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ABSTRACT. We construct new class of entire solutions of the Allen-Cahn equa-
tion Au+(1—u?)u = 0, in R?(~ C). Given k > 1, we find a family of solutions
whose zero level sets are, away from a compact set, asymptotic to 2k straight
lines (which we call the "ends”). These solutions have the property that there
exists §p < 01 < ... < 09 = Op + 27 such that lim,_ 4o u(re’?) = (—1)7
uniformly in 6 on compacts of (6,60;41), for j =0,...2k—1, they complement
the solutions with dihedral symmetry which have been obtained in [14].

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

This paper deals with the construction of a new class of entire solutions for the
semilinear elliptic equation in RY,

(1.1) Au+(1—-uH)u=0 in RY,

known as the Allen-Cahn equation. This problem has its origin in the gradient
theory of phase transitions [1], a model in which two distinct phases (represented by
the values u = £1) try to coexist in a domain 2 while minimizing their interaction
which is proportional to the (N —1)- dimensional volume of the interface. Idealizing
the phase as a regular function which takes values close to £1 in most of the domain,
except for a narrow transition layer of width €, one defines the Allen-Cahn energy,

Je(u) = %/Q |Vul|* dz + 4—15 /Q(l —u?)?dz.
whose critical points satisfy the Euler-Lagrange equation
(1.2) EAu+(1—v?)u=0 in Q.
Replacing u(z) by u(ex) we obtain the equation
(1.3) Au+(1—u)u=0 in e'Q.

Therefore, equation (1.1) appears as the limit problem in the blow up analysis of
(1.2) as ¢ tends to 0. The relation between interfaces of least volume and critical
points of J; was first established by Modica in [23]. Let us briefly recall the main
results in this direction : If u. is a family of local minimizers of J. for which

(1.4) sup Jz(u.) < 400,
e>0
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then, up to a subsequence, u. converges in L' to xyao — xac, where OA has minimal
perimeter. Here xa (resp. xac) is the characteristic function of the set A (resp.
A¢ = Q — A). Moreover, J.(u:) — ¢ HN~1(OA) where c is a universal constant.

For critical points u. of J. which satisfy (1.4), a related assertion is proven in [17].
In this case, the convergence of the interface holds with certain integer multiplicity
to take into account the possibility of multiple transition layers converging to the
same minimal hypersurface.

These results enlighten a strong link between solutions to equation (1.1) and the
theory of minimal hypersurfaces, which has been widely explored in the literature.
For example, solutions concentrating along non-degenerate, minimal hypersurfaces
of a compact manifold were found in [25] (see also [19]). As far as multiple transition
layers are concerned, given a minimal hypersurface I' (subject to some additional
property on the sign of the potential of the Jacobi operator about I', which holds
on manifolds with positive Ricci curvature) and given an integer k > 1, solutions

of (1.2) with multiple transitions near I' were built in [27] (see [11] for the 2-
dimensional case, and [9] for the euclidean case), in such a way that J.(u.) —
keHN-L(TD).

As already mentioned, entire solutions of (1.1) arise as limits of blown up solu-
tions of (1.2). Conversely, given a solution u of (1.1), the scalings u.(x) = u(x/e),
satisfy equation (1.2) on any domain Q and condition (1.4) is equivalent to the
existence of a constant C' > 0 such that

1 1
(1.5) Ir(u) := 7/ |Vu|? dx—i—f/ (1—u*)?de < CRN™' for all R > 0.
2 JBr(0) 4 JBr0)
Entire solutions with this type of energy growth are thus of special importance in
further understanding the links between the Allen-Cahn equation and theory of
minimal hypersurfaces.

This paper deals with the construction of a new, rather unexpected class of entire
solutions of equation (1.1) satisfying the energy growth condition (1.5). Recall that
a basic solution satisfying (1.5) is the following : Let H denote the unique solution
to the problem

(1.6) H"+(1—-H*)H=0, with H(foc)=+1 and H(0)=0.

Then, for all b € RY with |b| = 1 and for all a € R, the function u(z) = H(b-z +a)
solves (1.1) and satisfies condition (1.5). A celebrated conjecture due to De Giorgi
states that these solutions are the only ones that are bounded and monotone in one
direction for dimension N < 8. Let us recall that monotonicity is related to the
fact that solutions u are local minimizers.

In dimensions N = 2,3 De Giorgi’s conjecture has been proven in [13, 3] and
(under some extra assumption) in the remaining dimensions in [26]. Establishing
that condition (1.5) holds is a key element in the proof of De Giorgi’s conjecture
in dimensions N = 2,3. When N = 2, the monotonicity assumption can even
be replaced by a weaker stability assumption [15]. Finally, counterexamples in
dimension N > 9 have recently been built in [10], using the existence of non trivial
minimal graphs in higher dimensions.

In light of these results, it is natural to study the set of entire solutions to
(1.1) satisfying (1.5). The functions u(z) = H(b -z + a) are obvious solutions.
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In dimension N = 2, nontrivial examples (whose nodal set is the union of two
perpendicular lines) were built in [5] using the following strategy : A positive so-
lution to (1.1) in the quadrant {z = (z1,22) : x1,22 > 0} with zero boundary
conditions is built by constructing appropriate super and subsolutions. This so-
lution is then extended by odd reflections to yield a solution us to (1.1) in entire
R2. Function us is a solution of (1.1), whose 0-level set is the union of the two
axis, satisfies property (1.5). It can easily be generalized to obtain solutions with
dihedral symmetry by considering the corresponding solution within the sector
{z = (rcosf,rsinf) : r > 0,0 € (0,7/k)}, see [14], and extending it by k con-
secutive reflections to yield a solution ug. The zero level set of uy is constituted
outside any ball by 2k infinite half lines with dihedral symmetry. To our knowledge,
no other nontrivial examples of solutions satisfying (1.5) are known in dimension
N =2 (up to the action of rigid motions).

We will assume from now on that the dimension is equal to N = 2.
Definition 1. We will say that u, solution of (1.1), has 2k-ends if, away from a
compact, its nodal set is given by 2k connected curves which are asymptotic to 2k
infinite half lines b;-x+a; =0, j =1,...,2k (for some choice of b; € R?, |b;| =1
and a; € R) and if, along these curves, the solution is asymptotic to n; H(b;-x+a;),
with n; = £1.

Given any k > 1, we prove in this paper that the space of 2k-ended solutions
of (1.1) is not empty and in fact contains a smooth finite dimensional family of
non congruent solutions. In a forthcoming paper [6] we show that the solutions
we construct in the present paper belong to some smooth 2k-parameter family of
2k-ended solutions of (1.1).

Given a > 0 small enough, our main result states the existence of a a function
Uq, solution of (1.1) in R2, which can be described as follows :

k
ta(@) = (=1 TH (w1 = fa(@2)) + ox + o(1),
Jj=1
with ¢ = (21, 22) and
o= —5((-1* +1),
where H is the solution of (1.6). The functions f,;(z) are even and satisfy
faj(2) = aaj|z] +bjo + O(e >y,
as |z| — +o00. Here a1 < as < --- < a; do not depend on « while b;, are constants
depending on both j and «, and finally a > 0.

To state our result in precise way, we need to introduce the Toda system
(1.7) ij/_/ . (e—\/i(fj—fj—l) _ e_\/i(fjJrl—fj)) =0,

for 5 =1,...,k, where the constant ¢ > 0 is given by

/(H')2 dz

R .

3/(1 — H)H'e V% dz
R

C =
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Here ’ denotes the derivative with respect to the variable z and the solutions are
supposed to be defined on R. We agree that fo = —oo while fr11 = +o0.

Given the symmetries of the system it is natural to look for solutions of (1.7)
which are even, namely

(1.8) fi(z) = fj(—=z) forall zeR.
As will be discussed later, given initial conditions
(1.9) fJ(O) = Z0j, and fj/ (0) = 0,

for j =1,...k, with
(110) Toj < Toj+1,

the system (1.7) has a unique solution f= (f, ..., fx) which is defined for all z € R
and which satisfies (1.8). Moreover, thanks to (1.10), we have

(].1].) fJ(Z) < fj+1(2), Vz e R.
Finally, for all j =1,...,k,
(1.12) fi(2) = ajlz] + b + O(e= 7))

as |z| tends to 400, for some a; > 0, b; € R and 6; > 0. We will show also that
there exists ¥ > 0 depending only on the initial conditions such that

Aj41 — aj > 19, and 0j > 9.

Let us observe that, for each o > 0, the vector function f,, whose components
are defined by

1 /. k+1
(1.13) faj(z) = filaz) — 7 (] — T) log o,
corresponds to a solution of (1.7) which satisfies (1.8), (1.11) and
(1.14) fhi(+00) = aja,

forall j=1,...,k.
Granted the above we have the :
Theorem 1.1. For all a > 0 sufficiently small, there exists uy a solution of equa-
tion (1.1) satisfying
U (T1,T2) = ug(x1, —x2)  for all (21,22) € R

and which has the form
k

Ue (21, 22) = Z(—l)j'HH(xl - faj($2)> + o, + o(1), oL = —%(1 + (=1)7).

Jj=1
Here o(1) — 0 as a — 0 uniformly as |z| tends to +oo.
In other words, to each symmetric solution of the Toda system, we have found
a one parameter family of 2k-ended solutions of (1.1) which depend on a small

parameter o > 0. The ends of the solutions we construct have slopes of order «,
and, as « tends to 0, they converge on compacts to the straight line x; = 0.

Our result raises some interesting questions :
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(i) - The classification of entire solutions of (1.1) with growth condition (1.5)
remains an important and unexplored problem. In dimension N = 2, we believe
that these solutions are precisely the solutions with finitely many ends. In addition,
there is strong evidence that these solutions correspond to the solutions of (1.1) with
finite Morse index (presumably, in dimension N = 2, their Morse index is equal to
k — 1 if the solution has 2k ends).

(i) - Still in dimension N = 2, the understanding of the moduli space of all
2k-ended solutions is far from complete : the result in Theorem 1.1 (see also [5])
implies that this space is non empty and contained smooth families of solutions.
Moreover, the result of [6] shows that this moduli space has formal dimension equal
to 2k (the formal dimension is the dimension of the moduli space close to any non
degenerate solution). Let us also mention that some balancing conditions on the
directions of the ends is available (see [14]), it states that the sum of the unit vectors
of the ends (oriented toward the ends) has to be 0.

(iii) - Tt is tempting to conjecture that the solution wuj (whose nodal set has
dihedral symmetry) and the solutions given in Theorem 1.1 belong to the same
connected component of the moduli space of 2k-ended solutions.

(iv) - Observe that the solutions we construct still have some symmetry since they
are invariant under the reflexion with respect to the x; axis. Nevertheless, using
Theorem 1.1 together with the result of [(], it is possible to prove (in dimension
N = 2) the existence of solutions of 1.1 which have no symmetry provided the
number of ends is larger than or equal to 6. We believe that all solutions with 2
ends are given (up to the action of rigid motion) by H while solutions with 4 ends
are symmetric with respect to reflection through two perpendicular lines.

These questions hint towards a program generalizing De Giorgi’s conjecture, on
the classification finite Morse index entire solutions of (1.1).

Let us briefly comment on the proof of Theorem 1.1. The method is based on
an infinite dimensional form of Lyapunov Schmidt reduction, conceptually related
with the method in [8], see also [20, 21]. The proof uses some ideas of the proof of
the existence of entire solutions to nonlinear Schrédinger type equations have been
recently built in [7] and [22].

2. THE APPROXIMATE SOLUTION

2.1. Model for the transition layers. In order to define the approximate solu-
tion we first need to describe possible locations of its transition layers. Let us recall
that there exists a unique solution to the Toda system (1.7) with the initial data
(1.9). According to the results in [18], assuming (1.10) such solution satisfies (1.14)
and (1.11). Let us consider fixed, smooth functions

k
= Fiole) = 0 + V3§ = T 0w s G =1k
such that
(2.2) fi(z) = ajz+b; + fi(2), |2 >1,

where a; —aj_1 >0 >0, and ||J269|Z|||C4(R) <M,

with some fixed constants ¢ > 0 and M > 0. From now on we will assume that
fj’s are solutions to the Toda system (1.7) and that conditions (1.8)—(1.12) hold.
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This will guarantee that all our estimates below (with constants independent on «)
are valid if we choose a small while keeping 6, M fixed. It is convenient to denote

fo = foa = —00 and fr41 = frt1a = 00.
Let

Yia ={(z,2) | v = fja(2)} CR?,
We observe that the signed curvature of ;4 is:
a2f/_/
_ _ J
%Joc(z) - (1+O[2(f]{)2)3/2’

and the radius of curvature is
1

= m 2 Ma_2€9alz‘7 ‘Z| > 1.
ja

(2.3) Rja(2)
This means that Fermi coordinates around ;. are well defined in a neighborhood

Njo = U {(a:,z) | dist (Vja, (z,2)) < iRja(z)},
z€R

where Rj, satisfies (2.3). We observe that from (2.2) and (2.3) it follows that
(2.4) Yo C Njo, Vn,j=1,... k.

To define Fermi coordinates precisely let nq(z) be the unit normal to v;,, where
we fix the orientation on 7,4 in such a way that njq - (1,0) > 0 (so that (nja; Tja),
where 7, is he unit tangent, is positively oriented). We have

(1, —ozfj’-(ozz))

1+ aQ(f]’.(az))g,

Then, given (z, z) € Njq, the Fermi coordinates (x;,z;) are defined by:
(2.6) (7, 2) = (fja(25),2) + %j7ja(25)-

The Fermi coordinate x; associated with a fixed curve v;, represents the signed
distance to ;. In what follows we will need the following elementary fact:

(2.5) nja(z) =

(2.7) x, = (1+0(a?))x; + alan, — aj)z, — V2(n — j) logé +0(1),

where O(+) terms are uniform for o small. Notice that (2.7) follows directly from the
definition of the Fermi coordinates and formulas (2.1). We will derive an expression
of A in the Fermi of every fj,. Using (2.6) and denoting X = (x, z) we have:

XXj = Nja,

ij = (Ozf]/»7 1) + XiNjo,z;»

where nj, is defined in (2.5). From this we get the following expression for the
metric

1 0
i = 1 = Xz, . Xz,-a
gj < 0 g2 )v gj,22 5 5
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where

Xy - X, = (1 a2(f))2][1 4 2y — =22 |
1+ a?(f})?

2
+ Xj njoz,z‘7 : njoz,zjw

Nja,z; =

o (afifi f})
@ 3/2
(1+a2(f})?)
For future references we observe that
gj22 =1+ O(ozz) + O(aQ\xj|e_9a|Zj|) + O(a4|xj|26_29alzj‘), in Njq.
1

Also we notice that det(gj) = g; 22 and 9]2.2 = Totg Then we have in Njq:
J

1 1
Ay = ————0,,(y/det(g;)dy,) + ———0,,(,/det(g,)g>0,,
g AT Ty (Ve + st (et

= Ay, 2y — @2 f] 05, + a®Buj(x;,25) + @ Baj(x,25),

where Bj,,, m = 1,2 are second order differential operators:

1
Buj(xj,25) = =5 [(F))? =25 £ + &% (f])?] Oz,

(2.9) Baj(x,2;) = O(e %*N)a,, + e ~%ElO(1 + alx;))a,,
+O0(1+ [x;le o, .,

2.2. The ansatz. In the sequel we will often make use of the following formulas
for the heteroclinic H:

H(z) - 1= —Age V2l 4 O(e_Qﬂlc”l), x> 1,
H(z) + 1= A e~ V2l 4 0(6_2\/5“6‘), x < —1,

(2.10) )
H'(z) = V2 Age™V2ll 4+ O(e72V21l), Ja| > 1,

Let h;(z), j =1,...,k be given even functions of z such that

(2.11) 17?1 gy + [1yllo0 <6,

where § is a small constant such that

_ a2
0<é< ZminRja(z), j=1,... k.

As we will see later on in reality we have 6 = o(1), as a — 0. We will set hjq,(2) =
hj(az). Let n(t) be a cutoff function such that n(t) =1, [t| < 1, n(t) =0, |t| > 2.
Then given fjo, j =1,...,k, with f; satisfying (2.2) we define:

(—1)j+177(%) [H(X] — h]‘a(z’)) — 1] + (—1)j+1, Xj > 07
(—1)7 (2 [H(xj — hja(2)) +1] — (=1)7T, x; <0

Jja

(2.12) Hj(z,z) = {

Finally we define a multiple-end approximate solution of (1.1) to be

1

k
(2.13) w(x,z) = ZHj(x,z) + ok, o= 5((-1)’6+1 —-1).
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In the sequel we will use weighted norms for functions defined in R2. To define
them we let ¢ > 0 to be a fixed constant. We set:

k
-1
S R R
j=1

Constant 0 is in general the same one as in (2.2). A more precise upper bound on
the constant o will be determined later on. Let us observe that in the set where
the Fermi coordinate for a fixed j is well defined, say in N;, we have that:

(2.14) 6

xr — ijé = ) )
1+ a?(fj(2))?
z=1z; —

1+ a?(fj(2))?
It follows that for the exponential weights in (2.14) we have:
(2.16) Ce—a/\xj|—9a|zj| < e~z fia(2)|—0alz| < Ce —<7”\xj|—90¢|zj|7
with ¢ < o < ¢’. We get also from (2.15) that in N;, we have

0z _ 2 —ablz|
(2.17) bz 1+ O(a“|x,le ).

Our next goal is to compute the size of the error, namely:
S(w) = —Aw — w(l — w?),

in the norm || - [|5.0... We have:

k
Aw,zw: E Aa:,ija
Jj=1

and, for a fixed 7,
Xj

2Rjq
j+1 4x;
+ (_1) vx,zH(Xj - hja(z)) Vg 277(7_)

Ay oHj = (1) (55—) Ae H (%) — hja(2))

+ (—1)j+1[H(Xj - hja(z)) + 1]Ax,zn(ﬁ)'

Using (2.8) we get
218) A H(xj — hjo(z)) = H'(1+ o*(h))?) — o (W] + £} H'
. + o?Bi(x;,2;)[H] + o’ By (x5, z;) [H],

where H = H(x; — hja(2)), hja(2) = hj(az). We have

(B (xj,2,)[H)| < Ca?[|(F))? + |7 1] [|(h)2 + ][] e =50

(2.19)
< Ca?e9=ile *§|le’
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with similar estimate for Ba(x;,z;)[H]. We also observe that

(2.20)
4Xj 4Xj
Vo H(xj — hja(z;)) - vm,zn(F) + ‘[H(Xj = hja(z;)) + 1]Am,zU(F)
J Jjo
1 —\/§Xj 4%
<CRj,e | |n’(#)

< CaBe—talzlg =2l

For convenience we will denote F(w) = w(1 — w?). Now we will compute
k
w(l—w?) =F(w)=F(Y_ H;+oy).
j=1

For every fixed j, 1 < j < k, we consider the following set

(2.21) A= {(az, z) € R?|dist (Vja, (z,2)) < nriljigl {dist (vna, (=, z))}} .

We recall here that formally we have set v9o, = —00, Vk+10 = 0.
For (z,z2) € A;, we write

F(w) = F(H;) + F'(H))(w = H)+ 5 F(H)(w = Hy)+ max Ofe ~21=)

k
= > F(H) + [F/(Hy)(w = Hy) = > F(H,)]

n=1 n#j
1
+ G B (H) (w — Hj)* + max Ofe —3V2lxnly,
n#j
Following similar computations in [9], we obtain, for (z,2) € A;,j =1,...,k

k
Flw) = 3 F(H) + 5 F(Hy)w — Hy)? + 301~ B (w — H)
(2.22) =

n=1
1

— = F"(a5,)(0in — H,)? + max O(e ~3V2Ixnly,
3 3 oo M+ e O~V

In the above formula we define o, as follows: if j is even, o, = (—1)" for n < j
and 0;, = (—1)"*1 for n > j; if j is odd, 0, = (—1)"*! for n < j and 0, = (—1)"
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for n > j. We have in A;:
(2.23)
Doy + F(H)) = (~17 () [A, H(x; — ha2)) + F(H(x; — ha(2)))]

j o
4Xj
R,

+[1=n(

)[F(Hj) = (=1 F(H (%) = ha(2)))]
4x;
R,

DTV H 8 = hja(2) - V()

+ (—1)j+1[H(X]‘ - hja(z)) + HA%ZU(Q)

+1(

) F(H;)

= Sj1 + Sj2 + Sj3+ Sju + Sjs.
Using (2.18)—(2.19) we get:
(2.24) 1S,1] < Ca2eFlxl—0alz],
To estimate Sy; we observe that when n(%) =1 then
F(Hj) = (1)’ F(H (% — hja(2))) = 0,
hence

|So;] < Ce ™ F il =5 Ryalz)
(2.25) .
< Cade 7 Ixil=0alz;|

Similar estimate holds for Ss;, and also by (2.20), for Sy;, Ss;.
By an analogous argument one can show that for if n # j then, still in A; we
have

(2.26) 1Ay o Hy + F(H,)| < Cale 8 lnl=00lz]
Now, let us consider a typical term involved in (2.22), which is of the form:

[FY () (w = H,)?| < C Y e >Vl
n#j
Using (2.7) we get that for each fixed n # j, again assuming that (x,z) € A;, we
have
V2,

%] > alan — ajl[zn] + B)

1

—+0Q1
og —+0(1),
hence, taking o € (0,1)
e 72\/§|xn|XAj < Ce 72\/50"){”‘6 —2v2(1—0)|%n|
(2.27)
< COL2(170)€ —2V20|xn | —2V2(1—0)0a|z, | )
Similar estimate holds for other terms involved in (2.22). Since we can write

k
—S(w) = Aw + F(w) = Z[Aw + F(w)]xa;,
j=1

therefore combining (2.23)—(2.27) and using (2.16) we get the following:
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Lemma 2.1. Let w be the aprozimate solution defined in (2.13) and let S(w) =
—Aw — F(w). Then we have:

(2.28) 1S (W) |l5.00.x < Ca?=),

where || - ||o.0a,+ s the norm defined in (2.14) and o € (0, 2‘2/\551). In addition if

fia, hja are even functions of z then so is w and S(w).

2.3. Setting up the infinite dimensional reduction. We look for a solution of
(1.1) in the form:

U =w-+ @,

where ¢ is a "small” perturbation of w. Substituting in (1.1) we obtain to the
following problem for ¢:

(2.29) L(¢) = S(w) + N(¢), N(¢)=—F(w+¢)+ F(w)+ F'(w),
and
(2.30) L(¢) = Ap + F'(w)p, F'(w)=1— 3w

As is well know, the linear operator L will have in general unbounded (as o — 0)
inverse and to remedy this situation we will use the so called Lyapunov-Schmidt
reduction scheme. To be more precise let p be a cutoff function such that p(t) =1,
t] < @(1 —27%) and p(t) = 0, |t| > @(1 —27%) and let n be a cut-ff function
such that n(t) =1, |t]| < g(l —27") and n(t) =0, |t| > g(l —278). We define:

‘l’—fja| |.’17—fja| .
2.31 ; =n(——— ; =p(————— =1,...,k
(2.31) nj(@,2) = n( Togal ), pila,z) = p( Togal ) i=1,....k,
where f;o = fja + hja. Then, instead of (2.29), we will solve a projected problem
for ¢, namely:

k
L(¢) = S(w) + N(¢) + ch(z)H’(z —£;4)n;, inR%
(2.32) st

/gb(:c,z)H’(xffja)pjdx:O, VzeR, j=1,...k.
R

The choices of the cutoff functions above seem at this point somewhat unnatural
and it is dictated by purely technical reasons that will become apparent later on.

Above we have introduced new unknowns ¢; = ¢;(z) that are needed in order that
the extra orthogonality conditions be satisfied. Remembering that our ansatz w
depends on k functions-paramaters h;, see (2.11), we conclude that (1.1) is reduced
to first solving (2.32) for given h;’s and then to adjusting functions-parameters in
such a way that

(2.33) ¢(2)=0, j=1,... k.

In the next section we will develop the necessary linear theory to deal with (2.32)
after which we will solve the reduced problem (2.33).
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3. LINEAR THEORY

3.1. Linearized operator for a single interface. In this section we will consider
the basic linearized operator. Let

Lo(¢) = ¢ + F'(H)p, F'(H)=1-3H>
First, we recall that Ly has one dimensional kernel Ly(H,) = 0. Second, let p €

L?(R) be a fixed, nonnegative, even function. Then, there exists vy > 0, such that
for any ¢ € H*(R) satisfying

[ Hoopdo =0
R
we have
1
(3.34) / [7|¢I|2 + F'(H)ﬂ dx > yo/ ®* dx.
R 2 R
As a consequence of these facts we observe that problem
(3.35) Lo(¢) =& = h,

is uniquely solvable whenever ¢ # 0 for h € L?(R). Actually, rather standard
argument, using comparison principle and the fact that Lq is of the form

Lo(®) = buw — 20+ 3(1 — H2(2))$, |1 — H(2)| < Ce V2,

can be used to show that whenever h is for instance a compactly supported function
then the solution of (3.35) is an exponentially decaying function.
Let us consider operator

defined in the whole plane (z, z) € R2. Equation L(¢) = 0, has obviously a bounded
solution ¢ = H,. Our first result shows that converse is also true.

Lemma 3.1. Let ¢ be a bounded solution of the problem
(3.36) L(¢) =0 inR%

Then ¢(x, z) = aH,, for certain a € R.

Proof. Let assume that ¢ is a bounded function that satisfies
(3.37) Gzz + Puw + F'(H)p = 0.

Let us consider the Fourier transform of ¢(z, z) in the z variable, ¢(z,¢) which is
by definition the distribution defined as

<m%%mR:wuwwm=iéwaam0%

where p(€) is any smooth rapidly decreasing function. Let us consider a smooth
rapidly decreasing function of the two variables ¥ (x, ). Then from equation (3.37)
we find

/<Qg(1‘, ')7 'l/)acac - 5277[1 + F/(H)¢>]R dxr = 0.

R

Let ¢(x) and u(€) be smooth and compactly supported functions such that
(3.38) {0} N'supp (1) = 0.
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Then we can solve the equation

Yue — Y+ F'(H)Y = p(p(z), ze€R,

uniquely for a smooth, rapidly decreasing function v (z,&) such that ¢ (z,£) = 0
whenever £ ¢ supp (p). We conclude that

/ (@), 1)z o) dz = 0,
R

so that for all # € R, (¢(x,-), u)r = 0, whenever (3.38) holds. In other words

supp (¢(, ) € {0}.
It follows that ¢(z,) is a linear combination (with coefficients depending on ) of
derivatives up to a finite order of Dirac masses supported in {0}. Taking inverse
Fourier transform, we get that

¢($, Z) - p(xv Z)a

where p is a polynomial in z with coefficients depending on x. Since ¢ is bounded
these polynomial is of zero order, namely p(z, z) = p(x), and the bounded function
p must satisfy the equation

Lo(p) =0,
from where the desired result thus follows. O
Let B(¢) be an operator of the form

B(¢) = b1030¢ + b205.¢ + b30,¢ + b10.¢ + b5 0,

where the coeflicients b; are small functions. In the sequel we will denote b =
(b1,...,b5) and assume that

5

(3.39) Dl = 1b5llee + V01 loo + [[Vh2]loo < b0,

j=1
where the small number §; will be subsequently fixed. The linear theory used in
this paper is based on a priori estimates for the solutions of the following problems

(3.40) B(¢) + L(¢) = h, inR%

The results of Lemma 3.1 imply that such estimates without imposing extra condi-
tions on ¢ may not exist. The form of the bounded solutions of L(¢) = 0 suggests
the following orthogonality condition:

(3.41) /Rgb(z, 2)Hy(x)dp(z) =0, VzeR,

where du(z) is a fixed measure in R absolutely continuous with respect to the
Lebesque measure. In the sequel we will in particular consider du(xz) = x(z) dx
where y is a compactly supported cut-off function (c.f (2.31)), however our next
result applies for a general du(z) as well. With these restrictions imposed we have
the following result concerning a priori estimates for this problem.

Lemma 3.2. There exist constants §g and C such that if the bound (3.39) holds
and h € L= (R?), then any bounded solution ¢ of problem (3.40)-(3.41) satisfies

[@lloc < CllA]loo-
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Proof. Proof of the Lemma is similar to the argument in the proof of Lemma 2.2
[7]. We will argue by contradiction. Assuming the opposite means that there are
sequences b, ¢p, hy such that

5
Dl oo + 190 [loo + V05 [l — O

j=1
||¢n||oo =1, ||hnHoo — 0,
and
(3.42) Bo(¢n) + L(¢y) = by, in R?
(3.43) / On(z, 2)Hy(x)dp(z) =0, for all z € R.
R
Here

By (¢) = 01 0ssp + b3 022¢0 + 050,60 + b1 0.6 + b5 ¢.
Let us assume that (z,,,2,) € R? is such that

We claim that the sequence {z,} is bounded. Indeed, if not, using the fact that
Lo = Ap — 2¢ + O(e~“*1)¢ and employing elliptic estimates we find that the
sequence of functions

Gn(x,2) = Pn(Tn + T, 2 + 2),
converges, up to a subsequence, locally uniformly to a solution ¢~> of the equation
Ap—26=0, inR?

whose absolute value attains its maximum at (0,0), This implies q~5 = 0, so that
{z,} is indeed bounded. Let now

én(l'v Z) = ¢n($, Zn + Z)
Then q;n converges uniformly over compacts to a bounded, nontrivial solution ¢~> of

L(¢) =0 inR?

R

Lemma 3.1 then implies ¢ = 0, a contradiction and the proof is concluded. O
Using Lemma 3.2 we can also find a priori estimates with norms involving expo-
nential weights. Let us consider the norm

16]l0.a = e F g .

where numbers o,a > 0 are fixed and will be subsequently adjusted. In the case
a = 0 we have the following a priori estimates.

Corollary 3.1. There are numbers C' and dy as in Lemma 3.2 for which, if ||h||s0 <
+00, 0 € [0,v/2), then a bounded solution ¢ of (3.40)-(3.41) satisfies

(3.44) 1¢llo.0 + [VEllo0 < Cllalo0-
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Proof. Besides some obvious changes in the proof, Corollary 3.1 follows from the
same argument as Corollary 2.1 in [7]. Again we concentrate on estimates for the
problem (3.40)—(3.41). We already know that

[8llcc < ClIRllo0-
We set ¢ = ¢||h||;%). Then we have
(L + B)(¢) =h, where ||h]s0 <1,

and also ||¢]|oe < C. Let us fix a number Ry > 0 such that for z > Ry we have
2 — o2

6 )
which is always possible since 1 — H2(z) = O(e ~V2l). For an arbitrary number
p > 0 let us set

1 - H*(z) <

B(z,2) = pleosh(2/2) + e7] + Me~7,
where M is to be chosen. Then we find that, reducing dg in (3.39) if necessary,

- M(2 - 02
(L+ B)(¢) < —%e‘”, for > Ry.
Thus
(L+ B)(¢) <h, forz> Ry,
if )
M2-—-o ~
MEZ) > o = 1.

If we also also assume
Me =" > ||¢] oo,

we conclude from maximum principle that (;~5 < ¢. Letting p — 0 we then get by
fixing M,
o< Me™°% forx >0,
hence
¢ < M||h||s0e %%, forz>0.
In a similar way we obtain the lower bound
¢ > —M|h|s0e 7%, foraxz>0.

Finally, the same argument for < 0 yields

1¢llo0 < CllAllo0,

while from local elliptic estimates we find
HVQng,o < C||h||0,07

and the proof is concluded. ([l
When a > 0 in the definition of the norm || - ||, then we have the following a
priori estimates.

Corollary 3.2. There are numbers C, g as in Lemma 3.2, and ag > 0 for which,
if |Mlloa < +00, 0 € (0,v/2), a € [0,a0), then a bounded solution ¢ to problem
(3.40)-(3.41) satisfies

16llo.a +[IVPllo.a < Collhllo.a-
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Proof. We already know that
19llo0 + IVollo,0 < CllAlloa-

Then we may write
v = [ P
R
and differentiate twice weakly to get
V'(2) = 2/ ¢? dz+2/ ¢-.¢da.
R R
We have
0t) [ ouvdr= [ @art [ Pung - [ B@o+ [ 1o
R R R R R

Integrating by parts once in z we find

| [ B8] = | [ (0101200 = (20)00- + bt +ba66+ b5
(3.46)

< 050/(¢§ + ¢2 + ¢?) da.
R

Because of the orthogonality condition (3.41) we also have that for a certain vy > 0,

/R¢§,dx+/RF’(H)¢2 dxzuo/R(qsi+¢2)dx.

Hence, reducing d if necessary, we find that for a certain constant C' > 0

V() 2 B0e) — C [ W2 de,
so that o
—y(2) + (=) < —e 2|2,

Since we also know that v is bounded by:

W < S

we can use a barrier of the form ¢+ (z) = M||h||Z ,e™2%* + pe?**, with M sufficiently
large and p > 0 arbitrary, to get the bound 0 < ¢ < ¢™ for z > 0 and any
a < \ZTO = ag. A similar argument can be used for z < 0. Letting p — 0 we get

2
0,0’

/ $3(2,2) dz < Coe ]2, a < ap.
R
Elliptic estimates yield that for Ry fixed and large

|o(x, 2)| < C’ge_‘IlZthHg’a for |z| < Rp.

The corresponding estimate in the complementary region can be found by barriers.
For instance in the quadrant {x > Ry, z > 0} we may consider a barrier of the form

¢(2,2) = M||h||oqe”7"T%) 4 pezt3,
with p > 0 arbitrarily small. Fixing M depending on Ry we find the desired
estimate for ||¢||s,q letting p — 0. Arguing similarly in the remaining quadrants is

similar. The corresponding bound for ||V¢||s, is then deduced from local elliptic
estimates. This concludes the proof. [
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Notice that for a general right hand side h equation of the form L(¢)+ B(¢) = h
with the orthogonality conditions imposed as above does not have a solution. On
the other hand the problem

(3.47) L(¢) + B(¢) = h+c(2)H,, inR?

under orthogonality conditions

(3.48) / ¢(z, 2)Hy(x)dp(z) =0, for all z € R.
R

has a solution in the sense that for given h one can find (¢, c) satisfying (3.47)—
(3.48).

Corollary 3.3. There exist C > 0 and dg > 0 as in Lemma 3.2, and 19 > 0 and
ag > 0 for which, if |h|s.a < +00, o € (0,v/2), a € [0,a0), and du(x) = p(z) dz is
such that

(3.49) [ e | + 2ol el o <
then a bounded solution ¢ to problem (3.47)-(3.48) satisfies
(3.50) [8llo.a + IVElloa < Clihllo.a-
Moreover we have

(3.51) le(2)] < Cllhlo.ae ™.

Proof. To find a priori estimate (3.50) we have to find bounds for the function ¢(2).
Testing equation (3.47) against H, and integrating with respect to du(x) we get

[ oectiednt@) + [ Lo dute)+ [ B dp(w) = [ 1 du)
+c(z)/RH§ du(x).

Let us assume that ||h]|s,0 < +o00 and that ¢ is a bounded solution. Integrating by
parts and using Lo(H;) = 0 and the orthogonality condition (3.48) we get
(3.52)

c(z)/RHzpdac:/RB(QS)Hzpdac—l—/R(b(Zwmpw—|—Hzpm)dac—/Rth dp(x).

To estimate term [, B(¢)H,p dx we use an argument similar to that of (3.46), and
to estimate [, ¢(Hyp)ze dz we use (3.49) to get

00+ ¢

(=) < C / IWH| + C (60 + m0) (V6 o).

From the a priori estimates (Corollary 3.1) applied to (3.47) we know that
IVélloo + l19llo.0 < CllRllo0 + llelloo);

since
HHzeg‘rlHoog C,

for o € [0, v/2). Thus, reducing &g, 7o if necessary, we find
llclloe < CliAllo.0,

and the estimate

IVolloo + ¢

|00 < Cl[hlo0-
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follows.

Finally, if we additionally have ||h||, o < +00, we obtain that

/ WH,| < C|[h]lgae 1.
R

The same procedure as above and the a priori estimates found in Corollary 3.2 then
yield

le(2)] < Cllhllo,ae ~*,

from where the relation (3.50) immediately follows. O
Concerning the existence of bounded solutions of (3.47)—-(3.48) we have:

Proposition 3.1. There exists numbers C > 0, 6o > 0, ng > 0 such that whenever
bounds (3.39), (3.49) hold, then given h with ||h||,.o < 400, 0 € (0,v/2), a € [0, aq),
there exists a unique bounded solution ¢ = T(h) to problem (3.47)-(3.48) which
defines a bounded linear operator of h in the sense that

IVélloa + [[6llo.a < Cllhllo.a-

Proof. We will first consider solvability of the following problem

(3.53) (L+ B)(¢) = h, inR?

in the space V', where 1) € V if ||[¢]|,.0 < o0, o € (0,v/2) and
(3.54) / Y(z, z)Hy(x)p(x)de =0, forall z€R,

R
where the density p(x) satisfies the hypothesis of Corollary 3.3. We claim that
given h € V there exists a unique solution ¢ of (3.53) in V. We will argue by
approximations. Let us replace h by the function h(z,2)Xx(—r,r)(2) extended 2R-
periodically to the whole plane. With this right hand side we can give to the

problem (3.53) a weak formulation in the subspace of H C H'(R?) of functions
that are 2R-periodic in z. To be more precise let

[77//’77]=/Z/sz-Vndzda:+/2/];1/zndzdx.

By W we will denote the subspace of functions in H} that satisfy (3.54). Then
(3.53) can be written in the form

00 R
(3.55) —la+B @l = [ [ o wew
where A : W — W is defined for ¢ € W by

[e%) R
A6), 4] = / / (VOTY + by + bao) deda

- /_Z /_i@ — bs) 1 dzdu,
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and K : W — W is a linear operator defined by

0o R
K (¢), 4] = [ [ b1 +bae = ba)os = baoJis dad

_/O:O/Z¢1p[2+F’(H)} dzdz.

Using (3.39), (3.49), and the fact that |2+ F'(H)|, 5, < 0o one can show that the
operator A is invertible and the operator K is compact.

From Fredholm alternative and Lemma 3.1 we find a solution of (3.55), which
in addition can be extended periodically to a unique solution ¢ € V, of (3.53) with
h replaced by h(z,2)X(~r,r)(2). Letting R — +o00 and using the uniform a priori
estimates valid for the approximations completes the proof of the claim.

The existence of a solution to (3.47)—(3.48) as well as the rest of the Proposition
follows from this claim. Indeed, given h such that ||h|l,0 < oo by Iy (h) we will
denote the orthogonal projection of h onto V' (in the sense of L?(pdx) as indicated
by (3.54)). Using the claim we can solve then the following problem

(L + B)(¢) = Iy (h).
Now we only need to chose function ¢(z) such that
(I =Tv)[(L + B)(¢)] = (I = Iy)(h) + c(2) He.
This ends the proof.
O

3.2. Linear theory for multiple interfaces. We want to develop a theory similar
to that in the previous section now for the operator

L(¢) = A¢ + F'(w)¢.

Let us recall the definition of the weighted norm which we will use (2.14):

k
-1
()]
j=1

We will search for a bounded left inverse for a projected problem for the operator
L in the space of functions whose || - ||5,ga,+« norm is finite. In section 2.1 we have
introduced approximate locations of the transitions layers: vjo = {z = fja(2) +
hja(2) | z € R}, j =1,...,k where functions fj, hj satisfy, respectively, (2.2)
and (2.11). For convenience we will set

fja(z) = fja(z) + hjoz(z)'

Furthermore we will denote:

1]

Hj(2,2) = H(z - £;u(2)),
Hjo(z,2) = H'(z — £ju(2)).

Thus we consider the problem
k
(356) L(¢) =h+ Z Cj (2)77](% Z)Hj,z(x7 Z)7 in RQ?
j=1

where now we do not assume necessarily orthogonality conditions on ¢. Above we
have introduced cut-off functions n; , which are defined as folllows: let n%(s) be a
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smooth function with 7% (s) = 1 for |s| < a and = 0 for |s| > b, where 0 < a < b < 1.
Then, with d, = log é, we set

(3.57) n;(z, z) :ng(%), a= g(1—2_7), b= ?(1—2_8).

In the sequel we will also use other cut-off functions:

pj(w,z) :nﬁ(%), a= g(l 275), b= ?(172*6),
(358) nj_($7 Z) = ng(‘zfd#'a‘)’ a = g(l _ 276)’ b= ?(1 _ 277)7
0 (w,2) = nﬁ(%), a= g(l 27%), b= gu —279)

We will prove the following result:

Proposition 3.2. There exist positive constants «g, 0o, 69 > 0 such that if (3.39)
is satisfied, and if o € [0, ), o € (0,00), and conditions (2.1)-(2.2), (2.11) hold,
then problem (3.56) has a solution ¢ = T(h) which defines a linear operator of h
with ||h| 6,00+ < +00 and satisfies the estimate

||¢| o,0a,* + Hv¢ |U,9a,* < CaHh”o,Ga,*-
In addition function ¢ satisfies the following orthogonality conditions
(3.59) / é(x, 2)Hj o (2, 2)(z, 2)pj(z, 2)de =0, for all z € R.
R

Besides, the coefficients c;(z) in (3.56) can be estimated as
k
(3.50) 3" les ()] < Cllloga e~
j=1

Proof. The main idea in the proof of this proposition is to decompose problem (3.56)
into interior problems that can be handled with the help of the theory developed
in the previous section and an exterior problem and then glue the solutions of the
subproblems.

From the definition of the functions n;, nji we have

(3.61) nin; =, ming =
We search for a solution of (3.56) of the form
k
b= nid;+ 1.
j=1

Substituting this expression into equation (3.56) and arranging terms we find

k
> ni[Ag; + F(w)g; — ¢;j(2)Hj0 — h]
=1
’ k k
+ [mp + F'(w)p — (1 - an)h — "2V Ve, + Aniéy)| =o.

J=1 Jj=1
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We will denote
hy=nfh, vy =0 [F'(H) - F'(w)].
Let us observe that in the support of n; we have, using (3.61),
nih; =mnih,  niry = n;[F'(8;) — F'(w)],

Then we find a solution to problem (3.56) if we solve the following linear system of
equations

(3.62) A¢j + F'(H;)p; + 1505 = hy — 3(1 — w?)n; ¢ + ¢;(2)H; 4,
in R?, for j =1,...,k, and
(3.63)
k k k
Atp — [2 - 3(1 - Zn{)(l - w2)}¢ = (1 - Zﬁj)h — > 2V Ve, + Anig;),
j=1 j=1 j=1

in R2. To solve equations (3.62) we denote q~5j = ¢; +n; ¥ and use (3.62)-(3.63) to

write the equation for ng

Adj + F'(H;)¢; + 105 = hy +77]1/J[F'(Hj) —-3(1—w?®) +7r; +2

(3.64) -3(1- Ek: i ) (1 = w?)]

—2VyVn; — An; ¢ + ¢jHj 4.
We observe that equation (3.63) written in terms of q~$j has form

(3.65)

k k k
Ay = [2=3(1= Y0y ) —w?)]w = (1= D m)h— D (2V0;V; + Anidy),
j=1 j=1 j=1
since for instance Vn;V(n; ¢) = 0.
Let us denote
Li(¢) = A¢ + F'(H;)¢,
and consider first the auxiliary problem
(3.66) Li(¢) = h+c(2)H;,, inR?
under orthogonality condition
(3.67) / d(x, 2)Hj o (2, 2)pj(z,2)de =0, for all z € R.
R

For future references we observe that
(3.68) pin; =pj,  pi(l—n;)=0.
We want to solve (3.66)—(3.67) using Proposition 3.1. To this end we consider
the natural change of coordinates
r—x=r—*%f,, 22z

and set

¢(.’£, Z) = d)(xv Z), h(xa Z) = B(Xa Z)'
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Direct computation then shows that problem (3.66)-(3.67) is equivalent to
(3.69) L(¢) + Bj(¢) = h+ c(z)H'(x), in R>.

under orthogonality conditions

(3.70) / o(x, z)H'(x)p(x)dx =0, forallz€R,
R
where /s /5
2 2
pi) =it (2), a=T(-270)p= 212,
Here ~ . } .
L(¢) = ¢zz + (bxx + F/(H)QS,
and
~ o0x\ 2~ ox\ ~ 9%x\ ~
. B;(0) = (52 ) e +2(5 ) bre+ (55 )

%:_if, (z) &__ﬁf (z)
0z dz 7" 922 dz2 7
The operator Bj satisfies the assumptions of Proposition 3.1, since from (2.2), (2.11)
we have, using the notation of (3.39) and denoting the vector of the coefficients of

B; by by,

d d?
(3.72) b1l < C(|| - fsall o + 17z Es0ll) < Con

Problem (3.69)-(3.70) has a unique bounded solution ¢ = T}(¢) where Tj is the
linear operator 7" predicted by the proposition for B = B;. Besides, if ||h||s,o < +00
then we have the estimate

IVxz8llopa + 19llopa < Clihllosa-

Going back to original variables we see then that there is a unique solution to
(3.66)-(3.67), ¢ = T;j(h) where T; is a linear operator. In addition we have the
estimate

IV@llo0ai + 10llo6a,5 < CllAl

o,0a,j

where
(3.73) 16llo0a; = [ e7leTm Il g )
Moreover, c is estimated using (3.51) by

(3.74) le(2)] < Clllo,0a5e ="

Let us observe that given 1 we can recast the equations (3.62) for d;j as a system
of the form

(3.75)
¢; + T;(rjd;) = T (hy + g; (1)), where

k
9;(¥) = 77]‘_¢[F/(Hj) —3(1—w?) 41 +2— 3(1 -3 n;,)(l —w2)}
m=1
—2VyVn; — Anj vy,
j=1,... .k
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We will solve next equation (3.65) for ¢ as a linear operator
Y =V (P, h),

where ® denotes the k-tuple ® = (g{)l, ceey q@k) To this end let us consider first the
problem

(3.76) Ay —(2-0)p=g inR?%

where
k
0 =3(1-3 0 )(1-w?).
j=1

Observe that if the number d, is large enough then © is uniformly small, indeed
© = 0(1) as a — 0. Let us assume that g satisfies

k
lg(z,2)] < A e HlrTin(2)=0alz],

j=1

for some 0 < pu < V2. Then, given that if d, is sufficiently large then number 6
is small, and also that (2.2), (2.11) holds, the use of barriers and elliptic estimates
proves that this problem has a unique bounded solution with

k
IVip(, 2)] + (2, 2)] < C Y et Tl

j=1

Thus if we take

k k
g=0=> m)h—=> (2V;V,; + An;d;),
j=1 j=1
we clearly have that
k ~ ~
9, )| <C[Ihllosase +0(1) D (16510005 + V5 l00) |
j=1

k
—plz—fi(z)|—0alz
x 3 emwla=fs@I-al
j=1

and hence equation (3.65) has a unique bounded solution
P =VU(D,h),
which defines a linear operator in its argument and satisfies the estimate

k
(@, )] <C[[hllo0,e +0(1) 3 (185110005 + V85 1005

=1

(3.77) .
x 7 eula=ti(2)l=talz],
j=1
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In addition, we find that
W@, h)llopax + [IVE(D, 1)l 6,60,
k

< C[Illnas +0(1) D (145

j=1

(3.78)

IU,(’?a,j):| .

o0, + |V,

Now we have the ingredients to solve the full system (3.64)-(3.65). Accordingly
to (3.75) we obtain a solution if we solve the following system in ® = (¢1, ..., ¢x)
(3.79) &+ Tj(r;d; — 9;(¥(2,0))) = Ty(h; +g;(¥(0,h)), j=1.....k,
where functions g;(®) are defined in (3.75). We consider this system defined in the

space X of all C! functions ® such that the norm
k

1@llx =D VS5 llo0a + 195l 00s:

j=1
is finite. System (3.79) can be written as
® + A(P) = B(h),

where A and B are linear operators. Thanks to the estimates derived for the oper-
ators T; and the bound (3.77) we see that

[B(W)[Ix < Cllhllo,00,
On the other hand we have that

k
[A(®@)][x < C[Z 195 (¥ (@, 0))llo605 + D 1756,

j=1

U,Oa,j}-

Using estimates (3.77) and (3.78) we find

o,0a,j S O(I)H(I)HX

k
(3.80) > llg; (w(@,0))]

From the definition of r; and (2.15) we get ||7;||cc = o(1) which implies

k
> i,
j=1
Summarizing the last estimates we obtain

[A(@)]x <o(D)]®]x,

hence the operator A is a uniformly small operator in the norm | - ||x provided
that « is sufficiently small. We conclude that system (3.79) has a unique solution
® = ®(h), which in addition is a linear operator of h such that

12(h)|x < CllAl
Thus we get a solution to problem (3.56) by setting

o005 < 0(1)[|®|x-

o,0a,*-

k
(3.81) 6= mdy(h)+ (1= ny ) w(@(h).h).

Using (3.68) we get p;é = p;j¢; hence from and (3.67) we obtain (3.59). Estimate
(3.60) follows directly from (3.74). The proof of the proposition is complete. a
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4. THE NONLINEAR PROJECTED PROBLEM

4.1. Solvability. Let us recall (see section 2.3) that our goal is to find a solution
of the problem

k
L(¢) = S(w) + N(¢) + Y ¢;(2)H; 4m;, in R?,
(4.1) =1

/ d(z, 2)H, zpjdr =0, VzeR, j=1,...k
R

As we have shown already in Lemma 2.1:

(4.2) 1S(@)]l0,60,x < Ca*=7),

where 6 is as in (2.2), (2.11) and o € (0, 2‘2/\5/%1). We will establish next that

the nonlinear problem (4.1) is solvable with similar estimates to those obtained in
Proposition in 3.2 for problem (3.56) with h = S(w), namely we show the following
result.

Proposition 4.1. There exist positive numbers ag, dy, 0, such that for any number
o € (0,00), a € [0,a0) and any £, satisfying constraints (2.2)-(2.11), Problem (4.1)

has a solution ¢ with ||@||s.00.« < Cora®~27" where o’ € (o, 2‘2[\2/51) such that

(4.3) /R(;S(x, 2)H; 5 (x, 2)pj(z, 2) de = 0.

The coefficients c; can be estimated as follows:
E
(4.4) Z lcj(2)] < Cpra?720 e —00lzl,
j=1

In addition, if functions fja,hja are even functions of z then so is ¢.

Proof. Let us observe that we obtain a solution of the problem (4.1) if we solve the
fixed point problem

(4.5) ¢ =T(S(w) — N(¢)) == M(¢),

where T is the operator found in Proposition 3.2. Assume that [|¢;||s,00 < 1,
7 =1,2. We have that

| N(¢2) = N(1) | < C(|¢1] + [d2]) [¢2 — ¢1l,

and hence

(4.6)  [[N(¢2) = N(¢1) lopax < Cl¢1llo o + I92llo.0a,x) |62 — G1llo6a5,
in particular
IN(®) 00 < 101700,

Then, from (4.2), the following holds: for each fixed o’ € (o, 2\2/3%1) there exists a

number v > 0 such that for all small « the operator M is a contraction mapping
in a region of the form

2—20'
o,0a,* <va }a

B={o/ ¢l
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and hence a solution of the fixed point problem (4.5) in B exists. Furthermore ¢
solves (4.1), and by (3.59) we find that ¢ satisfies (4.3). The proof of the proposition
is complete. O

4.2. Lipschitz dependence on the parameters. Now we will consider the the
dependence of the solution ¢ of (4.1) on the function-parameters hjo, j =1,...,k
(we recall that functions f;, are fixed). For convenience we will denote

fa:(flomn-afka)v ha:(hlayu'ahka)'

More specifically we are interested in establishing the Lipschitz character of ¢ as a
function of variables (b, b/, h,). We will begin with the observation that the error

term S(w) can be written as follows:

k
w) =Y A, Hj+ F'(w)

j=1
= FE1 (b, bl h,) + Ea(hy),
where
k
By = [A,.H;+ F(H ZEU W B hja).
Jj=1

Observe that functions Ey; depend linearly on h;’a and are quadratic functions of
%, (see (2.8)-(2.9) and (2.18)—(2.19)). Another observation we make is that to
establish the Lipschitz dependence of ¢ it suffices to vary one parameter at a time.
Thus we will consider functions h; such that

@n e+ Hh;-eo'z'noo byl <3 j=Loo k.

We will denote hjq(2) = hj(az), ha = (hia,-- ., hia), ete. Also we will denote
d / / d2 " 21
%hja = hjj, = ahj(az), @hja = hj, = a”hj(az).

We observe that the error terms F;, and E5 can be thought of as functions of
h” h! 'h,, and the same applies for the solution ¢ of (4.1). Thus we will further

write:
E; = Ey(b,h! . h,), FE2=Fzh,), ¢=q¢h’ n h,),

(a2 Runle D) (o Rl R}

etc., whenever convenient. Given h, function ¢ solves the following problem (c.f.

(4.1)):
Lhcx (¢) = El(hgvhavh ) + E2( + ch j,mﬂja in Rz,
(4.8)
/ oz, 2)Hj gp;de =0, VzeR, j=1,...k,
R

where £jo = fja + Rja, Hjo(2,2) = H' (z — £54(2)) and
Ln, = A+ F'(w(ha)).

The solution of this problem can be obtained by the argument of Section 4.1. In fact

the analog of Proposition 4.1 yields ||¢||¢.00.. < Ca?1=7") where o’ € (o, 2\2/\551).
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We will consider functions h,;, ¢ = 1,2 such that
(4.9) a2||ha1 —hazlloo + allhg; —hoolloa + [[ho1 — huallea < da?,
where ¢ > 0 is a fixed small constant (c.f. (2.11)). For convenience we will denote
Ihalloe = *lballss + alln lloa + [hzllea
Lemma 4.1. Under the assumptions (4.9) we have the following estimates:
(4.10)  [|By (81,801, Ba1) — Ba (8, By hat)llosase < Ca™ ot = haslly,
(4.11) 1B2(ha1) — Ba(ba2)llo0as < Ca? 7)ot — hasl|so

The proof of this Lemma follows the lines of the proof of Lemma 2.1 and is
omitted here.

In what follows we will emphasize the dependence of ¢ and c; on parameters by
writing
¢! = $(bf; bl hai);
CS‘ D = e )(h” b/ ., hai), etc.

@) an)

(4.12)

Proposition 4.2. Let ¢, be the solution of (4.8). Then functions ¢ and c; for
j=1,...,k, are continuous with respect to the parameters h', . h! h,. Moreover

Tt

assuming (4.)), with the notation (4.12) we have the following estimates

413) 6" = 6Pl g 50, + V(Y = V) o p0,x < Ca™ a1 — Bazllg,q

where o’ € (o, 2‘2(2/%1).

Proof. With the notations in (4.12) we have that ¢(¥), i = 1,2 is the solution of the
following problem in RZ:

(4.14) n, (0) = EY + B — N() +Zc§l ),

In terms of the operator T defined in Proposition 3.2, we can write ¢() as the
solution of the fixed point problem:

(4.15) $) =T (S’(w(i)) _ N(¢(i)))-

In order to estimate the difference ¢(") — ¢ we need first to analyze the Lispchitz
dependence of the operator T(*) on the function parameters h,; and their derivatives.
Let h be a given function satisfying ||h||s,60a,+ < +00. Let us denote

e =T1O(h),

Using the same notation as in the proof of Proposition 3.2 we get
k
(a16) o0 =3 el ) + (1= 2on ) e @O (h).h).
j=1

where functions @;i) solve system (3.79), and ®() = ((pgl), . .,(ﬁ,(:)). Clearly the

Lipschitz dependence of T(9) on the parameters depends on the Lipschitz dependence
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of the operator U() as well as the functions cﬁ;i)
which we turn our attention now. Let us denote

k
00 =3(1-3" 0" ) (1= (w®)?),
j=1

,j=1,..., k. This is the issue to

and

VROV + a0,

k
gD =1 -3 n")h -
j=1 1

k
— iz
Then ¥ (0 1) is defined by (see 3.76)

(4.17) AT — (2 - W) g = 4O iy R2,
Writing the difference as ¥ = (1) — U2 we get:

AT — 20 = 0 gD _ 9@ g® 4 41 _ ;@)

If g(s) denotes a smooth real function and if we set q§i) = q(= — fja — hgg) (as
suggested by the form of a typical term involved in the expression for g(i)) then:

(4.18) 4" = ¢®| < [lha1 = Ba2lloc [Vl so-
From this it follows:
”g(l) - 9(2)||o,9(x,* < Od;luhal - thQHOO

(4.19) X (Illoe + 2 11PNl + 196D l000,0])
+Ca M 18 = 620,00, + 1VED = VE g pa,4]

(see (3.73) for the definition of || - ||5¢a,;-) In a similar manner we can estimate:

(4.20)
H@(l)\p(l) _ 9(2)‘11(2)\\0,0(1,* < ||@(1) _ 9(2)Hoo||\1’(1)||a,ea,*

+ 0@ oo [TD — TR, 5, .
< o(1)[[ha1 — hozl”OO”‘II(l)Ha,(?a,* + 0(1)H\Ij||0,6a,*

Using then a standard comparison argument and (3.78) we get

(4.21)
Wlo0a,x + V¥ o0, < 0(1)[har — hazle

X (Wllo00 + A2 118D g0 + 196D o,00,4])
+o()[II8M = P00 + IV = VE® 6,00,:]
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Let us now recall (c.f. (3.75)) that functions cﬁ;i) that appear in formula (4.16)
satisfy

&+ T <>¢§i>) :Tj(i)(h;i)+g§i)(w(i))),where

(4.22) - 3(1 - Z n %)) (w()? )}

m=1
_ 2v¢(i)v,’7;(i) _ An;(i)w(i)’
j=1..,k i=1,2

B =nfOn, e =l Ol ED) - Fi@), =00 (@0 ), h).
As it can be seen from (4.20)—(4.22) we need to analyze the Lipschitz character of
the operators Tj(i), where we say that Tj(i)(h) (l), if cp is a unique solution of
(3.66)—(3.67). Using the linear operators L;i), where
L") = Mg + F/(H(z — fio = 1)},
we can write:

1 1 2 1 1 2
LD (oD — @) = DED _ g

2 2 1 2
% - 10

(
Jhx
To use the theory developed for the a priori estimates for the operator Lg»l) we
denote

2 1 1 1
Jele® = <p§ )H ﬁp()dw

fR( j )p- dz

so that function ¢; = 3051) 90(2) + aJH( ) satisfies:

a; =

)

195, = P08 )+ (10— 1)+ 0 )
(4.23) + (P — ym),
/ cpJH(llpy) dr = 0.
Notice that the first equation in (4.23) can be written in the form
L0, = By + Y,

where

hy = =2 @ —BD) + (P = L)l + a; L0 (80) + 20, 80",

¢ = (cgl) ( ) 4+ j,zz)-

As a consequence, funf:tmn @;, as a unique solution of (4.23), can be estimated in
terms of the norm of h; only. Using (3.60) we have

2 2 1
162 (12 — H) | 5.60.7 < Cllhat — hazlloollhllopa.s-
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See (3.73) for the definition of || - ||¢.6,a.5)- Similarly we find
oo, ]
2 1)y (2
||(L§ ) LS. ))90; )| o0a,j < Cllhar —hazllso|Plopa,-

In order to estimate the last two term in (4.23) we observe:

1 1 1
lay L B oa + llagH ) lloa

T J,xz

2 1 2 1
< O = 0P lopay + 1V = @) 00a,5)

d d?
(L gl + 1 t],0)

2 1 2 1
< Ca([9? = oM lppay + IV = o))

0,005 )-
Summarizing we get,
(4.24) 1£5ll0.00.5 < Cllha1 = hazlloallllo,6a.;

+Ca(ll9f? = 0 [l0,00,5 + IV (@ = @8 l0,00,5)-
For future references we also observe that, using the orthogonality condition,
(4.25) lajlloa < Clhar — hazllo || 2]lo.sa-

Combining (4.24)—(4.25) we find:
2 1
1657 = @510 605 < Cllar = RazlloolBllooa;

2 1 2 1
+Ca(9 = 0 e + 1V — o))

(4.26)

o,0a5)-
An estimate similar to (4.26) holds for V(go;?) . @gl)) and thus we get (by definition
o)) =T (m):
(427) 1737 () = T3 ()0 + V(T3 () = T3 (1)),

< Clbar = hazllcollPlo 60,5+

Going back to formula (4.14) and using the above we derive at the end the
following estimate for the function ¢! — p(2);

o™ = 0@ lg.0a,x + V(2™ = )l 604
(428) < OHhal — ha2||oo(||h;1)||a,9a,* + | hg‘z)Ho,ea,*)
1 2
+C|[h{Y - B2

Now we use (4.28), (4.15), Proposition 3.2 and Lemma 4.1 to conclude estimate
(4.13). This ends the proof of the proposition. |

o,0a,*-

5. THE FINAL STEP OF THE LYAPUNOV-SCHMIDT PROCEDURE

5.1. Derivation of the reduced problem. In this section we will derive a second
order differential system for the location of the interfaces which will guarantee that

(5.1) ci(z)=0, j=1,...,k,

where ¢;’s are defined in Proposition 4.1. In order to determine these functions we
multiply the first equation in (2.32) by p;H; . and integrate in x to get

(5.2)
*/S(w)PjHj,x dx+/L(¢)ijj,$ dx—/N(qS)ijm dx:cj(z)/H?‘,xPj dz,
R R R R
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where we have used the fact that p;n; = d;5:p5, 4,7 =1,..., k. As we will see later
on that leading order term in the expansion of ¢;(z) as a function of the parameter
« is

Hj = —/ S(’LU)ijjﬁz dx.
R

Now we will compute this term. Let us notice first that for a fixed 1 < j < k:

(5.3)
S(w) = A, .Hj + F(H;j)

+3(1 - H})(w — Hj)
+ (A Hy + F(H,)]

n#j
1. s 1 1 2 —3V2 %, |
+ o F(H)(w - Hy)" — 5 > F'(04n)(ojn — Ha)® + max O(e ")

n#£j
= Sj1(w) + Sja(w) + Sjs3(w) + Sja(w).

Accordingly we can write,
Il; = */ Si(w)pjHj . do — / Sja(w)psHj e dz — / Sjs(w)pjH; . da
R R R

— / Sia(w)p;H; . da
R
= ﬁjl + ﬁjZ + ﬁj3 + ﬁj4-
Using (2.18) we get

T = —a? /R " (W)2 — () + f1)H'Hy p; dr

—a? [ Bz s do— o [ Basy.z,) (Hlap; do.
R R
where H = H(x; — hja(2)), hja(2) = hj(az). From the definition of the Fermi
coordinates (x;,2;) in (2.6) we find
|z = fia(2) = %] < Ca?lx;],
hence,
(5.4) [H' (3 = hja) = H'(2 = fia = hsa)| < Ca?lx;le V2P0,

Replacing now H'(x; — hj,) in in the formula for IT;; by H'((z — fjo — hja) = Hj
we get:

(55) 1:.[]'1 = CO,a(h;/a + fJ/:x) + OZ2M1J‘ (fa,ha),
where f,(2) = f(az), ho(2z) = h(az) and 4, = (fia, .- fra); Ba = (P1ay -+, Pka),

and we have denoted:
o= [ (H')p(———)d
oo = [ (ol ) o

Since
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therefore
(5.6) oo = co(1+0(0> 1), co= /R(H’)2dx, Tous 2i
Function M;; defined above satisfies:
1Mill00a < CI0G 11550 + G l06a),

where constants C' depends on function f,. Furthermore we get
(5.7) ﬁjg = —cl,a(e_ﬁ(fj“_fjfla) — e_ﬂ(f”m_fj“)) + Py;(fa,ha),
where

cla=ci(l1+0(™"), = 3/R(1 - H2)H’ef‘/§m dz,
and we recall that f;, = fjo + hjo. Function Pi; can be estimated as follows:

|P1j(f4,h0)| < Ca? r:tli;(e ~V2tna—tjal,

Similarly, we get

Msllea < Cala® + by 170 + 180 ll0a)

IIL4| < CmaxeiZ‘/E'f"f‘*fj“‘ < Ca? maxefﬂ‘f"ﬂfff”.
n#j n#j

Now we will consider

Ql = /RL((ZS)ijj’Z dx = /R[(ﬁxm +FI(HJ)¢]ijjvx dx

(5.8) +/R¢[F’(w) — F'(H;)]p;jH; 2 dz

+/[—2¢z(ﬂjH]‘,z)z — ¢(pjHje)zz] dx
R
= Q1+ Q2 + Qjs,

where we have made use of the orthogonality condition satisfied be ¢. After an
integration by parts in the expression for Q);; we get

le = / ¢(2pj,a:Hj,ac3: + pj,xxHj,x) dx.
R

If o in the definition of the || - ||5,00,« norm is chosen sufficiently small and o’ is
taken close to ¢ then from Proposition 4.1 it follows:
(5.9) 1Qu1ll0a < Ca®, 3/4> ' >1/2.
Likewise we get:
1Q25 100 < Ca®™,

(5.10) o
1Qs;lloa < Ca™ (1 + [halls,)-

Finally we get:

(5.11) |1R;]l6a < Co® | where R; = / N(¢)p;H; o dx.
R

Summarizing these calculations and also taking into account the the results of the
previous section we get:
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Lemma 5.1. The reduced problem
ci(2)=0, j=1,...k,
is equivalent to the following system of differential equations for functions £, =
(fras--+» fra) and hy = (R1gs- -+, Pka):
C(h;{a + f;;) _ (e—\/i[fja—f.7—1w+h.7‘a—hj—1a] _ e—\@[fj+1a—fm+h.7‘+1a—h.m})
= M(fa,h4),

where ¢ = cy/c1 and (nonlinear and nonlocal) function M(£4,h,) satisfies:

(5.12)

/ 3 1
(5.13) |M(EasBa)la < Ca (@ + lallsg) 5> 1> 5.

Moreover, if £, hy are even functions of the variable z so is M(£4,h,). In addition
M(£f4,hy) is a Lipschitz function with respect to the second variable and we have:

(5.14) IM(£0,B) = M(£a,5E) 00 < Ca®' b8 = BD |,

5.2. The Toda system and its linearization. We will briefly outline the theory
necessary for solving (5.12).

As suggested by the form of (5.12), first we will consider the Toda system for
even functions f;, j =1,...,k:

(5.15) eff —(e~VAimhi-) _e=V2im=f)y =0, j=1,... k.
together with the initial conditions
f3(0) = oy, .

It is convenient to consider our problem in a slightly more general framework then
that of the system (5.15)—(5.16). Thus for given functions ¢;(t),p;(t), j =1,...,k

such that
k k
> 4= =0,
j=1 =1

(5.16) k

we define the Hamiltonian

k 2 k—1
bj g
H= E 24V, V= E :e(qj—q;m.
j=1 2 j=1

We consider the following Toda system

a5 _

dt 7
(5.17) dp; _ _9H

dt 8(]]'

g;(0) =qoj, p;(0)=0  j=1,... k.

Solutions to (5.17) are of course even. Observe that also that the location of their
center of mass remains fixed. Thus to mode out translations we will assume that

k
(5.18) > q0; =0.
j=1
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We will now give a more precise of these solutions and in particular their asymptotic
behavior as z — +oo. To this end we will often make use of classical results of

Konstant [18] (c.f. [24]) and in particular we will use the explicit formula for the
solutions of (5.17) (see formula (7.7.10) in [18]).
We will first introduce some notation. Given numbers wi, ..., w; € R such that
k
(5.19) ijzO, and w; > w41, j=1,....k
j=1
we define the matrix
wo = diag (wy, ..., wg).
Furthermore, given numbers gy, ..., gr € R such that
k
(5.20) [[os=1 andg;>0 j=1,.k
j=1

we define the matrix
go = diag(g1,...,9%).

The matrices wg and gy can be parameterized by introducing the following two
sets of parameters
(5.21) ¢j =wj —wjs1, dj =loggj1—logg;, j=1,....k
Furthermore, we define functions ®;(go, wo;t),t € R, j =0,...,k, by

(I)() = (I)k =1
(522) q)j(go,W();t) =

(71)j(k7j) Z Tiy. iy (Wo)g’h <o Gij exp[it(wil +oeee Wi )]5

1Sii<“'<ij§k

where 7, _;;(Wo) are rational functions of the entries of the matrix wy. It is proven
in [18] that all solutions of (5.17) are of the form

(523) qj(t) :lOg(I)j_l(go,Wo;t) —IOg‘bj(ngO;t)a .] = 17"'7k7

Namely, given initial conditions in (5.17) there exist matrices wq and g satisfying
(5.19)—(5.20). According to Theorem 7.7.2 of [18], it holds

(5.24) q;»(—i—oo) = Wkt1—j, q;(—oo) =w;, j=1,..,k
We introduce variables
(5.25) Uj =G5 = i1
In terms of u = (uq,...,ux—1) system (5.17) becomes
u’ — Me™ =0,

(5.26) u;(0) = qoj — qoj+1, uj(0)=0, j=1,....k—1,
where

2 -1 0--- 0

-1 2 -1-- 0 et

M= . , e '= :
0 - ) 1 eUk—1
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As a consequence of (5.22) all solutions to (5.26) are given by
uj(t) =q;(t) — gj+1(t) = —2log®;(go, wo;t) + log ®;1(80, Wo;t)
(5.27) +log @;+1(go0, Wo; t).

Our next result is the following:

Lemma 5.2. Let wqg be such that

(5.28) min (wj - ’U)j+1) =49 >0.
j=1,... k=1
Then there holds
(5.29)
( { —Cp—jt —dp—j + Tf(c) +0(e ) ast — +oo, j=1,....k—1,
Uj t) =

cjt +dj +7; (c) +0(e ), ast — —oc0, j=1,....k—1,

where Tji(c) are smooth functions of the vector ¢ = (c1,...,¢Cx—1).

Proof. This Lemma has been proven in [3]. We include a proof here for complete-
ness. Let ¢;, j = 1,...,k be a solution of the system (5.17) depending on the
(matrix valued) parameters wy, go and defined in (5.23). We need to study the
asymptotic behavior of ®;(wo,go;t) as t — Foo with the entries of wy satisfying
(5.28) and still undetermined g.

By (5.22) and (5.19), we get that as t — —co

By = (—1 Dy, (wo)gy ... gye~ W HOIY(1 4 O ~(wimws1ty

hence
Pjt1Pj1 _ Gi+171...(j—1) (Wo)T1..(j+1)(Wo)e ™"
(I)? gjr%..j(wo)

It follows that as t — —oco

B D,
u;(t) = log (jt}gj)
J

(5.30) (14 0(e7VIthy).

(5.31) = —cjt+log gjﬂrl"'(j_l)gwowlm(ﬁl)(WO) —l—O(e‘wt‘)
9j7"1...j(W0)
5.32 = ¢t +dj+71;(c)+O0(e I,
J J 7
where

T%...j(WO)

77 (c) = log (le(]’—l)(WO)TI..A(_]‘+1)(W0)> .

Similarly, as t — +o0o we get

D, 1D,
u;(t) = log (%)
J

(5.33) = —cp_jt — dp—j + 7 +O0(e™I"),

where

! T%+1—j4..k(W0)

This ends the proof. [

7 (c) = log (Tk+2j...k(WO)Tkj...k(W0)> .
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To find a family of solutions parameterized by « starting from a solution of (5.17)
we use functions u; and set

1 c
5.34 Uia(2) = u;(az) — 2log — — log —.
( ) ja(2) i(az) € g NG
Then functions fj4(z) are obtained from the relations

Uja(2) = V2(fja(2) = fit1a(2)),
k
Z fia(z) = 0.

Observe that as a consequence we get that there exist w;,g;, j = 1,...,k such that
(5.19)—(5.20) holds, that

(5.35)

min (w; —wjt1) =9 >0,
J=1,0sk

and functions f;, satisfy
Ifjae "o < Ca?,
(5.36)  Jia(00) =i = fja(=00),  where fj1 — fj = (wj —wjs1)a > Ja,

fial2) = Fimta(2) > VEIoB 3 + —Z=log ==,
In this case we take # = 19. Relations (5.36) are easily seen to be consistent with
assumptions (2.1)—((2.2).

Next we will continue with preliminaries needed to solve (5.13). We will study
the linearization of the system (5.13) around the solution f, of the Toda system
defined in (5.35) and (5.36). We will always assume that « > 0 is small and 6 > 0
is a fixed constant. We are lead to the following linear system

log

2ee —gU2e 0--- 0
_elWa  9QpU2a  _pU3a ... 0
gZ‘)‘// _ .. 51“ =p,
(537) 0 e Uk—2a —eUk—1a
0 — e Uk—2a 2¢ Uk—1a

—

¢ = (b1, 0k-1), P=P1,---,Prk-1),

where p'is an even function such that
(5.38) [17ll6a < Ca®tH.

We will analyze the solvability of this problem in the space of even C? functions 5
such that

(5.39) 1805 < o0

Lemma 5.3. Let us assume that P’ is an even function of z and that (5.38) holds.
Then problem (5.37) has a bounded, even solution ¢ = R[p]. Moreover we have
(5.40) IR[2)" loa < Cllploa:

(5.41) IR[P1] = RlP2]llge < CliDy — P2ll6a-
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Proof. We first observe that

1, j=m+1, z— o0,
Nt -1, ]::m, Z— 00
gj 50, =« 1, j=k+2—-m, z-— —o0,
9 -1, j=k+1—m, z— —o0,
0, otherwise.

Hence by a transformation we can find a set of linearly independent solutions to
the homogenous version of (5.37)

‘ _ aej, zZ — 00,
wlja(z) { fozé'j, 2 — —00.

Notice that functions 11, are odd. Similarly, considering derivatives of u,,, with
respect to w; we can find solutions of (5.37), ¥2;(2), j = 1,...,k—1 which are even
and such that

baja(t) = agjlz| + O(1).

Functions {(¢1;(2), ¥1,(2)), (12;(2),¥5,(2))} form a fundamental set for the system
(5.37). Let us denote the fundamental matrix of the system (5.37) described above
by ¥,(z) and the right hand side of the transformed system by ¢. Let us denote
also (with some abuse) by (5 the solution we are after. We observe that as z — oo,
matrices ¥, W1 are block matrices of the form

(5.42)
_( al+o(l) azl+0(1) 1 al+o0(l) —azl+0(1)
Palz) = < o(1) ol +o(1) ) Vo' = ( o(1) ol +o(1) )

Let us denote these blocks by W,pa, UL m,n = 1,2, respectively. Then, from

variation of parameters formula we get that the solution of our problem has form

(5.43)

—

(6.8 = 0ale) - [ 02(6) - 0.q09))" ds
0
— (W12a(2) / W5k (5)d(5) ds, Uza2) / W5k (5)dls) ds).

The key fact which allows us to conclude that the solution given in (5.43) is indeed
bounded as |z| — oo is that

JARZACLOT S

— 00

This follows from the evenness of 7 and hence of ¢ and the oddness of ¥ . Using
now (5.43) we can directly estimate

I6l5 < Cldlloa,

from which we infer (5.40). Formula (5.41) follows from the variation of parameters
formula as well. The proof of the lemma is complete. [
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5.3. Resolution of the reduced problem. Now we are in position to solve prob-
lem (5.12). First let us fix the solution of the Toda system given by the formula
(5.35). Further let us denote

M(ha) _ (e7\/§[fja7fjfla+hja7hjfla] _ 6*\/E[fj+1a*fja+hj+1a*hja])
_ (e_\/i[fja_fj—la] _ e_\/§[.fj+1a_fja])

_ \/i[e—ﬂ[fja_fj—la](hja _ hj—la) _ e—ﬁ[fj+1a—fja](hj+1a _ hja)]’

and set N' = (N1,...,N;). Then problem (5.12) can be set up as a fixed point
problem for h, in a ball

B(Da***') = {Ba | [Iballye<Da**'},

where D is a large constant depending on the constant C' appearing in the estimate
(5.13). Indeed assuming that h, € B(Da?) we get easily

”N(ha)”9a < COZQJFQMI-

Problem (5.12) after linearization around the fixed solution of the Toda system £,
can be put in terms described in previous section by setting

Uja = \/i(fja(z) - fj+1a(z))7
¢ja = \/i(hjoz(z) - hj+1a(z))v QS; = (¢1a7 L) ¢ka)v
Pja = M; +/\/j_Mj+1—/\/}+17 Pa = (Pras - - > Pra)-

Using then the operator R defined in Lemma 5.3 we get the solution of (5.12) by a
standard fixed point argument. This completes the construction of the solution of
(1.1) described in the statement of Theorem 1.1.
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