buoa? + -22%)3(apus + ‘%ﬂx + [z?) -

In this case, we divide the integral into two parts:

& (a+0)%2°(8 — 52°)
Ay = = d
i / é (5+ (a+ Bpar + &%) agus + o+ Ga)

= Ay + Ag.

1
For Ay, we use the change of variables x = pu, *s, and obtain that

5

[ 2a+ B2
A21 = Ho /0 a(ﬁ I (a T ﬁ)52)3d8 + h.o.t

_ —4 & (o + 5)*05° .
= M2 /O a(ﬁ T (a T ﬁ)§)3d8 + h.O.t
50

— i Inpu, + hot
Oé(Oé-Fﬁ)MZ M2 )

while for Asy, we have

oo .5, 71' 3
| Ay < C/ —1'7#2 xdx
n

2 M Sa? -

< epyt

Combining the above two estimates, we get that for a = 273

Ay = Ouy" Inpup)

= o).
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Next we estimate the remaining integral As — Aqs:

2m
A3 - ——/ / ta 1p121 1Za1 1Za1 thde

Y
N ‘8/ L CRN
0

B a1 0
_8/0 (B + (a+ B)uagt® + %ta+ﬁ)4

(t=py"s)
_ 7(17_*_6 00 —8(@ +ﬁ)2ﬁs2a+ﬁ—1
o /0 (B+ (o + B)s*)?

2w p
Ay = ——/ / t! 121222 1dtdf

= —4/ (o + B)2 st (g — Bt dt
0

— 4 /OO (a4 0)*ust®* " (aps — pto*F)
a o (B (a+ Bugte + 2oty

dt

ds + h.o.t,

dt

(t=py7s)

0o _ 2 - 2a-1 ats [0 30461
,Uz/ (4(a+6) s 4(a + B)*Bs ds + hot.
0

B T B et B

2 p
As = __/ / ot 12122212dtd9

_ _/ (a+ﬁ)2 2 2t2a+2ﬁ_1(au2—ﬁta+ﬁ)dt

0

. (0 4 BPE= N ap — o)
o (B4 (a+Buat* + 2t (aps + 0%515,8 + ftoth)?

(t = pu57s)

- _M_?jf? /OO (o — ﬁsﬁﬁ)s%_lds + h.ot
? o (a+pBseth)? ’
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g8
/0 4

/ a1/ o Zr 2 Za 200

t2a+ﬁflplpz(a + 53) pa(apy — pto7)dt

4t2a+,@—1(a + 5)2,U2<05,U2 _ ﬁt‘”’ﬁ)

I

_a+B (Oé—i‘ﬁ)z 2a+6-1
P © /
o (

98
/0 8

dt
B+ (a4 Bt + 2t010)3 (aps + aﬂ—tﬁtf‘ + [toth)

(t=piys)

31 (a1 B)so) ds + h.o.t,

/ - 1’)2212221 ydtdf

1490 1?( 2 = BE+P) (o + Bt

o potf )
2

/°° 8t oy — BtH) (o + B)*(B + (o + B)pat™ +
0

(t—ﬂ2

o

T atB

1253

(aps + 21849 4 Gro+s)s
a+ﬂ )

00 8(a + 5)332‘”3[3’1(04 _ 58a+ﬁ>

; (a+ BsoP) ds + h.o.t,

2 p
/ / Pt 221222 L dtdf

iy (o — Bt°0) (o + B)?pzdt

205 (s — Bto+) (a + B)°p3

[
L

(t = ps
25 [ 2(a+ B)sP T (a — Bs*H)

o

J25)

oy + 20+ Bt (6 + (a+ B)pate + Zto+0)

a+5 )

ds + h.o.t,

0 (Oé +580‘+6)3
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——/ / 6~ 1p22112a112a12dtd0

_ a
- / S (9 = )+ )
0

/°° 8L+ (B — 210t (o + B)* o
o(mm+ﬁﬂﬂ+ﬁwWPW+%a+ﬂMﬂW+
(t=ps"s)

3a+ﬂ o+ ﬁ (5 asaJrB)
—81u2 / (a+ ﬁso‘+ﬁ) ds + h.o.t,

4
——/ / 6~ 1”221122 odtdd
N

/ a+3ﬂ 1 4 gtaJrﬁ)(Oé—l-ﬂ)zdt
25)

oo tat+3B8— 1 _ o« taJrﬁ)(a + ﬁ)Q
O‘,u + a-i-ﬁt,@’ _i_ﬁta-&-ﬁ)

(t= ué‘*ﬁ )
u‘?’fié’ / * —d(a+ [)%s* (G — as* )
2 0 (o + Bsoth)4

27 p
——/ / =1 221122 1dtdf

(0% o (0%
—/ (4 B2t i (B — ! ) pzdt

0

ita-‘rﬁ)
H2

ds + h.o.t,

B /°° (o + BP0 (B — 21 P) g
o (

apty + S0 + BtatB)2(3 + (a + B)pat® +

1
(t=pys)

—exr [ (a4 )05
—Hg /
0

27+ (ot ﬁ)sa)QdS + h.o.t,
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Ay = //tﬁ 1p22112a112a12dtd8

o - a (6%
| o 070 - £ g0y
0
/°° Ao o+ B)?pa(B — 2 tP) p
t
0 (aps + EEH0 4 G403 (B + (o + B)pat® + Lto+P)
(t = u5™s)

Lt [ A(a+ B)sPH (B — as* )
O s

ds + h.o.t.

Note that
o0 8(0& +ﬁ)2aﬁs2a_1 o0 —4(05 +ﬁ)2@82a_1
[ Grermeret ) Grarper

by summing up the above 12 expansions , we can get that for uy sufficiently
large, A; has the following asymptotic expansion:

ﬂ a+5 / oz+ﬁ 3 2a+3ﬁ ( _ /68(1+,3) N 2(&%—5)5‘371((1 o ﬁSaJr,B)
T (o + BstB)5 (a + BsotB)3

ds =0,

}ds + h.o.t.

= Tally 5P 4 hot

Next let us consider C;. From (2.86), one can get that

C
?1 = / / ta 1P1 2Z1 1= Z12) (22,1 — Zy 2)°
+ ltﬂ*@(zzl,2 — 201)(2Zy, 5 — Zbl,l)Q] dtdd
1
= (h+L+ 13+ -+ L),
where [; for i = 1,--- ,12 are given below.
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First we consider I;:

[1 -

Similarly we get

I, =

2 o) 21 2
t / / o 2Lz, 72 dtdo
™ Jo Jo P2 ’

°°8t3a+ﬁ_1p_?a2 2 gtaw dt
py " (B )
0 P2 2

1
(t=py“s)

B+ (a4 B)s)

2w p
/ / tot 1zuzb Ldtdf

4a+6 o0 QQ/ﬂSO”rﬁ 1
d
- /0 (6+(a+6>sa) SO

——/ / tal anﬁlzblgdtde

—daxp [0 8@2652a+ﬁ1 _Sa+25
Ho /0 ( ds + O(py

f+(a+B)s)t

2T p
/ / ot 1212Zb 1dtdf

_datp 4a s3°‘+ﬁ !
ds + O
& A B+ (a+ B)s)t (12

//ta 1”12122,3 odtdf
™ Jo Jo

4a+ﬁ o0 QSC“JFIB 1
d @)
o A uwwa+mw>s+ (2

4

™

/ " a1 lezbl \Zg,dtdd
0 0

4a+5 () 4a282a+ﬁ 1 _
Mo / ( ds + O(p,
0

B+ (a+B)s)?
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) 00 8053683a+ﬁ_1
P © /o ( ds + O(py

a).

_ 6a+2p

a)7




8 e’} 2w p2
I = — / / V271575 odtdf
T™Jo Jo P1

_431:;5 00 8(a + ﬁ)azs““ﬁ_l(a _ ﬁsaw)
- 0 (a + BsotP)s
—Satds [0 8t~ — BsHP) (B + ash)
& 0 | (a + Bsoth)?
(Oz—i—ﬁ)2 2 a+3[3 1( _ﬁ8a+ﬁ)

— d h.o.t
(o 1 Boo7A)0 |ds + h.o.t,

9 fe’e) 2T p2
Iy = — / / 12720, 27 (dtdf
T™Jo Jo P1

ds

- 2025729 (o — ")
)y et Bt By
e /w[—za%zﬁ*(a — Bs)(8 + )
S (a+ B)%(a + B0
6a280z+35—1(a . ﬁsoﬁ—ﬁ)]d N b ot
— S .o.t,
(Oé + ﬁsa—i-ﬁ)zl
Iy = / / #p-1P Zmzbl 1 2y, odtdl
e Sa2(a — g .
0 (o 4 Bsth)
_ 6at4B 00 320&2(04 + ﬁ)(a o ﬁsa+ﬂ)8a+35_1
ath d h.ot
"o (o -+ B=F e
2T p
Ly = / / 012 2,23,
_ 6a+48 4a (ﬁ OzSCH"B) 26—1
= atp ds + h.o.t
27 p
Ly = — / /0 A1 22112,, 1dtdf
_ 6a+48 a2 Qﬁ (ﬁ aSOtJrﬁ)
= atp ds + h.o.t,
t " ) et AP+ B

4 [e'e) 27 51 p
I, = / V2 701 2y 1 2y, oditdd
™ Jo 0

P1 ]8
_ 6a+48 o) 2 26 1 _ a+0
=y 77 / (6 —as 3 )3ds + h.o.t.
o (a+pB)(a+ pBs>th)



So by summing up the above expansions and combining the terms of the
same order of po, one can get that

Cl _ 4a+3p _4da+B _ 6a+4p

— T Tk T mopy © sy 7+ holt,

where 71, Tp2, 753 are given in the above expansions.
Similarly, one can get

& 32126 /oo 8a2gt26— 1( _ 5Sa+ﬂ) 80423”*2@_1(@ _ ﬁs"*ﬂ)(ﬁ + a5a+ﬁ)
™ a + ﬁsa+,6)4 (Oé + BSO‘+’3)5
B 402 (ﬁ . asoﬂrﬂ) a+28-1 B a285*1(a . ﬁsoﬁﬁ) }ds hot
(v + BsothB)4 (a+ B)%(a + BstP)?
_ 3a+2p3

= Te:u2 ath +h0t

For the above integrations, we can calculate them explicitly using Mathe-
matica, and we can get that

B o0 8(04 +ﬁ)3320‘+3ﬁ_1(a _ 65114—,3) 2(04 —i—ﬁ)sﬁ_l(oz _ ﬁsa—i-ﬁ) p
e /o (a + Bsath)s (o + pBsath8)3 8
Ao - PBE) T rese(ZL)
= 302(a 1 B #0if a # 3,
Tp1 = Tp2 = 0,
and
B 9] 80(2(05 i 6804-1-5)(6 4 OéSOH_/B)SQﬁ_l 40(0& +ﬁ)2042<04 _ ﬁsa-i-ﬂ)soa-i—?)ﬁ—l
Thy = /0 (a + ﬁsa+,6’)5 - (a + ﬂs‘”ﬁ)ﬁ
a2(a — BsOHP) (B + austB)s20-1 a2 (a — FsotB) o301
- (a+B)(a+Bser) T (a+ G5 H0)
3202 (a4 B)(a — BsTP)gat30-1 4a2(ﬁ — s tP) 201
+ (o + BsotB)s a (a + Bsoth)
B a?(B — astP)s?-1 N 202 (a0 — BsHP)sat28-1 y
(a+ B2 (a+ P2 (a+ B PP(a+p) |
F3(2) 55 (Ba + B)m ese(2m)
- T £0if a4 f,
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and

/oo [8a25a+261(a _ 6Sa+6) N 8a2$a+2671(a _ ﬂsaJrﬁ)(ﬁ + asa+ﬁ)
re = 5
0

(o + fsatf)t (o + Bsoth)
40%(3 — asotP)gat2o-t a?sP1 (o — Bsoth) ;
— (o + BsotB)s " (a+ B)2(a + BsorB) s
(5)_33121;% (o = B)F*(20% 4 503 + 26%)m cse( 25)

a+p .
= 0 if .
308 + B)] #Oiasp
Therefore, A;, C; and & do not vanish for s large if Ny # N,. So we
get that for ps large enough, the matrix Q; is non degenerate. Since 7 is a
matrix with fixed coefficients, for py large enough, we can choose &7, & such
that the matrix Q — 7 is non-degenerate.

O
Case II: The calculation of Q; when N; = N,

In this case, the matrix Q; and Qs may not be diagonal, so we need
to consider B; and D;, and the calculation is more complicated. As we see
from the above expansions, when o = (3, we need to use different change of
variables. First we consider A;. Follow the notations in the previous section,

A

™

e A1+...+A12.

Then we calculate the 12 terms one by one:

00 2,,2420-1(3 _ atatf atB4p at+p
4 - / (v + B)°pu3t™ (B — ot ) (e + 517 + BtFF)
0

dt
(B + (o + B)pot® 4 totF)s

(t* =)
/°° 8(c+ B8) s (8 — Za?) (s + 2w + B1?)
0

H2

(Bt (a+ et 2oy

(z = py's)

_ * 8(a+ B)*afs )

- “2/0 a(B+ (a+ B)s)?

- /Oo 8(a+ B8)*s(B((a + B)s + Bs*) —a®s*)  40(a + B)*a?fs
2, a(B+ (a + B)s) a(B+ (a + B)s)°

ds + h.o.t,
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/ Oz—l—ﬁ)2t4a 1(5_ %t%‘)

o a+p8 dt
(a4 B)dt™ + %) (opp + <258 + GE2*)

/ 2a+ B)22*(6 — 2a?)
xﬂ—a+62x+5x)mm+%§x+mﬂ
(z = p3s)

—2(a + f)’a
o /0 aBla+ A+ as) zds + h.o.t,

o =833 — 22) (a + ) g
A (B + (o + B)pate + 212)4
(t* = )

m—&ﬂﬁ—%ﬁﬂa+ﬁﬁmd
/o a(B+ (a+ B)uar + 2a2)i
(x = pi5s)

* 8a?(a+ (3)?
,u2 —2 /0 mds + h.O.l’:7
/ ¥ Ao+ B st aps — B0tF)

0 (B + (a + B)pat™ 4 2-t2)*
(t* = )

/°° —4(a+ B)*paa(aps — b2%)

o a(f+ (a+ Pz + o)t
(z = py's)

dt

dx

16(a + 8)%as®

* _da+ p)’s L (% At s
“2/0 <ﬁ+<a+ﬁ>s>4ds+“2/o CENCEY D
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Next we estimate As:
/00 —(Oé + /8)2t4a_1(OéM2 _ /BtQOt)

0 (6+ <a+6) ot + at2a>2<alu2 + aﬂ_“;ﬁta _i_ﬁtQa)Q
(% =)

Ay =

[ ~(a+ AP o — Br?)
o a(f+ (a+ B)uer + 2a?)*(aps + (”ﬂx + [x?)?

dz.

We then divide the integral into three parts:

W —(a + B)%2’ (aps — Br?)
A =
i / /M / a(B+ (a+ B)pax + a2 (aps + % Fx + f12)? o

= i51 + i52 + i53.

First consider i5;, we have

1
: /u;‘j (o + B)253 (s — Br?) ]
i5y = ;
51 o B+ (a+ Bpar + Za)2(aps + omLﬁx + By
(= p3s)
1 2
—2 (v — Bs%)s
—————=ds + h.o.t.
e /0 ala+ [Fs?)? s+ ho
For i55, we use a different change of variable and get that
. /u% —(a+ B)2a (o — B12) ]
] = .
N i B+ (a+ B)usz + 2a?)? (g + O‘Hfo + B2)?2
(x = pjs)
1 2
—2 (a+F)
- ds+ h.ot
- / oBlatp+as)s
= 2ﬁ2#221nﬂ2+h0t

As to 153, we can easily get the following estimate:

' - o) .’L‘3 X 1’2
b3 = ¢ —2.4 o4
125 Ho

< c,u2_2.
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So combining the above three estimates, we have

As In iz + O(p37).

= 2—ﬁ2/i2_
Next let’s consider Ag:

4 - / > AP (o + B)*pa(aps — B**)
. =
0 (B4 (a+ Bpat® + L1203 (apy + 4o + fi22)

(t* =)
_ /°° 42* (o + B) pa(apy — )
0o a(f+(

a .2\3 atf 2 dz.
o+ Bpgx + a?)(aps + < Fx + fa?)

Similar to As, we also divide Ag into three parts,

1
A B /M22 +/N§ +/oo 4x2<a+ﬁ)2/~02<aﬂ2 —5$2) o
¢ B «
0 i Sz a(B+ (at Bpsr + Ea?)3(ap, + &z + ga?)

2

= g1t le2 1 l63-

For ig;, we use (z = 5 s) to obtain

LI

o = / # o (o4 ) valoin ~ B ) da
0o a(B+ (ot Bur + 222 aps + 2w + fa?)
(x = py's)
3
# Ao+ B)2s?
= u;? ds + h.o.t
& /0 a(B+ (at B)s)?
6 —2 —2
- 2 7 O
Oé(CK—i-B)IuQ n [l + (M2 )7
while for igp, we have
i /“3 42*(a + B)*pa(apg — Ba®) I
62 — 1 «
wi 0B+ (o + Bz + Za2)aps + 2w+ f22)
(x = pjs)

b 4o+ )
= 5 ds + h.o.t
Ha /“2% ala+ f+ as)s srho

6

- —21 -2
&(a+ﬁ)u2 n 12 + O(ps ),
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it is easy to see that

. 0o dx2 . J]Q
g3 < ¢ —3
“w

2 15570 - 22
< oyt
So combining the above three estimates, we have
As = O(1137)

By checking the estimates in the previous subsection, we can get that the
expansions for A7, Ag, Ag, A1g and A5 hold for a = 3, so we have

A7+ Ay = 0(1137), A9 = O(1137), Aso = O(1137), Ara = O(p13”).
While for A;q1, we have
o [ (B2 (G - 2
o (B4 (a+ B)uat® + -2t2)2(aps + ‘%ﬁto‘ + [t2)?
(t* = =)
r (ot (B — S
o a(f+(

o 2)2 ats 2 zdx
a+ B)pgx + =x?)(aps + < Fx + Ba?)
/“ /“5 /°° —(a+B)%x(B — o) ;
= + [, + g
0 W2 S a(B+ (a+ B)usr + x?)? (opg + O‘M—’;ﬁx + fx?)?

= 2111 + 2112 + 2113,

N pof—

where
1
(0 0Pa(B — )

« a+3 dx
0 Oé(ﬁ T (Oé + 6)’“21: + ;2%2)2(04#2 + WZE —+ 6%2)2

1111 =

L[ (ot )R0s
[ o g et

3 .
= _ﬁﬂzﬂnlh +0(i3?),
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- —(a+ 9)%(8 - 2o
1112 = -
“2% a(B+ (a+ B)ugz + %332)2(0['&2 + #lfx + Bx?)?
(z = p3s)
1 2
= H25/ (@ +0) ds
-3 Bs3(a+ B+ as)?
b
< cu25/ s —ds
w2 s
< oy
and
. oo 21‘ . -1 IQ
s < ¢ / B
i Ho T T
< cpy®.
So one can get that
A= _i —21 O -2
= =gy s+ Op?).

So by summing the above 12 terms, we can obtain

Similarly,

Ay = O(u3?).

C1 = 0(u3°).

Next we consider B;. From (2.85), we have

B _
T
+ tf“%(zzl,2 — 211)(2Z0, 5 — Zoay 1)(2Z0, 5
= (Bi+ By+ Bz + -+ Big),
where B;,i =1,---,16 are as follows:
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dx

2
/ / ta 1101 221 |- Z1 2)(2Za1 1— Za1,2)<2Zb1,1 — Zb1,2>



2 p
// gt 12112a112b11dtd0

= [ s ;j o+ B)(3 = )
(t = )

B /008.%204(@4—5)(5—%2 %) (aups +O‘+ﬁx~|—ﬁx)d
0 (B (a+ B)par + a2 !

(= py's)
* 8a?fB(a + B)s?
52 ds + h.o.t.
- / a(F+ (a+B)s)?
Similarly, we have
2
By, = / / g 2 Zay Z 2t
—4a*f(a + ﬂ)
= u;? ds + h.o.t,
- / B+ (a+ B)s)’
27 p
By = / / —4¢ot 12112,11 o7y, 1dtdl
o [ 4a? (oz—i—ﬁ)
=y ds + h.o.t.
Ha /0 a(owl—ﬁ—l—as)‘ls ¢
Next let us consider By:
2
By = / / ppa-1P1 I Za, 2 200

N / Qtsa_lplpz(ﬁ — L a(at B)py dt
0 )
(t* =)
/oo 22°(8 — Za)a(a+ B)uy "
o a(f+(

o+ )12z + =22 (ap + “La + 42?)
/% /M / 20(8 — a®)ala + By,
E . (B + (a+ B)uaz + 2 (apiz + S + fa?)

= G417 + g0 + 143,

dx

dx
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where

/ 22(0 - &a?)ala + By
dz
(a+ B)pax + 2a?)3(aps + Mﬂx + pz?)
(z = 3 15)
_ -5 % 26(a + B)s®
. /0 Tt o e ot
= (Oé_’_—ﬁ)2/1/2_5 In M2 + h.O.t,
. s 20(8 — 2a)ala + Buy '
149 = 1 = dx
ng B+ (a+ Bpgx + 20°) (opg + ‘”’89& + [z?)
(2 = p3s)
! —2a%(a + )
_ -5
= Iu2 \/‘u% ﬁ(a—{—ﬂ—}—as) dS—f-hOt
3

= ;"1 h.o.t
(OK—‘—ﬁ)QMQ l'l'ug—f- 0.1,

and
’i43 S Cd_s.
So from the above three expansions, we can get the expansion for By,

By = O(13”).
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Next we consider Bs:
1 00 2 p2

By = — / / — 4t L7057, 1 2y, 1 dtdO
™ Jo 0 P2

= / — 4t pd poupin — BEY) (o + B)dt
0

(t* = o)
B /°° —4ra(a + B)(apy — Bx?)
o af+(

d a .23 a+8 le'
a+ P)dr 4 2a?)?(aps + “x + Ba?)

B /ug +/u§ +/oo —4z2a(a+ B)(aps — Br?) o
0 3 i3 B+ (a+ B)de + 2a?)*(aps + O‘Mifx + [x?)

= i51 + 52 + U53,

N

: H —4r?a(a + B)(aps — B?)
b1 = " ] dx
o a(B+ (a+B)dr + 2a?)3(aps + P + fa?)

(z=py's)

Nojw

5 " —da(a+p)s?
= Uy /0 a(ﬁ+(a+ﬁ)8)3

_6 B
m#g *In o + h.o.t,

ds + h.o.t

dx

52 =

/”g —4z?a(a + B)(apy — Bx?)
uz B+ (a+ B)dx + %5132)3(04#2 + O%ﬁx + Ba2)
(& = 4s)

! daf(a+ 5)
_ -3
= My /%% (ot i+ as)3sds + h.o.t

Nl

6 _
= mug ’In o + h.o.t,

and



Bs = O(u3°).

Next we consider Bg — Bg:
1 [e's) 27 p2
Bg = —/ / 2t0‘_1—1212Za171Zb1,2dtd9
T Jo P2

o [T 20(a+P)s
— /~L2 /O a(ﬁ + (a + ﬁ)s)3d8 —|— h.O.t,

1 o0 27 p2
B; = _/ / QtO‘_l—lZlQZal,ZZbl»ldtde
™ Jo P2

o [ —2a(a+p)
= 2 — 2 d h.ot
o /0 (@t Atasp Tob

By = / " 1'01212Za12Zb12dtd9
0 P2

-1 —a(a = fBs?)
= [jj2 / —(a+ﬂs2) dS—I—hOt

27
By = / 818~ 1p2212Zalsz12dtd6

B °°8aoz+ﬂ)2 3(a — Bs?)
Ha / ala+ Bs?)°

ds + h.o.t,

27
By = / / —4tP~ 173 212Za12zb1 (dtdo

_ o [T oo+ ﬁ) (a — Ps?)
Ha / ala + (s?)4

ds + h.o.t,

By = / / —4tP~ 173 Zngallelgdth

L —4a(a + ﬁ) (o — Bs?)
2 /0 o(a + Bs?)

By = / / 2t~ 1p2212Za 12,1

B 2as(a — ﬁs )
= ,lL2 /0 st + h.O.t,

ds + h.o.t,
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/ / g anmzmdtde

MQ/
0

—do(a+ ﬂ)

(B — as?)

afa+

pBs?)!

1 0o 21 p2
—/ / 2t5_1p—2leZa172Zb171dtd9
0

MQ;/OO
0

208%(8 —

as?)

a(o+ fs?)°

ds + h.o.t,

1 0o 2w p2
- / / 2t5‘1p—zleZa171Zb1,2dtd9
0

ugg/m

20( — as?)

ala+ [Gs?)3

ds + h.o.t,

21 p
/ / -1 2211 Zay 1 2, 1dtd0

M2/
0

a(ﬁ—&s )

ds + h.o.t.

afa+ 3)(a + bs?)?

So by combining the above 16 expansions, we have

By = yupy® + hot,

ds + h.o.t,

where 4 is given in the above expansions. By direct calculation, one can get

Y4 =

We have

for py large enough.

1 [ 16s° 8s 8s
5/0 T2y  Tx2e)  @39)
4s 4 32(1 — s%)s?

(112

(1+2s)3  (2+s)3

8(1—s

s7 8s(l-5%)  2(1-5%)s

(l—l—s2
— #0
3(17é

A1C1

)
)4 (]_ + 82)4 + (1 + 82)3

— B} = yipy”
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+ h.o.t # 0,

|ds

(4.22)



Similarly, we have

1
E1 = —uy*Inpy + h.ot # 0.
%Y
So for uo large, when N; = N,, we can still get that the matrix Q; is
non-degenerate. Thus, we first fix u; = 1, o large, we can choose & = 0, &
large such that Q is non-degenerate.

4.3 The Calculations of the Matrix Q;

In this subsection, we give the computations of Ql. As mentioned in
Section 3, we set \yg = 1 and let \; large enough. If we denote by o = Ny + 1
and 0 = Ny + 1. We will show that for \; large, the elements of the matrix
Q; and Q, can not both be zero.

For simplicity of notation, let us first recall

1 1
P S [V G 2(a+0) 4 2(20+0)
PLB T BaBla+ B)2h (8ala+B)(2a+ B)?

= 1+ A"+ %ﬂ(a*ﬁ) + agr?eth)
1

1 28 2 2(at) A 2(2a+8)
(SaQPAlr _+(8a01%-5»2r _+(8a(&x%-5»2r

+ 1 rietp)
(88(c+ 3))*(8afar + B)(2a + B))* M

b b
= b\ + )\_2r25 + b3r2(a+ﬁ) + b4)\17”2(2a+6) + )\_57“4@(.5_/3)7
! 1

pay = 4| et +

1
Zy1 = 1— r2(2a+8)
woT e e et e
_ P1,B(1 +clr2(2a+6)),
1 A
Zo = 4 [aQ)\ 4 P26 _ ,22a+P)
b T RBE AT RN, T (Ba(2a + 9))2
— ! yAlatB)

(B(a+ 0)(2a + 3))*Bab(a+ F))*M

d d
= pQ,B(dl)\l + /\—27’2’8 + d3)\17’2(2a+ﬂ) + )\—47’4(a+ﬁ)>,
1 1
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ZC3271

ZC3272

Ze

31,1

ZC3172

Ze

30,1

Ze.

30,2

ZC2171

Ze.

21,2

—r

15 Gard) T Galat ARaT AP

ﬁ)\l a 1 r3a+2ﬁ>

pLB(el/\lro‘ + €2T3a+2ﬂ),
2 206\
4 a+23 3a+23
pu%@@%a+@@a+ﬁf (8a(2a + 8)2(a+ B) ]
pQ,B(flTOH_ZB + f2/\17"3a+26),
1 a+f 1 TSa-i-ﬁ)

o= (8ala+ B)?B(2a + B)M i (8afa+ 5)(2a + 5))?

P1,B(%TQ+B + 927”3a+6)>
1

2,r,a+ﬁ 2T3a+3ﬂ
4ps B [ -

Bla+8))2a2a+6)  (8(a+3))*(Ba(a+ B)(2a + B))2abBM
P2,B(h17"a+ﬁ + z_?,,ﬁa-i—?)ﬁ)’
1
(Ba(a+ 8)(2a + 7))

2
P1,Bk17“ a+ﬁ;

2403

2 P1,BT

)\1T2a+ﬁ T.Qoz-i—?;ﬁ
~28 80t B)Fala+5) T BaBla T APBEa T B)Palat D

l
p2,B(li A1 + )\—27“2’6)7"2a+67
1

1 2a+0
(BBl + B2 e
M sas
P1,B N et )
B 8 2(2a+0)
255 ata % * ©Fala T PEala T HEa T HN

e M2 92a+4p8)y,.8
pQ?B()\l + )\17“ )T ’

The asymptotic behavior of the coefficient matrix in the case of (Ao, A1) =
(1, A1) as Ay — +oo can be estimated as follows, let us first consider C:
To start with, first, by a change of variable ¢ = r?, from (3.78)), one can

get that
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where

C o P2
G _ / / 118 (07, 2,0) (21— Zer )’

P2,B

1P
+ 4tﬁ lp;i(ZI,Q - Zl,l)(Zc32,1,2 - 2032,171)2 dtdf
1,B

= (h+L+I1I3+--+ L),

I;,i=1,---,12 are defined below.

First let us estimate I, we will use some change of variable to get the
asymptotic expansion:

I, =

and

]é —

1 27
- / / st 1B 72 g
™ Jo 0 P2.B

00 5
/ Spl—’Bt2a71(€1)\1 + 62ta+ﬁ)2(1 + Clt2a+ﬂ>dt
0 P2,B

o0 1 by
82 (b Ay + 215 1 byt tB 1 py 20t
/0 (1+ At + Sath  gyt2015)5 ( (brda + 517+ s o

bs

) e + eat™ (1 + c1t2a+ﬁ))dt
1

(t = )\f‘Tﬁs)

)\;a%ﬁ /Oo 8540180‘+25_1(61 + 628a+ﬁ)2d8 i O(/\*Sffﬁ ),
0 (1 + a25a+,8)5

4 27 00
——/ / o 1”13212 72 dtdo
T Jo 0 P2,B

_4/ t2a—1p1%73(61A1 + thoH—B)Q(dl)\l + A_ztﬂ + dg)\lt%ﬁ-ﬂ + )\_4t2(a+5))dt
0 1 1

» /oo 27 e\ + eat® )2 (di Ay + 217 4 dghg >t + f—jt2<a+ﬁ>)dt
0 (1 + )\ﬂfa + %ta+ﬂ + a2t2a+5)4
(t = A7)
__a 4d3(€1 + 628a+ﬁ)28ﬂ—1 _ 3048
a+pB a+p
~A 0 (1 + ays*tP)4 ds + O 7).
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Similarly, we have

I3

I

8 2T o0 ot pl B
—— 19 =21 1 Loy 1 gy 2dtdO
™ Jo 0 P2,B
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1
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4 2w 00
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O 1

d
N e e
+ — )\1 )
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0

by bs
(b1As + )\_tﬂ + bt 4 by A2 A Z2lath))—L
1 1

— a o 3a+2ﬁ

7t ppapler s + et PNtz (fit Mt 7))

d d
(dy M\ + )\—225/3 +dgh 20 4 /\—4t2(a+5))dt

1 1
_1

(t=A775)

& 485_1(61 -+ 628a+6)d3f2 —3a+8

e ds + O\, ™
R e S
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o / / " 1/)1 =27 12332 ,dtdf
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0
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- / 23 ppt s (fr + it
0
di
N
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0 1

2 (dy My + %tﬂ + dg\ 12 tP
1

a+ﬂ)>dt

b b
(i + )\—Qtﬁ + bgt®F b Mt )\_5t2(a+ﬁ))—2
1

da dy
o 1(f1 + fl + f2)\1 ) (dl)\l + /\_tﬂ 4 d3)\1t2a+’8 + X t (a+5)>dt
1 1
(t = )\C“*ﬁ)
-5 ° d 2g8-1 _ 3a+p
-\ ot 3f25 ds + O()\l ath )

o Vi1 4 agsath)?

Next we consider [; — I3, as we see from below that , we can get the

asymptotic expansion directly from the integral without any change of vari-
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ables which definitely simplify our computations:

I = / / 449~ 1'0232122 2 dtdd
ds d
= t 1+ JoAt 1A1 + —t + 1t + —t t
4 a+38— poB f f P d A B d A 20+ 4 204203 d
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FO2(1 + 248 a

dt + O(A\[?),
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8 [* [ PzB
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T p 32, 32,
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Note that the O(1) terms are zero, so by summing up the above 12 ex-
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pansions, we can get the asymptotic behavior of Ci as \ — oo is

G _ b [0 [8b4clsa+251(61 +eps® )2 ddy(er + es* 020!
r 1 0 (14 agsatP)5 (1+ ags*+P)!
8c1 fos™ P (e1 + es®t?)  4s"(er 4 eas® )3 fo
- T ey e
2c, f2sot20-1 dy f3s°!

- dt + ho.t
b1+ apso ) D(1 4 agseriyz) T

e 2 e ala+ B) 20 + )T esel)
= 1 (a—|—6)2

+ h.o.t
— A s 4 hoit £ 0.

Similarly, one can get that

AT+ O ?), if Ny = Ny,

131:1)1:{ 0, if Ny # o,

where 75 is a constant.

- AnZeciagt?P1
= N2 2= ___dt+hot
Al 1 / (b4 T b5t6)4 + (0]
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4ky 1y dstP—1 202¢ 171
ba(l + ast™ PP by(1 + agto D)
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= v\, 7 +hot#0,
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and

- 321?? > 8 2 a+26—1 a+0
fl = )\1 ; [m ((92013 (bl —+ ng

I b5$2(a+6)) + leggclb4s2a+3ﬂ—1 4 b4g§$a+2ﬁ—1)>
4(291ggd38°‘+25_1 + g%(dl + d4$2(a+ﬁ))8’8_1)
(1 + a28a+ﬁ)4
40byc1g3s2 3071 (1 4+ ay5°MF)  16¢2d3s*T2P1(1 + a;5*1P)

(]__l_azsoz-i-ﬁ)ﬁ (1+a2sa+ﬂ)5
B 8721827 (hy + hos®P)  Agadzs®(hy + hes®h)
(1+a23a+ﬁ)4 b4(1—|—a28a+’8)3
4g3c 8Pt ]
— d h.o.t
(1 + ayseroy) @ T 0

a2 (o - Blafa+ )2+ 0) T (o + 20)m ese( )
o 36(a+ )8

+ h.ot
3a+23

YA, 7+ hot #0.

So we can get that

_ 3a+p
A,C, — B,D, = A P y1ye + heot, if 5 = 0,
A2, if s # 0,

In any case, this determinant is nonzero. Therefore, fllél — 31751, 5’1
and .7:-1 do not vanish for A\; large. So we get that the matrix Ql is non-
degenerate. Thus, we first fix \g = 1, A\; large, and then choose &; large,
&5 = 0 such that Q is non-degenerate. Il
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