On The Number of Interior Peak Solutionsfor A
Singularly Perturbed Neumann Problem

Fang-Hualin
Courant Instituteof MathematicalSciences
Wei-Ming Ni
University of Minnesota
AND
Jun-Cheng\Vei
ChineseUniversity of HongKong
Abstract
We considetthefollowing singularlyperturbedNeumanrproblem:
EAu—u+f(u)=0inQ, v>0inQand g_:j =0 ondN

whereA = EN 2% is the Laplaceoperatore > 0 is a constantf) is a

i=1 9z?
boundedsmoothdomainin RY with its unit outward normalv, and f is super
linearandsubcritical. A typical f is f(u) = u” wherel < p < +oo when
N =2andl < p < £+5 whenN > 3.
We shaw thatthereexistsaneo, > 0 suchthatfor 0 < ¢ < ¢¢ andfor each
integer K boundedby

anN,Q,f
=K< eV(|lne)N
whereanq, is aconstantependingn IV, Q and f only, thereexistsasolution
with K interior peaks.(An explicit formulafor ay,q, f is alsogiven.) As acon-
sequenceye obtainthatfor e sufiiciently small,thereexistsatleast[61\,0(‘{‘{7’“‘1’;)1\,]
numberof solutions.Moreover, for eachm € (0, V) thereexist solutionswith
enegiesin theorderof ¢¥ ™.
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1 Introduction

Themainthemeof this paperis the concentratiorphenomenaf the following
singularlyperturbecklliptic problem

EAu—u+uP =0 inQ,
(1.1) u>0in Q,
Ju =0 onoQ
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whereA = Zfil 6%2_5 is the Laplaceoperatore > 0 is a constantthe exponentp

satisfiesl < p < % for N > 3 andl < p < oo for N = 2, andQ2 is abounded
smoothdomainin RY with its unit outwardnormaly.

For thelastfifteenyears problem(1.1) hasrecevedconsiderablattentionasit
hasbeenshavn thatits solutionshave rich andinterestingstructuresin particular
thevariousconcentratiopphenomenaxhibitedby thesolutionsof (1.1) seemboth
mathematicallyntriguing andscientificallyuseful.

Although problem(1.1) takes a classicalform of singularperturbationsthe
traditionaltechniques$n thatareadid not seemhelpful asthe errortermsappeared
in theinnerandouterexpansionsareexponentiallysmallin € > 0.

In thepaperg22, 28, 29], theauthorsstudiedthefollowing “enegy” functional
in () associateavith (1.1) via avariationalapproach

1 1
_ Eul = = 2 2 2y / p+1
(1.2) [u] 2/Q(e |Vul* + u®) or1 ui,

whereu; = max{u,0}.

It is easilyseenthat E, is not boundedabore nor boundedbelon. However, Ni
andTakagiobseredin [28] that,amongall possiblesolutionsof (1.1), thereis a
“least-enegy” solutionu,; thatis, asolutionu, with minimalenegy. Furthermore,
they shavedin [28, 29 that,for eat ¢ > 0 suficiently small,u. hasexactlyone
(local) maximunpoint P. in 2, and P. mustbelocatedon 9Q andnearthe“most
curved” part of the 9€2. More precisely u. musttendto 0, ase — 0, everywhee
on Q exceptat P, and H(P.) — maxpcan H(P) whee H denoteshe mean
curvatue of the boundary9d2. (Suchpoints P, will be referredto as peaksor
spikes) The crucialideain [28, 29] is to establishthe following enegy estimate
for e small

(1.3) Ec(uc) = eV[Cy — CoH(P.)e + o(e)]

where(, Cy aretwo positve constantsFrom(1.3), the abore conclusionon the
locationof the peakP, is derived.

Sincethe publicationof [29], problem(1.1) hasreceved a greatdeal of at-
tentionandsignificantprogresshasbeenmade. More specifically solutionswith
multiple boundarypeaksaswell asmultiple interior peakshave beenestablished.
It turnsoutthata geneal guidelineis that while multiple boundaryspikestendto
clusteraroundthe local minimumpointsof the boundarymeancurvatue H(P),
thelocation of the interior spikesare governedby the distancebetweerthe peaks
as well as the boundaryof 9. (See[3, 4, 6-10,12-15,19, 20, 29-36] andthe
referencesherein.) In particulay it wasestablishedn Gui andWei [14] that for
anytwo givenintegers k > 0,/ > 0 andk + [ > 0, problem(1.1) hasa solution
with exactly k interior spikesandl boundaryspikesfor every e sufiiciently small.
This solutionhasits “eneigy” still atthelevel ¢ andagainhasthe propertythatit
tendsto 0 everywherein (2 exceptat thosek + [ points. Thus,in generalwe call
suchspiky solutionsassolutionswith 0—dimensionatoncentation sets
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It seemaaturalto askif problem(1.1) hassolutionswhich “concentrate’on
higherdimensionaketse.g.cunes,or suraces.In thisregardswe mentionthatit
hasbeenconjectuedfor alongtimethatproblem(1.1)actuallypossessesolutions
which havem —dimensionatoncentation setsfor every0 < m < n—1. (Seee.g.
[27].) Furthermoreit is intuitively clearthatthe“enegy” levelsof mary solutions
with m—dimensionatoncentratiorsetswould be at the ordere’¥ =™, Progressn
this direction,althoughstill limited, hasalsobeenmadein [2, 23, 24,25, 26)].

In this paperwe shall explore the questionof the maximalnumberof spiles
in termsof the small parametee > 0, a solutionof (1.1) could possiblyhave
Our mainresult, Theoreml.1 belav, assertghatfor every positiveinteger K <
C(e|Ine])~", whee C is a suitableconstandependingnly onp and(?, problem
(1.1)hasa solutionwith exactly K peaks As acorollary onedervesimmediately
that problem(1.1) alreadypossessespiky solutionsu, (i.e. solutionswith only
0—dimensionatoncentratiorsets) with “energy” levels

(1.4) Eclue] ~ eV

whee m rangesfrom0 to N — 1. (In this paperwe use“ A, ~ B! to denotethat
thereexist positive constant€>” andC” suchthatC’ < A./B. < C" for e small.)
Thusit seemdifficult to usedifferentenegy levelsto characterizesolutionswith
concentratiorsetsof differentdimensionsThisfurtherillustrateshow complicated
thesimpleproblem(1.1) couldbe,andits richnessseemsomavhatsurprising.

Our proof usesa “localized enegy” methodasin [13], but we now needto
obtainaccurateestimatesf the “interactions”betweentwo peaksaswell asthe
“interactions”betweena peakandthe boundaryof the domain{2. Thisis notan
easytask— it requiresa thoroughunderstandin@f variousapproximation®f the
solutionsof (1.1) we arelookingfor.

To stateour mainresult,we shallincludea slightly moregenerakequatiorthan
(1.1),namely

(1.5) u>0in Q,

gu =0 onoQ.

We will alwaysassumehat f : R — R is of classC'*7 for some0d < ¢ < 1
andsatisfieghefollowing conditions(f1)-(f2):

(fl) f(u)=0foru<0, f£(0)=f(0)=0.

(f2) Thefollowing equation

{ eAu—u+ f(u) =0 inQ,

Aw—w+ fw)=0, w>0 inRY,
(1.6) w(0) = max w(y), w — 0 atoo,
yeRN
hasa uniquesolutionw(y) andw is nond@eneratei.e.
, ow ow
1.7 KernelA — 1+ = spa —,...,—}.
(L.7) ( /() = spam 5 5
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Occasionallywe assumdurtherthat f satisfieqf3):

(f3) Theprincipaleigevalueof A —1 + f'(w) is positive. Thatis, thereexists
aneigemvalue\; > 0 andthecorrespondingigenfunction®, (whichcan
be madepositve andradially symmetric)satisfying

(1.8) ABg — Bg + f (w)Bo = \1Bo, &g € H'(RY).

Onetypical exampleof f is: f(u) = v — au?, wherea > 0,1 < ¢ < p <
(F2) (= o if N =2;= 222 if N > 2). Fortheuniquenessf w, see[5], [17]
and[18].

Theenegy functionalassociateavith (1.5)is

(1.9) Bl = [(@Vuf +) - [ Fw, ue B ®)

whereF' (u) = [3' f(s)ds.
We now stateour mainresultin this paper

Theorem 1.1. Let f satisfyassumption§f1)-(f2). Thenthere existsaney > 0 sudh
thatfor 0 < € < ¢y andanypositiveinteger K satisfying

an,o,f
1.10 1<K ———ro
(20 =H = T ™

whee ay o f is a constantdependingon N, Q2 and f only, problem(1.5) hasa
solutionu, which possessesxactly K local maximunpoints@y, ..., Q% sud that

K — Qs

(1.11) ue(z) =Y w(a: GQJ) +o(1)
j=1

andwe havethefollowing enegy estimate

(1.12) E[ud] = N KI[w](1 + o(1))

wheee I[w] is theenepy of w:

(1.13) I[w] = %/RN(WW +w?) — /RN F(w).

As a consequencdor ead integer m € [0, N), there existsa solutionu, to
(1.5)with thefollowing enegy bound

(1.14) EJu] ~ V™,
Whenm = N, wehavea solutionu, with thefollowing enegy estimate
(1.15) Ecu ~ (|Ine)~".

If wefurtherassumehat f satisfieqf3), thenthe Morseindex of u,. is at least
K.

A simple corollary is the following resultwhich gives a lower boundon the
numberof positve solutionsto (1.5).
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Theorem 1.2. Fore suficientlysmall,problem(1.5)hasatIeastl%] num-

ber of positivesolutions.

Remarks: 1. It seemghattheupperboundfor K is “almost” bestpossible . Note
thatwhenN = 1, theupperboundis % WhenN > 2, becausef theboundary
meancunature, it seemshatthe bestupperboundcouldbe W wherethe
bestconstantC shoulddependn N, f, andthedomaingeometry

2. Theconstantyy o,y canbemademoreprecise Let r < maxgeq d(Q, 09)
be a smallpositve number We denoteby Kq(r), the maximumnumberof non-
overlappingballswith equalradiusr pacledin €. By checkingthe computations
of theproof of Theoreml.1 (see(5.4)), we cantake

6+ 40 1
. <K< —
(1.16) 1_K_KQ<( o N+2OO)6|lne|>,
where
o is theHolderexponentof f'.
Let
(1.17) Cq = liminf 7V Kq(r).
r—0
Thenwe maytake
9 N
g
1.18 = C|
(118) s ”((6+40)N+1‘5—o>

3. Unlike [13], wherethe limiting locationof the spikes (QY, ..., Q%) canbe
identifiedassphere-packingositions,we cannot saymuchmoreabouttheloca-
tionsof thespikes. Thisremainsaninterestingquestion.

To concludetheIntroduction we includea brief descriptionof thebackground
of (1.1). Problem(1.1) arisesin mary modelsconcerningbiological patternfor-
mations.Forinstanceijt givesriseto steadystatesn theKellerSegel modelof the
chemotactiaggrgationof the cellularslimemolds([19, 22]) andit alsoplaysan
importantrolein theGiererMeinhardtmodeldescribingheregeneratiorphenom-
enaof hydma.

By astraightforvard scalingargument,we caneasilyconstrucipositve steady
statesolutionsof thefollowing systemfrom solutionsof (1.1)

Uy =di AU U+ inQx (0, +00),
(1.19) & ==&+ ﬁg—s JoU",
WU =0 ondQ x (0,+00),
whered; = €2, Q| isthemeasuref Q, andp, ¢, r, s, 7 arenonngative andsatisfy
p—1 T

I<——< .
q s+1
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Problem(1.19) s, in turn, the shadav-systemof the well-knovn activator
inhibitor systemproposedby Gierer and Meinhardtfollowing Turing’s idea of
diffusion-driveninstability, in modelling the regenerationphenomenorof hydra
in morphogenesif{11, 32)), seealsothe suney [27]. More precisely (1.19)is
obtainedrormally by lettingd, — +oc in thefollowing system

Uy = di AU — U + % inQ x (0,+00),
(1.20) TV =dp AV =V + 4% inQ x (0,+00),
U = 3Y =0 ondQ x (0,+00).

Indeed the system(1.20)wasmotivatedby biologicalexperimentonhydma in
morphogenesisHydra, an animalof a few millimetersin length,is madeup of
approximatelyl00, 000 cells of aboutl5 differenttypes. It consistsof a “head”
region locatedat oneendalongits length. Typical experimentson hydra involve
removing partof its “head” region andtransplantingt to otherpartsof the body
column. Then,anew “head”will form if andonly of the transplantedreais suf-
ficiently far from the (old) “head”. Theseobseration have led to the assumption
of the existenceof two chemicalsubstances a slowly diffusing (short-rangegc-
tivator anda rapidly diffusing (long-range)nhibitor. In 1952, A. Turing argued,
althoughdiffusionis a smoothingandtrivializing processn a singlechemical for
systemsof two or more chemicals differentdiffusion ratescould force the uni-
form steadystatesto becomeunstableandleadto nonhomogeneoudistributions
for suchreactantsThisis now knovn asthe“diffusion-driveninstability”. Explor
ing thisideafurther in 1972,GiererandMeinhardtproposedhe system(1.20)to
modeltheabove regeneratiorphenomenonf hydra.

Thepaperis organizedasfollows. Notation,preliminariesandsomeusefules-
timatesareexplainedin Section2. Section3 containghe studyof alinearproblem
whichis thefirst stepin the Liapunos-Schmidtreductionprocessin Sectiond we
solve anonlineamproblemwhich setsup a maximizationproblemin Section5. Fi-
nally in Section6 we shav thatthe solutionto themaximizationproblemis indeed
asolutionof (2.2) andsatisfiesall the propertieof Theoreml.1.

Throughouthis paper unlessotherwisestatedtheletter C will alwaysdenote
various genericconstantswvhich are independenbdf € and K, for e sufiiciently
small.

2 Notation and Some Preliminary Analysis

In this sectionwe introducesomenotationandpresensomepreliminaryanal-
ysison approximatesolutions.

Withoutlossof generalitywe mayassumehat0 € €. By thefollowing rescal-
ing:

(2.1) z=c¢€z, z € Q= {ez € O},
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equation(1.5)becomes

2.2) Au—u—+ f(u) =0 inQ,,
' u>0inQ, and¥ =0 inoQ..

Foru € H?(f,), we put
(2.3) Se[u] = Au —u + f(u).
Then(2.2)is equivalentto

(2.4) Se[u] = 0,u € H*(Q),u > 0in Q, % =0 onon..
Associatedvith problem(2.2)is thefollowing enegy functional

2.5) Jfu] = %/§2€(|Vu|2 +u?) - / Flu), ue H'(Q).

NotethatJ, = ¢ VE,.
We definetwo innerproducts:

(2.6) < U,V >= /Q uv, foru,v € L*(Q);

2.7) (u,v)e = /Q (VuVo + uv), foru,v € H(Q).
Let E

(2.8) M8 Jf"N

beafixedpositive constantNow we definea configurationspace:

(29) A= {(Qh aQK) € QK

o(Q1, -, Qk) > Me| lne|}

where

(2.10) o(Q1, .- QK) = min (1Qi — Qj|,2d(Qx, 0R2)).

idok =1, K i#]
Letw betheuniquesolutionof (1.6). By thewell-knowvn resultof Gidas,Ni and

Nirenbeg [12], w is radially symmetric:w(y) = w(|y|) andstrictly decreasing:

w (r) < 0forr > 0,r = |y|. Moreover, we have the following asymptotic

behaior of w :

(2.11)

~ 1 - 1
w(r) = A= 7 e T(1+0()), w(r) = —Ayr 7 e (14 0(2)),
for r large,whereAy > 0 is aconstantLet K (r) bethefundamentasolutionof
—A + 1 centeredat0. Thenwe have

2.12) w(r) = (Ao + O(%))K(r), w

!

(r) = (Ao + O(%))K(r), forr > 1
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whereA, is apositive constant.
For Q € 2, we definew, ¢ to betheuniquesolutionof

(2.13) Av—v+ f(w(- — 9)) =0in £, (89_'0 = 0 ono<,.
€ 14
We first analyzew, . To thisend,set
T —Q T
peal@) = w29 o2,

We statethefollowing usefullemmaon the propertiesof ¢, .

Lemma2.1. Assuméhat & e|Ine| < d(Q, 9Q) < § whee § is suficiently small.
We have

(2.14) %Q=4%+de&;ﬁ3+ow@“MU

whee Q* = Q + 2d(Q, 0Q)vg, vy denotegheunit outernormalat Q € 09 and
Q is theuniquepointon €2 sud thatd(Q, Q) = d(Q, O9).

Proof Let ¥.(z) betheuniquesolutionof
. \\
(2.15) AT, — T, =0inQ, %i::1mwg
1%
It is easyto seethat
(2.16) 0< U (r) <Ty(z) <C, fore< 1.

Ontheotherhand,y.,q(z) satisfies
ov 0 |lz—Q|

2 o — (i i |
eAv—v=0ing, oy aUw( . ) on o).
Using(2.11),we seethaton 092,
0 |r—Q _1 |lz—Q <z-Qv>
-—w —w

31/( € ):e ( € ) |z — Q|

N-3 [z <T—Q,Vv>
=—(Ayv+o(1))e 2 e = —QNH,

whichimplies,by acomparisorprinciple,that
(2.17) |peo(z)| < CeVPMINTLY (1) if d(Q,09) > (VZM + N + 2)e|In ]

Therefordt remaingo considethecasevhen?le| Ine| < d(Q, 8Q) < (V2M+
N + 2)¢| In¢|. In this casewe usethefollowing comparisorfunction

1 z— Q"
o1(z) = —(Ag — 6@]{(@) + 6\/§M—|—N+1\I}€'

Forz € 99, |z — Q| < 3/4, we have

<z—Q*%v>

= (1+ O(e?|Ine|)) o
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B9 1y o may 29,

andhence

2000y < o (a0 + (BT ) <

Forz € 89, |z — Q| > €¥/*, wehave

a(stQ S 06—671/4 S 26\/§M+N+1 S a(pl .
ov ov

Summarizingve have for z € 99,
6905762 < %
ov — Ov
By acomparisorprinciple,we have
Pe,0(z) < pi1(z), forz € Q.
Similarly, we obtain

e,(x) > —(Ao+ € NK (|x_Q|) V2MAN+LY for z € Q.

ForQ = (Q1,...,Qk) € A, wedefine
(2.18) wi(z) = w(|z — Q| we,Q(2 Z We,Q; -

The next lemmaanalyzesw, q in Q.. To this end,we divide €2, into K + 1-
parts:

Qj :
(219) Qe = {lz = "< 5 0(Q}7 =1, K Qerepn = 2\ U Qo
wherep(Q) is definedat (2.10).

LemmaZ22. Forze Q. ;,j=1,..,K,wehave

(220)  weq=weq; +O(Ke?) =w(lz— &I) +O(Ke?).

For z € Q¢ k41, wehave

(2.21) we,q = O(Ke? ).
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Proof. Fork # j andz € Q. ;, we have

weay(2) = wllz — ) ~ (e

= Oy o E L MV — o
andso "
z wean = O(KGT)
k#j
which proves(2.20). The proofof (2.21)is similar. O

Next we statea usefullemmaabouttheinteractionof two w’s.
Lemma2.3. For 9=l |arge, it holds

(2.22) /RN Fl(lz - % Dl — 921 = (7 + o(1))w(( 2=

€ €

)

whee

(2.23) 7= [, Fwllyh)edy.
RN

Remark: Notethaty > 0. SeeLemma4.7 of [31].

Proof. By (2.11),we havefor |ey| << |Q1 — Q2/,

Q1 — Q2 €
+ —|)=An +o())(——F—F—
w(|y c |) (An +of ))(|ey+Q1—Q2|
_ w(\Ql - Qz\)e—<y,%>+o(ly\)_
€
Thusby Lebesgues DominatedConvergenceTheorem

N—-1

)t ey B

ACIC L (e - L)) = / F(yhyw(y + 2=92))
R € € RN €
= o L) [ fulyh)e P EE 4y = (oL,

O

Let usdefineseveralquantitieor lateruse:

(2.24) B(Qj) = —/Q f(wj)peq;» Be(Qi, Q) =/Q f(wi)w;.

€ €

Thenwe have
Lemma24. For Q = (Q1,...,Qk) € A, it holds

225  BdQ;) = (v + o(1))yw(?HQi %Y

€

Qi — Q4

€

) +o(w(M|Inel)),

(2.26) Be(Qi, @) = (v + o(1))w( ) + o(w(M|Inel)).
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Proof. NotethatAoK(@) =(1+ o(l))w('”_—f*‘) andby Lemma2.1
BQ) = (ko) [ Jwghuz — S 4 o/
— (o) E =) L otuatnel)) = (rron)u

(2.25)follows from Lemmaz2.1. To prove (2.26),we notethat

5@ Qi) = [, Slly= 220 [ patiuly- )

RN € €

Mﬁ»aﬂ))%(w(m Ine[)).

d(Q,090)  4(Q;,00)
€ e €

= (r+ o)X=y 4 o0+

= (1 + o) %% o).

O

Finally we statethe following which providesthe key estimateson the enegy
expansionanderrorestimatesThe proof of it is delayedo theappendix.

Lemma2.5. ForanyQ = (Q1, ..., Qx) € A ande suficientlysmallwehave
(2.27)
X 1

K
Je[sz,Qj] = KI[w]_%ZBe(Qi)_E Z Be(Qian)"—O(w(Mllnel))v
i=1 i=1

1,7=1,...., K i#£j

and

K
e
(2.28) ||S€[Z wG,Qj]HLq(QE) <CK « e
7j=1
foranyg > &

3 An Auxiliary Linear Problem

In this sectionwe study a linear theory which allows us to perform the finite-
dimensionalreductionprocedure. The key to our argumentis to shav that the
constantareindependentf (¢, K).

Fix Q € A. Wedefinethefollowing functions
(3.1)

Z;j = (A-1) Ow

8—zj Xi(2)

M —1)e|Ine|

whereyx(t) isasmoothcut-of functionsuchthaty(¢) = 1 for |t| < 1 andy(t) =0
for |¢| > ->—. Notethatthesupportof Z; ; belongsto BMz,l‘lnd(%).
2M

2lez — @ . .
, Wherey;(z) = X<(|CZ—Q|) 1i=1,.,K,j=1,..
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In this section,we considerthe following linear problem: Givenh € L?(Q.),
find afunction ¢ satisfying

L[¢] == Ap— ¢+ f(we,)p = h + Xk ckiZiis
3.2)
<, Zij>=0i=1..,K, j=1,..,N, and %2 =0 onaQ,,

for someconstantsy, ;,k = 1,..., K,l = 1, ..., N. To this purposewe definetwo
norms

(3-3) 18]l = ll¢llwzac,)s [[flle = 1flzagoo)s

whereg > I is afixednumber
We have thefollowing result:

Proposition 3.1. Let ¢ satisfy(3.2). Thenfor e suficientlysmallandQ € A, we
have

(3:4) 18]« < CllAll

whee C' is a positiveconstanindependentfe, K andQ € A.

Proof Arguingby contradictionassumehat
(3.5 ¢l =15 [[2]+x = o(1).
We multiply (3.2) by ?;2?' xi(z) andintegrateover ) to obtain

ow; ow;

Cl < Zk,l —X(Z) > =—<h —X(Z) >
kz,l ’sz i € aazj i €

Oow;
(3.6) + < Ap— ¢+ f'(weq)d, 3—Z’jxi(z) > .

Fromthe exponentialdecayof w onefinds

Bwi _
< h, a—Z]XZ(Z) >e= O(].)
Obsere that%“’]?m(z) satisfies
(3.7
ow; ow; ! ow; B ow; _ . %
A(a—szz(z)) - (a—z]Xz(z)) +f (wz)(a—szz(Z)) =2V, 0z Vxi+(Axi) 0z;
Integratingby partsandusingLemma2.2,we deduce
ow; / ow; M-1
< AP -+ Fwe@)d, 5 xil(2) e = < (F(we) — £ (W) 5 xi(2) ¢ >c +0( 7 [19]1)
J J

= O(K?€7 ||l) = o(|l¢ll.) = o(1)
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wherewe have usedthefactthat M > MN andthat

' , ow
[(f (we,@) — f (wi))a XZH** < Ollfwe,q — wil” ‘ XZH* < K77
It is easyto seethat

ow; B ' ow |,

(3-8) < Zz;]a a—sz'L(z) >e= _~/RN f (w)(a—y]) dy + 0(1)'

Ontheotherhand,for k£ # i we have

ow;
3.9 Zl, —Xi =
(3.9) < Zyy, 92, X (2) >=0
andfor k = 1 andl # j, we have
Ow;

(3.10) < Zig, 5o xi(2) >e= O(eM).
0z;

Theleft handsideof (3.6) becomes

Cij + Z O(GMCZ"I) = 0(1)
I#j
andhence
(311) Cij = 0(1), 1= 1, ...,K,j = 1, ,N

To obtaina contradictionwe definethefollowing cut-of functions:

/ ’ 2|€Z - QZ| .
3.12 ; = ¢x;, Wh ;= =1,.., K.
( ) ¢Z ¢XZ’ w ereXz X((M _ M71)6| 11'1€| 7Z bl 9

Notethaty; = 1forz € BM2_1|1M‘(%) andthesupporbf ¢ belonggo BM|1M|(%).
2M 2
Thentheconditions< ¢, Z; ; >.= 0 is equialentto
(3.13) < qﬁi,Zi,j >=0.

Theequatiorfor ¢; becomes
(3.14)  Adi — i+ f (we@)bi = Y €ijZij + hx; + 2VPVx; + (Ax;)o

j
Lemma2.2yields
(3.15) f (we.@)bi = (f (wi) + o(e2~NY)) .

Using(3.13)and(3.15),a contradictiomaigumentsimilar to thatof Proposition
3.20f [13] gives

(316)  lIgillfyraq < ClAxillfan + ClI2VVX; + (AX) IS (g, )-



14 F.-H.LIN, W.-M. NI, J.-C.WEI

Next, we decompose
K
(3.17) ¢ = qui +®
i=1

where® = ¢(1 — K, x,). Thentheequatiorfor  becomes
! K ! K ! K !’
(3.18) A®— @+ f (w,Q)®=h(1—) xi) —2)_ V¢Vxi— ) _(Axi)¢-
=1 =1 =1
By Lemma2.2, f’ (we,@)® = o(1)®. Standardegularity theorygives
(3.19)

1218200, < ClIRQ sz e, Q)+0||2zv¢m+z DXl -
=1

(Obsere thatthe constantC in the Li-estimatesof (3.19)is independenbf
e < 1. Inequality (3.19)in the caseof Dirichlet boundarycondition hasbeen
provedin Lemma6.4 of [31]. Inequality(3.19)in the caseof Neumanrboundary
conditioncanbeprovedsimilarly.)

Combining(3. 17) (3.16)and(3.19),we obtain

1812, <c||z¢z||w2q SOl 20 <CZ||¢Z||WM)+0||<I>||WM o)

sc(znhx;n oy HIR( Zx, ||LqQ))+cz||zv¢vX;+<Ax;>¢||qu(Qe)
i=1

=1
< CllhlLq )+0(|1n6\ Mllfyaan

since
K

K
(3.20) D0+ A=) x)" <2 [Vx |+ [Ax | < C(|ne))™
i=1 i=1

This gives
(3.21) [llw2a(a.) = o(1).

A contradictiornto (3.5).
O

Proposition 3.2. Thee existsep > 0 sud thatfor any0 < e < ¢ the following
property holdstrue. Givenh € W24(Q,), there existsa uniquepair (¢,c) =

(¢, {cijti=1,. K j=1,.,n) SUt that
(3.22) Lld) =h+Y_cijZij,

9¢

(3.23) <$.Zij>=0i=1,..K j=1,..N, =

=0 ondf..
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Moreover wehave
(3.24) ]« < Cl|R4s

for somepositiveconstantC'.

Proof Theboundin (3.24)follows from Proposition3.1 and(3.11) Let usnow
prove the existencepart. Set

H={ue B Q) (u,(8-1)"Z;) =0}
€
wherewe definetheinnerproducton H*(,) as

(u,v)e = /Qe (VuVv + uv).

Notethat,integratingby parts,onehasfor ¢ € H'(£2,)
P EH if andonly if <P, Zij>=0, i=1,..,K,j=1,..,N.
Obsenre that¢ solves(3.22)and(3.23)if andonly if ¢ € H satisfies

| (V699 + ) < weQ) =< hytp >e, Vip € .
This equationcanberewritten as
(3.25) ¢+ S(¢p)=h inH,

whereh is definedoy dualityandS : H — # is alinearcompactbperator
Using Fredholms alternate, shaving thatequation(3.25) hasa uniquesolu-
tion for eachh, is equivalentto shaving thatthe equatiorhasa uniquesolutionfor

h = 0, whichin turnfollows from Proposition3.1andour proofis complete. O

In thefollowing, if ¢ is theuniquesolutiongivenin Proposition3.2,we set

(3.26) ¢ = Ac(h).
Notethat(3.24)implies
(3.27) [Ac(P) [+ < CliR] -

4 Liapunov-Schmidt Reduction: A Nonlinear Problem

In this sectionwe reduceproblem(2.4) to afinite-dimensionabne.
For e smallandfor Q € A, we aregoingto find a function ¢.,q suchthatfor
someconstants; ;,j = 1, ..., N, thefollowing equatiorholdstrue

A(we,q + ¢) — (we,q + @) + f(weq + &) = 2k k1 2k, IN Qe
4.1)
< ¢ Zij>e=0,5=1,..,N, % =00nsQ..
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Thefirst equationin (4.1) canbewrittenas
Ap— ¢+ ['(weq)p = (—Se[weq)) + Nelg] + Y ciiZij,

i!j
where

(4-2) Ne[¢] = - f(we,Q + (b) - f(we,Q) - fl(we,Q)¢ -

Lemma 4.1. For Q € A ande suficiently small, we havefor ||¢[|« + ||¢1]« +
[pall« < 1,

(4.3) IN[Allex < Clibll*
(4.4) [Ne[n] = Ne[go]llsx < O[T + |d2l D)1 — ¢2lls-

Proof. Inequality(4.3) follows from the mean-aluetheorem.In fact,for all z €
Q. thereholds

f('we,Q + ¢) - f(we,Q) = f,('we,Q + 0¢)¢
Sincef’ is Holdercontinuouswith exponento, we deduce
|f(we,q + ¢) — f(weq) — f'(we)dl < Clo"7,
whichimplies(4.3). Theproofof (4.4) goesalongthe sameway. O

Proposition 4.2. For Q € A ande suficiently small, there existsa unique¢ =
be.q sud that (4.1) holds. Moreover Q — ¢ q is of classC! asa mapinto
W24(Q,) NH, andwehave

M(14+0)
2

+1
(4.5) Igeqlls < TK '« e
for someconstantr > 0.

Proof. Let A, beasdefinedin (3.26). Then(4.1) canbewritten as
(4.6) ¢ = A [(—SC[WC,Q]) + Ne[qs]] .
Letr beapositive (large) numbeyandset

F, = {(]5 EHNAWAQ) : 4] < rKT e 5 } .

Definenow themapg, : F, — HNW?24(Q,) as

ge[¢] = A, [(_Se[we,Q]) + Ne[¢]] :

Solving (4.1) is equialentto finding a fixed point for G.. By Lemma2.5 and
Lemmad4.1,for e sufiiciently smallandr large we have

M(1+0)
2

ot , Mlto)
1Gc[¢lll« < CllSc[we,]llex + CINe[@llae < 7K« € ;
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1Ge[¢1] — Belpa]ll+ < C|INe[h1] — Ne[go]l« < %Hﬁbl — 2+,
which shavs that g, is a contractionmappingon F,.. Hencethereexistsa unique
¢ = ¢eq@ € Fr suchthat(4.1) holds.
Now we cometo the differentiability of ¢. . Considerthe following map
He: A X HNW2Q,) x RN — HNW?29(Q,) x RNE of classC!
4.7
(A =1)7Y(Se[we,q + @) — X jcij(A =1)71Z;;

CTy=1
H(Q,$,c) = (8= 2. ,

(¢7 (A - ]")71ZK,N)€

Equation(4.1)is equialentto H.(Q, ¢,¢) = 0. We know that,givenQ € A,
thereis a uniquelocal solution¢, q, c.,q obtainedwith the abose procedure We
prove thatthelinearoperator

OH(Q, ¢,¢) HAW24(Q,) x RVE - 4 nw29(Q,) x RVE
9(¢;c)
(Qa¢e,Q7ce,Q)

is invertiblefor e small. Thenthe C!-regularity of Q — (¢.,qQ, cc,q) follows from
thelmplicit FunctionTheorem.Indeedwe have

(A = 1)7H(S [weq + deQl(®)) — X dij(A —1)71Z;;
o d] = (1, (A= 1)1 Z1 ).

(Qube.q:cc.Q) :
ares (1/)5 (A - 1)71ZK,N)€

Since||¢¢,ql|+ is small,the sameproofasin thatof Proposition3.1 shawvs that

PESRLD Q6. que.q) 1S INVertiblefor e small.

This concludeghe proof of Propositior4.2.

5 Thereduced problem: A Maximization Procedure

In this sectionwe studya maximizationproblem.

Fix Q € A. Let ¢ q bethesolutiongivenby Propositiord.2. We definea new
functional

(5.2) M(Q) = Jﬁ[we,Q + gbe,Q] :A— R.
We shallprove

Proposition 5.1. For e small,thefollowing maximizatiorproblem

(5.2) max{M.(Q) : Q € A}
hasa solutionQ¢ € A°-theinterior of A.



18 F.-H.LIN, W.-M. NI, J.-C.WEI

Proof. SinceJ.[w.,q + ¢ q] is continuousn Q, themaximizationproblemhasa
solution.Let M.(Q¢) bethemaximumwhereQ¢ € A.
We claim thatQ¢ muststayin theinterior of A.
We first obtainanasymptoticformulafor M (Q). In factforary Q € A, we
have
M(Q) = J[weq]

+ [ (VweqVee +veapea) = [ Fwe@)dea +Olldcal?)
Qe Q

€

— Jfweal + | (~Sdweaddeq +Olldeal?)

= Je[we,q] + O(lISe[we,Qlll <l deqll) + Oll¢eqll?)
= Jelweq) + O e 27 eM49) = Jfw,q] + o(w(M|lnel))
by Lemmaz2.5, Propositiond.2 andthe choiceof M at(2.8).
By Lemmas2.4and2.5,we obtain

(5.3)

Me(Q) KI[’LU ——= ’Y+O Zw Q'LaaQ) 1

) = (re(1) Y
i#]
Next, we obtaina lower boundfor M, : Recallthat Kq(r) is the maximum
numberof non-overlappingballswith equalradiusr paclkedin ©2. Now we choose
K suchthat

M)+o(w(M| Ine|)).

M +2N

(5.4) 1< K < Kqf €| Inel).

LetQ? = (QY, ..., Q%) bethecenterof arbitraryK ballsamonghoseKq (442¥ €| In¢|)
balls.CertainlyQ® € A. Thenwe have
2d(Q° 0_ o
w(2d( ?,BQ)) <e d(Qg,OQ) < M+2N w(‘Qz QJ|) < MH2N
€ €
andhence
(5.5)
€ 0 K M+2N K2 M+2N
M(Q) 2 M(QY) 2 KTfuw]— - (r+0(1))e" 2N == (y+0(1))e"+2V +o(w(M] In d]))
> KIw] — K2(v + 0(1))eM 2N 4 o(w(M]|1n¢])).
Ontheotherhand,if Q¢ € 0A, theneitherthereexists (7, ) suchthat|Q$ —

Q§| = Me|In¢l, orthereexistsak suchthatd(Qy,, 02) = Me|Inel. In bothcases
we have

(5.6)  M(Q°) < KI[uw] - %w +o(1))w(M|Ine]) + o(w(M|In€])).
Combining(5.6)and(5.5), we obtain
(5.7) w(M|Ine|) < 2K?eMT2N < CeM(|Ine|) 2N
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whichis impossible.
We concludethatQ¢ € A. Thiscompleteghe proofof Propositiors.1.
O

Remark: SinceM > %422 N, we maychooseM = %22 N 4 L suchthat(5.4)
is exactly (1.16).

6 Proof of Theorem 1.1

In this section,we applyresultsin Section4 and Section5 to prove Theorem
1.1.

Proofof Theoem1.1. By Propositiord.1, thereexistsey suchthatfor 0 < € < ¢
we have aC'! mapwhich,to ary Q € A, associateg, g suchthat

(6.1) Se[we,q + ¢e,q] = > Ck1Zk 1
k=1,...,K;l=1,..,N
< be,Q; Zij >e=0
for someconstantsy; € RXN.

By Propositiorb.1,we have Q¢ € A, achi&ing themaximumof themaximiza-
tion problemin Propositiorb.1. Letu, = we,qc + ¢,q<. Thenwe have

D, loi—@Me(Q°) =0,i =1,...,K,j =1,..,N.
Hencewe have

/ lvueva(weaq -I_ ¢€,Q) +u€ 8(w€5Q + ¢€5Q)
. 0 oa: 0 oar
—f(ua—a(we’é"g. 2o =0,
” Qi=Q;
which gives
wf + €
(6.2) ckl/ Zi ’gQ $eQ) = 0.
k= 1,. 7Kl 1,. a Z"] Qt:Qf

Weclaimthat(6.2)is adiagonallydominanisystem.n fact,since< ¢. q, Z; j >¢=
0, we have that

0¢eQc _ 07 kl . .
/ ZklaQ / ¢5Q =0 ifk #£i.

If £ =1, wehave
8(]56 QE / BZkl
Z L e
IRE 50,
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Fork = i, we have

BweQe ow QS
Zrg / . Z “Fi — O(eM).
/ 6Q . o QBM“ l(Q k,l 8Qe’j ( )

For k = 1, we have

awer (9’w€Q
Zp )t =/ e Zkl —

=~y [ f’<w><§;‘;) +0(1),

For each(k, 1), the off-diagonaltermgives
O)+3 M4+ 3 0(e) = O + KM +¢) = o(1)
ki k=i,l#]
by our choiceof M > 20 N

Thusequation(6.2) becomes systemof homogeneousquationdor ¢;; and
thematrix of thesystemis nonsingularSoc,; =0,k =1,..., K, =1,...N.

Henceue = 315 we s + be,qe.....q5 IS asolutionof (2.2).

By our constructiorandMaximumPrinciple,it is easyto seethatu, > 0 in €.
Moreover by (5.3)andLemma2.2

(6.3)  Jfud = KI[w] + O(K2M) + o(w(M|Ine|)) = KI[w](1 + o(1)),
andhenceE,[u.] = KI[w](1 + o(1)).
Furthermoreby Lemma2.2,for |z — %i| < ¥¢|Ine|, wealsohave

M(1+40)
Heta)

M-ty

o,
= [l 55e llexlldeqelln = O(K = e ) =0(e

€ €
U = we,qeteqe = wl(z —&)+O(Kez +ETHE ) = w(z—QjHO(Kez )
. Qf
SINCe e qell (@) = Ol Iwsa(ay)- Forz € QUL By o (), u, =
O(KG%).

Note that at a local maximumpoint of u., the value of u. mustbe greatthan

somefixedpositive valueu. Sofu6 canonly have maximumpointsin UK 1BR( )
forsomeR > 1. Foreachj = 1, ..., K, u. satisfies

Aue —ue + f(ue) =0,z € BR(@)

Let —J— be alocal maX|mump0|nt of u, in BR( ) Sinceu(z) = w(z —
&) + ( ) forz € BR( ) it is easyto seethat|Q§ — Q€| = o(e). Welook at

€

thedifferencep.(z) = u.(z) — w(z — —) Thensimilarto the proof of Step2 of
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Theoreml.1in [28], onecanshaw that¢, — 0 in C**(B (Qe Nforo<a<1

t~°I:&:1

andhenceu, canhave only onelocal maximumpointin BR( ) Thisshavs that
u hasexactly K localmaximumpointsQs, ...,Q6 suchthat Q] Q5 =ole),j =
1,.. K.

(6.3)alsoshavsthatif wetake K = [e~™], thenJ[u] ~ ¢~™, wherem < N.
(HenceE, ~ ¢V~ m) If wetake K = [ ﬁﬁ“ ~ |, thenwe have a solutionu, with

enegy Je[ue| ~ CN“M‘N (HenceE, ~ (|In¢e]) ™))

Finally, if f alsosatisfieqf3), we shav thatthe Morseindex of u. is atleastk.
In fact,let &, begivenby (1.8). Set

€

6.4 B0,(2) = Bole — Dx(2).5 = 1, K

wherey;(z) is definedat (3.1). It is easyto seethatfor e sufiiciently small

J

A
(6.5) < _71/9 9%, <0,j=1,..,K.

+[ ()= ()83,

€

l(\wo,jﬁwaj)—f’(ue)q%,j] = /Q [(\Wo,ﬂ?w%,j)—f’(wj)<1>8,g

€

This, togethemwith thefactthatthesupportof @ 1, ...2¢, x aremutuallydisjoint,
impliesthatthe Morseindex of u,. is atleastK.

O

Appendix: Proof of Lemma 2.5

We prove the enegy expansionformula anderror estimategjivenin Lemma
2.5. Themainconcerns thatwe have to make precisethe dependencef theerror
termson K.

We decompose

Je [Z We,@;] = ZJ [We,0;] + 5 Z / (Vwe,g; Viwe,@; + We,qiWe,Q;)
Z;éJ

K

_/Qe lF(§W€’QJ Z (we,@; ]

J=1
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1

Z weg, ] + 5> / fwi)we,q; — / F() weq,) — > Flweg;)

— 2~ Ja Q — —

= iFg e ¢ J=1 j=1

Observ:that
wfan / f 'U)Z wf;Qz / F wf:Qz

AL F(w)]+ 55(@) = [ [Flweq,) = F(w)

= [ G s = Fu)] = 5@ = [ [Flaneq) = Flws) + fwdvcl)
Qe
Notethat

1 1 1
/QE[§f(wz')wi—F(wi)] = /RN[Ef(wi)wi_F(wi)]_/RN\QE[if(wi)wi_F(wi)]
= Ifw] + O(eM(12)),

‘ | Plweg) = Fw) = fw)ecg)

< CeM+3),

< C/Q (|wi‘a|‘p€,Qi|2 + |<P€,Q¢|2+a)

So

K K
(1.2) > Jelweq] = KIw] - % 3" B(Qi) + O(KeMO+3)),
=1 i=1

Next we have
Z/ 'wz We,Q; = Z/ wz Z/ wz Pe,Q;
i#j i#] i#]
(1.3) =Y Be(Qi,Qj) + S 0(e =" B(Q:,Q;) + O(K?eV?M),
i#£j 1#£] i#]

It remaingto computethelasttermin (1.1). To thisend,we divide the domain
into (K + 1)—partsasin (2.19).0nQ, k41, we have

/ weQ ZF We,Q, ] O(/ ‘Zwe,QJ|2+U+Zw2I£ )
Qe K+1 Q

e, K+1 _
OonQ;,j =1,..., K, wehave

/(V2 l w€7Q Z F weaQ] ] / [F(weaQ] -I_Z wﬁ,Ql weaQ] Z F we Ql ]
€,7 j

i 1] 1]

— O(K2+06M(1+5)).
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wherethelasttermcanbeestimatedis

Z/ F(we Q1 )| < CZ/ |w€,Qz|2+(7

1#j I#5
< CKe—<1+%V(?> M(1+),
So
/ [F(we,Qj + Z We,Q,) — w€7Q] Z F(weg, ]
fle.j 1#] 1]
= / lF(we,Qj + Z We,Q,) — F(we’Qj) + O(KeM(H‘%))

fesj 1]

= 2/ f(we QJ We Qz+O(K€ (+g "‘/ ('wf,Qj|U(Z we,Qz)2+(Z we,Qz)2+U
I#j I#j5 I#j

Wherethe Iastterm canbeestimatedy

/Q ' <|w€7Q]‘ ‘U(Z we,Qz)2 + (Z we,Qz)HU)

I#j I#£]
< CK2eM0+8) 4 oR2HoMU+5) < og2HoeMO+5),
Notethat
[ te)uaa = [ fhvea+ 0 lwillocghua)
€] €]

€3

= Be(Qs, Q1) + O(eV?M).

Thus
/ lF(wfan + Z wele) szQ] Z F wean ]
e 1] 1%
(1.4) =" B(Qi,Q;) + O(K*oeM1+3) ¢ K2eV2M),

I#]
Combiningtheestimates(l 2),(1.3)and(1.4)togetherwe arrive

Jeweq] = __ZB (Qi)— ZB QZ,Q])+O(K3+O' M(1+%) 4 g2¢ \/_M)
z#]
SinceO(K3T7eM(1+5) | g2eV2M) — (M M5~ +o)N 4 (VIM-2Ny o(w(M|1Inel|))
by our choiceof M at(2.8),we obtain(2.27)of Lemma2.5.
Finally we prove (2.28).Obsere that

K
Selwe,q] = Z we,@;) = D fw))
— P

)
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In Q¢ k41, we have

|Se [Zwe,cz, | < C( \Zwerl”"ﬂLZw””

7j=1

< CK”ZwH'” + Zw]HU
Jj=1 J

< O(K™7e 59@) < oK T
Hence
3 1+o M(1L2)
(15) ||SG[Z we’Qj]HLq(Qs,K-H) S O(K € 5 )
j=1

InQc;,7=1,...,K,wehave

K
1S[> weg,]l = |f(we,Q,-)—f<wj)|+0<Z |we,q; 1 we,q+ (D we,q,) ”") +0(D_w*)
i=1 I#5 I#5 I#j

( M(Q(+0) (140)
:|f(w€’Qj)—f(wj)|+0<K6M1 + Ko >+O(K6M%)

M(1+a')

(1.6) = |f(weq;) — f(w))| + O(K'*7e

Thereforewe obtain

L, Zwe,Q] D70 [ W) = Tl + OUK %

qM(140)
2

)

aM(1+o)
P

)

< /Q ’wg-a‘@e,Qj |q + O(K‘H-Qae

€.j

aM(1+0) qM(1+0)
2 2

< O(e + K1, )

and
@.7)
K

K
> [ (SIY weg)! = O F T prtrt 1t oot S,

Combining(1.5),(1.6)and(1.7),we obtain

M(1+0)

) < CKTatTe ™)

M(1+o) 1 M(1+o)
2 +K1+q+oe 2

K
||S€[Z we,Qj] ”L‘I(Qe) < O(I{H—(T6
=1

which proves(2.28)of Lemma2.5.
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