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Abstract

Let X be an asymptotically hyperbolic manifold amd its conformal infinity. This paper is
devoted to deduce several existence results of the fradtidamabe problem oM under various
geometric assumptions ofiand M: Firstly, we handle when the bounda¥y has a point at which
the mean curvature is negative. Secondly, we re-encolnrgease wheM has zero mean curvature
and is either non-umbilic or umbilic but non-locally conficlly flat. As a result, we replace the geo-
metric restrictions given by Gonzalez-Qing (2013) [19 &onzalez-Wang (2015) [20] with simpler
ones. Also, inspired by Marques (2007)][37] and Almaraz (1], we study lower-dimensional
manifolds. Finally, the situation whexXiis Poincaré-Einsteiriyl is either locally conformally flat or
2-dimensional is covered under the validity of the posithass theorem for the fractional conformal
Laplacians.
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1 Introduction and the Main Results

Givenn € N, let X™? be an i+ 1)-dimensional smooth manifold with smooth boundity. A function
p in X is called adefining functiorof the boundaryM in X if

p>0 inX, p=0 onM and do#0 onM.

A metric g* in X is conformally compactvith conformal infinity (M, [f]) if there exists a boundary
defining functionp so that the closureX( g) of X is compact forg := p2g* anddlyu € [h]. A mani-
fold (X1, g") is said to beasymptotically hyperboli¢f g* is conformally compact anftiply — 1 as
p — 0. Also if (X,g") is asymptotically hyperbolic and Einstein, then it is edlPoincaré-Einsteiror
conformally compact Einstein

Suppose that an asymptotically hyperbolic manifotdg) with the conformal infinity 4", []) is
given. Also, for anyy € (0, 1), letP? = P?[g*, h] be thefractional conformal Laplaciamhose principle
symbol is equal to{A)” (see [[Zﬁ]r}or its precise definition). In this article, we arerested in finding a
conformal metrich on M with constanfractional scalar curvature f: Pg(l). This problem is referred
to be thefractional Yamabe problerar they-Yamabe problermand it was introduced and investigated
by Gonzalez-Qing [19] and Gonzalez-Wangl[20]. By impgssome restrictions on the dimension and
geometric behavior of the manifold, the authors obtainedetkistence results whewl is non-umbilic
or it is umbilic but not locally conformally flat. Here we relie the hypotheses made [in[[19] 20] and
examine when the bubble (sée (1.13) below for its precisaitiefi) cannot be used as an appropriate
test function.

As its name alludes, the fractional conformal LapladF%rhas theconformal covariance property
It holds that

n+2y
Y — w2y PY
Pm(u) =W "2 Pﬁ(wu) (1.1)
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for a conformal change of the metrig, = w*™2)h. Hence the fractional Yamabe problem can be
formulated as looking for a positive solution of the nonlaeguation

n+2
Plu=curz onM 1.2
A

for somec € R providedn > 2y. On the other hand, i = 1, P% and Qg precisely match with the
classicalconformal Laplacian |, and a constant multiple of the scalar curvatifg] on (M, h)

n-2
4n-1)

RIA] and Q! = 4?n__21)R[ﬁ], (1.3)

Pr=Lpi=-Aj+
respectively. Ify = 2, they coincide with the Paneitz operaifor![38] and Brars@Qrcurvature[[3]. Hence
the 1 or 2-Yamabe problems are reduced to the classical Yaprablem and th&-curvature problem.

Thanks to the forts of various mathematicians, a complete solution of thmabe problem has
been known. After Yamabé [46] raised the problem and sugdest outline of the proof, Trudinger
[44] first obtained a least energy solution fo{1.2) undersiiting that the scalar curvature am,(ﬁ) is
nonpositive. Successively, Aubinl [2] examined the caserwhe 6 andM is non-locally conformally
flat, and Schoeri_ [40] gave affiamative answer when = 3,4,5 or M is locally conformally flat by
using the positive mass theorem [41] 42 43]. In Lee-PaiBE}, [the authors provided a new proof
which unified the local proof of Aubin and the global proof afh@on, introducing the notion of the
conformal normal coordinates.

Also there have been lots of results on @e&urvature problenmy( = 2) for 4-dimensional manifolds
(M4, [f]). By the Chern-Gauss-Bonnet formula, tioéal Q-curvature

ke := f'\;H QZ dv;

is a conformal invariant. Gursky [25] proved that if a matdfd/4 has the positive Yamabe constant
AY(M, [h]) > 0 (see[(1.10)) and satisfigs > 0, then its Paneitz operat@ﬁ has the properties

kerPZ=R and PZ>0. (1.4)

Also Chang-Yang[[11] proved that any compact 4-manifoldhstiat [T.4) ancke < 872 hold has a
solution to
Pﬁu + ZQEU =2cé” onM, ceR

WhereQE is theQ-curvature. This result was generalized by Djadli-Malchifi3] where only kePﬁ =

R andkp # 8mz? for all m € N are demanded. For other dimensions than 4, Gursky-Malcf26i
recently discovered the strong maximum principleF\éffor manifoldsM" (n > 5) with non-negative
scalar curvature and semi-positi@ecurvature. Motivated by this result, Hang and Yang devetbthe
existence theory of {112) for a general class of manifdifsincluding ones such that(M, [A]) > 0
and there existl’ € [h] with QZ > 0, providedn > 5 [28,[30] orn = 3 [27,[28/29]. In[[30], the positive
mass theorem for the Paneitz operaktar [31, 26] was used &irogcha test function. We also point out
that a solution to[(1]2) was obtained in [39] for a locally fmmally flat manifold 0 > 5) with positive
Yamabe constant and Poincaré exponent less thamj/2.

In addition, wheny = 1/2, the fractional Yamabe problem has a deep relationship tvi boundary
Yamabe problem proposed by Escolar [14], who regarded igaseralization of the Riemann mapping
theorem: It asks if a compact manifoliwith boundary is conformally equivalent to one of zero scala
curvature whose boundatyl has constant mean curvature. It was solved by the series iSviny
Escobar himself[14, 16], Marquels ]136,137] and Almaraz [1]is worthwhile to mention that there is
another type of boundary Yamabe problem also suggested dnybBis[15]: Find a conformal metric
such that the scalar curvature Xfs constant and the boundaky is minimal. It was further studied by
Brendle-Chen([5].



In [10] (see alsd[9]), Chang and Gonzalez observed thdtdetonal conformal Laplacian, defined
through the scattering theory in Graham-Zwor§ki [22], cardbscribed in terms of Dirichlet-Neumann
operators. Especially, (1.2) has an equivalent extengiolblgm, which is degenerate elliptic but local.

Theorem A. Suppose that - 2y, y € (0,1), (X,g*) is an asymptotically hyperbolic manifold with
conformal infinity(M, [h]). Assume also thatis a defining function associated to M such thuplg = 1
near M (suclp is called geodesic), ang = p2g* is a metric of the compact manifoXi. In addition, we
let the mean curvature H ofM, h) c (X, g) be 0ify € (1/2, 1), and set

E(p) = p " %(~Ag- — s(n—-9)p"° in X (1.5)
where s.= n/2 + v. It can be shown thafl.5)is reduced to

n-2y
4n

E(p) = ( ) [RIG1 - ((n + 1) + RigDp 2] p*®  near M (1.6)

where Rg] and Hg*] are the scalar curvature diX, g) and (X, g*), respectively.

(1) If a positive function U satisfies

- _ 1_2 _ .
~divg(p*2VU) + E(p)U =0 in (X, ), wn
U=u on M
and n+2y
U cur—2 fory e (0,1)\ {1/2},
MU = —Ky( lim pl—ZV—) = w» (n-1 (1.8)
p—0+ op cu™ — (—2 ) Hu fory=1{1/2}

on M, then u solve€l.2). Herek, > 0O'is the constant whose explicit value is giver{liZ3) below and
v stands for the outward unit normal vector with respect tolibandary M.

(2) Assume further that the firstZLeigenvaIue/ll(—Ag+) of the Laplace-Beltrami operatorAg- satisfies

1R
(n-1) )2

/l]_(—Ag+) > )

(1.9)
Then there is a special defining functiphsuch that Ep*) = 0in X andp*(o) = p (1 + O(p?)) near M.
Furthermore the functiold := (p/p*)("2)/2U solves a degenerate elliptic equation of pure divergent
form

~divg ((0*)"* VU) =0 in (X.9),

— . U 2y
Y| — N\1-2y 7= | _ PV — O = ~11ie2 — O

oyU = —«, (p!m+(p ) 8p*] =PUu-Qu=cu™> -Qu onM

whereg* := (0*)%g* and C% is the fractional scalar curvature.
Notice that in order to seek a solution pf {1.2), it is natweoaihtroduce the/-Yamabe functional

Jy uPLudv,

I%[u] = for ue CZ(M), u>0onM (1.10)

n-2y

—on_
(fM unr-2rdvy)

and its infimumA”(M, [f]), called they-Yamabe constantBy the previous theorem and the energy
inequality due to Casé][8, Theorem 1.1], it follows under éissumption[(1]9) that if one defines the
functionals

Ky [, ("2 VU2 + E(p)U?) dvg
_2n n-2y
(J V1T dvi)

I[U] = , (1.11)
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|

Ky o) IVUIZdvg + [, QUZdv,

| _2n n-2y
(Jyy U172 dvg) ™

[U]

oo

for U € WH2(X, p1=?") such thatJ # 0 on M (with a suitable modification for the = 1/2 case), and
values
A (X [A]) = inf {T{[U] - U € WH(X,p12"),U # 0 on M|,
AY(X[A]) = inf {TZ[U] 1 U e WH(X,p"?),U % 0 onM},
then
AY(M,[R]) = A7 (X [A]) = A7 (X [f]) > —eo.

Besides it is shown i [19] that the signoin (I.2) is the same as that af (M, [Fl]) as in the local case
(y=1).
On the other hand, the Sobolev trace inequality

n-2y

([ wEoreq " <su, [ [ a2wuExordRin. (1.12)
RP 0 RN

is true for all functionsU € W2(RM1, xﬁj’), and the equality is attained Hy = cW,, for any

CeR, 1> 0ando € R" = gRT*! whereW, , are thebubblesdefined as

Y

Wi (X, Xne1) = Pry jﬁ;ﬂ — +12 m_zyW/l,(r()_/) dy
G +l e F (1.13)
= Ony — W, () dy
B (X-Y2+3x2, )7
with ,
Wy o (5 1= LTy (X.0) (1.14)
Ao = Qny 2+ |)?_ 0_|2 = Wh ol A .

(Pny» On, andan, are positive numbers whose values can be found inl(1.23)jicearly, it holds that

~div(x", 2 VW,,) = 0 in R,
: 2, W, 2y (1.15)
1-2 A, n-
a?//W/l,O' = —Ky (anllT0+ Xn+lya—+z—) = (—A)VWA’O_ = W/LOZ_V onR".

(In light of the equation tha¥V, , solves, we say thaw, . is y-harmonic Refer to[[7]. For future use,
let W, = W, 0 andw, = w,.) Moreover, ifS,,, > 0 denotes the best constant one can achieveinl(1.12)
and §", [gc]) is the standard unit-dimensional sphere, then

%y

2 \T
AY(S", [ge]) = Sr}; Ky = (fRn w;:;’dx) . (1.16)
Related to this fact, we have the following compactnesdltresu

Proposition B. Letn> 2y, y € (0,1) and (X™1, g*) be an asymptotically hyperbolic manifold with the
conformal infinity(M", [h]). Also, assume th4f.9)is true. Then

— oo < AY(M, [f]) < A”(S", [ge]), (1.17)

and the fractional Yamabe problef@.7)}-(I.8) has a positive solution if the strict inequality holds.
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Refer to[19] for its proof. Moreover since (1117) automalig holds if they-Yamabe constamt” (M, 1)
is negative or Owe assume thatA”(M, [h]) > O from now on.

The purpose of this paper is to construct a proper nonzetdutestion ® € WL2(X, p1=2v) such that
0< IE[(D] < AY(S",[ge]) wheny € (0,1), (X™1,g*) is an asymptotically hyperbolic manifold,_(1.9)
holds and

- M"has a point where the mean curvattités negativen > 2 andy € (0, 1/2); or
- M"is the non-umbilic boundary of™*, n > 4 and assumptiof (1.1.8) holds; or

- M" is the umbilic but non-locally conformally flat boundary X1, n > 4 + 2y and condition
(1.19) is satisfied; or

- X™1is Poincaré-Einstein and eithbt" is locally conformally flat on = 2.

Then Propositiol B would imply the existence of a positiveison to (1.2) automatically. The natural
candidate for a positive test function is certainly the dtad bubble, possibly truncated. Indeed, this is
a good choice for the first case above mentioned. Neverthatesover lower dimensional manifolds or
locally conformally flat boundaries, it is necessary to finorenaccurate test functions than the truncated
bubbles (cf. [[18] 20]). To take into account the second aid #ituations, we shall add a correction
term on the bubble by adapting the idea of Marqles$ [37] ande#dm[1]. For the fourth case, assuming
the validity of the positive mass theorem fBf for y € (0, 1), we will construct an appropriate test
function by utilizing Green’s function. In the local sitiat (y = 1), such an approach was successfully
applied by Schoen [40] who employed the classical positigestheorem [41, 42, 43]. His idea was later
extended by Escobdr [14] in the work of the boundary Yamabblpm, which has close relationship to
the fractional Yamabe problem with= 1/2.

Our first main result reads as follows: Lebe the second fundamental form dm,(ﬁ) c (X,g). The
boundaryM is calledumbilic if the tensorT := 7 — Hg vanishes orM. Also M is non-umbilicif it
possesses a point at whi¢hz 0.

Theorem 1.1. Suppose thgix™*, g*) is an asymptotically hyperbolic manifold\/I,Lﬁ]) is its conformal
infinity and (T.9) holds. Assume also thatis a geodesic defining function (¥, h) andg = p?g* =
do? ® h, near M= {p = 0}. If either

- n>2,y¢€(0,1/2) and M" has a point at which the mean curvature H is negative; or
- n>4,vye(0,1), M"is the non-umbilic boundary of X! and

R[g'] + n(n+ 1) = 0o(p?) asp — O uniformly on M (1.18)

then they-Yamabe problem is solvable - namdl..2) has a positive solution.

Remark 1.2. (1) As pointed out in Gonzalez-Qing_[[19], we are only petettto change the metric on
the conformal infinityM. Once the boundary metrftis fixed, the geodesic boundary defining function
p and a compact metrig on X are automatically determined by the relatidays] o = 1 andg = p°g.
This is a huge dference between the fractional Yamabe problem (especiaitlt,y = 1/2) and the
boundary Yamabe problem in that one has a freedom of confarhzage of the metric in the whole
manifold X when h¢she is concerned with the boundary Yamabe problem.

Due to this reason, while it is possible to make the ‘extdhsietric H vanish at a point by a confor-
mal change in the boundary Yamabe problem, one cannot dathe thing in the setting of the fractional
Yamabe problem. This forced us to separate the cases iretieengnt of Theorein 1.1.

(2) As a particular consequence of the previous discusthenRicci tensoR,,[g](y) of (X, g) evaluated
at a pointy on M is governed byh and [1.I8) (see Lemnia2.4). In the boundary Yamabe problem
[14], the author could choose a metric Xhsuch that the Ricci curvaturig;[h](y) = 0 of (M,h) and

R.o[dl(y) = O simultaneously.



Moreover, by putting[(1]6) an@(1.118) together, we get

E(p) = (” ;nZy) R[g)] o> + o(p'™?) nearM.

Hence, on account of the energy expansion, {1.18) is thecaagition that makes the boundary Yamabe
problem and the /2-Yamabe problem identical modulo the remainder. Refeutms&ction§ 213 aiid 2.4.

(3) The sign of the mean curvature at a fixed pointMrand [1.18) are ‘intrinsic’ curvature conditions
of an asymptotically hyperbolic manifold in the sense thase properties are independent of the choice
of a representative of the clady.[Refer to Lemm&aZ]1 below for its proof. Also Lemfmal2.3 clsithat
(I.18) impliesH = 0 on M.

(4) Note also that 2 2y e N andy € (0,1) if and only ify = 1/2, and the boundary Yamabe problem on
non-umbilic manifolds in dimension = 2 + 2y = 3 was covered in_[37]. We suspect that the strategy
suggested irn [37] can be applied fgi2tYamabe problem in the same setting.

(5) Suppose that € N andy € (0, 1) satisfyC’(n,y) > 0 whereC’(n, y) is the quantity defined i {Z.12)
below. Moreover assume thavi, [f]) is the conformal infinity of an asymptotic hyperbolic mamtd
(X,g*) such that[{119) and (1.18) hold, and the second fundamortalr never vanishes oM. Then

the solution set of {1]2) (with > 0) is compact irC%(M) as shown in[[34].

We next consider the case when the bounddris umbilic but non-locally conformally flat.

Theorem 1.3. Suppose that »» 4 + 2y, ¥ € (0,1) (that is, either n> 6 andy € (0,1), orn = 5and
y € (0,1/2)) and (X™?, g*) is an asymptotic hyperbolic manifold such tH&f9) holds. Furthermore,
assume thatM", [fi]) is the umbilic boundary of X and there is a point \¢ M such that the Weyl
tensor Wh] on M is nonzero at y. If

Rlg*] +n(n + 1) = o(p?),
OM(R[g] + n(n+ 1)) = 0(0?) (M= 1,2), (1.19)
oy (RIg*] +n(n+1)) = 0(p*) (m=1,2)

asp — 0 uniformly on M, then the-Yamabe problem is solvable. Hexas a coordinate on M.

Remark 1.4. (1) As we will see later, the main order of the energy for tteefional Yamabe problem
(L2) is€* on an umbilic but non-locally conformal flat boundaky, while it is €2 on a non-umbilic
boundary (sed (Z.11], (2]14), (3112) and (B.14)). Theeatas natural to expect that Theorém]1.3 should
require thaR[g*] + n(n + 1) decaysp?-faster than Theoref 1.1 nelr. Compare[{1.118) an@ {1.119).

Assumption [(1.19) is responsible for determining all thuga of quantities which emerge in the
codficient of €* in the energy (such a&;[g](y) and Ryn;i[g](y) - see Lemm&3]2) and controlling the
term ((n + 1) + R[g*])p 2 in E(p) to be ignorable.

(2) In light of Lemmag ZJ1 and 2.3, conditidn (1119) is agaiminsic and sfficient to deduce that = 0
on M. Moreover every Poincaré-Einstein manifold satisfie$q}..

(3) Itis notable that 4 2y e N andy € (0, 1) if and only ify = 1/2, and the boundary Yamabe problem
for n= 4+ 2y = 5 was studied in [1]. Hence it is natural to ask whether oneeséend Theorern 1.3 for
v = 1/2 andn = 5 by following the perturbation argument given fin [1].

In order to describe the last result, we first have to take acimount of Green’s function under our
setting.

Proposition 1.5. Suppose that all the hypotheses of Thedrém A hold true @img(1.9)) and H=0on
M. In addition, assume further that”(M, [h]) > O. Then for each ¥ M, there exists Green’s function
G(x,y) on X\ {y} which satisfies

{—divg(pl—ZVVG(-,y)) +E@)G(-y) =0 in(XQ), (1.20)

9,G(-,y) = &y on (M, h)

in the distribution sense whetg is the Dirac measure at y. The function G is unique and p@EsiivX.
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The proof is postponed until Subsection]4.1. The readersom@aypare the above result with Guillarmou-
Qing [23]. Based on the previous proposition and the fadt tha

Ony
I(X— Y, Xne1)I=2

G(xy) = for all (X, X,s1) € R andy e R"

if (X, g) is the Poincaré half-plan@®{**, x-2,dX), we conjecture the following.

+

Conjecture 1.6. [Positive mass theorem] Assume that (0,1), n > 2y and X1 g*) is Poincaré-
Einstein. Also suppose tha?’ (M, [h]) > 0 and either 1", [h]) is locally conformally flat on = 2. Then
we have an asymptotic expansion®6, y) of the form

G(%Y) = On, dg%y) ™) + A+ ¥(dg(xy)) withA>0 (1.21)

for anyx € X neary € M, wheregn, > 0 is a constant appeared [n_(1l.13) akds a function in a small
closed neighborhood/ c R of 0 such that

1-2, 0¥
Xn+1 5Xn+1

¥(0)=0 and [Pl + IVe¥lcrmp +

<C (1.22)
c’1 (N)

for somed, € (0,1). FurthermoreA = 0 if and only if (X", g) is conformally difeomorphic to the
standard unit balB™! (which we denote byX™?,g) ~ B™1).

Our expectation on the regularity (1122)8fis based on the fact th#t is ‘approximately’y-harmonic
neary. Now we can state our third main theorem.

Theorem 1.7. Suppose thay € (0,1), n > 2y and (X™1,g") is a Poincaré-Einstein manifold with
conformal infinity(M™, [f]). Letp be a geodesic defining function fe, h) and g = p?g*. If (L9)
holds, Conjectur€_116 is valid, and either"N& locally conformally flat or n= 2, then the fractional
Yamabe problem is solvable.

Remark 1.8. (1) Let us set a 2-tensor
F =p(Ric[g]+ng") inX

which is identically O if K, g*) is Poincaré-Einstein. As a matter of the factiMifis locally conformally
flat, the only property of the tensd necessary to derive Theordm]1.7 is thE|,—o = 0 form =
0,---,n—1 (refer to Lemm&4]3). We guess thiaf (1.2[), (11.22), and dineliion onA are still valid
under this assumption. Similarly, for the case: 2, the assumptioﬂg“ﬂpzo = 0form = 0,1 would
sufice.

(2) Since K™, g*) is Poincaré-Einstein, the second fundamental fornMbis trivial. Thus the mean
curvatureH on M vanishes and/ is umbilic.

This paper is organized as follows: In Sectidn 2, we estafillseoreni 1]1 by intensifying the ideas
of Marques[[37] and Gonzalez-Qing [19]. Sectidn 3 provittes proof of Theoreri 113 which further
develops the approach of Almaraz [1] and Gonzalez-Wanj [R20Sectior(#, Theorerin 1.7 is achieved
under the validity of the positive mass theorem. In paréicuBubsection 411 is devoted to investigate
the existence, uniqueness, positivity of Green’s funcfia Propositio 1J5). Then we are concerned
with the case thaM is locally conformally flat (in Subsectidn_4.2) and 2-dimiemgl (in Subsection
[4.3). Finally, we examine the asymptotic behavior of thelielbV; o near infinity in Appendix’A, and
compute some integrations regardWg which are needed in the energy expansions in AppdnHix B.

Notations.

- The Einstein convention is used throughout the paper. fitieesi, j, k andl always take values from
1 ton, anda andb range over values from 1 o+ 1.
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- For a tensoiT, notationsT.; andT 4 indicate covariant dierentiation and partial ffierentiation ofT,
respectively.

- For atensoil and a numbeq € N, we use
Syml---iqTi1~~iq = Z T|<r(1) Ao (q)
' €Sy
whereSq is the group of all permutations gfelements.

- We denoteN = n+ 1. Also, forx € RN := {(Xg,---, % Xn) € RN © xy > 0}, we write X =
(X1, , %1, 0) € RN ~ R" andr = |X].

- Forn > 2y, we setp = (n+ 2y)/(n — 2y).

- For anyp > 0, B"(0, 0) andBY(0, o) are then-dimensional ball and thl-dimensional upper half-ball
centered at 0 whose radiusdsrespectively.

- |S"1 is the surface area of tha £ 1)-dimensional unit sphei@ 1.
- Foranyt e R, lett, = max0,t} > 0 andt. = max0,-t} >0sothat =t, —t_.
- The following positive constants are given in (1.8), (3.48d [1.14):
n+2 n-2 n+2 @y
o) ) g R e (1)

YT mara—yy M Ty T gy T

(1.23)
- C > 0is a generic constant which may vary from line to line.

2 Non-minimal and Non-umbilic Conformal Infinities

2.1 Geometric Background

We initiate this section by proving that the sign of the mearvature, [1.18) and non-umbilicity of a
point onM are intrinsic conditions.

Lemma 2.1. Suppose thatX,g*) be an asymptotically hyperbolic manifold with conformdiinity

(M, [f]). Moreover, letp and p be the geodesic boundary defining functlons assouated dadpre-

sentativesh andh of the clasgh], respectively. We also defie= p 2g* andg = p 2g*, denote by
n = —gn/2 and7 the second fundamental forms(, h) ¢ (X, ) and (M, h) c (X, §), respectively, and
setH= _'er.J/n andH = 'Jn”/n Then we have

ct<f<c inx and H= (8) H onM (2.1)
Y Pllp=0
for some C> 1. Furthermore if H= 0 on M, then
= (@) # onM (2.2)
P/lp=0

Proof. The assertion ol in (27) is proved in[[IB, Lemma 2.3]. For the first inequality(2.1), it
sufices to observe that/p is bounded above and bounded away from 0 ndarindeed, this follows
from the fact that

\2 “\2
h=Glw =p°g"Im = ('[—)) aim = (/—)) h onM.

p P
n M. Then we see froni [15, Proposition 1.2] that

providedH = 0 onM, which confirms[(Z.2). i



Given any fixed poiny € M, let X = (xq,--- , X») be normal coordinates ad aty (identified with
0) andxy = p. In other words, lek = (x, xn) be Fermi coordinates The following lemma provides the
expansion of the metrig neary = 0. Seel[14, Lemma 3.1] for its proof.

Lemma 2.2. Suppose thatX, g*) is an asymptotically hyperbolic manifold and y is an arbiyrgoint
on the conformal infinityM, [h]). Then, in terms of Fermi coordinates around vy, it holds that
— 1 1. -
VIBI() = 1= nHx + 5 (PH? = [l = Runl@l) § — Hixo = gR[A1xx; + O(1x°)
and
SN 1 " i 2 3
97 (%) = dij + 27ijXn + R INXX + 7 XX + (i + Rinjn[al) x§ + O(X°)

near y (identified with a small half-ball"g0, 2170) near 0 inR ). Here||7r||2 hkhll 7; ijmk is the square of
the norm of the second fundamental forran (M, h) c (X, g), R.k”[h] is a component of the Riemannian
curvature tensor on M, Rjn[0] is that of the Riemannian curvature tensor in Xj,[ﬁi R.kjk[h] and
Rnn[g] = Rinin[g]. Every tensor in the expansions is computed atQ/

Now notice that the transformation law of the scalar cumaasee (1.1) of [14]) implies

Vi ] 2
Rlg]+n(n+1) = Zn[ L + R[glp (2.3)
73

It readily shows tha{({1.18) and (1]19) indicdie= 0 on M.

Lemma 2.3. Suppose thatX,g") is an asymptotically hyperbolic manifold with conformafirity
(M, [h]D). If R[g"] + n(n + 1) = o(p) asp — O, then H=0o0n M.

Proof. Fix anyy € M. By (2.3), we have

4. o
o(1) = m[@) + RGO + 01) = ~2PHE) + o(L)
Vigly)
as a point tends tg. This impliesH(y) = 0, and therefore the assertion follows. m|

We next select a good background metricoander the validity of hypothesis {1118).

Lemma 2.4. Let(X, g*) be an asymptotically hyperbolic manifold such that coodil.18)holds. Then
the conformal |nf|n|t>(M [A]) admits a representativi € [f], the geodesic boundary defining function
p and the metri@y = p?g* satisfying

H=0onM R;[hl(y)=0 and R,[al(y) = ()12 (2.9)

2(n 1)
for a fixed point ye M.

Proof. According to [3%, Theorem 5.2], one may choose a represeatabof the conformal classh]
such thatR;[h](y) = 0. Besides Lemmds 2.3 ahd 2.1 assure khat 0 on M for any h € [h]. Hence
assumption{1.18) can be interpreted as

P \/_] E
\/— + [j - p
= —-2n(R,,[a] + ll7?) + (2R, @] + llll® + RA] — H?) + o(1)

asp — 0 where we usedH = 0 on M for the third equality and the Gauss-Codazzi equation fer th
fourth equality (see the proof of Lemmas 3.1 and 3.2 of [1%idking the limit toy € M, we get

0 = 2(1~ NRy,[GI(Y) + (1 - 2n)lIx(y)I1>
The third equality of[(Z}) is its direct consequence. i

o(1) = Zn[ b Oabp + Rlg] = n(—ab 9_an +g° gahpp) +R[g] +0(1)
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Lastly, we recall the functiote in (I.3) and [(I.6). In a collar neighborhood M wherep = xy, it
can be seen that

E(xn) = (”;—nzy) [RIG] - (n(n+ 1) + RIg x| Xy = = - (” _227)(‘9“‘ é@] x7  (25)

where the second equality holds becausé of (2.3).

2.2 Non-minimal Conformal Infinity

Lety € M be a point identified with & R" such thatH(y) < 0 andBY(0, 2550) c R its neighborhood
which appeared in Lemnia2.2. Also, we select any smoothlraatiaff functiony € C(RY) such that
¥ = 1in BN(0, 770) and 0 inRN\ BN(0, 210). In this subsection, we shall show tﬁﬁh//WE] < AY(S", [gc])
for anyn > 2 andy € (0,1/2) whereW, = W, as before.

Before starting the computation, let us make one usefulrghen: Assume that > m+ 2y for a
certainm € N. Then we get from{Al3) and (Al.4) that

f XYW X = f O INMVWRdX = O™ = o(e™)  (2.6)
By (O.10) By (0.m0)

by choosing a small numbér> 0 such thah > m+ 2y + Z.

Proposition 2.5. Suppose thax"™*!, g*) is an asymptotically hyperbolic manifold with conforméfirn
ity (M, [h]) and ye M be a point such that &) < 0. Then for any > 0 small, n> 2 andy € (0, 1/2),
we have

Ky o X0 IV WafPelx

e wPtdx

THUW] < AV, [gc)) + € H() + ofé)

2n% —2n+ 1 - 4y?
2(1-2y)

2.7)

>0
< A7(S", [ge])

wherel_g is the y-Yamabe functional given iff.11) and AY(S",[gc]) and k, are positive constants
introduced in(I.18)and (1.23)

Proof. Since the proof is essentially the same as that of [12, Piapo$.1], we briefly sketch it. By
LemmdZ.2 and (216), we discover

1-2y 2
Xy - [VW,.|5dvyg
fBT(o,m» N o

_ f Xy - [VWi[2dx+ eH (2 f X 2 |VWi Pdx — f
B! (0n0) RY R

+

xﬁl_27|VW1|2dx) +0(e)
N

+

and
f (WW,)Pidy; = f w5+1(1+ 0(|>?|2))d>?+ O(e") = f WP tdx + ofe).
M B"(0,170) RN
Moreover, according to Lemnia 2.2 and {2.5), we have

n(n— 2
f E(xn)W2dvg = [M
" 2
BY(010)

Thus the above estimates and Lenimd B.3 confirm (2.7). i

eH fR ) x 27 W2dx + o(e).

Unlike the other existence results to be discussed latenege to assume thate (0, 1/2) for Propo-
sition[2.5. Such a restriction is necessary in two reasoist & all, y € (0, 1/2) is necessary for the
function x;lzywl2 to be integrable iRY. Secondly the mean curvatukeshould vanish foly € (1/2, 1)
to guarantee the validity of the extension theorem (The@gm
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2.3 Non-umbilic Conformal Infinity: Higher Dimensional Cases

We fix a non-umbilic poiny = 0 € M. Let alsoBY(0, 270) ¢ RN be a small neighborhood of 0 and
¥ € C(BN(0, 2n0)) a cut-df function chosen in the previous subsection.

Lemma 2.6. Let \l; be the energy functional defined as

JNMU;X] = j; (0 ?VUIE+ E(p)U?) dvg forany Ue WH(X, p'™2). (2.8)

Assume also thgf.4) holds. Then for any > 0 small, n> 2 + 2y andy € (0, 1), it is valid that

3 [uWe: BY(0.0)| = f Xy 7 [V Waldx
BN(0.10)

+ 2 [—(“ b)?-‘z + (3+ b)?-‘g N (n_ 27)(1+ b)F

T T > + 0(62) (29)

where b:= (1 - 2n)/(2n - 2), ||n|| is the norm of the second fundamental form at ¥ € M, and the
values¥i, ¥, andF3 are given in Lemm@aBl.4.

Proof. We borrow the argument presented [inl[19, Theorem 1.5]. Afingrto Lemmd 2P and(2.4),

there holds that
1+b

VIR X0) = 1= (52 I + OU )i BY(0.1o), 210

Hence we obtain witH(2]6) that

f Xy VW, |2dvg = f X 2 VW, 2dx
N N
B+ (OJYO) R+

+62

_ 1+b _
(3ricrmi + Rujn @) f X 99 Wadlx (T) ! f X IOWaPdx] + o).
RN RN

Also, in view of (Z.5) and[{2.70),
n-2y

E(xn) = (

) (L+ bl + O(xx2)
for xy > 0 small, so

-2 .
f E(xn)W2dvg = € (n—y) (1 + b)|jx]2 f x5 Y W2dx + o(e?).
BY(010) 2 RN

+

Collecting every calculation, we discover (2.9). i

The previous lemma ensures the existence of a positivei@olia (1.2) for non-umbilic conformal
infinity M" with n € N suficiently high.

Corollary 2.7. Assume thagX™?, g*) is an asymptotically hyperbolic manifold ahds the representa-
tive of the conformal infinity M found in Lemmal2.2. I#r2 + 2y andy € (0, 1), we have that

DIyW] < A7(S", [ge]) - €2C’(n,y) A7 (S", [gc])‘”ﬁ—% IS™1AgBy ||| + o(?) (2.11)

where the positive constants”(S", [gc]), «,, Az and B are introduced in(1.16) (1.Z3)and (B.3),
respectively, and’(n,y) is the number given by

3n? + n(16y? — 22) + 20(1-»?)

C'(ny) = 8n(n— 1)(1 - v?)

(2.12)
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Proof. Estimate [(Z.111) comes from Lemn{as]Z.6,]B.4 and the compuogatinade in the proof of [19,
Theorem 1.5]. The details are left to the reader. m|

By (2.2), we still have thatr # 0 aty € M even after picking a new representative of the conformal
infinity. Furthermore, the numbe’(n, y) is positive whem > 4 fory > +/5/11 ~ 0.674,n > 5 for

y > 1/2,n> 6fory > 4/1/19 ~ 0.229 andn > 7 for anyy > 0. Hence, in this regime, one is able

to deduce the existence of a positive solution[of](1.2) btirtgshe truncated standard bubble into the
v-Yamabe functional.

2.4 Non-umbilic Conformal Infinity: Lower Dimensional Cases

We remind the non-umbilic point € M identified with the origin ofRY, the small numbeny > 0 and
the cut-df functiony € CZ(RY). Furthermore, we introduce

(X Xn) = Maij % X Xnr 10 W, = € - e‘n__zzy\lfl(e‘li, e 1xn) (2.13)

for eache > 0 whereM; € R is a number to be determined latey;,’s are the cofficients of the second
fundamental form ay andr = |X]. Our ansatz to deal with lower dimensional cases is defined by

O, = y(W,+¥) inX
The definition of®, is inspired by[[37].
The main objective of this subsection is to prove

Proposition 2.8. Suppose thatX™?!, g*) is an asymptotically hyperbolic manifold. Moreoveis the
representative of the conformal infinity M satisfyi@@4). If n > 2+ 2y andy € (0, 1), we have that

T y(an 2 y(an L 4 n-1 2 2
I[@e] < AY(S7,[ge]) — €7C(n, y) A7(S7 [9c]) ™ % «y ST 1AsB2InlI” + o(€7) (2.14)
whereC(n, y) is the number defined by
) = 3n? + n(16y? — 22) + 20(1-»?) . 16(n - 1)(1-?)
7= 8n(n— 1)(1—2) B2 + N2 — 8y2) + 42 — 4)’

It can be checked that(n,y) > 0 wheneven > 4 andy € (0,1). Thus the above proposition justifies
the statement of Theordm 1L.1. While we h&i(8,y) > 0 fory > 1/2, it also holds thah > 2 + 2y > 3.
Therefore we get no result for= 3.

Proof of Propositiori 218.The proof consists of 3 steps.

Srep 1 (ENerGY IN THE HALF-BALL BN(0, 70)). Sincey = 1 in BY(0, 170), we discover
I [p(W +Wo); BY(O, mo)]

= 3 [yWe; BY(0.no) | + 2 f X 2 (VW, V)5 dvg + f X 2 [VW J2dx + 0(e?)
n BY(00) R

(2.15)
where the functiona.l]g is defined in[[Z.B). Moreover, we note from Lemmal 2.2 that tleemcurvature
H = mjj/nvanishes at the origin, which yields
f X VW, - V. dx
BY(0.10)

—eM; f X 2 X% |2 20 Wa)? + 1 (r 19, Wa) | dx
BT(O,UO/E) (216)

+ Ele X,l\l_zyﬂij X Xjr T (ONWA) [(3rWA) + Xn(OnrWi)] dx
BY(0.10/€)

=0.
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Hence we obtain from the definition (2]13)¥f and [2.16) that
2 f X 2 (VW,, V¥ )g dvg
B} (0.10)

=2 f X VYW, - VW dx+ 4 f X2 W, 9, dx + 0(€?)
B(010) RY

+

= 24My f X 2ot 2@ W)+ a0, W) 8 (10 W) | dx +o(€”)  (2.17)
R

+

2
_ M, [ﬁsfg . (=3 + 72) |11 + o)

nn+ 2)

4 _
= e (ﬁ) M1/S™ Y| AgBy||l|? + o(e?)

where the constant&s, ¥4 as well asf, 7>, Fs, - - - , Fg are defined in LemmiaB.4. In a similar fashion,
it can be found that

2

2M
1-2 1
LN XN VIV, Pdx = € [n(n - 2)] (F3 — 2F4 + Fs + Fe + 2F7 + Fg) |Inl|> + o(€?)

3n? + 2n(1 - 4y%) — 4(1-9?)
4n(n - 1)(1-»?)

+

(2.18)

] MZS"™ Y AgByIxl1? + o(€?).

Step 2 (ENERGY IN THE HALF-ANNULUs BN(0, 20) \ BN(0,70)). According to [A), [[A3B) and{Al4) (cf.

(2.9)), it holds
I [ We +2); X\ BY(0,m0)| = 0(e?). (2.19)

Consequently, one deduces frdm (2.15), (P.[7)-(2.19) amdrhd B.# that

FTWe + ¥ X] < f Xy VWP - €C(n, IS AsBelnl + ofe?) (2.20)
R

by choosing the optimal; € R.
Srep 3 (ComPLETION OF THE PROOF). LemmdZ.R and the fact thi#t, = 0 on M tell us that

f (W, + W) PHdv: = f (WP + O(x3)) dx > f wf*ldi + 0(€2). (2.21)
M B"(0,210) RN

Combining [2.2D) and (Z.21) gives estimdfe (2.14). The fasconcluded. o

3 Umbilic Non-locally Conformally Flat Conformal Infinitie s

3.1 Geometric Background

For a fixed pointy € M identified with 0e R", let X = (Xg, - - - , Xn) be the normal coordinate avi aty
andxy = p. The following expansion of the metric is borrowed frdm![36]

Lemma 3.1. Suppose thatX, g*) is an asymptotically hyperbolic manifold and y is a point inshkch
that (Z4) holds andr = 0 on M. Then, in terms of normal coordinates around y, it holds t

= _ 1 - 1 1
VIBIOG ) = 1= R lxxx ERNN;i[@XZNXi - ERNN;N[@Xﬁl
1(1. . 1 . 1
=~ 55| 3Rimlhl + §Rmiqj[h]Rmkql[h]) X Xj XX — ZRNN;ij[@XZNXin (3.1)

~ SRR — 57 [Runennld] + 2R nl@)?] s + 01K X))
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and
o 1 . 1 .
g’ (X xn) = 6ij + éRiij[h]XkXI + Rinjn[a]E + éRiij;m[h]XkXIXm"‘ Rinjn:k[G]X& X
1 1 ~ 1 ~ ~
+ éRiNjN;N[glxﬁl + (Z_ORiij;mq[h] + 1_5Riksl[h]ijsc{h]) XX XmXq
(3.2)
1 1 ~ 1
+ (ERiNjN;kl[ﬁl + §Symj-(Riksl[h]RijN[@)) X, XX + §RiNjN;kN[@Xﬁ|Xk

+ 75 (R juun 8] + 8Rwsn[G1Ron n{G)) ¥ + OU(K X))

near y (identified with a small half-ball"§0, 2170) near 0 inR"). Here every tensors are computed at y
and the indices mg and s run from 1 to n as well.

To treat umbilic but non-locally conformally flat boundasjeve also need the following extension
of LemmdZ.4.

Lemma3.2. Forn > 3, let (X™1 g*) be an asymptotically hyperbolic manifold such that the comél
infinity (M™, [h]) is umbilic and(1.I9)holds. For a fixed point ¥ M, there exist a representativeof the
class[h], the geodesic boundary defining functje(= xy near M) and the metrig = p?g* such that

(1) RjxIAI(Y) + Rii[Al(Y) + Reij[AI(y) = 0,
(2) Symj (Rjsalh] + ZRmiqjlh]Rmkqlh]) (v) = 0,
(8) m=00n M, Ryn:n[0](Y) = Ran[d](y) = O,

nlIW|2 (W2

@ Ril@0) = ~gr -y =T

Rn;i[GI(Y) = -

Rnjn[al(y) = Rij[al(y),

(5) Ruenn@l0) = o Ranldl) ~ 2R @O

W1

© R @00 = (27| RantdO) - RIEON - o

if normal coordinates around g (M, h) is assumed. HergW|| is the norm of the Weyl tensor (¥, h)
aty.

Note that the first partial derivatives bfand the Christtiel symbolsl“!‘j[ﬁ] = F!‘j [g] aty vanish. Also a
simple computation utilizing = 0 on M shows thal2,[g] = rgylgl = 0onM.

Proof of Lemm&3]2[35, Theorem 5.2] guarantees the existence of a repreisenia¢ [i] on M such
that (1), (2) and?ij[ﬁ](y) = 0 hold. Furthermore[[15, Proposition 1.2] shows that uimibjl is preserved
under the conformal transformation, andrse 0 on M. The proof of the remaining identities in (3)-(6)
is presented in 2 steps.

Srer 1. By differentiating [(Z.B) inxy and using the assumption thay (R[g*] + n(n + 1)) = o(xﬁl) as
xn — 0 (see[(1.19)), we obtain

= = 12
onldl | Innigl  (OnIg]) ]+ 2R[q]

o(1) =n|— — —
M g3 lgxn 1g%x XN

+ R,N[m asxy — 0. (33)

Also, since we supposed that the mean curvakireanishes on the umbilic boundah, we get from

(2.3) thatRun[g](y) = =(y) = 0. This in turn gives thagi(y) = 1 andongi(y) = dnnldi(y) = RIg](y) = 0.
Consequently, by taking the limit tpin (3:3), we find that

INNNIDI(Y)
2

= nannnIlgI(y) + 2RN[D](Y).

0= n[ + OnNNIgIY) — O] + 2R [gl(y) + Rn[al(y)

(3.4)
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Now we observe from Lemnia 3.1 thaynnlgl(y) = —2Rnn:n[g](Y). In addition, by the second Bianchi
identity, the Codazzi equation and the fact that 0 on M, one can achieve

Rn[g] = Rn[g] = 2Rnnn[g] + Rijijin[a] = 2Runn[a] + (Rijin;i[9] — Rijin;ilal)

= ZRNN?N[@ + 2(7'l'ii;jj - ﬂij;ij) = ZRNN;N[m (35)

and

Rn[dl = 7jj;i — mij;j = 0
aty € M. Combining [3:4) and(3]5), we get

0= (2- n)Run;n[g](Y).

Sincen > 3, it follows thatRyn:n[g](y) = O as we wanted.

Srep 2. Itis well-known thaR i [h](y) = Rii[hl(y) = —I[W(y)|[2/6 in the normal coordinate arouyd: M.
Therefore the Gauss-Codazzi equation and the factthatr = 0 on M imply

IW)IP

Rii[al(y) = 2Rnni [Ql(Y) - 5

and Rinjn[gl(y) = R;j[gI(y). (3.6)

Moreover, since\x(R[g"] + n(n + 1)) = o(x,z\l) neary € X (refer to [1.I9)), by dterentiating [[ZB) inx
twice, dividing the result by(ZN and then taking the limit tg, one obtains

Rii[gl(y) = 2nRunii [](Y)- 3.7)
As a result, putting(317) intg_(3.6) and applying the relas aty

Ri[0] = Rii[d] and Ruw;ilg] = Runii[al — 20T [a]) Ranldl] b ) Runii[0]

allow one to find (4).
On the other hand, arguing as before but using the hypothesidyn (R[gF] + n(n + 1)) = o(xﬁ,)
neary € X at this time, one derives equalities

3RNN[TI(Y) = —NanNNNGIY) = 20| Runnn[El(Y) + 2R [IY)?]

BecauseRnn[0l(Y) = Rnn[gl(Y) and Run:nn[gl(Y) = Runnn[dl(y), it is identical to (5). Hence the
contracted second Bianchi identity, the Ricci identity §B)d(5) give

Rnn[g] = 2Rin:in[G] + 2Rnnenn[d] = Z[RiN;Ni[gl + (Rjlal)? - (RaN@)Z] + 2Rnn:nn[g]
~2(Runld + Ry (@) + 3R - 4R [0)2).
aty. Now assertion (6) directly follows from the above equatityd

IW()I12
120-1)

Rin:nil9](Y) = Ruijini[gl(y) = —Rinjnij[G1(Y) + Runsi [G1(Y) = —Rinnsij [QI(Y) —
This finishes the proof. m|

3.2 Computation of the Energy

Like the previous section, we fix a smooth radial cfitfoinction y € CP(RY) such thaty = 1 in
BN(0,770) and 0 inRN \ BN(O, 2570). Also, assume thal/, = W, o denotes the bubble defined N (1.13).
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Lemma 3.3. Lety= 0 € M be any fixed point andg.lhe functional given if2.8). If (2.4)and (1)-(6)
in Lemma3.R are valid, then

J[yWe; BY(0, m0)]

i oo o, A WR (T R (=29
- fBg(om) IV T e oD T 2 D ) 12n )
Rld (T3, T3 (-3 (=207 R (T T |
2 8n  4n? n?(n+2) 4n n 2 n+2
+ 0o(e*)

for anye > Osmall, n> 4+ 2y andy € (0,1). Here the tensors are computed at y and the values
F1,---,F¢ are given in Lemm@aB].5.

Proof. Srep 1 (ESTIMATE ON THE SECOND AND THIRD ORDER TERMS). TO begin with, we ascertain that
B ol = [ vWadx Ofe) (3.9)
B (0n0)

In fact, sinceH = Ryn[g] = 0 aty and the bubble®V, depends only on the variableg andxy, we have
1-2y 2 1-2y 2
Xy VW I§dvg = Xy VW |“d X
fBT ©m0) ’ Bl On)
+ ERunAN (= [ 2 wandx- 1 [ X2 vwidx] + o). (3.10)
' 3n RL\_I N 6 RT N
Moreover, thanks td (1.19), (2.5) affig](y) = Rn[d](y) = O, it holds that
[ ECWEay
BY(0.70)

= f E(xn)W2dX + o(e4+<7 f x§‘2’wf|x|4+fdx)
BN(0,70) BY(0.0)

n-2
:Ez( Y

(3.11)
1-2 2
4n ) fBi‘(O,no 9 XN (R@(Y) + eRa[g](Y)Xa + ER,ab[@(Y)XaXb) W2dx+ o(e*)

-o(22). [2—1nR;n [GI0) 7 + SRnB) 7 | + 0fe)

whereZ > 0 is a stfficiently small number. Becaus&n.n[g](y) = 0 by Lemmd 3R (3), we see from
(310) and[(3.11) that estimafe (B.9) is true.

Srep 2 (ESTIMATE ON THE FOURTH ORDER TERMS). Let \/@(4) and @7)® be the fourth order terms in the

expansions.(311) and(3.2) Qf@ andg’. In view of (Z8), Lemm&3]2 (2) and][4, Corollary 29], one
can show that

f x5 VW2 Vg @dx
BY(0n0)

=€ [4_];]RNN;ii [gl(y) 75 + 2_14(RN NNn[TI(Y) + Z(RiNjN[@(Y))Z) 7 | +0(e*)

and
X 2@ 00 Weddx = €| = (Runal ) + 2R () 74
BY(0.70) N e 2n(n + 2) NNii NjN;ij 6
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1 ’
+5 (Runan[@ly) + B8R [EIY)) 75| + o)
(cf. [20, Section 4]). Thereforé (2.4), (3110) and Lenima(&)2(6) yield
1-2y 2
Xy - [VWL |5 dvg
fBT(o,m» N o
B 12y onn; 2 o _IWIR - (F5 T
= LT(O,UO) Xy T IVWi[“dXx + € -1\ 6 n+2
+R;NN[@ _Zz' . 73 ~ (n=-3)7¢\ (Rj[al)? 73 B Fe + o).
2n 8 4n n(n+2) n 2 n+2
Now (3.11) and the previous estimate lead u$ fd (3.8). Thefpsaccomplished. i

Corollary 3.4. Assume thatXx™?, g*) is an asymptotically hyperbolic manifoltl,is the representative
of the conformal infinity M in Lemma 3.1 aﬁﬁi is they-Yamabe functional igL.11) If n > 4 + 2y and
v € (0, 1), we have that

T IWW < A7(S™, [gc]) + A7 (S", [gc])_%w S"HAsB,
X (IWIPD)(n.y) + Ran[EID5(N. ) — (Ri[A)*D4(n.7)) + ofe”)  (3.12)
where the positive constants”(S",[gc]), «,, Az and B are introduced in(1.16) (I.Z3)and (B.3),

respectively. Furthermore

'(n,y) = 15n*—1353+10n2(43+3y—4y%)—18N(3+y—12)+8(24+35-30y% -5y 3 +6y%) 0
1Y) = 480n(n-1)(n-4)(n-4—2y)(n—4+2y)(1—2) =Y (3.13)

D,(n,y) =0

and
5n? — 4n(13 - 2y?) + 28(4—v?)

5n(n—4)(n—4-2y)(n—-4+2y)’
Proof. By Lemmag 3.1l and 3.2 (1)-(2), it holds that

Ds(n,y) =

f (WP dy,
M

+ 1 A 2 N N _
[ wer [1— S (a,-,k.[hl . —Rmiqj[h]Rmkql[h]) X %% + O(X)

_ f WPl + oeh).
Rn

Thus the conclusion follows from Lemmasi3.3 B.5 at once. O

dx + O(e")

It is interesting to observe that the quantRyn[g](y) does not contribute to the existence of a least
energy solution, since the ddieient of Rnn[g](y), denoted byD)(n, y), is always zero for ang andy.
Such a phenomenon has been already observed in the bouratagb¥ problem [36]. We also observe
that the numbeD3(n, y) has a nonnegative sign in some situations: when 7 andy € [1/2,1), or
n> 8 andy € (0,1). In order to cover lower dimensional cases, we need a nefireed test function.

Lety € M be a point such thav/[h](y) # 0. Motivated by[[1], we define functions
Ve = Wo(X xn) = MR [EIX XA LW, = € - €7 Wy (e 1% € xy)

for someM, € R and N B
O, =yW.+¥,) inX
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Proposition 3.5. Suppose thatXx™!, g*) is an asymptotically hyperbolic manifold. Moreoveis the
representative of the conformal infinity M satisfyi@4) and Lemma_3]2 (1)-(6). If » 4 + 2y and
v € (0,1), we have

7'r® Y(qn 4 y(qn —n§—27 n-1
I[Pl < A7(ST[ge]) + €'A7(ST, [gc]) 2 &y IS 1AsB2

x (-IWIPD1(n,y) + RnED2(n,7) - (Ri[@)*D3(n, 7)) + o(e?)  (3.14)
where
Dl(nv Y) = D;I_(nv Y)v @2(”, Y) =0
(see(3.13)for the definition of the positive constanX, (n, y)) and

25n° — 20M2(9 — 2) + 100(4 — y?) — 16(4— y2)?
5n(n — 4 — 2y)(n — 4+ 2y)(5n2 — 4n(1 + y2) — 8(4— y2))’

D3(nv Y) =
Proof. SinceRnn[g](y) = O, we obtain

3 @6 BY(0.n0)] = I} [ We: BY(0.70) | +2 f (@ -6 aWeo; ¥ dx
B ks (3.15)
+ f X 7|V 2dx + o(e?).
RY

Also a tedious computation with Lemmas]3.1 3.2 (4) revikelt the second term of the right-hand
side of [3.I5) is equal to

2 - - ~ _ —
§Rikj|[h] fN X]N 2kaX| aiwgaj‘Pde+ 2RiNjN[@ fN X3N Zyaiwgaj‘l’gdx+ 0(64)
R} REY

_1

_ 0+ 44M, [%g + T T RI@+ ole)

and it holds that

1-2 3
f Xy VP dx = €
RN

+

2
2M2

n(n+ 2)

(7-”3’ - 2F7 + Fg + AF, + 4F g + 7—”1’0) (Rij [@)2 +o(eh

(cf. 2.117) and[(2.18)). Here the constaffi§ - - - , 77, are defined in LemniaB.5.
On the other hand, we have N
3 [ @ X\ BY(0.70)] = o(e*),

and since?, = 0 on M, the integral ofld,|P* over the boundaryv does not contribute to the fourth
order term in the right-hand side ¢f (3114). By combiningimafbrmation, employing Lemmia B.5 and
selecting the optima\l, € R, we complete the proof. |

One can verify thaD3(n,y) > 0 wheneven > 4 + 2y andy € (0, 1). Consequently we deduce Theorem
[I.3 from the previous proposition.
4 Locally Conformally Flat or 2-dimensional Conformal Infin ities

4.1 Analysis of Green’s function

In this subsection, we prove Proposition]l1.5. By Theokem dlyability of problem [1.2D) for each
y € M is equivalent to the existence of a solutiGh to the equation

~divg ((0")?VG'(.y)) =0 in (X.§).
&G (,y) =dy-QIG'(.y)  on(M,h),

18



and it holds thaigj | + Ig5,\ — 1 = O(p®). We also recall[[19, Corollary 4.3] which states that if
AY(M,[A]) > 0, thenM admits a metridhy € [h] such thatQ? > 0 on M. Thanks to the following
0

lemma, it stfices to show Propositidn 1.5 fbg < [h].

Lemma 4.1. Let(X, g*) be any conformally compact Einstein manifold with confdriménity (M, [f]),
p the geodesic defining function of M in X agd= p?g*. For any positive smooth function w on M,

define a new metrib,, = wnfibﬁ, denote the corresponding geodesic boundary definingiumby p,,
and setg, = p2g*. Suppose that G G(x, y) solves(L.Z0) Then the function

p(X)
pw(X)

-2y
2 n+ —
Gw(x.y) = ( ) Wi (YV)G(xy) for(xy)e XxM, x#y

again satisfiegI.20)with (G, hw) andp, substituted fo(g, h) andp, respectively.

Proof. By (@.9), the first equality if{1.20) is re-expressed as
12y > 1 ~(22) ,
La(p 7 6C9)+ (¥ - 3)p ety =0 in (g (4.1)

wherel g is the conformal Laplacian in{ g) defined in[[I.B). Therefore one observes fromli(1.1) @t
is a solution of[Z11) iy andp are replaced witly, andpy, respectively. Also, sinces = (py/p)"21/2
on M, we see

wn-2y h

y Y N2y Y -2y
GGu(Y) = PL Gul) =W ()P, ((plpw)F G(-Y))
n+2y _ n+2y _ 2y
=W )P (WEG(Y) = wrE )W T E PG(.Y)
n-2y
n+2y Wn+27 n+2y n+2y
= Wi ()W T Y(G(.Y)) = Wi ()W TSy = 6y onM

where we have applied Theorém A ahd11.1) for the first, foartth fifth equalities. i

For brevity, we writeh = hy, § = §%, p = p* andG = G* here and henceforth. Further, recalling that
Qg > 0 onM, let us define a norm

1/q
U llwraexpr-2ry = (fpl_zylVUlng§+f Qqudvﬁ)
X M

for anyq > 1 and set a spac#>9(X; p*~?") as the completion o (X) with respect to the above norm.
Given any bounded Radon measurdsuch as the dirac measures), we say that a fundfioa
WLA(X; p1~2) is aweak solutiorof

—divg(p*2VU) =0 in (X, Q),
3o ) *.9 (4.2)
a7 + Q%U =f on (M, h),
if it is satisfied that
f P2 (YU, V¥)g dvg + f QIUYdv; = f fy (4.3)
X M M

for any ¥ e C1(X).

The W2(X; p1=?¥)-norm is equivalent to the standard weighted Sobolev N2 (x: 1-20) (SEE
[12, Lemma 3.1]). Thus for any fixefl € (HY(M))*, the existence and uniqueness of a solutibr
WL2(X: p1=2) to (4.2) are guaranteed by the Riesz representation timeore
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Lemma 4.2. Assume that n> 2y, f € (HY(M))* and1 < o < min{=1-, 2%2}  Then there exists a

- n-2y’ 2n+1
constant C= C(X, g*, p, n, y, @) such that

IUllqpre(x:pt-2ry < ClIFllL2om (4.4)
Xipt=2) (M)

for a weak solution Ue W2(X; p1=2") to (@.2). As a result, if f is the dirac measuég at y € M, then
(@.2) has a unique nonnegative weak solutiof, @ € W (X; pt=2).

Proof. Srep 1. We are going to verify estimate (4.4) by suitably modifyithe argument ir |6, Section
5]. To this aim, we consider thiormal adjointof (@.2): Given anyhg € L9(M) andHq,--- ,HyN €
L9(X; p1~2) for someq > maxz;, 2(n + 1)}, we study a functioV such that

N
f P2 (VV, VP)g dvg + f QIVYdy;, = f hoWdv, + > f P2 Hada'Pdvg (4.5)
X VI M ~ Jx

for any ¥ e CY(X). Indeed, by the Lax-Milgram theoreni,_(#.5) possesses quensolutionV e
WE2(X; p172). Moreover, as will be seen in Step 3 below, it turns out thattisfies

N
IVllL=vy + VLo (x) < C{HhO”Lq(M) + Z ||Ha||Lq(X;p127)}~ (4.6)

a=1

Therefore taking? = U in (4.3) (which is allowed to do thanks to the density arguthand employing
(4.8), we find

N
f Uhgdy + > f 19U Hadvg = f FV v, < 11 il IVIl=gu
M ~ Jx M

N
< ClIfllLqu) [nhoqu(M) £y ||Ha||Lq(x;puy>).

a=1
This implies the validity of[(44) wittw = ' whereq' designates the Holder conjugateqpf

Srep 2. Assume now thaf = ¢y for somey € M. Then one is capable of constructing a sequence
{fmlmerr € CY(M) with an approximation to the identity or a mollifier so that> 0 onM,

supllfmlliigmy <C, fm— 0in C&)C(M \{y}) and fy, — ¢yinthe distributional sense.
meN

Denote by{Umlmen € WH2(X: p1=2) a sequence of the corresponding weak solutions 1o (4.2)YARY
and elliptic regularity, there exist a functids(-,y) and a numbeeg € (0, 1) such thalm — G(-,y)
weakly in Whe(X; p1=2") andUm — G(-,y) in C2(X \ {y}). Itis a simple task to confirm th&(.,y)

satisfies[ZR). o

Also, putting Um)- € W2(X; p12) into (£3) yieldsU, > 0 in X, which in turn givesG(-,y) > 0in
X. Finally, it is easy to see that the uniqguenes&Efy) comes as a consequence[of{4.4). This completes
the proof of the lemma except (#.6).

Srep 3 (JusTiFication oF EsTIMATE (4.6)). We shall apply Moser's iteration technique so astio(d.6). Set

N
o = llhollLagvy + Z IHallLagxpr-2r)  if (ho, Hy, -+, HN) # (0,0,---,0).
a=1
Otherwise lety be any positive number which we will makg — 0 eventually. Then we defing =
V, + o and

= |V if vV <d,
e+ ifV>C
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for each? > 0. Testing
W=V, V- e WX p?)
in (4.3) for a fixed exponen > 1 shows that

1 1-2y | o7 2 o~
= (fx P [Ve| dvg + j;l QIVdv;
N

— 1 — 51—
Y\ /2 A e 24\ 1-2y
< sz QV2dy, + = fM IholV2dy;, + fx 0 [ > |Ha|] ‘v(vﬁ V)deg (4.7)

a=1

A1
2

whereV, := V,Z V. Then one sees th&L{#.7) is reduced to

1 1-2y |y |2 Y720,
@(fxp |VVg|gdv§+fMQﬁV[dvh
N
<2f QYVfdvﬁ+if |h0|V§dvﬁ+£22fpl_2y zllHaI2 Vidvg. (4.8)
mon o JIm 8 JIx ~
Besides an application of the Sobolev inequality and theoleslirace inequality (seé [1/7,145]) yields

2 n
. i 2(n+1) n+1 —~ =
(L V[p+ldVﬁ) " (L 1- 2yV dVg) <C [Lpl—zy |VV5|;dV§+ ﬁ/l Q%/ngvﬁ] s 4.9

while Holder’s inequality gives

1 f lho[V2dv; ﬁuﬁ2 f pt2 ZN:|H 1% |V2dvg
al
évo M Y% ng X - I

< (4.10)

ei 7P+l pél _ﬁ \72
611 (f V{, dVﬁ) +0, 1 (f V[dVﬁ)
M M
ei 12 2(n+l) Fnl _ﬁ 12y
S f yV dvg| +9d, =2 fp_VVZdVg
X X

for any smallsy, 52 > 0 and somé, 62 € (0, 1) satisfying

)= (1 ez>—q1

+4,82

Note that such numbers and@z exist because of the assumption that max{%, 2(n+ 1)}. Collecting
@.8)-(4.10) and applying Lebesgue’s monotone converyémeorem, we arrive at

2 o
(f V(ﬁ+1)( )th) pr +(fp1—2va+1)'(n%l)dvg)n+l
M X
) _ 39
(2 +ﬂl_%’1)(f V'B+1dVﬁ) + B (f = 27V'8+1d\ﬁ)]
M X

for a constaniC > 0 independent of the choice gf Consequently, the standard iteration argument
(considering also the replacement\fwith —V) reveals that there exisG > 0 depending only on
X, g, p, n, v, @ andq for eacha”> 2 such that

<Cp

IVllLemy + [IVIIL=x) < C

N

IVllLamy + IVIlLE x:p1-2v) + [INollLaqwy + Z ||Ha|||_q(x;p1—2w)}- (4.11)
a=1

Now (Z.8) is achieved in view of the compactness of the SebaiebeddingV>?(X; p12) — L2(X; p?)

(refer to [24] and[[3R, Corollary A.1]), that of the trace ogtr W-2(X; pt=2") — LP+1-e1(M) for

any smalle; > 0, the coercivity of the bilinear form in the left-hand side(@.5) and the assumption

g>2n+1)=>2. m|
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Completion of the proof of Proposition 1.3he existence and nonnegativity of Green’s functi®ns
deduced in the previous lemma. Owing to Hopf's lemma [l®eorem 3.5])G is positive on the
compact manifoldX. Remind that the coercivity of (4.3) implies the uniquenet&. The proof is
finished. m]

4.2 Locally Conformally Flat Case

This subsection is devoted to provide the proof of Thedrehuhder the hypothesis thi is locally
conformally flat. Since the explicit solutions are known wig"?1, g) ~ B™, we shall exclude such a
case throughout the section.

Pick any pointy € M. Since it is supposed to be locally conformally flat, we casuase thay is the
origin in RN and identify a neighborhoo@d of y in M with a Euclidean balB"(0, 01) for somep; > 0
small (namelyhij = 6i; in U = B"(0, 01)). Write xy to denote the geodesic defining functjorfor the

boundaryM neary. Then we have smooth symmetridgensorsh®, - .. | h™1 on B"(0, 1) such that
n-1
G=hy, @dx  where b, )ij (X xn) = 6ij + > hP (X + O() (4.12)
m=1

for (X, xn) € RN(o1,02) := B"(0,01) % [0,02) € X wherep, > 0 is a number small enough. In fact, as
we will see shortly, the local conformal flathess Bhand the assumption that is Poincaré-Einstein
together imply that all low-order tenson§™ which can be locally determined should vanish.

Lemma 4.3. If (X, g*) is Poincaré-Einstein, we havé™ = 0 in (412)foreachm=1,--- ,n— 1.

Proof. We adapt the idea in [19, Lemma 7.7] ahd|[20, Lemma 2.2]. Adiagrto (2.5) of [21], it holds
that

1
xnhijnn + (L= mhijn = h¥hanhi = xehhiovhyn + EXNthth,Nhij,N - 2xnRij[h]
= -2xn(Rj[g'] +ng") =0 (4.13)

for h := hy, . Here the first equality is true for any metgeatisfying [4.1R), whereas the second equality
holds becauseX( g*) is Poincaré-Einstein. Puttingy = 0 in (4.13), we get

(L-n)hijn — g nhij =0,
from which we observe
1-ntryhy —ntrghy = (1= 2n)trphy = 0.

It follows that the trace ghy is 0, and eventually, one findgy = ™ = 0 on{xy = O}.
On the other hand, it holds thRf;[h] = 0 on{xy = O}, for hj; = 6;;. Thus, by diferentiating the both
sides of [4.1B) iy and takingxy = 0, we obtain

2-n)hijnn - g nhij =0 and  (2- 2n)trghn = 0,
which again givesijnn = h® = 0 on{xy = 0}.
Analogously, if we diferentiating [(4.113)r6 — 1)-times (n = 3,--- , n) and puttingxy = 0, then we

have
(m-n) a’,{?hij —pH (ﬁmhm) hij = 0.

This givesaihij = h™ = 0 on{xy = 0}, proving the lemma. O
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In particular, the second fundamental foht¥) on M (up to a constant factor) is 0, which indicates

RemarK1B (2).

Therefore it reduces to
(% xn) = 6ij +O(x) and [gl=1+0(x) for (X xn) € RM(01,02) € X. (4.14)
Now Conjecturé_1]6 implies that there is a solut®@, 0) to (1.20) withy = 0 such that
G(%0) = gn, X ") + A+ ¥(x) for xe RN(01/2,02/2)

wheregn,, A > 0 are fixed constants afis a function having the behavidr (1122).
Choose any smooth cutfdunctiony : [0, c0) — [0, 1] such tha(t) = 1 for0< t < 1 and O for
t > 2. Then we construct a nonnegative, continuous and pieeesm®oth functiord, ,, on X by

W,(X) if xe XN BN, o),
Dcgo(X) = { Vego(¥) (G(X.0) = xgo (WW(¥) if x € XN (BN(O, 200) \ BN(0. 00)). (4.15)
Ve.00(X) G(X, 0) if xe X\ BN(0, 200)

where 0< € < po < minfo1, 02}/5 suficiently small,y,,(X) := x(|x|/00) and

n-2y n-2y

. €2 €2z —(n-2 -1

VE,QO(X) = [a’nﬁ’ [TZ)/] +X90(X) [WE(X) - an,yb(ln—_zyﬂ ’ (Qo(n ) + A) . (4.16)
9

We remark that the main bloc¥ ,, of the test functiond, ,, is different from Escobar’s (the function
Win (4.2) of [14]), but they share common characteristichsasdecay properties as proved in the next
lemma.

Lemma 4.4. There are constants,@i, 7, > 0 depending only on n angdsuch that
Vepo(X) < Ce™2" for any xe X \ BN(0, 00) (4.17)

and

n-2y+2no n-2y+2np n+2y

ViV oo(X)| < Cog"e 7= and |an€,QO(x)|scp5"l(e 7 e z) (4.18)

for x = (X xn) € X N (BN(0, 200) \ BV(0, 00)). Also we havéV, o, = 0in X \ BN(0, 200).

Proof. We observe from (Al1l) an@ (4.116) that

n-2y

€ 2 n-2y €

n-2y+2do
2
SC[ET+ 5 }SCET
9

W,(X) — «

n-2y
n-2y|| € 2
Veoo (¥ < Coq [[Q ] + Ny 2y

n-2y
0

for all oo < X < 200 and some?, € (0, 1), so [4.1V) follows. One can derie (4118) by making the use
of both (A1), [A.3) and[(A}4). We leave the details to thedea i

Now we assert the following proposition, whichfSces to conclude that the fractional Yamabe
problem is solvable in this case.

Proposition 4.5. For n > 2y andy € (0, 1), let (X™1,g%) be a Poincaré-Einstein manifold with con-
formal infinity (M™, [h]) such that(L.9) has the validity. Assume also that M is locally conformaby. fl
If (X, g) is not conformally dfeomorphic to the standard closed unit ball and Conjecturé 116 holds,
then

0 < Th[®@cgo] < A7(S",[gc)-
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Proof. The proof is divided into 3 steps.
Srep 1: Estivation v X N BN(0, 00). Applying (I.15), [(1.16),[[4.14)[{AI3)[{Al4), Lemnia_ Adhd

integrating by parts, we obtain

XNBN(0.00)

n _ oW,
< A7(S™, [9e]) ( f wPidx) 4 f X YW, —— dS
B"(000) * XNABN(0,00) v (4.19)

+ o( f X2 |VW€|2d>?)
B"(0.00)

:O( Qéy EI’]—Z)/)

wherey is the outward unit normal vector anl® is the Euclidean surface measure. On the other hand,
if we write g* = x2(dX3, + hy,), then

n-2y\ _ _ 1
E(xn) = —( " 7) X 27tr (M tanhyy) = O0Q ) (4.20)
in X N BN(0, 200) (seel[Z.6)). Therefore
Ky f E(xn)W2 dvg = 0(9576”-27). (4.21)
XNBN(0,00)

Srep 2: EsTIMATION IN X \ BN(0, 00). By its own definition [4.15) of the test functiab, ,,, its energy on
X can be evaluated as

1-2y 2 2
PV VD, 02 + E(p)DZ,, ) dvg
fx\BN(o,go) ( e “a) 5

) f (p1_27 <V(V€2’Q0 ) VG>§ * E(p)VEZ,QoGZ + P12 |VV, 0o [A(G —XQO‘P)Z) dvg
X\BN(0.00)
1
i 2 2 g2
+ o = (VVE,.. V(=2Gx,, Y + x, ‘P))dw
LQ(BN(O’QQO)\BN(O’QO)) (2 < €,00 00 % >g 5

XN(BN(0,200)\BN(0.00))

+ E()V2, (x2 W2 - 2Gy,,¥)dvg
fxn(BN(o,zgo)\BN(o,go)) oo 1 )&

whereG = G(-,0). From [1.20),[(1.22)[[(4.20) and Lemnal4.4, we see that

Ky f (P72 IV®e g5+ E(p)D2 ;) dVg
X\BN(0,00)

€,00

< —Ky f xll\l‘zyv2 G §(1 +0O(R)) dS + CeN2r+212 Q(—)(n—27—2+2n1) (4.22)
XNaBN(0,00) ov

— min{¥1,2y}+1— — min{i1,2
+Cen 27+712Q0 (1.2y}+ My Ce-2y , (91,2y}

©

wheret; € (0,1) andC > 0 depends only on, v, o1 ando». For instance, we have
f P21V gol (G ~ xeo'¥) Vg
X\BN(0,00)

1
< Co, ™ f L2y (e2ys2n | 2(2r-1) n+2y ( . 1) dx
O Jeno2008¥000) ( N ) |X[2(-27)
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— —(N=2y-2+2 — —(N-2y-2+2
< C(En 2y+2772Q0(n y—2+2n1) + En+2y n+6y| |09Qo|) < CEn 2y+2772Q0(n y—2+211)

%
for 0 < € < gp small. The other terms can be managed in a similar manner.
Srep 3: Concrusion. By combining [4.1P),[(4.21) an@(4122), we deduce

Kyj;( L2V0, g5 + E(p) D2, ) dvg

n-2y

" oy [n) OW, G
< AY(S", (f wp”dﬁ + K f Xy 27( —— — V2 G—) ds  (4.23
G 1eD B000) < " Ixnoenoen) gy 0oy (429)

L Cr2y Qg\m{ﬂl,Zy}.

Let us compute the integral df over the boundary< n 9BN(0, 0p) in the right-hand side of (4.23).
Because of Lemnia Al.1 and (1]22), one has

n-2y n-2y
OW, 0G - any(N—2y)e 2 N (Qa(n_zy) N A)—l any(N—2y)e 2

V. —<_
Sy €,00 oy = Q8_2y+1 ch)(n—zy)+1

+Ce n- 2y mln{OZy 1 +C +192 —(n 2y+1+19>)
n- 27
n- 2
< —any(n- 2y)A— L Ce mln{027 U, et +192 _(n 2y+1+92)
90
on{|x| = oo} for somed; € (0, 1). Therefore using the fact the; (x) > an’ye”‘—ﬁga(n—zy)/z on{ix = ool.
we discover

- OW. 0G\ , 4G
f ) IdS:f XN V[Wg(a——Vg,goa ) Vs@oa ¥|dS
XNABN(0,00) XNABN(0,00) v v

- a’n y(n 27) (f |XN|1_2de) A€n_2y " Cen_zygmin{l,Zy}
4 aBN(0,1) 0
n—2y+ Q(—)(n—27+192) 4 CeMm 2y i+

+ Ce %

Now the previous estimate, (4]23) afd (1.16) yield that

af k(N =2y) s
8Sn,y 2
n—2y+19296(n—27+192) +C EH—Zngﬁn{ﬁl,Zy}

n
'2

Tg[q)s,go] < A)’(Sn’ [gC]) - B(l -y ) . AEH—Zy

+ Ce
< A7(S",[ge])

whereB is the Beta function. Additionally the last strict inequralholds for 0< € < pg small enough.
This completes the proof. m|

4.3 Two Dimensional Case

We are now led to treat the case whé [ﬁ]) is a 2-dimensional closed manifold.

Fix an arbitrary pointp € M and letx = (X1, Xo) be normal coordinates @ SinceX is Poincaré-
Einstein, it holdsh® = 0 in (Z12), whence we have

Gij (% xn) = 6ij + O(x?) and 1g] =1+ O(x?) for (% xn) € R"(01,02) € X (4.24)
where the rectangl&N (o1, 02) is defined in the line following (4.12).
With Propositior B in the introduction, the next result vgie the validity of Theore 117 ifi = 2.
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Proposition 4.6. For y € (0,1), let (X3,g") be a Poincaré-Einstein manifold with conformal infinity
(M2,[h]) such that(T-9) holds. 1f(X,g) is not conformally dfeomorphic to the standard unit b3
and Conjecturé_1]6 holds, then

0 < Th[®c ] < A”(S7 [ge])

for the test functiond, ,, introduced in(4.13)
Proof. We compute the error iX N BN(0, 0o) due to the metric. As if{4.19) and (4121), one has

f Xy, 2 VW, |2dvg = Xy 27 VW, 2dx + o( f x;‘27|x|2|vw€|2dx)
XNBN (O,Qo) XnBN (O,Qo) XNBN (O,Qo)

ofed )

and

f E(xn)W2 dvg = o( f xﬁ,‘”wfdx) =0(o5’ )
XNBN(0,00) XNBN(0,00)

from (4.24). Therefore the error arising from the metriggisdrable, and the same argument in proof of
Propositio 4.6 works. The proof is completed. i

AcknowledgementS. Kim is supported by FONDECYT Grant 3140530. M. Musso idigly supported by FONDECYT
Grant 1120151 and Millennium Nucleus Center for Analysi®DE, NC130017. The research of J. Wei is partially supported
by NSERC of Canada. Part of the paper was finished while S. Kaswisiting the University of British Columbia and Wuhan
University in 2015. He appreciates the institutions foiithespitality and financial support.

A Expansion of the Standard BubbleW; o near Infinity

This appendix is devoted to find expansions of the functdan= Wi o (defined in[(1.1B3)) and its deriva-
tives near infinity. Especially we improveé [12, Lemma A.2] pyrsuing a new approach based on
conformal properties oiV;.

For the functionsV; andx- VW, we have

Lemma A.1. Suppose that & 2y andy € (0, 1). For any fixed large numbergR> 0, we have

a’n,y(n - 27) < C

any
— |X|n—2y - IX| n-2y+d,

’Wl(x) - X2 + |X- VWi (X) + (A.1)

for |x] > Ry, where numbers, € (0,1) and C> Orely only on n y and Ry.
Proof. Given any functiorF in RE‘, let F* be its fractional Kelvin transform defined as

1 X N
:W—_ZYF(W) forX€R+.

Then itis known thaWj = W;. Let us claim thatX - VW;)*(0) = —an,(n—2y) and k- VW) is C* in
the x-variable and Holder continuous in tlxg-variable. Since

F(¥)

X|2\,_275N NWp = —(1- ZY)XE_Zyanl - Xﬁ,_zyAWVl in RN,

we have
—div (X 2 V(x -nvwl)) -0 inRY,
8Z(x . VW]_) = Z xi{i)q az,/Wl + 8ZW1 - |Im0 X,Z\I_ZVGN VA

XN —
i=1

n
= P ) X (W) + 2w}
i=1

onR".
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Employing [18, Proposition 2.6], [7] and doing some comfiates, we obtain that

—div (X ZV(x VWi)*) = 0 inRN,

2y|X%2 = n

AL - VWL)* = (—AYY(X- VW)* = aﬁ,y[%
(1+Ix?) =

Therefore k- VW1)* has regularity stated above, and according to Green’sseptation formula,

] onR".

. 1 2ylVI2 = n _
(X ' VWl) (0) = aﬁ,ygn,)’f Tin—2 [ ’Y)i n+2y+2) dy = _a’n’y(n - 2)/)
o T+ 1y

This proves the assertion.
Now we can checK[A]1) with the above observations. By stahddiptic theory, there exist con-
stantscy, - -+, ¢y > 0 such that

n
[W;00 — arny | + (- TWEY* () + tny (0= 20)] < ) il + ond? (A.2)
i=1

for any|x < Ry and some, € (0,1). Hence, by taking the Kelvin transform [n(A.2), we see the
desired inequality({A]1) is valid for alk| > Ry. i

Besides we have the following decay estimate of the deviestdf\W;.

Lemma A.2. Assume that » 2y andy € (0, 1). For any fixed large numbergR- 0, there exist constants
C > 0 and#; € (0, min{1, 2y}) depending only on,ny and R such that

an’y(n - 2’)/))( C
VMl(X) + |X|n_27+2 < |X|n—2y+1+ﬂ3 (AIB)
and any(N— 2y)XN 1 N
oWl + )2z | < C\irae T i A
for |X > Ro.

Proof. The precise values of the constams,, an, andx,, which will appear during the proof, are

found in [1.23).
Srer 1. By (1.13), [T.14) and Taylor’s theorem, it holds

1 _ _
aiW]_(X) = pn’),f S aiW]_(X— XN)_/) dy
= (52 + 1)°7

1 _ _
= pn,yf ————— [dwa(—xny) + diwa(-xny)x; + O(1X%)] dy
B(y2+ 1)z

— ; " . N3 1T 12 =
“ o [ e [0+ O + 0P

2

= —any (N - 2y)x + O(Ix|"*72)

for |x| < Ral. Here we also used the facts that @&R")-norm ofw; and theC?3(R")-norm of jwy are
bounded for somé@s € (0, min{1, 2y}). On the other hand, the uniqueness ofHegarmonic extension
yields that iW,)* = oWy fori =1,--- ,n. Therefore

C

a’n,y(n - 27)Xi
|X|n+2y+1+03

é)in(X) + |X|n—2y+2

= [(@W1)* () + any(n = 2y)%| < CxHT2)" <
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for x| > Ro, which is the desired inequality (A.3).
Srep 2. If y = 1/2, it is known that

1

n-1

2
.+ - N
Tt O 1)2) for all (X, xn) € RY,

Wi (X, Xn) = an,l/z(

so direct computation shows

C
- |X|n+1’

an12(N = L)Xy
|X|n+1

ONWA(X) +

thereby implying[(A.#4). Therefore it is ficient to consider whem € (0,1) \ {1/2}. In light of duality
[7l Subsection 2.3], we have that

—div (xil_z(l_y)v (xll\l_zyanl)) =0 inRY,
xﬁl‘zyanl = —K;lwlp onR".

Hence if we define
*k _ 1 X N

for an arbitrary functiorf in RE‘, then

1-2y __ P -1
(XN GNW]-) - _alns)’K)’ o N2y

This implies

1-2y v _ p -1 ~2y
(XN anl) (X, XN) = —nyk, pn,l_yXil

1 — -2
_ — dy + O (x5 2 |X| + X
= Y (14 y2) (5 ) (A.5)
= —any (- 2% 27 + O (x4 71X + x?)

forall |x < R(‘)l, where estimation of the remainder term is deferred to tideoéthe proof. Accordingly,
we have
X 1
N
< C{|X|n—2y+3 + |X|n+2y

for || > Ro. Dividing the both sides byq; > finishes the proof of {Al4).

any(n = 29X 2

1-2y
AN aNWl(X) + |X|n—2y+2

Estimation of the remainder term in (A.5). The remainder term is equal to a constant multiple of
1 . (X2 — 2xNX- Y + [XnY12) 1 XN YT

fRn (1+ 1Y) (L+ Iy
= O(%?) + 0[xN|x‘| L i dv]

ly? 1 1 1 l _
_ [O0%P) + O0wIN) + [00R) + OO, 71X)|  fory <1/2,
| 0(1%7) + O, 1K) + [O() + 00, 1X)|  fory > 1/2.

n7227+2 |)7|n—2y+2

(L+ Iy - X))

(A.6)

B (L+[§R)FT (L+ Iy - X))
2
+XNf : n+ T one : . n+
|1+ D) F @+ xy-x2)" T YT (L4 xyR)
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The estimate for the third term in the middle side[of (|A.6) bardone as

2
X f ’ — 2y
RT (1+Ixny—X2) 2

1 1
_O(x)+0[427f — — )=O(X2)
N . |y|n—27+2 (1 + |y X|2) 227 N

with the aid of Taylor’'s theorem and the substitutiagy — y, and

Iy? 1

L+ P27 I

1 _

(A7)

2 1 1 B 1 l i
Wen M L1+ iy - B (L D)
_ 1 1 1 _ _
= Xy 2y = —— +2yldy: O(Xﬁl 2y|m.
w7 (1)

Also we estimated the second term in the middle sidd_ofl(Ay6§idcomposingR" into two regions
{lyl < 1} and{]y] > 1} as in [A.1). This concludes the proof. O

B Some Integrations Regarding the Standard BubbléN; o on RY

The following lemmas are due to Gonzalez-Qing| [19, SecTioand the authors [33, Subsection 4.3].

Lemma B.1. Suppose that & 4y — 1. For each x > O fixed, letW; (¢, xy) be the Fourier transform
of Wi(X, xn) with respect to the variable € R". In addition, we use Kto signify the modified Bessel
function of the second kind of order Then we have that

Wi (£, xn) = Wi(&) (i¢lxy)  for all £ e R and »y > 0,
wherep(t) = dit”K, (t) is the solution to
§'O+ =Ly - 6 =0, $(0)=1andg(w) = 0 (B.1)
andwy(t) := Wa(¢]) = dzlfl‘VKy(Ifl) solves
¢ (t) + ¢()-¢()=0 and limtg(t) + lim o 2eg(t) < C (B.2)

for some C> 0. The numbersd d, > 0 depend only on n ang.

Lemma B.2. Let

A = f 121 21 it
0

B, = f W2 (D dt,
A = f 2ot ¢ () dt, B, = f £ 20 () W, (O Ll (B.3)
0 0

0

K= [ emeora Br= [ oot

fora e NU {0}. Then

-1
a+1 ,
Aa+2 == ( - Y) Aa+1




for « odd,« > 1 and

3 4n-a+ 1)B,_» B 2B, B (n-2y-a)B/,
T - +2y-a)n-2y-a) n+2y—-a % n+2y-a+2

Bo

for o evena > 2.

Proof. Apply (B.1)), (B.2) and the identity

fo ) -ty u' (tdt = — (O‘T—l) fo ) t92y(t)%dt

which holds for anyr > 1 andu € C(R) decaying sfficiently fast. O

Utilizing the above lemmas, we compute some integrals diggrthe standard bubbMy; and its
derivatives. The next identities are necessary in the gnexgansion when non-minimal conformal
infinities are considered. See Subsecfion 2.2.

Lemma B.3. Suppose that & 2andy € (0,1/2). Then

- 4 _ 1-2 _
j]I;N X3 2 [VWa 2dx = (l + 2)/) LN X 27 (0rWa)?dx = (Ty) j]};N X" Widx < co.

Proof. Refer to[12, Lemma 6.3]. i

The following information is used in the energy expansiontf@ non-umbilic case. Refer to Sub-
section$ 23 and 2.4.

Lemma B.4. For n > 2 + 2y, it holds that

- 3
Fii= | Xy Wodx= [ =——|1S"}|AsBy,
e

Fo = fR : X3 21V Wi 2dx = (%) 5" Y|AgBo,

Fa = jﬂ; . X2 (3, Wh)2dx = [S™ Y AgBs,

Faim [ RO G Wi = ~FIs™ YAoB,

¥s = »[RT Xﬁl_zyrz(c')rrWﬂde = [5n3 = 4n(12;(31/22 :_)4(1 — 47/2)] S™AsB,,

Fo 1= fR w X225, wh)2dx = | 0 2;%;’”_2 ;)?1” - ;12)_ D)) 5-tiag,,

¥ m fR 0O Wi = — (n+ 223((3[1”2_‘1)?’;: ;‘)‘ 472)] IS™4AB,,

To = fR 0 W (2= )5 - 4”2(5(; _271;(3 i);) 8l-7- 272»] ™ YAgB,.

Here r = |x], and the positive constantg And B, are defined byB.3).
Proof. The valuesfi, >, ¥3 and¥s were computed ir [19, 33], so it ices to consider the others.

Srep 1 (CaLcuLaTION OF F3). Integration by parts gives

_ “ 30, (1 (™
Fa = f X1 (@ Wa)(@r Wa)dx = [ fo X3 27(E fo r”&r(arwl)zdr)de
R

+
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_ * 5 n (< . n n .
=|s" 1|fo X 27(—§f0 rm 1(arW1)2dr)de = —5Fa=—5I5" 1 AsB,.

Srep 2 (CaLcuratioN oF Fs). SinceAgWi = W, + (n— 1)r~*W; (where’ stands for the dierentiation in
r), it holds that

[ R emndx =75 + 20 - D7 + (0~ 77 (B.4)

+

By the Plancherel theorem, LemimaB.1 and the relation
A:(EPWL (D@ (€1xN)) = 20 + (N + 2 = 2y)IEG 0 + (N + 2+ 2y) €W’ Xy
+ 1PN + 2EPW 0 X + P W1eX],

where the variable ofv; andw is [£], that ofp and¢’ is [£[xn, and’ represents the fierentiation with
respect to the radial variablg, we see

f ) x|3\l_27r2(A;W1)2dx
R

= fo N fR (AP (e (1)) - (1AW (€D p(1€1xn)) dE dxy
=[S [2nAsBy + (N + 2 - 2y)AgB] + (N + 2+ 2y) A Bz + AgBo + 2A,B] + AsBz| .
Therefore LemmBBI2 implies

5n — 20n% + 4n(9 — y?) — 16(1+ v?)
20h-1)

fN X2V r2(AWy)2dx = IS"1|AgBs.
R

+

Now (B.4) and the information oft3 and¥, yield the desired estimate fats.

Step 3 (CarLcuraTion oF F7 AND Fg). Since the basic strategy is similar to Step 2, we will jlsttsh the
proof. We observe

00 00 n
7=t f 22y ( f rz(arwl)zdi)de -1 f 2 ¥ ay (Z f |x‘|2(amw1)2dx‘]de
2 0 RN 2 0 ) RN

1

-3 | %o [Z; [ n(—Agxawlua)soaaxm)-(awl<|§|)so(|f|xN))d§]de.

=(1)
Owing to LemmagBI1 ar{d B.2, one can compute the term

(1) =-

(n+1) fR O (1108, (1) 9% (€1xn) + IR () (o) (Dxn) X ) lé
- fR O (IR ) (1) @2 (1xn) + 242 (i) (€1) (o' (€1 xn) X ) 0

+ fR - on (IEPRZ(D (o) (E1x0) ) df]

to get the value of7 in the statement of the lemma. Moreover,

7= [0 ([ monwsPaR] x
0 RN
0 n
- [ x"*ﬁ(z [ (—Ag)(fianl)-(fianl)dg]de.
i=1 VR
The rightmost term is computable with Lemnias]B.1 B.2. groef is completed. i
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The next lemma lists the values of some integrals which aeelertin the energy expansion for the
umbilic case (see Subsectibnl3.2). Its proof is analogotiset@roofs of Lemma Bl4 and [33, Lemma
4.4], so we sKip it.

Lemma B.5. For n > 4 + 2y, we have

’ 3-2V\\ Ry — 4(n - 3) 1
Tl = j];il XN W]_dX— [(n_ 4)(n —4_ 2y)(n = 27) [S" | AzBo,
’ 5-2y 2 . 16(n - 3)(2 - y) N1
Fy = fnw Xo - [VW [2dx = [(n_4)(n_4_2y)(n_4+2y) IS4 AgBy,
’ 5-2y 20, _ 16(n — 3)(4— 72) 1
F3 = fM Xy (@rWh)“dx = [5(n—4)(n—4—27)(n—4+27) S"AsB,

- 3n% — 18n + 28— 4y?
Fa ::f x5 2 r2Wdx = n(3n - Y)
=N 2-4)(n-4-2y)(n-4+2y)(1-?)

] IS"1|AgBy,

, 3.2y 2 oo [n@Bn?+2n(-7+2y) = 4(-4+ 3y +¥?) | \un1
Ts = fm XV [ (-Am-4-2)n—d+2)+y) |~ o
e 3-2y 2 2o | (n+ 2)(5n% — 20n + 16— 4y?) n-1
7:6 = Ly XN r (8rW1) dx= 5(n_4)(n_4_ 2y)(n—4+ 2)/) [S |AsB>,
_ 8n(n - 3)(4-?) -
/. 5-2y _ n-1

. 5.2 2 5 44— y?)(Tn® — 142 — 4n(5+ %) + 4 - 16y%) | 4
- W - AsB
75 fg X (G Wa)dx [ 3BN-An-4-2y)n-4+2)) 5 1AsB
L 4-2y.2 _ [t +2)2-»)(5n* - 200 + 16— 47) | n-1
73 = fR OO W) = |y |1 A2

’ . 5-2y 2 2 4(2—y)(3—y)(Tn®—14n?—4n(6-2y+y?)+8(2-3y-2)? -
= fR 8B W) dX:[ B n-27) 53y )’))]|Sn LASB,

+

where r= |X|, and the positive constantg And B, are defined byB.3).
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