MULTIPLE CLUSTERED LAYER SOLUTIONS FOR SEMILINEAR ELLIPTIC
PROBLEMS ON S”

CATHERINE BANDLE AND JUNCHENG WEI

ABSTRACT. We consider the following superlinear elliptic equation on S™

e2Agnu—u+ f(u) =0 in D;
©u>0 in Dandu=0 on dD,

where D is a geodesic ball on S™ with geodesic radius 61, and Agn is the Laplace-Beltrami operator

on S™. We prove that for any 6 € (5,7) and for any positive integer N > 1, there exist at least
2N + 1 solutions to the above problem for e sufficiently small. Moreover, the asymptotic behavior of
such solutions is also characterized. We then apply this result to the Brezis-Nirenberg problem and

establish the existence of solutions which are not minimizers of the associated energy.

1. INTRODUCTION

Let D be a geodesic ball in the n-dimensional sphere S™ = {x € R"*! : |z| = 1}, centered at the North
pole with geodesic radius #; and let Agn be the Laplace-Beltrami operator on S™. We consider the
following problem

2 . _ . .
(1.1) { e2Agnu —u+ f(u) =0,u>0 in D;

u=0 on dD,
where ¢ is a small parameter and f(t) is positive for ¢ > 0 and vanishes for ¢ < 0. The class of
nonlinearities we are interested in, includes powers of the type f(u) = u?, p > 1 and more generally
flu) =uP + 22:1 a;ufi, 1 < q; < p < oo.

Of particular interest is the case of 6, € (5, 7). (Note that when 6; = 7, this corresponds to the upper
half sphere; while when 6; = 7, this is the full sphere.)

The analogous problem in R™ with power nonlinearity

(1.2)

2Au—u+uP =0,u >0 in
u =0 on 9,

n+2

n+s, and € small, problem (1.2) admits solutions

has attracted a lot of attention in recent years. For p <
with spike layers concentrating at (local or global) maximum points of the distance function. See [10],

[11], [18], [22], [24], and the references therein.
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The aim of this paper is to prove the existence of solutions which concentrate on whole spheres. For

this purpose we have to assume that D contains the upper hemisphere that is:
01 > ’/T/2

Moreover we shall impose on f the following conditions:
(f1) f(t) =0 for t <0, f(0) = f/(0) =0 and f € C1*9[0,00) N C?(0, c0),
(£f2) the following ODE has a unique solution

(1.3) w —w+ f(w)=0 in R,w(0) = maﬁiw(y),w(y) — 0 as |y| = +o0.
ye

Assumption (f2) implies that the only solution of the linearization of (1.3) at w
(1.4) v — v+ f(w)v=0 in R,v(y) — 0 for |y| — o0

is a multiple of w'. In fact, problem v — v+ f/ (w)v = 0 is a second order linear ODE and admits two
linearly independent solutions. Since w’ is a solution to (1.4), another solution to v — v+ fw)v =0
must grow exponentially as |y| — +o00. Notice that when f(u) = u?, the function w(y) can be computed

explicitely and has the form

2

wly) = (P57 (eosnZ50) T

We will show that problem (1.1) possesses three types of solutions:

(1) type I solutions with a boundary layer
(2) type II solutions with clustered layers on spheres near the equator

(3) type III solutions with clustered layers both on spheres near the equator and a boundary layer.

Our main result in this paper is the following.

Theorem 1.1. Let N > 0 be a fized positive integer. Then there exists e > 0 such that for all e < e,
problem (1.1) admits three radially symmetric solution ul(01),u2(01),u3(61) with the following properties

(1) (Type I) ul concentrates at {#; = arccosr§} with

1 1
(1.5) rog+ R = 5\/1 7R2510gg + O(e)

1

More precisely, we have u;

(arccosr§) — w(0), where w(y) is the unique solution of (1.3), and there

exist two constants a and b such that

(1.6) ul(6;) < aebleosti=rol/e,
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(2) (Type IT) uZ(6:1) concentrates at N spheres {61 = arccosr5,j = 1,..., N} with

. . N+1 .
(1.7) rj =0 - —5)epe +0(), g =1,... N
where p. satisfies
(1.8) e e = Ape?pe, pe > 1

where Ag is some generic constant to be given in (2.9).
(3) (Type III) u2(60,) concentrates at (N + 1)-sphere {61 = arccos 75,7 =0,1,..., N} with
N+1

1 1
(1.9) 7"8+R:§\/1—R2slogg+0(5), =0 - Jepe +O(e),j=1,...,N.

More precisely, we have uZ(arccos5) — w(0), and there exist two constants a and b such that

(1.10) ug(gl) < ae~bminj=o, . ,n[cosb1—r]|/e

As a consequence, for each N > 1, there exists at least 2N + 1 solutions for € sufficiently small.

Type II solutions are studied for the following singularly perturbed problem

2Au—u+ f(u) =0,u>0in
(1.11) { U — () on 99

U

ov
where Q = B1(0). See [1], [2], and [20]. In particular, we mention the results of [20] which state that
for any positive integer N > 1, there exists a layered solution u. to (1.11) with the property that w.
concentrates on N spheres 7] > ... > r}; satisfying 1 —r{ = ¢ log é +0(e),r5_1 — 15 =¢log % +0(e),j =
2. ...N.

Here the type II and type III solutions have clustered layers at an interior sphere. Moreover type III

solution is new in the sense it has a boundary layer and an interior clustered layer.

This study was motivated by the Brezis- Nirenberg problem

n+2

Agrnu+Au+un—2 =0, u>0inD, wu=0ondD.

In contrast to the classical problem in R™ where no solutions exist for negative values of A\ (cf. [6] and

[19]), numerical computations showed that for large balls with 6; € (3, ), there are more and more
radially symmetric solutions as A — +oo, (cf. [3] and [23]). In the last part of this paper we give a
rigorous proof of such a phenomenon and improve some recent results of Brezis and Peletier [7] for S3.
It turns out that the appearance of more and more solutions as A decreases is not specific to the critical
power p = 22 The results are true for any power nonlinearity f(u) = u” with p > 1 and any dimension

n > 2.
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Our approach mainly relies upon a finite dimensional reduction procedure. Such a method has been used
successfully in many papers, see e.g. [1], [2], [12], [13], [14], [20]. In particular, we shall follow the one
used in [20].

In the rest of this section, we introduce some notation for later use.

Since we only consider radially symmetric solutions, i.e., solutions that only depend on the geodesic
distance 6, equation (1.1) can be written in a more convenient form (with = cos and —R = cos 61,

—R < 0 since 6; > m/2), namely

u (1) exists, u(—R)=

e

(1.12) { e2(1—2%) "% (1—a?)Fug)y —u+ f(u) =0,u>0, —R<z <1,

By the following scaling © = ez, problem (1.12) is reduced to the ODE

A/u_u+f(u) =0,z¢€ (_Evl)v
(1.13) { uz(L) exists, u(—%)=0, - us(z) > 0.
where
(1.14) A =(1-e2)u,, —nau,.

We also define the operator
(1.15) Sofu] i=Au—u+ flu) =1 — 2., —nezu, —u+ flu).

From now on, we shall work with (1.13).

Throughout this paper, unless otherwise stated, the letter C' will always denote various generic con-
stants which are independent of ¢, for € sufficiently small. The notation A. = 0(B.) means that |%Z| <C,
while A. = o(B.) means that lim._,¢ % =0.

Acknowledgment. The research was completed while the first author (C.B.) was visiting the Institute
of Mathematical Sciences of The Chinese University of Hong Kong. She would like to express her gratitude
for the hospitality and the stimulating atmosphere. The research of the second author (J.W.) is supported

by an Earmarked Grant from RGC of Hong Kong.

2. APPROXIMATE SOLUTIONS

In this section we introduce a family of approximate solutions to (1.13) and derive some useful estimates.

Since the construction of type III is the most complicated, we shall focus on the existence of u2 only. The

proof of existence of ul,u? can be modified accordingly.
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Let w be the unique solution of (1.3), (see assumption (£2)), and let ¢t € (—R, 1). Using ODE analysis,

it is standard to see that
(2.1) w(y) = Ape ¥ + 0(e” 1) w/(y) = —Ape™ + O(e= ) for y>1,

where A,, > 0 is a fixed constant and ¢ > 0 is given in (f1). For simplicity of notation, let

and
(2.2) wy(z) = w(
We start with the approximation of a type II function concentrating at z = t/e.

For t € (—%, 1), we define

ez —1
(23) ’U}E)t(Z) = w(ﬁ)ng(az), z € IEa
where
1for — & <z< i
— 2 2
(2.4) n2(x) { 0 for x > % orx < —%R.

The approximation of the type I solution with a boundary layer is more complicated.

For tg € (—R, f%), we have to define w, 4, differently. First we set

—R —t - EZJrRz
(2.5) pe(to) = w(——=), Be(z)=e V7, zel
ey/1—t2
(2.1) implies that for £ >>1
R+tg —R—tg
-l —(140)
(2.6) pe(to) = Ape V"% +O(e VIS,

A first ansatz for type I solutions is
~ EZ — to
w(z) = <w(m) - Pa(to)ﬁs(2)> m(ez),

where 77 is a cutoff function

f lfor —1<az<—4;
(2.7) m () _{ 0for — & <.

If we compute S.[w] first order terms in e remain (cf. Section 6.2, in particular (6.18)). The correction

which takes care of these terms is described next.
Let ¥y(y) be the unique solution of the problem

{ Wy — Wo + f (w)¥o = (_\/%W)(Qywyy + nwy) — Ape™t f (w)e™,

28) J Wow (y)dy = 0
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where Ag and ¢; are defined by

(=1 fp(w')?dy R
29) Ao = 4T Fw)e vdy ViR

(Observe that by (2.9), the right hand of (2.8) is perpendicular to w'(y). Hence by the assumption (£2)

and e 724 =

concerning (1.4), there exists a unique solution to (2.8).)

Since ¥y does not satisfy the Dirichlet boundary conditions we have to modify it as follows: let

~ EZ—tO )—\I/o(_R_tO)ﬁE(Z).

(2.10) Wo(z) = ‘1’0(€\/T7252 Yy
0 0

The approximate solution of type I assumes now the form:

(211) We gy (2) = (w(ﬁ) — pe(to)Be(2) - s@o<z>>m<sz>,

where tg € (—R,—£).

Note that for z > we have

1
4e?

" 1
(2.12) |we,e(2)] + [wi , (2)] + |we o (2)] < ez

Observe also that, by construction, w,; satisfies the Dirichlet boundary condition, i.e., wg,t(—g) = 0.

Furthermore, w. ; depends smoothly on ¢ as a map with values in C? ([fg, 5)

Next we describe the approximate location of the concentration points ¢. Let t§ be such that

V1 — R? 1
(2.13) to=—R+ Tslog - + V1 - R2%ce,

where ¢ is defined at (2.9).

To define t§ < ... < t%;, we have to consider the auxiliary functional

AO N N Itj—tj—1l
(2.14) Es(t):72t§-+ze* =,
j=1 j=2

Then we have the following result, the proof of which is carried out in Section 6.1.

Lemma 2.1. The functional E.(t) has a unique minimizer t¢ in the set
{t = (tl, ...,tN)|tj — tj_l >e,] =2, ,N}

Moreover, we have

+1
2

N
(2.15) =0~ Jeps + O(e)
where p. is the unique solution of

(2.16) e Pe = Apepe, pe > 1.
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Furthermore, the smallest eigenvalue of the matrix
- (P
- Ot0t

is greater than or equal to Ag. As a consequence, we have that

(2.17) IM™1x| < Olx|.

Remark: Note that for any 0 < § < 1 there exists g9 > 0 such that.

1 1
(2.18) (2—=9)log Z < pe < 2log - for all e < gp.
We introduce the following set
_ _ |to — 5| < '+,
(2.19) A= {(to,t)—(to,tl,...,tN) [t — 5| <ej=1,.,N (°

where 0 < 79 < 7.

For (tg,t) € A, we define
N
(2.20) to =t +e™to, t; = 15 +etj, we o 1(r) = Z we,g; (7).
j=0

Then we have
(to,t1,..,tn) € A iff |] <1,5=0,1,...,N
and
. . 1
(221) ps(tO) = O(\/g)v tj = O(€|1n€|)a.] = la '--aNa |tZ _tj‘ = 2|Z _]|510g g

The choice of the approximated location of the concentration points comes from the computations carried
out in the proof of formula (5.1).
Finally we state the following important lemma on the error estimates. The proof of it is delayed to

Section 6.2.

Lemma 2.2. Let (tg,t) € A and let € be sufficiently small. Then
(i) if ez = to +e\/1 — t3y, we have

2An ~ _ ’ _ o
(2.22) Selwe to,](2) = _ﬁ51+70t06 2 f (w)e ¥ + O(e'12),

where o is defined in the condition (f1).
(it) if ez =t; +e4/1 — tfy,j =1,...,N, we have

(2.23) Selwenos](z) = —tje(2ywyy + nwy) + > (y wyy — nyw,) + f (w(y)) (we,,, +wi,_,) + O E).
As a consequence, we obtain

(2.24) S [we 1o ¢l oo (1) < C™ .
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3. AN AUXILIARY LINEAR PROBLEM

In this section we study a theory for linear operators which allows us to perform the finite-dimensional
reduction procedure.

Fix (tg,t) € A. We define two norms:

(3.1) (u,v)e = /

Integration by parts implies that if u(—£) = 0 and if v'(2) exists then

i

[(1 —e22) 2w + (1 - 5222)712’21111] dz, <u,v>.= / (1- 6222)%21”).
I

€ €

(u,0)e = — <u, Nv—v >, .
Define
(3.2) Ret = ag?t> Zet = A zep — 2e
and

1
H= {(u,u)6 < 400 u(—?) =0, u’(g) exists and  (u,2c4,)e =0, j = 07...,N} .
Note that, integrating by parts, one has
ueH if and only if <u,Zey; >e= —(u,2:4,)e =0, j=0,1,...,N.

Let us consider the following linear problem: for given h € L>°(1.) find ¢ € H such that

((ba ¢)e— < f/(wa,to,t)¢7,(/} >E:< haw >E7 VZ/J € H
This equation can be rewritten as a differential equation

{ L[] = (1= €22%) e — mE%20ps — d + ' (Wertg )b = B+ Y0 ¢ Ze s

3.3
(3:3) ¢Z(E) exists, ¢(— E) <¢,Zct; >=0, j=0,1,...,N,

for some constants c;,j = 0,1,..., N or in an abstract form as

(3.4) d+S(p)=nh in H,

where h is defined by duality and S : H — H is a linear compact operator. Using Fredholm’s alternative,
showing that equation (3.4) has a unique solution for each h, is equivalent to showing that the equation

has a unique solution for A = 0. Next it will be shown that this is the case when ¢ is sufficiently small.
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In order to derive an a priori bound for ¢ in terms of h we need the asymptotic behaviour of z.; and

Z. 4 in €. By elementary computations we obtain, setting y = E\E/%

(3.5) s = A (S n(en) + ! (25ky) (= )i(1 — 1) M(ez) =

— == (y)n(ez) + Ri(y)

where R;(y) is bounded and integrable over R.

Moreover we have, keeping in mind that w"”' —w' 4+ f'(w)w’ =0

dQZgyg

(3.6) Zey = (1 —¢e222) T — Zet + Ry (y)

_ e’ (=€) w (222

c(1_izysz + 5(1—t2)3/2) n+ Rs(y)

_ %\/%(y)n(sz) + Ra(y),

where R;(y) ¢ = 2,3, 4 are bounded and integrable over R .

Let us define the norm

(3.7) ¢l = sup|o(2)]-

re(—%,3)

ele

We have the following result.

Proposition 3.1. Let ¢ satisfy (3.3). Then for e sufficiently small, we have

(3.8) o]l < Clln|l.

where C' is a positive constant independent of € and (tg,t) € A.

Proof. The proof of this proposition is similar to that of Proposition 3.1 of [20]. For the sake of

completeness, we include it here.

Arguing by contradiction, assume that
(3.9) o)l = 1; 2]« = o(1).

We multiply (3.3) by (1 — 5222)%2'5’” and integrate over I, to obtain

Zci < Ze,t“za?tj > = —< haze,tj >e

1=

(3.10) <A G Pt [ (Werg )y 2o, e -

N
0

From the exponential decay of w one finds

< hyzey, Se= / (1- 22T heey, = O(|h]e™Y).
1.
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Moreover, integrating by parts, using (3.5) and (3.6) we deduce
<A —¢+ I (We t,6) D, 2e,t; >e=< Zeyt, + ['(Weto,t)2e,8;, ¢ >e=
< (' (Wetot) = f (wi,))ze, + R, ¢ >
= o(e™|¢]l.)-

In the last statement we have used the integrability of Rs and the property that f(w. s ¢)—f (we;) = o(1)

as € — 0. This observation becomes clear if we introduce the new variable y = % and notice that for

tri—tj ti—tj

i#£ 7, ws,ti:w(y+sm)n—>0ass—>0, forally;é—em.

The same argument together with (3.5) and (3.6), implies that

(3.11) < Zetizes, 2= == (85 [ )@ +o).

where d;; denotes the Kronecker symbol. Note that, using the equation v’ —w’ + f'(w)w’ = 0 we find
7w = [ (w7 + @) >o

This shows that in the left hand side of the equation (3.10) the terms with ¢ = j dominate, and hence by

(3.9) we have

(3.12) ¢i = O(e||hll+) + olel|o|l+) = o(e), i=0,1,...,N.

Also, since we are assuming that [|h]|. = o(1) and since || Z.4, ||« = O (), there holds

N
(3.13) I+ " ¢iZe, ||« = o(1).
j=1

Thus (3.3) yields
(3.14) Al(fb — O+ f(wey,6)0 = 0(1);
' ¢ (L) exists, ¢p(—L)=0; < ¢, Zecy >=0, j=0,1,...,N
£ ) € s Heyt; 5 B J R ,
We show that (3.14) is incompatible with our assumption ||¢||. = 1. First we claim that, for arbitrary,

fixed Ry > 0, there holds
N

t; t;
(3.15) |p| =0 on ye€ U (;—RO,;—FR()) as € — 0.
j=1
Indeed, assuming the contrary, there exist o > 0, 7 € {0,1,...,N} and sequences e, ¢k, yr €
(;—i — Ry, 2—1 + Ro> such that ¢y satisfies (3.3) and
(3.16) ok (yi)| = o.

Let ¢ = on(y — z—i) Then using (3.14) and [|¢|l. = 1, as 5 — 0 ¢ converges weakly in H? (R) and
strongly in C},_(R) to a bounded function ¢, which satisfies

1"

$g — ¢o + ['(w)do =0 in R.
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Hence ¢y must tend to zero at infinity and so, by (1.4), ¢g = cw’ for some ¢. Since ¢ L Zey, in M,
we conclude that [, ¢of'(w)w’(y) = 0, which yields ¢ = 0. Hence ¢y = 0 and ¢ — 0 in Byg(0). This
contradicts (3.16), so (3.15) holds true.

Given ¢ > 0, the decay of w and (3.15) (with Ry sufficiently large) imply

1

(3.17) 1 (we t0,6)0 ]l < 8+ 519l

Using (3.14) and the Maximum Principle one finds

N
91 < f (weug.)Blle + D leslll Zeg, Il + [0l

j=1

IN

1
20 + —||oll+,
+ 51l

and hence
[l <40 <1

if we choose § < §. This contradicts (3.9). O

The main result of this section can now be summarized in

Lemma 3.2. There exists €9 > 0 such that for any € < eg the following property holds true. Given

h € L>=(1.), there exists a unique pair (¢, co,c1,...,cN) such that

N
(3.18) Llgl = h+ Y ¢iZey,,
7=0
i1 _ R .
(319) ¢ (g) E.TZStS, ¢(_;) = 07 < ¢a Zs,tj >e= 07 J = 07 17 7N

Moreover we have
(3.20) o]l < Cllhll«

for some positive constant C.

In the following we set for the unique solution ¢ given in Lemma 3.2,
(3.21) ¢ = A (h).
Note that (3.20) implies

(3.22) A (R)ll« < CllA]



12 CATHERINE BANDLE AND JUNCHENG WEI
4. FINITE-DIMENSIONAL REDUCTION

In this section we reduce problem (1.13) to a finite-dimensional one. This amounts to finding a function
¢ such that for some constants c;,j = 0,1, ..., N, the following equation holds true

A/(we,to,t + ¢) - (ws,to,t + Qb) + f(we,to,t + ¢) = Zjvzo Cst,tj in st
¢ (1) exists, (;S(f?) =0, <9¢,Zc1;, >=0,7=0,1,..., N.

€

(4.1)

The first equation in (4.1) can be written as

N
N — ¢+ f(Weno)d = (—Sclwe ) + Neld] + D ¢ Zes,,
j=1

where

(4.2) Ne[¢] = — [f (We to,6 + @) = fwe,to,6) = f'(Weto,6)P |-

Lemma 4.1. For (tg,t) € A and e sufficiently small, we have for ||¢||« + [|¢1« + |d2]l« < 1,
(4.3) IN[¢]ll« < Cllollit;

(4.4) INe[¢1] = Ne[@e2]ll« < CllonllZ + lo2llD)lld1 — ¢2ll+,

where o is defined in (f1).

Proof. Inequality (4.3) follows from the mean-value theorem. In fact, for every point in [—£, 1] there

€le
holds
flwe e + &) = flwe o) = f'(We t,8 + 00)0, 0 € [0,1].
Since f’ is Holder continuous with exponent o, we deduce
|f (We .6 + @) = F(We,tg8) = ' (we t0,8) 0] < Clo|' 7,
which implies (4.3). The proof of (4.4) goes along the same way. O
Proposition 4.2. For (to,t) € A and e sufficiently small, there exists a unique (¢, c) = (e 1y.t, Ce(to, t))
such that (4.1) holds. Moreover, the map (to,t) — (Pe.to.4, c<(to, t)) is of class CY, and we have

L < Celtmo,

(45) ||¢E,to,t|
Proof. Let A. be as defined in (3.21). Then (4.1) can be written as

(=Se[wee]) + Ne [¢]] .
Let r be a positive (large) number, and set

Fr={peH, |@|.<re't™}.
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Define now the map B. : F,, — H as

Be(¢) = A | (=Sc[we 1y £]) + Ne[d] | -

Solving (4.1) is equivalent to finding a fixed point for B.. By Lemma 4.1, for ¢ sufficiently small and r

large we have

1B<[g]ll« < CliSe[we,to,elll« + CINe[0]]]«

< reltmo,

1B.161] ~ B.loolll < CIN[61] = Neoolll. < 5ll61 — bl
which shows that B. is a contraction mapping on F,.. Hence there exists a unique ¢ € F,. such that (4.1)
holds.
The continuity of ¢, +, ¢ follows from the uniqueness.

This concludes the proof of Proposition 4.2.

5. PROOF OF THEOREM 1.1

From (4.1), we see that, to prove the existence of Type III solutions of Theorem 1.1, it is enough to
find a zero of the vector c.(tog,t) = (coc(to,t), c1e(to,t), ..., cnelto, t))?.

The next Proposition computes the asymptotic formula for c.(tg,t):

Proposition 5.1. For ¢ sufficiently small, we have the following asymptotic expansion
1
50 [ (w)(w)?)
1
& [ (w)(w)2)
where d; # 0,5 =0,1,...,N are positive constants, and ﬂjﬁ(fo, t),7=0,1,...,N are continuous functions

in (to,t) with

(5.1) (to,t) = doto + Boc(to, ),

(5.3) Bje(to,t) = O™ + [to|> + |£]?),5 =0, ..., N.

We delay the proof of the proposition at the end of the section. Let us now use it to prove Theorem
1.1.

Proof of Theorem 1.1: To find a zero of c.(tg, t), it is enough to solve the following systems of equations

(5.4) doto + Bo.c(to, £) =0, dj(ME); + B, (fo,t) = 0,5 =1,..., N.
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By Lemma 2.1, the matrix M is invertible with uniform bound, (5.4) is equivalent to

(5.5) (fo,£) = B:(fo, t)

where . (fo, t) is a continuous function in (f,t) satisfying

(5.6) Be(to,t) = O(e™ + 3 + [£*).
Let B = {(o,t)| |(f0,%)| < €2 }. Then Brouwer’s fixed point theorem gives a solution in B, called

(t5,%%), to (5.5), which in turn, gives a solution

3 e ~ -~ ~ ~
Ue = We to4emo f5, t5+ete + ¢a,t0+sfotg7 t5ete

to equation (1.12). It is easy to see that u? satisfies all the properties listed in Theorem 1.1.

Now we are ready to prove (5.1).
Proof of (5.1):
Multiplying equation (4.1) by (1 — 5222)%225@, we obtain, using Lemma 2.2 and Proposition 4.2,

N
n—2
(5.7) Z Cl,S(tht) < Ze,tmze,tj >e= / [(1 - 5222)7]86 [ws,tmt + ¢€,t0’t]z57tj
1=0 Ie

- / (1 €222) 7). e gy ) 2e, + / (1= £22%) T Lo e gy alens, + / (1= 222 T Nu gy t)2es,
I

= I I

n—2 n—2
- / [(1—€%2%)"7 |S.[we to.t]2e 1, Jr/ (1-€%2%)"% Lelze,]bet0t + O(HT)
1.

€

= Sg[w&tovt]z&tj +/ [(1 - 5222)";2 - 1]85[105,)50,';}25,” + O(€1+TO)
I I
(5.8) _ / S-[te gy e)7es, + O(EH).
1.

For j =0,1,..., N, we make use of (3.5) and deduce that

(5.9) w + O(e7),

1
/ Sa[w57t07t]257tj = _7/ Se[we 1 t]
1. ey/1—t3 Loy,

where

R+t 1—1t
Is,t:|:_ * y :|
e €

For j = 0, we have, using (2.22),

2An ~ / / a
725701506_201 /Rf (w)w e Ydy 4+ O(e?)

S&[ws,to,t]zs,tj = 1-R

Is,to

(5.10) = doe™to + O(e*™)
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2A
-y — _ c1 -y
dO R2 /f 6 1 /Rf(w)e # 0.
For j =1,2,...,N, we have using (5.9) and (2.23),

1 ’ /
/ Se [wE,to,t]ZE’tde = tj /(2ywyy + nwy)wy - g / f (w(y))(wtj+1 + wtj—l)w + O(€1+TO)
) R R

:tj/(’flfl . 7/,}6 e*|tj_i7tj —yl Te — g+ 7y|

R

=tj/(n—1 - —/f N [e’j‘itﬂeueﬁ“i‘?ey
R

where

+O(et*™)

+0(e™)

= By | Aot; —ge_l e '+§e"@' +O(eM™)
where
By = An/ flw)e ™
R
So we have for j =1,..., N,
OFE.(t
/ Sa[we,tmt]zs,tjdz = By a;( ) +O(€1+TO)
IE J
OF
= Bo |t —tc + Bo (M(t - tE)) +O(ett™)
J
(5.11) =dje (Mf) + O(e'tm)
J
where d; = By,j =1,...,N.
Since
(5.12) < Loty 2oty >e= t2 (61 / fw O(e))

we derive Proposition 5.1 from (5.7), (5. 8) (5 10) and (5.11). (The fact that all the error terms are

continuous in (Z,t) follows from the continuity of ¢. s, ¢ in (to,t).)
O

6. PROOF OF TWO LEMMAS

6.1. Proof of Lemma 2.1. Tt is easy to see that a global minimizer of E.(t) exists since E.(t) is convex.

Let us denote it by t© = (#1, ..., t5) which is unique. Setting 5 = (j — ) pe + es5, where p. satisfies
Aoe?pe = e,
then s satisfies
N+l (s5-551) _ o= (541-55) — (.4
(6.13) Ao(j — —5—) + Agesj +e 5%t — e Vi) =0, =1,...,N

2
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which admits a unique solution s° = (s7, ..., s%) = O(1).

Let M = (OatE gtt)) We show that the smallest eigenvalue of M is uniformly bounded from below. In

fact, let n = (1, ...,nx)T and we compute
N

N
1 _ -l
(6.14) > Migming = A > _m3 + = Y e T F (= nj—1)® = Aglnl?
1) Jj=1

=2

which implies that the smallest eigenvalue of M, denoted by Aq, satisfies
(615) A > AO > 0.

Now we consider
M2 = n! M2 < A2

which proves (2.17).

6.2. Proof of Lemma 2.2. Using (1.3) it is easy to see that

N
Sewe tg,6] = Selwero] + SE[Z Weyt,] + O(e‘é)

j=1
N N
= S:[we ) + Y Selwey,] + f Zwet " Flwey,) + O(e7 %)
Jj=1 J=1 Jj=1
N N
(6.16) = Sclwesy] + D Sclwy)] + f Zwt =" fwy,) + O™ 7).
j=1 j=1

Let us compute each term in the right hand side of (6.16): to this end, we first compute

1—e222 g?
Aw, = (1 -2, —nezw, = ( - )w” -n =W

1—¢2 V1 —¢t2

Let ez =t + eV/1 — t2y. We have

"

(1-e22%)w, — nezw,

=t loyuwy, +
= Wy, — —— | 2yw nw
vy m YWyy Y

For j = 0, we have as before, letting ez = to + /1 — 3y,

+ EQ(yzwyy — NYwy).

€t0

Se[wto] = +O( )

and
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and hence
SE[wto - PE(tO)ﬁE] = f(w — pc(to)B:) — f(w)
€ty 3
- eR
= pelte LT = G By + o) + OEE)
_2ARttg) —y eR 1tre
=—Ape Vi-1* f(w)e™? — ﬁ@ywyy +nwy) + O0(e72)
Since

_ 2(R+tg) _2(R+t§) 2eT04#g 270 4

e VI-RZ — ¢ V1i—RZe V1I-RZ — g 2C1p 1-R?

)

we deduce that
24,
v1—R?

(6.17) Se[we 1] = Se[wy — pe(to)fe — E\ijo] = — EHT"fOe_Qle/(w)e_y + O(EH_%)
which is just (2.22).

Next we have for ez =t +¢,/1 —t3y,j =1,..,N

t .
(6.18) Selwy,] = \/6% l2ywyy + nw,
11—t
j

On the other hand, the interaction terms can be estimated as follows: for ez = t;+¢,/1 — t?y, [l—7] > 2

_\tjftlfs1/17t§y|
wy(2)=0( VT ) =0 Inef?)

+ e2(yPwyy — nywy) = O((et + e2)el==~t).

Therefore
N N
(6.19) FQwa) =3 flwn) = f(w() Y, w, +0E"),
1=1 j=1 I=j—1,j+1
Combining (6.18) and (6.19), we obtain (2.23). (2.24) follows from (2.22) and (2.23). O

7. THE BREZIS-NIRENBERG PROBLEM

The Brezis-Nirenberg problem in S™ is of the form

n+2

(7.1) Agnu—Au+ur—2 =0, w>0inD CS",u=00ndD.

As in the previous sections we shall assume that D is a geodesic ball, centered at the North pole with
geodesic radius 6;. It is well-known (cf. [3], [5]) that there exists an interval (A*, A1), A1 being the first
Dirichlet eigenvalue of Agn in D, such that (7.1) has a solution for any A € (A*, A;). This solution is a

minimizer of the variational problem
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(7.2) S\(D) = inf/ |Vv|gndu — )\/ v2dy, where v € W,*(D) and / )2 dp = 1.
v Jp D D

Here du stands for the volume element and |Vu|3, for the first Beltrami operator in S™, and 2* := Z—fg

is the critical Sobolev exponent. Moreover from Pohozaev type arguments it follows that if A & (A*, A1)
no solution of (7.2) exists. The value of \* is given by
w2 —40% . _
/\*:{ 102 if n =3,

—w if n > 3.

Brock and Prajapat [8] have shown by means of the moving plane method that for A > —# all
solutions of (7.1) are radial in the sense that they depend only on the geodesic distance to the origin. It
was observed in [23] that the uniqueness criterion of Kwong and Li [16] applies to (7.2), which implies

that for A > —% problem (7.1) has at most one solution.

In contrast to the case of balls in the Euclidean space where all solutions of (7.1) are minimizers of
(7.2), it was conjectured in [3] that for large balls in S® containing the hemisphere (6; > m/2), non-
minimizing solutions might exist for A < —%. This conjecture was supported by numerical computations
in [23] which indicate that there is a strong evidence that the result should be true in arbitrary dimensions
provided A < —w.

In two recent papers Chen and Wei [9] and Brezis and Peletier [7] establish the existence of non-

minimizing solutions in S3.

Numerical computations carried out in [23] yield the following solution diagrams s. Figure 1 for a fixed
ball of radius #; > w/2. The horizontal axis denotes the values of A and the vertical axis corresponds to

the value at the center of the ball ug = u(0), or in the second picture to I = % fB(Gl) u? dp.

If weset A\ = —¢"2 and u = \/\|¥uE then (7.1) assumes the form
n+2
(7.3) e2Agntte — Ue +ud 2 =0,u. > 0in D,u. = 0 on 0D,

which is just a special case of (1.1). The function w(y) in (£2) is

N-—2

N 4
w(y) = ((N— 2)cosh2 N2y2>

From our main theorem in Section 1 it follows that, for any fixed ball of radius 6 > 7/2 and sufficiently

small negative A or equivalently for small ¢ > 0, there exist solutions of type (I)-(III). In terms of the

variable x = cos 6 they are of the form
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FIGURE 1. n=3

(7.4)

ul(z) =e” 5

F ey () F 1), 61=00):

solution with boundary layer

N
{Zwe*ti(:)+¢2}a ¢2 *0(5) :

u?(z) = e =

solutions with clustered layers near the equator
(@) =& T {wegalD) + da}, by =O(e) :
solutions with clustered layers near the equator and boundary layer ,

where w, ; is defined in (2.3) and (2.11). The radii of the spheres where those solutions have clustered

layers are §; = arccost;, i = 0,..., N where ¢; is given in (2.19). Observe that near the boundary there
is at most one such sphere whereas near the equator there can be arbitrarily many.

. _ N-2
solution u, =€~ "2

Let us now relate the above solutions with those of diagram Fig.1 with those in Fig.2 . From the
construction it follows that for small €, the value of v, i = 1,2,3 at the origin is below the constant

= |/\\ﬁ Consequently they belong to the solution branches By, k =1,2,3,....
For fixed A(e) denote by wuj j the solution on the lower part of By and by usj the one on the upper

part. They both satisfy (7.1). The following argument shows that the number of peaks of the solutions on

for some value u2 > u}

By is constant and equal to k. Indeed suppose that uy x(0;u}) has k peaks and us x(0;u3) has k+ 1 peaks
5

Then by continuity there exists a value u$ < @ip < u2 where a local minimum

and a local maximum collide. This can only happen at u; ;(6;%0) = |)\|ﬁ By the uniqueness theorem
we must have uy ,(0; 4g) = |)\|ﬁ everywhere.
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This observation together with the comparison of the values at the origin or the values of the L?-norms
implies for small values of A:

2

Ui = u! and Uz = u” : 1- layer solutions on B;

ULk = u? and Uk = u? : k -layer solutions on By, .

2
1. 1.5 A=-9.1
1 U—1,2
0. 0.5 u1,2
0.5 1 1.5 2 2.5 3 0.5 1 1.5 2 2.5 3

0.5 1 1.5 2 2.5 3 0.5 1 1.5 2 2.5 3

0.5 1 1.5 2 2.5 3 0.5 1 1.5 2 2.5 3

FIGURE 2. Solutions u4y ; € Biy with j = 1,2 depicted in
terms of the f-variable for /17 = 3 and n = 3, scaled with
‘/\|71/(2*72)_
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Remarks

1. Let

1 .
Ju] == 62/ \Vu\gnd,u—/ uzdy—Q—*/ lul|?" dp
D D D

be the energy associated to (7.3) and

1 x
I[w] ::/w’2dx—/w2dac——*/ lw|* dz
R R 2" Jr

be the energy associated to (1.4). Then for u € Bg, k =1,... we have J[u] = w,_1 Nel[w]+o(e) as e — 0.

2. The Morse index of the solutions constructed in Theorem 1.1 can be computed explicitely. We state
the following Theorem, whose proof is similar to the proof of (3) of Theorem 1.1 of [21] and will therefore

be omitted.

Theorem 7.1. Let f(u) = uP, p > 1. Then the type I solution constructed in Theorem 1.1 has Morse
index one, the type II of Theorem 1.1 have Morse index 2N, and the type III solutions of Theorem 1.1
have Morse index 2N + 1.

3. In a forthcoming paper we shall construct non-radial layered solutions for (1.1).

Open question An analytic proof for the existence of the branches B_j, k = 1,... is still missing.
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