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1. INTRODUCTION: WHAT IS FINITE DIMENSIONAL LIAPUNOV-SCHMIDT
REDUCTION METHOD?

We briefly introduce the abstract set-up of the finite dimensional Lyapunov-
Schmidt reduction (although it is always used in a framework that occurs often in
bifurcation theory).

Let X,Y be Banach spaces and S(u) be a C* nonlinear map from X to Y. To
find a solution to the nonlinear equation

S(u) =0, (1.1)

a natural way is to find approximations first and then to look for genuine solutions as
(small) perturbations of approximations. Assume that Uy are the approximations,
where A € A is the parameter (we think of A as the configuration space). Writing
u = Uy + ¢, then solving S(u) = 0 amounts to solving

Li¢] + E+ N(¢) =0, (1.2)
where
Llg] = S"(UN)[¢], E = S(Uy), and N(¢) = S(Ux + ¢) — S(Ux) — S'(Ux)[¢].

Here S’(U,) is the Fréchet derivative of S at Uy, E denotes the error of approx-
imation, and N(¢) denotes the nonlinear term. In order to solve (1.2), we try to
invert the linear operator L so that we can rephrase the problem as a fixed point
problem. That is, when L has a uniformly bounded inverse in a suitable space, one
can rewrite the equation (1.2) as

¢ =—L7'E + N(¢)] = A(¢).

What is left is to use fixed point theorems such as contraction mapping theorem.
The finite dimensional Lyapunov-Schmidt reduction deals with the situation

when the linear operator L is Fredholm and its eigenfunction space associated

to small eigenvalues has finite dimensional. Assuming that {Z1,...,2,} is a basis

of the eigenfunction space associated to small eigenvalues of L, we can divide the

procedure of solving (1.2) into two steps:

[(1)] solving the projected problem for any A € A,

Ligl+ E + N(¢) = é ¢ Z;,

J
<¢)7Zj> :07 ijl,...,n,

where ¢; may be constant or function depending on the form of (¢, Z;).
1
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[(ii)] solving the reduced problem
Cj()\) :0, V] = 1,...7n,
by adjusting A in the configuration space.

The original finite dimensional Liapunov-Schmidt reduction method was first
introduced in a seminal paper by Floer and Weinstein [?] in their construction of
single bump solutions to one dimensional nonlinear Schrodinger equations (Oh [?]
generalized to high dimensional case)

EAu—V(z)u+uP =0,u>0, uc H'(RY) (1.3)

On the other hand, Bahri [?] and Bahri-Coron [?] developed the reduction method
for critical exponent problems. In the last fifteen years, there are renewed efforts in
refining the finite dimensional reduction method by many authors. When combined
with variational methods, this reduction becomes ”localized energy method”. For
subcritical exponent problems, we refer to Ambrosetti-Malchiodi [?], Gui-Wei [?],
Malchiodi [?], Li-Nirenberg [?], Lin-Ni-Wei [?], Ao-Wei-Zeng [?], Wei-Yan [?] and
the references therein. The localized energy method in degenerate setting is done by
Byeon-Tanaka [?, ?]. For critical exponents, we refer to Bahri-Li-Rey [?], Del Pino-
Felmer-Musso [?], Del Pino-Kowalczyk-Musso [?], Li-Wei-Xu [?], Rey-Wei [?, ?] and
Wei-Yan [?] and the references therein. Many new features of the finite dimensional
reduction are found in the references mentioned.

In the following we shall use the model problem (1.3) to give an introductory
description of this method.

1.1. Model Problem: Schrodinger equation in dimension N. We start with
the following model problem to illustrate the idea of finite dimensional reduction
method:

2 _ P — : N
{ e*Au—V(x)u+uP =0 inR (1.4)

0<wu in RV, u(z) = 0, as|z] — o0
We consider 1 < p<ooif N <2, and1<p< % if N > 3. Without loss of
generality we assume that the function V' (z) is a positive function satisfying

0<a<V(z)<p<+oo. (1.5)
The basic building block that we consider is
Aw—w+wP =0 in RY (1.6)
0 <w in RY, w(z) — 0, as|z|— oo ’

We look for a solution w = w(|z|), a radially symmetric solution. w(r) satisfies
the ordinary differential equation

{w”—’—N_l’UJ/_U/"‘wp:O TE(07OO)

w'(0) :TO, 0<win (0,00) w(|z]) — 0, as|z|— o0

(1.7)

We collect the following basic properties of w, whose proof can be found in the
appendix of the book [?].

Proposition 1.1. (a) There exist a solution w(r) to (1.7);
(b) w(r) satisfies the decay estimate w(r) = Agr~ "z e"(1 + O(L));
(¢) w(r) is nondegenerate, i.e., the only bounded solution to

L(¢) = Ap+puw(e)’ "' —¢=0, ¢ L®RY) (1.8)
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s a linear combination of the functions %(m), j=1,...,N.
J
We want to solve the problem
e2Au — V(z)u+a? =0 in RN (L9)
0<a inRN (zr) — 0, as |z|] — o0 ’

We fix a point £ € RM. Observe that U ¢(y) := V(ﬁ)ﬁljw( V(&)y_g), is a

solution of the rescaled equation
2Au—V(€)u +uP = 0.

We will look for a solution of (1.9) such u.(z) = U, ¢(y) for some ¢ € RY. We
define wy = /\ﬁw(\/Xm)

Let us observe that if @ satisfies (1.9), then u(z) = @(ez) satisfies the problem

Au—V(ez)u+uP =0 in RN
{ 0<u inRN u(z) — 0, as |z| — o0 (1.10)

Let ¢ = g We want a solution of (1.10) with the form u(z) = wy(z — &) + ¢(2),

with A = V(£) and & being small compared with wy(z —¢).

1.2. Equation in terms of ¢. Let ¢(z) = ¢(z —¢’). Then ¢ satisfies the equation
Azwa(z) + ¢(x)] = V(€ + ex)[wa(z) + ¢(x)] + [wa(z) + ¢(2)]” = 0.
We can write this equations as
Ap = V(€)¢ +puf " (2)¢ — E + B(9) + N(¢) =0 (1.11)
where E = (V(§ + ex) — V(§))wa(z), B(¢) = (V(§) — V(€ + ex))¢ and N(¢) =
(w + )P — wf — pul ' ¢.
We first consider the linear problem for A = V(§),
L(¢) = Ap— V(E+ea)é + pun(a) = g = L i 02
Jow 052 =0, i=1,...,N

(1.12)

The ¢s are defined such that

/RN(L(QS)—g)%;jda::o,izl,...,zv (1.13)

which is equivalent to

aw)\ aw)\ - -
/RN(L(azi)qS—gaxi)dm—O,z—l,...,N (1.14)

Denoting
Lo(¢) = Ad = V(§)¢ + pwa(x)e

and using the fact that
aw,\

c%ji

we see that (1.14) can be further simplified as follows

Lo(

) =0

0 0
/RN((V(f) Vet a) G0 - g e =01 = 1. N (1.15)

Since
/awwwki/ (8711))25”
63@ 8xj a RN 6371 *J
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we find that
 Jen ((V(©) — V(E+ ) 520 — g5 )da

o Y
Jaw (G52)?

C;

i=1,...,N (1.16)

In the following we shall solve the following:

Problem: Given g € L®(R") we want to find ¢ € L>°(R") solution to the problem
(1.12)-(1.16).

1.3. A linear problem. Let us assume that V € CY(RY), |[V]c1 < co. We
assume in addition that |{] < My and 0 < o < V. Then we have

Proposition 1.2. There exists €9, Cy > 0 such that Y0 < e < gq, V|¢| < My,
Vg € L¥(RY) N C(RY), there exist a unique solution ¢ € L>®(RN) to (1.12),
¢ = T|g] satisfies

¢llcr < Collgllse
Proof. We divide the proof into two steps.

Step 1-a priori estimates: We first obtain a priori estimates of the problem
(1.12) on bounded domains Br(0): There exist Ry, €9, Co such that Ve < e,
R > Ry, [£] £ My such that V¢,g € L* solving L(¢) = g — >, ;2% in Bp,

Bzi
T 0%t =0 a0 6 = 0 on DB, e e

[6llcr () < Collglloo

We prove first ||¢]|cc < Collgllco- Assuming the opposite, then there exist se-

quences ¢n, gn, € — 0, R, — 00, |£,| < My such that

. naw,\

The first fact is that ¢}’ — 0 as n — oo. This fact follows just after multiplying
Owy

the equation against 77> and integrating by parts, as we did in (1.16).
We observe that if A¢p = ¢ in By then there exist C' such that

IV@lles(By) < ClllgllLes(By) + |l Lo (B)]

where By and By are concentric balls. This implies that ||V, L p) < C a given
bounded set B, Vn > ny. Hence passing to a subsequence we obtain ¢, — ¢
uniformly on compact sets, and ¢ € L>(R™). Observe that ||¢,]/cc = 1, and this
implies that ||¢]lcc < 1. We can also assume that up to a subsequence &,, — &.

Since ¢ satisfies the equation A¢ — V(&) —i—pwi;l(x)qb = 0, where Ao = V (&),
we have that ¢ € Span { Buxg Jung

Oxry """ Oxzn
condition (1.12) we obtain that [,y ¢(wr,)oe, = 0, @ = 1,...,N. This implies
that ¢ = 0 and hence ||¢y| (B, ) — 0,VM < co. Maximum principle yields
that ||¢n||Loo(BRn\BMD — 0, since |¢n| = o(1) on OBg, \ Buy, and ||gnllcc — 0.
Therefore we arrive at ||¢n|lcc — 0, which is a contradiction. This implies that
9]l (Br) < CollgllLee(py) uniformly on large R. The C! estimate follows from
elliptic local boundary estimates for elliptic operators.

}. Taking limits in the orthogonality
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Step 2-Existence: Recall that g € L. We want to solve (1.12). We claim that
solving (1.12) is equivalent to finding

e X ={ve H(Bg) : /w%‘?: 0,i=1,...,N}

such that
/wvw Jr/V({ +ex)pp —pwP o + /g?/} =0, VyelX.

Take general ¥ € H}. We can decompose into ¥ = ¢ — Y. oy owr  with oy =

6(1/‘»; ?
[
5. We have
(5222

0 0 0
-/ AT g vo+ [ VO g —mr (Caig)o=0
which implies that
/ VoV + / V(€)pl — puP~low

- [0 - Vie - Tag+ [ou-Fag
:/[(V(£+6x) VN +alr - P )
Let IIx (V) = Zaza

/ M ([(V (€ +ex) — V()6 + g]6)W

This implies that
—A¢+ V(€)¢ — pwP~ ¢+ Tx ([(V(E +ex) — V(€))o + g]¢) = 0.

The problem is formulated weakly as

/ww + /(V@ + ex) — puP V) + /gw —0,pe X Ve X

which can be written as ¢ = A[¢] + g, where A is a compact operator. The a priori
estimate implies that the only solution when g = 0 of this equation is ¢ = 0. We
conclude existence by Fredholm alternative. Finally we let R — 400 and obtain
the existence in the whole space, thanks to the a priori estimate in Step 1.

|

Next we consider the assembly of multiple spikes. We look for a solution of (1.10)
which near z; = & = {;/e, j = 1,...,k looks like v(z) = wy; (z — £}), A; = V(&)),
where wy = AV @ Dw(v/Ay).

Let &1,&,...& € RN be such that &5 — &l > 1,if j # 1. We look for a solution
v(x) ~ Z?Zl wy, (& — &), \j = V(&;). We assume V € C*(R") and [|[V]|¢2 < o0,
0 < a < V. We use the notation W; = wy,(z—&;), A\; = V(§;) and W = Z?=1 %%

Setting v = W + ¢, then ¢ solves the problem

Ap—V(ex)p +pWP Lo+ E+ N(¢) =0 (1.17)
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where
E=AW - VW +W?, N(¢)= (W +¢)P — WP — pWP1¢.
Observe that AW = 3=, AW; =37, \;W; — W}, So we can write
E=Y (N =V()W;+(O_W;)» = > WP
J j J

J

Our next objective is to solve the approximate linearized projected problem.
1.4. Linearized (projected) problem. We use the following notation Z} = %I;V?'.
The linearized projected problem is the following

Ap—V(ex)p+pWPlo+g=> ciZ), (1.18)

9

with the orthogonality condition [ ¢Z§ =0, Vi,j. The Z;’s are “nearly orthogonal”
if the centers §;- are far away one to each other. The cé’s are, by definition, the
solution of the linear system

[ a0 vienpemtorozy =S [ 2z
3

forig=1,...,N,jo=1,...,k. The c;'-’s are indeed uniquely determined provided

that |§] — &;| > Ry > 1, because the matrix with coefficients a; j i, j, = [ Z;Zj’g is
“nearly diagonal”, which means

w L X JIVWSE () = (io, do),
b:3:00,90 o(1) if not

Moreover by a similar argument leading to (1.15) we have
o] < CZ/WI[IM — V| +pWPt = WE]| Z]] +/|9HZ§| < C(||llo + llgllc)
i

with C is uniform for large Ry. Furthermore if we rescale x = £’ + y, we get

: dwy,. .
(A = V(ex)Z;| < (V&) = V(& +ey)l| au;J | < Cee™ 5,

%

w

dw
3;] | < Ce_lyl\/rf\y|’(N*1)/2. Observe also that
et =Wz = (= Y e - o
J Jl— W. J J
1£j 7
We estimate the interactions at each spike in two regions.
Observe that if [z — &}| < do ming, »;, €, — &7, [, then

because |

Wy(z) e VAle=gl e—Vailz—¢]]

<
Wi(z) — o=VNile=gl =/ N80 ming, 25, |6 &, |

If 5, < 1 but fixed, we conclude that e~V & —&l+00(VA—\/Ag) ming, 55 1€, =€, |
e~ P #5216, =851« 1. Thus we conclude that if |z —&| < doming, 15, |&), —xi),
then

. . . . N . ’ . ! ’
(WP — WP ZH| < 7P miminza |65, =85, o= 8 lo—€51
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On the other hand if |z — &f| > do miny, z;, [£;, — &}, |, then

(WPt — W;’fl)Zﬂ < C|Z]’:| < CemPmingi#iz €5, =8, | o= 5 l2—¢]|

As a conclusion we obtain the following estimate
o] < Cle + P2 19 =5 ) |4 + 9]l (1.19)

Lemma 1.1. Given k > 1, there exist Ry, Cy,eq such that for all points 5; with
€5, — &l > Ro, = 1,...,k and all € < o then exist a unique solution ¢ to the
linearized projected problem with

[#loe < Collglloo-

Proof. As before we first prove the a priori estimate ||¢]oc < Collg|loo- If not there
exist £, — 0, [|Pnlloc = 1, [|gnll — 0, §* with miny, 45, [£5" — &7 — oo. We denote
Wy =32, Wj,, and we have

App = V(enz)pn JFpWrZ:il(z)n + gn = Z(C;)n(zg)n
4,3
Our first observation is that (cz)n — 0 (which follows from the same estimate
for c;?)) Next we claim that VR > 0 [|¢n|[r(per,r) — 0,4 = 1,..., k. If not,
there exist jo [dnllz(5iezmy > 7 > 0. We denote g(y) i= dn (€ +y). We
have ||¢n||Loo (B(0,R)) = 7 > 0. Since |Adn| < C, ||¢nllsc < 1. This 1mphes that

[Vén| < C. Passing to a subsequence we may assume ¢, — ¢ uniformly on
compacts sets. Observe that also V(en(¢50 +y)) = V(enln) + O(enlyl) — Aj, over
compact sets and W, (&7 +y) — Wy, () uniformly on compact sets. This implies

that <;~5 is a solution of the problem

- - - ~OWy.
Agi)—/\joqﬁ—kpwf\o_lp—l:(), /qbi/\_“’dy:O,i:L...,N
811)\

Nondegeneracy of w),  implies that qﬁ Do i By . The orthogonality condition
implies that a; = 0, Vi = 1,..., N. This implies that é = 0 but HQS”LOO(B(O’R)) >
~v > 0, a contradiction.

Now we prove: ||¢n| L= (RN \ U, B (&, R)) — 0, provided that R > 1 and fixed
so that ¢, — 0 in the sense of ||q15n||Oo (again a contradiction). We will denote
Q, = RV \ U,B(£}", R). For R>> 1 the equation for ¢, has the form

A(bn - Qn¢n +9,=0

where Q,, = V(ex) —pWE™ > & > 0 for some R sufficiently large (but fixed).

Let us take for 02 < /2
S8

We denote p(y) = e?l¥l r = |y|. Observe that Ap—a/2¢p = e7¥!(o? —af2) <
0 if |y > R > 1. Then

— - - a - «
_A¢+Qn¢_ gn > _A¢+ §¢_ ||gn||oo > = Hn — ||gn||oo >0 (120)

2
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if we choose fn > [lgnllooa. In addition we take p, = Y, [bnllLo(Beer,ry) +

l|gn]loc 2. Maximum principle implies that ¢, (z) < ¢ for all z € ,,. Taking § — 0
this implies that ¢, (x) < py, for all z € Q,,. It is also true that |¢, ()| < w, for
all z € €25, and this implies that ||¢, || @~y — 0. O

Remark: If in addition we have the following decay for the error
-1

O = llgn | D erle=e"] oo — O
J

with p < /2, then we can use as a barrier function
bp=206 Z ==& 4, Z e—Plz—¢&;"
J J

with p, = PR Zj ||¢n||Loo(B(§}n,R)) +6,. It is easy to see that ¢ is a super solution
of the equation in (U;B(¢;, R))¢ and we have |¢,| < ¢. Letting 6 — 0 we get
[Pn ()] < pn D25 e Pl*=&"1 As a conclusion we also get the a priori estimate
~1 ~1
k k
o [ > eS|l < Cllg [ e8] e
j=1 j=1
provided that 0 < p < /2, [§} — & | > Ro > 1, € < 0.

We now give the proof of existence.

Proof. Let g be compactly supported smooth functions. The weak formulation for

A¢p—V(ex)p +pWP o+ g = Zc;lz;i, /qsz;i =0,Y4,j (1.21)
,J

is to find ¢ € X = {¢p € H'(RY) : [¢Z} =0,Vi,;j} such that

VoV + Vo) —pwP ' — gt =0, Vip € X. (1.22)
RN
Assume ¢ solves (1.21). For g € L?, we decompose g = g + II[g] where [§Z} =0
for all 4,7, and II is the orthogonal projection of g onto the space spanned by the
ZVs.
J
Let v € HY(RY). We now use 1 — II[¢)] as a test function in (1.22). Then if
¢ € C°(RY), then we have

[ vevuh =~ [ aenw)—- [ mag, (1.23)
RN RN RN
On the other hand, we have II[Ap] =3, ; @ ;Z}, where

Zai,j/zi,jzz‘o,jo = /szff Z/SOAZfo“ (1.24)

Then ||TT[Ap]||: < Cl¢|l g By density argument it is also true for ¢ € H! where
Ay € H~'. Therefore

/ Vv + / (Vo — pWP'o— gy = / (Ve - pW 64 gy (1.25)
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It follows that ¢ solves in weak sense
~Ap+ Vo —pWP ¢ — g =T[-A¢ + V¢ — pW" 1p — g] (1.26)

and I[-A¢ + V¢ — pWP~1p — g] = Z” cfZij. Therefore by definition ¢ solves
(1.22) implies that ¢ solves (1.26). Classical regularity gives that this weak solution
is solution of (1.26) in strong sense, in particular ¢ € L™ so that

[6lloc < Cllglloo- (1.27)

Now we give the proof of existence for (1.21). We take g compactly supported.
The equation (1.26) can be written in the following way (using Riesz theorem):

(@, V) + (BOL, V) = (9, ) (1.28)

or ¢+ Blp] = G, ¢ € X. We claim that B is a compact operator. Indeed if ¢,, — 0
in X, then ¢, — 0 in L? over compacts and

(Blénl, ¥ < | / PP g,10] < ( / a1 g2) 12 / pWPTIAY2 (120
which yields

(Bl )] < / PP G2) 2 ] (1.30)
Take 9 = B|¢y], which implies

1Bléa] i < / PP g2 ) (1.31)

This gives that B is a compact operator.

Now we prove existence with the aid of Fredholm alternative. Problem (1.21) is
solvable if for g = 0 the only solution to (1.22) is ¢ = 0. But ¢ + B[¢] = 0 implies
solve (1.21)(strongly) with g = 0. This implies ¢ € L°, and the a priori estimate
implies ¢ = 0. Considering gEp, () we conclude that

[¢rlloo < [lgllse (1.32)

Taking R — oo then along a subsequence ¢ — ¢ uniform over compacts we obtain
a solution to (1.21).
O

Next we want to study the dependence and regularity of the solution with respect
to the parameters. Let g € L. We denote ¢ = T¢/[g], where £’ = (&1,...,&;,). We
want to analyze derivatives dg Tes lg]. We know that ||T¢[g]]| < Col|gllco. First we
¢

make a formal differentiation. We denote ® = e —
070

We have Ap —Vo+pWPlo+g =37, ctZ; and [¢Z} =0, for all i, j. Formal
differentiation yields

A —V® +pWP 0 + +0, , (WP Zc e, 0 Z1 = Zé’ZZ (1.33)

where formally Eg =0, ¢/. The orthogonality conditions is reduced to
10J0 ¢

i 0 if j # jo
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Let us define & = & — Zz] ai?jZJ’:. We want f @Z} =0, for all ¢,5. We need

= 0 if j # jo
i | ZiZE = s 1.
iZjOé ,]/ 3“3 { — f(bagiojoz;o if 7 =jo (1.35)

The system has a unique solution and |a; ;| < C||¢||oc (since the system is almost

diagonal). So we have the condition f@Z} = 0, for all 7,j. We add to the equa-
tion the term ), ; Qi (A-V+ pW”*l)Z;7 so ® satisfies the equationA¢ — V¢ +
WP o+ g =3, ¢
AD—V+pWP ' o40;, | (WP )= cide, 2] =D &Zi=Y i (A=V+pW» 1) 2!
i,j i,J 4,J

) (1.36)
This implies || @] < C([[Al[ +[lg]]) < Cllgllc and hence ||[| < Cl|g]|oo-

The above formal procedure can be made rigorous by performing the analysis
discretely, namely we consider solutions corresponding to £ and & + h respectively.
Then we consider the quotient and pass the limit in h. We omit the details. In
conclusion the map & — 0:¢ is well defined and continuous (into L*°). Besides we
also have [|0¢¢|| < C||g||, and this implies

10 Te[olll < Cllgll (1.37)

1.5. Nonlinear projected problem. Consider now the nonlinear projected prob-
lem

Ap—Vé+pu o+ E+N(¢)=> 7, /¢>Zg' =0, Vi,j (1.38)
N

We solve this by fixed point. We have ¢ = T(E + N(¢)) =: M($). We define
A={pe CRY)NL®RN): ||¢]loc < M|E|l}. Remember that E = >.(\; —

V(ex))W; + (32; Wi)P — 32, WP, Observe that

E|<e Z e~ T1T=&}1 | 00 ming 2, 1€, =7, | Z e—ole=¢jl (1.39)
i J
so, for existence we have ||E| < Cle + e %0 ™mii#i2 16, =651] = p (see that p is
p p

small). Contraction mapping implies there exists a unique solution ¢ = ®(&) and
|®(£)]] < Mp. The proof is standard and hence omitted.

1.6. Differentiability in ¢ of ®(¢’). As before the solutions obtained for the
nonlinear projected problem has more regularity. In fact we can write the equation
for ¢ as

O — TL(BL + N{(¢)) = A(®,€) =0 (1.40)

If (DgA)(®(¢'),¢) is invertible in L, then ®(¢’) turns out to be of class C. This
is a consequence of the fixed point characterization, i.e., Dp A(®(£'),&') = I+ o(1)
(the order o(1) is a direct consequence of fixed point characterization). Then it is
invertible. Contraction mapping theorem yields the existence of C' derivative of
A(®,&) in (¢,&'). This implies ®(¢’) is C!. With a little bit of more work we can
show that [[D;®(¢')|| < Cp (just using the derivative given by the implicit function
theorem).
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1.7. Solving the reduced problem: direct method. By (1.38), to solve (1.17),
we need to find £ such that the reduced problem

s =0,Vi,j (1.41)

to get a solution to the original problem (1.10). There are two ways to solve the
reduced problem (1.41): the first one is the direct method, and the second one is
the variational reduction method. We describe the first method first by proving
the following

Theorem 1. (Oh [?]) Assume that f?,j = 1,....k are k distinct non-degenerate
critical points of V. Then there exist a solution u. to the original problem with

k
uc(w) & Y wyen (@ — & fe), & — &)

Jj=1

Proof. To solve the problem (1.41) we first obtain the asymptotic formula for c;

To this end we multiply the equation (1.38) by Z;g and integrate by parts. We
obtain

/RN AVAGES /RN(V(@ +ex) — V(&) we, Z° + O(e?)
and thus
10 0
Cio ™ aiov(fj) +O(e)

The nondegeneracy of the critical point VV(§;.)) and implicit function theorem
yields the existence of €; = 5? + O(e) such that (1.41) holds.
([l

The direct method can be used to construct multiple spike solutions for problems
without variational structure, such as Gierer-Meinhardt system. For this application
we refer to [?].

1.8. Solving the reduced problem: variational reduction. If the problem
concerned has a variational structure, it is more appropriate to use a variational
reduction method to solve (1.41). This method gives much stronger results under
very weak assumptions.

We now describe the procedure that we call Variational Reduction in which the
problem of finding £’ with c§- =0, for all 7, j, is equivalent to finding a critical point
of a reduced functional of &'.

Define an energy functional

1 1
)= /R TR Vet - [ (1.42)

where v € H'(RV) and 1 < p < % Since p is subcritical, by standard elliptic

regularity arguments and Maximum Principle v is a solution of the problem
Av—Vuo+vP =0,v — 0 (1.43)

if and only if v € H'(RY) and J'(v) = 0. Observe that (J'(v),¢) = [VoVe +
Ve — o .
We will prove the following Variational Reduction Principle
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Theorem 2. v =W + ¢(£') is a solution of the original problem (for p < 1) if
and only if

Ogr J(Wer + ¢(&))|er=, = 0. (1.44)
Proof. Indeed, observe that v({') = W + ¢(£') solves the problem Awv({') —
Viex)v(€') +v(€)P =3, ¢t Z% and also that

2% B

@{wanzuww»@<vw»=—§)§/%@/v=—§jé/@w%gw+%mww)
Jst 4,7

Joio Joio 300

(1.45)

Recall that W = Z?zl wy, (z — &),

55;01'0 Wfl = aﬁﬁoio WX e (x—fé) = (aAw)\(x_géo))‘A:Ajo _8961'0 Wi, (Cﬂ—févo) = 0(6*5\I*€6|)0(5)_Zj0i0 (z)
(1.46)

This is because dywy = O(e~°1*=%l). On the other hand since [ Z/¢(¢') = 0 we
have
[ ziog, 061 =~ [ o106, 2

7ot 700
which is small thanks to the fact that |¢| < Cpefé‘zfgé'ol. Finally, observe that
—/Z;(aqoiowﬁafgomqﬁ) = /Z;IZJ?;; + O(p) (1.47)
The matrix of these numbers is invertible provided p < 1.
O

We now discuss several applications of the reduction principle.

Theorem 3. (del Pino and Felmer [?]) Assume that there exists an open, bounded
set A C RN such that
infV > infV, (1.48)
A A

then there exist a solution to the original problem, v. with v.(x) = wy e )((x —
&)/e) +o(1) and V(&) — miny V, € = €.

Theorem 4. (del Pino-Felmer [?]) Assume that Aq,...,Ax are disjoint bounded
sets with

inffV<infV,j=1,--- k.

A, AN

Then there exist a solution u. to the original problem with
k
us(x) = ZwV(Ej)(x —&5/e), &N
j=1

and V(fj) — infy, V.. The same result holds if the minimum is replaced by mawi-
mum.

Theorem 5. (Kang-Wei [?]) Let T be a bounded open set such that
\% \%
max (z) > max (x)
Then for any positive integer K there exists a solution u. such that

k
ue(z) = Y Jwyes) (@ =& /¢), & € A V(&) — max V()

j=1
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Proof. Assume that j = 1 first so that v({') = We + ¢(£’). Then we can compute
the reduced energy as follows:

T(€) = J(We + 9(€) + (7' (WL + 6), ~6) + 2" WL+ (1= )8)[o> (1.49)

(This follows from Taylor expansion of the function a(t) = J(We + (1 — t)¢).)
Observe that (J'(W/ + ¢), —¢) = 3, . ¢} [ Z]$ = 0. Also observe that

J" Wi+ (1= )9)[g) = / Vol +V(ex)o? —p(W¢+ (1 t)9)¢* = O(e?) (1.50)

uniformly on & because Vo, = O(ce 2#=¢l). We call ®(¢) = J(v(¢)) =
J(Wer) + O(e?), and

1 1
J(Wer) = 5/|VW5/|2+V(§)W€2,—ﬁ/W”,H—Ir/(v(sx)—v(f’))wf, (1.51)
Taking A = V (£), we have that

/|Vw,\(ac)|2 = \"N/2 / |V (AL /22)|PATH2/ = AN/2 gy = \=N/2H0+1/ =1 74 () [2dy
(1.52)
d

an
)\/wi(m) = /\_N/Q”H/p_l/w(y)“ldy (1.53)

This implies that

%/|VWE/|2 + V(é-/)Wg/ o pTll/Wg+1 _ V(gl)p"rl/P—l—N/?Cp’N (154)
and we also have
JWen) - viEnue -2 =06 (1.55)

uniformly in &’
In summary we have the following asymptotic expansion of the reduced energy

O(¢) = J(v(&) = V(PPN Pe, v+ O(e) (1.56)
To prove Theorem 3 we observe that % — % > 0. Then Ve < 1 we have
inf ® inf ® 1.
inf 2(§) < nf, ®(¢) (1.57)

and therefore ® has a local minimum £ € A and V(£) — mina V. The same
procedure also works for local maximums.

For several separated local minimums, the proof is similar. In fact when |;, —
&j,| > 0, for all j1 # jo, we have p = %0 mingi iz 1865, ~6| 4 ¢ < e=00d/e g < 9,
So we obtain

V(&) +16(8)| < Ce e 0le=8l (1.58)
J
Now we get
J(W(€)) =D V(€PN e, v + O(e) (1.59)
J
e = (&, ..., &) implies for several minimal points on the A; we have the result

desired.



14 MANUEL DEL PINO AND JUNCHENG WEI

Finally we prove the existence of multiply interacting spikes. The computations
are little bit involved since we have to measure precisely the interactions. The
reduced energy functional takes the following form:

T(E) = Yo VgV g ro( 1) (1o(1)) Y e i (VTEITEDIE €)1
J i#]
(1.60)
We shall take the following configuration space

2= (606 | & € Aminlé — | > pelog )
1] €

and prove that the following maximization problem attains a solution in the interior
part of the set X:
min  J(v(¢
6. (v(£))
O
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