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ABSTRACT. In this paper, we consider the Caffarelli-Kohn-Nirenberg (CKN)
inequality:
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whereN23,a<%,agbga—s—landp:%. It is well-
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known that up to dilations 7~ 2 ~“u(7rz) and scalar multiplications Cu(z),
the CKN inequality has a unique extremal function W (z) which is positive
and radially symmetric in the parameter region bps(a) < b < a+1 witha <0
and a < b < a+1witha > 0and a+b > 0, where bpg(a) is the Felli-Schneider
curve. We prove that in the above parameter region the following stabilities
hold:

(1)  stability of CKN inequality in the functional inequality setting
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where Z = {cW; | c € R\{0}, 7 > 0};
(2)  stability of CKN inequality in the critical point setting (in the class of
nonnegative functions)
I(u), p>2orv=1,
1
dist j1.2(u, Z5) S D(w)|logT'(w)|2, p=2and v >2,
(w2, 1<p<2andv>2,

where I'(u) = ||div(|z|~*Vu) + \x|_b(p+1)|u\p_1uH(D1,2)/ and

Zg = {(WT17WT21"' 7W7'l,) | Ti >0}

Our results generalize the recent works in [7, 11, 15] on the sharp stabil-
ity of profile decompositions for the the special case a = b = 0 (the Sobolev
inequality) to the above parameter region of the CKN inequality. This pa-
rameter region is optimal for such stabilities in the sense that in the region
a < b < bpg(a) with a < 0, the nonnegative solution of the Euler-Lagrange
equation of CKN inequality is no longer unique.

Keywords: Caffarelli-Kohn-Nirenberg inequality; Sharp stability; Profile de-
composition.
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1. INTRODUCTION

In this paper, we consider the following Caffarelli-Kohn-Nirenberg (CKN for
short) inequality:
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where
N -2 N +2(1 —b
N>3, —-xo<a< 7 a<b<a+1 and p:N+2gliZb;’ (1.2)

u € DL2(RY) and DL2(RY) is the Hilbert space given by

DY2(RY) = {u € DV2(RY / —20\7y)2dx < 1.3 886
o (RY) ={u ( )IRNI’II |Vul*dz < +oo} (1.3) [eqn88s|

with the inner product
(u,v) pr2gny = / |z| 2 VuVudz
a -

and DV2(RN) = W12(RY) being the usual homogeneous Sobolev space (cf. [17,
Definition 2.1]).

(1.1) is established in the celebrated paper [1] by Caffarelli, Kohn and Nirenberg,
as it is named, for a much more general version. Moreover, as pointed out in
[5], a fundamental task in understanding the CKN inequality (1.1) is to study
the best constants, existence (and nonexistence) of extremal functions, as well as
their qualitative properties for parameters a and b in the full region (1.2), since
(1.1) contains the classical Sobolev inequality (a = b = 0) and the classical Hardy
inequality (a = 0,b = 1) as special cases, which have played important roles in
many applications by virtue of the complete knowledge about the best constants,
extremal functions, and their qualitative properties.

Under the condition (1.2), it is well-known (cf. [1,5,6,17,23]) that (1.1) has
extremal functions if and only if either for ¢ < b < a + 1 with a < 0 or for
a<b<a+1with a > 0. Moreover, let

N(a. —a)
brps(a) = +a—a.>a 1.4 991
rs(a) 2/(ac —a)2 + (N — 1) (1.4) [eqnser]
be the Felli-Schneider curve found in [16], then it is also well-known (cf. [1,0, 12—
, 16,17,23]) that up to dilations 7% %u(7x) and scalar multiplications Cu(z)
(also up to translations u(z + y) in the special case a = b = 0), (1.1) has a unique
extremal function

_2

1 T p—1
W(z) = 2(p+ 1)(ac — a)®) 7D (1 v xl(ac—a)(;o—l)) ’ (1.5) [eq0004]

either for bps(a) < b < a+1 with a < 0 or for a < b < a+ 1 with @ > 0 while,
extremal functions of (1.1) must be non-radial for a < b < bps(a) with a < 0.
Here, for the sake of simplicity, we denote a, = %, as that in [12-14]. On the
other hand, it has been proved in [18] that extremal functions of (1.1) must have
O(N — 1) symmetry for a < b < bpg(a) with a < 0, that is, extremal functions of

(1.1) must depend on the radius r and the angle 05 between the positive zy-axis
and Oz for a < b < bpg(a) with a < 0 up to rotations. To our best knowledge,
whether the extremal function of (1.1) is unique or not for a < b < bpg(a) with
a < 0 is still unknown.
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Once the extremal functions of (1.1) are well understood, it is natural to study
quantitative stability for the CKN inequality (1.1) by asking whether the deviation
of a given function from attaining equality in (1.1) controls its distance to the
family of extremal functions. These studies were initialed by Brezis and Lieb in [3]
by raising an open question for the classical Sobolev inequality (¢ = b = 0) which
was settled by Bianchi and Egnell in [2] while, quantitative stability for the Hardy-
Sobolev inequality (¢ = 0, 0 < b < 1) was studied in [20]. Since the extremal
function of (1.1) is unique up to dilations 7%~ %u(7x) and scalar multiplications
Cu(x) either for bpg(a) <b < a+1witha <0orfora <b<a+1witha >0 and
a+ b > 0, the smooth manifold

Z={cW,.(z)| ceR\{0} and 7 > 0}

is all extremal functions of (1.1) in the above parameter region. Thus, it is natural
to extend the quantitative stability for the Sobolev inequality (¢ = b = 0) and
the Hardy-Sobolev inequality (¢ = 0, 0 < b < 1) to the CKN inequality (1.1) in
the above parameter region. Our first result in this paper, which devoted to this
aspect, can be stated as follows.

(thm0001) Theorem 1.1. Let brg(a) be the Felli-Schneider curve given by (1.4) and assume
that either

(1) brs(a)<b<a+1witha<0 or
(2) a<b<a+lwitha>0anda+b>0.

Then
dist2D{11,2(u7Z) S ||U’H2D(11$2(]RN) - C;;,N||u‘|%p+1(\z|—b(p+1)7RN)
for all w € DL2(RN), where LPF (|| P+ RN) s the usual weighted Lebesgue
space and its usual norm is given by
1
as

p
1wl Lot ()b mYY = </ |$|_b(p+1)IU|p+1dJ)>
RN

Remark 1.1. The conditions bps(a) <b < a+1 witha < 0 anda <b < a+1 with
a>0anda+b>0 in Theorem 1.1 is sharp in the sense that, for a < b < bpg(a)
with a < 0, the extremal function of (1.1) is no longer ¢W..

On the other hand, it is well-known that the Euler-Lagrange equation of the
Sobolev inequality (a = b = 0) is given by

—Au=|u/¥=u, inRY (1.6)[eqns80]
and the Aubin-Talanti bubbles, given by

N-—2

U =N =27 (=)

are the only poaitive solutions of (1.6), where z € RY and A > 0. Thus, the smooth
manifold (except ¢ = 0)

M={cU[z,\ |c€R,zc RV, XA >0}

is all nonnagetive solutions of (1.6). Moreover, Struwe proved in [21] the following
well-known stability of profile decompositions to (1.6) for nonnegative functions.
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(thm0003) Theorem 1.2. Let N > 3 and v > 1 be positive integers. Let {u,} C D¥2(RN) be
a nonnegative sequence with

1 1
(v = 8% <lunllpreery < (v +5)5%,

where S is the best Sobolev constant. Assume that | Au, + |un|ﬁun|\H71 =0

as n — 00, then there exist a sequence (zgn), zén), e ,(,n)) of v-tuples of points in

RY and a sequence of ()\:(Ln), )\én)7 xx ,)\(Vn)) of u-tuples of positive real numbers such

that

IVu, — ZVU[zEn), )\En)]HLQ(RN) —0 asn — oo.

In the recent papers [7,15], Figalli et al. initialed a study on the quantitative
version of Theorem 1.2 by proving
(1) (Ciraolo-Figalli-Maggi [ ]) Let N > 3 and u€ DY2(RY) be positive such
that HVUHLQ(RN < 252 and ||Au + |u|N 2u|lgp—r < 9 for some § > 0
sufficiently small, then

distpiz(u, Mo) < || Au + [ul T2 u g1,

where Mg = {U[z,A\] | z € RV, )\ > 0}.
(2) (Figalli-Glaudo [15]) Let u € DY2(RY) be nonnegative such that

1.~ 1. .~
(v— 5)5 z < Hu||2D1v2(RN) <(v+ 5)5 2

and ||Au + |u|ﬁu|\H71 < § for some ¢ > 0 sufficiently small, then for
3<N <5,

distpre(u, M) < [|Au+ [u] T ul| g

where

Mo—{ZUZu |z € RV, )\ >0},

Remark 1.2. The stability obtained in [15] is more general than the conclusion (2)
stated here in the sense that, w could be sign-changing if u is close to the sum
of Ulzi, \i] in DY2(RYN) where Ulz;, \;] are weakly interacting (the definition of
weakly interaction can be found in [15, Definition 3.1]). We choose to state the
conclusion (2) since it is more close to Struwe’s theorem on the stability of profile
decompositions to (1.6) for nonnegative functions.

As pointed out in [15], it is rather surprisingly that the conclusion (2) is false for
N > 6. Figalli and Glaudo constructed a counterexample of the conclusion (2) for
N > 6 with two bubbles and conjectured in [15] that the quantitative version of
Theorem 1.2 for N > 6 and v > 1 will be

[Au+ |uful g-r[In(|Au + [ulul g-1)|, N = 6;

|Au + [u| 7=l 1), N>7

distpi2(u, M§) < {
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with 0 < v(N) < 1 under the same assumptions of the conclusion (2). In the very
recent work [11], the first author of the current paper, together with Deng and Sun,
proved that the quantitative version of Theorem 1.2 for N > 6 and v > 1 is actually

1w+ [ulull g [ In([| A+ [ulul 1), N =6
distpns (u, M§) < L s
|Au+ [u| ¥=Zul| ;577, N>7
under the same assumptions of the conclusion (2), where the orders of the right hand
sides in above estimates are optimal. We would like to refer the recent works [7,15]
once more for more motivations, discussions and applications of the study on the

quantitative version of Theorem 1.2.

Since the Sobolev inequality (a = b = 0) is a special case of the CKN inequal-
ity (1.1) and the Euler-Lagrange equation of (1.1) is given by

~div(|a|~*Vu) = o MO, RY, (1.7) [ego0te]
it is natural to ask whether the stability of profile decompositions to (1.7) for
nonnegative functions which is similar to that of (1.6) holds or not. Our second
main result of this paper, which devoted to this natural question, can be stated as
follows.

(¢hn0002) Theorem 1.3. Let N >3 and v > 1 be positive integers. Let bps(a) be the Felli-

Schneider curve given by (1.4) and assume that either bpg(a) < b < a4+ 1 with
a<0ora<b<a+1witha>0anda+0b > 0. Then for any nonnegative
u € DL2(RYN) such that

1 pt1 ptl

(= DCb )T < [l gy < (4 (ot )5 (1.8) o9
and I'(u) < § with some 6 > 0 sufficiently small, we have
T(u), p>2orv=1,
dist 1.2 (u, 25) < 4 P(u)] logF(u)ﬁ, p=2andv >2,
P(w)?, 1<p<2andv>2.

where T'(u) = ||div(|z]~*Vu) + |x|_b(p+1)|u|p_1u||(D;,2)/ and

ZE={>_ W, |7 >0}
j=1

Moreover, this stability is sharp in the sense that, there exists nonnegative u, €
DL2(RN), satisfying (1.8) and T'(u.) < & for some § > 0 sufficiently small, such

that
D(ux), p>2orv=1,
dist 1.2 (ue, 25) 2§ T(us)] logT(u,)|?, p=2andv>2,
I‘(u*)%, l<p<2andv>2.
Remark 1.3. (1)  The conditions bps(a) < b < a+1 witha <0 and a <

b<a+1 witha>0 and a—+b>0 in Theorem 1.3 is optimal in the sense
that, for a < b < bpg(a) with a < 0, the nonnegative solutions of (1.7) is
no longer unique.
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(2)  (2) of Theorem 1.3 can be generalized to more general class of functions
as that in [15, Theorem 3.3] by introducing the concept of weakly interaction
for the nonnegative solutions of (1.7) as that in [15, Definition 3.1].

Notations. Throughout this paper, C and C’ are indiscriminately used to denote
various absolutely positive constants. a ~ b means that C'b < a < Cb and a < b
means that a < Cb.

2. PRELIMINARIES

Let Dy ?(RY) be the Hilbert space given by (1.3) with the norm || - || pr2 -
By [5, Proposition 2.2], DL2(R¥) is isomorphic to the Hilbert space H'(C) by the
transformation

w(z) = |z~ @ Dy(—In |z, z |) (2.1) [eq0007|

where C = R x SV~1 is the standard cylinder, the inner product in H'(C) is given
by

(w,v) g (c) = / VwVo + (ae — a)*uvdu
C
with dy being the volume element on C, v € DL2(RY) and w,v € HY(C).

The CKN inequality (1.1) can be rewritten as the following minimizing problem:

Cobn = inf : (2.2) [eq0002]

weDL?(RN)\{0} Hu||Lp+1(|w‘—b(p+l))RN)

where LPH!(|z|~0®+1) RN) is the usual weighted Lebesgue space and its usual

p+T
norm is given by [[ul| o1 (g~ gy = <IRN |z|b(”+1)|u”+1da;) . The Euler-

Lagrange equation of the minimizing problem (2.2) is given by (1.7). By (2.1), (2.2)
is equivalent to the following minimizing problem:

||UH%11 [

071 = ln 77
@bN e HI(C)\ {0} ||U\|%p+1(c)

2.)
where || - || Lr+1(c) is the usual norm in the Lebesgue space LP™1(C). Let t = —In |z|

and 0 = 3 for z € RN\ {0}, then by [5, Proposition 2.2], (1.7) is equivalent to the
following equation of v:

—Agv — 0?v + (ac —a)*v = [vP"lv, inC (2.4)[eq0008 |

where Ay is the Laplace-Beltrami operator on SV~1.

Clearly, minimizers of (2.2) are ground states of (1.7). It is also well-known
(cf. [5,6,16]) that up to dilations u,(x) = 7%~ %u(7z) and scalar multiplications
Cu(x) (also up to translations u(z + y) for the spacial case a = b = 0), the ra-
dial function W (z) given by (1.5) is also the unique minimizer of the following
minimizing problem

-1 ||U||D12 (RN)

Ca,b,N,md =

1
UEDi’,iad(RN)\{O} Hu||LF+1(|w|—b(p+l),RN)
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under the condition (1.2), where
D2 (RN) = {u € DV?(RYN) | u is radially symmetric}.

a,rad
Thus, W(z) is always a solution of (1.7) under the condition (1.2). It has been
proved in [6,14] that W (z) is the unique nonnegative solution of (1.7) in D}2(RN)
either for bps(a) <b < a+1witha <0 or for a <b < a+1 with a > 0. Moreover,
it has also been proved in [16] that W (zx) is nondegenerate in D}2(RY) under the
condition (1.2). That is, up to scalar multiplications C'V (z),

0
= a(A*ac*“)W(M))IAﬂ (2.5)[eq0010]

is the only nonzero solution in D}2(RY) to the linearization of (1.7) around W
which is given by

—div(|z|~*Vu) = plz| PPV WP Ly, in RY. (2.6)

By the transformation (2.1), the linear equation (2.6) can be rewritten as follows:

—Agv — 02v + (a, — a)*v = p¥P 1y, inC, (2.7)[eq0016]
where Ay is the Laplace-Beltrami operator on SV =1, ¢t = —In|z| and 0 = ﬁ for
x € RNM\{0}, and

R R B ) R

It follows from the transformation (2.1) that

Viz) :=VW(z) z— (a. — a)W(x)

) = Ut —logs) = 2 W(t —logs) = —s 2 w(t —
Ul (t) =T'(¢ logs)—at\ll(t log s) = saS\If(t log s)

is the only nonzero solution of (2.8) in H(C) .

3. PROFILE DECOMPOSITIONS OF NONNEGATIVE FUNCTIONS
It is well-known that all minimizers of (2.2) are positive in RV\{0}. Indeed, let

1 1 )
E(u) = §||UH§);2(RN) - m||U|\it+1(\m|—b<p+1>7kzv)v
then by (1.1), £(u) is of class C? in D}2(RY). Since it is well-known that extremal
functions of (2.2) are ground states of (1.7), extremal functions of (2.2) are also
minimizers of the minimizing problem
= inf &
-
where

N = {u € DARM\{0} | &' (u)u = 0}
is the usual Nehari manifold. Since p > 1 for a < b < a + 1, it is standard to use

the fibering maps to show the double-energy property of £(u), that is, ¢sq > 2c,
where csy = infy,en,, €(u) with

Nig = {u € Dy?RM)\{0} | &' (u)u* = 0}
and v = max{+wu,0}. Thus, by the the double-energy property of &£(u), all min-
imizers of £(u) in A at the energy level ¢ are nonnegative which implies that all

extremal functions of (2.2) are nonnegative. It follows from the maximum principle
that all extremal functions of (2.2) are positive in RV\{0}.
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As that of the Sobolev and Hardy-Sobolev inequalities, we have the following
relatively compactness of minimizing sequences of (2.2).

{prop0001) Proposition 3.1. Suppose that {u,} € DL2RN) be a minimizing sequence of
(2.2) either fora < b < a+1 witha < 0 or fora < b < a+1 witha > 0 and a+b > 0.
Then there exists {T,} C (0,400) such that (uy)s, — ug strongly in DL?(RY) as
n — 0o up to a subsequence, where ug is a minimizer of (2.2). Moreover, we have
ug = CW,, with some 79 > 0 and C € R\{0} either for bps(a) < b < a+1
with a < 0 or fora <b < a+1 witha >0 and a+ b > 0, where bps(a) is the
Felli-Schneider curve given by (1.4).

Proof. Since the case a > 0 is considered in [24, Theorem 4], we shall only give the
proof for a < 0. Moreover, the proof is rather standard nowadays (cf. [22]), so we
only sketch it here. Without loss of generality, we may assume that

”un||%p+1(|m‘—b(p+1>’RN) =1.

Then {u,} is bounded in D!}?(RY) and thus, u, — Uy weakly in D}?(RY) as
n — oo up to a subsequence. Moreover, by the double-energy property of £(u), we
may also assume that 4y > 0 without loss of generality. By (2.1), the corresponding
v, — vg weakly in H(C) as n — oo up to a subsequence with vy > 0. Since
a<b<a+1fora<0,wehavel <p< % by (1.2). Thus, by [5, Lemma 4.1],
there exists {7,} C R such that

Ty = Un(t — Tn,0) = Tg #0 weakly in H'(C) as n — oo.

It follows from the Brezis-Lieb lemma and the concavity of the function 71 for
0 <t <1 with p>1 that

1+0,(1) = Capn([0n —Tollzc) + [TollFrc))
> (1= |[wollf s ey + 0a (D)7 + ([Tollhis ) 75
> 1+o0,(1),

which implies that v,, — Dy strongly in LPT(C) as n — oo. Correspondingly, by
(2.1), we have (uy);, — ug strongly in LPT!(|z| @D RN) as n — co. It is then
easy to show that ug is a minimizer of (2.2). In the cases bpg(a) < b < a + 1 with
a<0ora<b<a+1witha>0anda+b>0, W is the unique minimizer of
(2.2) up to dilations u,(z) = 7%~ %u(7rx) and scalar multiplications Cu(z). Thus,
we must have ug = CW,, with some 79 > 0 and C € R\{0}. O

As the well-known results of profile decompositions to the Sobolev inequality
due to Struwe (cf. [21,22]), we have the following profile decompositions of (1.7)
for nonnegative functions which, to our best knowledge, is new.

{Prop0002) proposition 3.2. Let {w,} be a nonnegative (PS) sequence of £(u) with
ptl

1 _ pt1 1 _ pt1
(v— 5)(Ca,;,zv)"‘l < ||wn||i)(1112(RN) <(v+ 5)(0(17;7]\,)10—1

with some v € N either for bpg(a) <b < a+1 witha <0 or fora<b<a+1
with a > 0 and a4+ b > 0 where bpg(a) is the Felli-Schneider curve given by (1.4).
Then there exists {T; n} C Ry, satisfying

. Tin Tjn
mm{max{’,] — +o00
i#£] Timn Tin
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as n — oo for v > 2, such that
(1) w, =37 (W), +0,(1) in DL2RYN).
@ walZy gy = I, + 000,

Proof. Since p = M fora="band p < M for a < b, We shall divide the proof

N +2 and p = —Jr respectively.

into two parts Wthh is devoted to the case p < =5,

The case p < {+Z(a < b).
In this case, we use the transformation (2.1) to w,. Then the related w,(t,6)
satisfy
1 _ 1 _ p+1
(v — 2)(CabN) P < @l e < (v + ) Capn)r™

and J'(w,) — 0 in H=(C) as n — oo, where H~1(C) is the dual space of H'(C)
and

1 1
T () = gl o = Il o

Since p < X2 and U(¢) is the unique nonnegative solution of (2.8) in H!(C) either
for bps(a )Sb<a+1witha<00rfora<b<a—|—1witha20anda—|—b>0,
the conclusion then follows from (2.1) and adapting [5, Lemma 4.1] in a standard
way.

The case p = {+Z(a = b).

In this case, we have a > 0 by the assumptions. Moreover, [5, Lemma 4.1] is
invalid to drive the conclusion and thus, we shall mainly follows Struwe’s idea in
proving [22, Theorem 3.1]. However, according to the singular potential |z| =2, the
argument is more involved. Let U, be the standard Aubin-Talanti bubbles, that is,

U. = [N(N —2)]"7 ’

—2 £ 2
€2 + |z|?

Cran <S fora>0. (3.1)[equ992]

Thus, there exists R. > 0 such that

1
/ VU, |*dz > L—(O;;_N) , (3.2)[eqo054
Br, (0) R v

€

By [24, Lemma 1],

vz

where Lp_ is the number such that the ball Bag_(0) is covered by Lp. balls with
radius R.. Here, we have used the fact that 2 < Lp_ < 2N Let

Qn(r) = sup / |x\72a|an|2dx
B (y)

yERN

be the well-known concentration function of w,,. Since

1 _ N 1 _ N
(= 5)(Cab i) ® < lunlBpan, < 0+ 5)(Cork )
for some v € N, we can choose 7, > 0 and y,, € RY such that

1
Qn(rn) = / 2|72V, P dz = 57— (Cpy v)
By, (yn) 2LR€ o

N
2
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Let
Uy = (1"nR6_1)_(“C_“)UJn(?“nRE_I:J:)7

then

1
sup / |x|_2“|an\2d:1c :/ |x|_2“|an|2dx = 7(0(;; ~N)
Br. () B, (fsin) 2Lp, "

(3.3)[eqb050]

yeRN

Since || - || p1.2 is invariant under the dilation u.(z) = 7% ~%u(rz), {v,} is bounded
in DV2(RY) and thus, v,, — vy weakly in DV2(RY) as n — oo up to a subsequence.
Clearly, vp > 0. We define w,, = (v,, — vg)p, where ¢ is a smooth cut-off function
such that ¢ = 1 in Bg_(z) and ¢ = 0 in B%RE (2) for any z € RY. Then by [24,

Lemma 2],
Iy S om = w0l + [ 72— volde 5 1
Dy * (RN) Do (RY) Bar, (2)\Br. (#)

and
/ |z| 2% |v,, — vo|?dz — 0 asn — oo.
Bar, (2)\Br. (2)

Note that by the fact that & (w,) — 0 in D;12(RY) as n — oo and the invariance
of £(wy,) under the the dilation u,(z) = 7%~ %u(rz), £ (v,) — 0 in D H2(RY) as
n — oo. It follows that &'(vg) = 0, which, together with the Brezis-Lieb lemma,
implies

ONa N2 N+2

on(l) = /RN(\I‘I’Q“V(% —v0)V(@np) = |2[" N2 (vn " —vg 7 )wngp)d

_ __2Na 4
- /NOII 2| Vaa|? = |e =N un = o] V2w |?)dz + 0n (1)
R

N 2Na
N-2 (|m| N—-2 ,]RN)

4
> 2 _ N-2 2
”w"||Dr11’2(RN) | L% (x|~ e JRN) ||wn||L ¢

+on(1). (3.4)

Here, @, « = (vn, — Vo) s, where @, is a smooth cut-off function such that ¢, =1
in Bsp, (2) and @, = 0 in B5y (z). By the Brezis-Lieb lemma once more,

2N _2Na 2N _
||wn,*| N_Qif _ 2Na < / |:L‘| N72|vn 71}0‘N*2dl’
LN=2 (lI‘ N=2 7RN) BQRE (z)
< / |x|_%|vn|%da: + on(1).
Bar, (2)

It follows from the CKN inequality (1.1), (3.3) and (3.4) that w, — 0 strongly
in DY2(RY) as n — oo, which implies that v, — vg strongly in D!2(Bg,(z)) as
n — oo for any z € RV, Thus, by a standard covering argument, v,, — v strongly

Diioc(RN) as n — 0o. We claim that vy # 0. Assume the contrary that vg = 0,

then by (3.3), |Rj—y — 400 as n — oo. It follows that

Un 2 —2a 2 2
V(57— ~/ 12729\, |2 < vn/? 2
/BlREy”(RT}:") |R;73n ¢ BL\M\(Rf:'L) ~ D™ (RY)?
2 Tn 5 =
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which implies that {7, } is bounded in Dl1 o’i(RN ) and thus, 7, — Tp weakly in
vn (z+ Reyn

D2 (RN) as n — oo, where T, = ——p =" Now, by &'(v,) — 0 in Dy “?(RN)

loc | Reyn 2
Tn

as n — 0o, we know that

N42
—~AT, =57 2 +o0,(1) in D2(RY). (3.5)[eq0053]

By (3.1), (3.3) and |%| — 400 as n — 00,

/ VT, |%de = sup/ VT, |?dx
Br,(0) yERN JBr_ (y)

1 o~
- 2L, (Capn)? Fon(1) (3.6) [eq0052]
1 N
1
< grg St e

Thus, by applying similar arguments as that used for (3.4) to (3.5), we can show that
U, — Vg strongly in DV2(Bg_(0)) as n — co. By (3.6), T # 0 and thus, vy = U.
for some £ > 0 by (3.5). It is impossible since (3.2) and (3.6) hold at the same
time now. Therefore, we must have vy # 0. Since vy > 0, by [6, Theorem B and
Proposition 4.4] and [14, Theorem 1.2], we have vy = W either for bpg(a) < b < a+1
with a <0 or fora<b<a-+1witha>0and a+b>0. Thus, w, — (W)THRE—I
weakly in D}2(RY) as n — co. By running the above argument to w,, — W), r-1
we will arrive at that w,, — (W)rn,lrnRglR;f + (W)TMR; weakly in DL2(RY) as
n — oo for some 7,1 > 0 and £; > 0. The conclusion then follows from iterating
the above arguments for v times and using the fact that W(|z|) is the unique
nonnegative solution of (1.7) in D2(RY) either for bpg(a) < b < a+1 with a <0
orfora<b<a+1witha>0anda+b>0. O

4. STABILITY OF CKN INEQUALITY IN THE FUNCTIONAL INEQUALITY SETTING

It is well-known that the minimizing problem (2.2) and the equation (1.7) are
invariant under the dilation u,(z) =72 u(rz). Thus, the smooth manifold
Z ={cW,(z) | c € R\{0} and 7 > 0}
is all extremal functions of the minimizing problem (2.2). Let

200N — 2
d*(u) = 1’nfT>0 [lw — CWT”D}I,z(

ceR RN)?

where u € DL2(RY). Then we have the following stability for the CKN inequal-
ity (1.1).

Proposition 4.1. Let e(u) := ||u||%;,2(RN) - C;;N||u||2Lp+1(‘z|fb(p+1>7RN)' Then
e(u) 2 d?(u) for all u € D}2(RY) in the following two cases:

(1)  bps(a) <b<a+1 witha <0,
(2) a<b<a+1lwitha>0anda+b>0.

(prop0003)

Proof. The proof mainly follows the arguments in [2] for the stability of the Sobolev
inequality. It is easy to see that d?(u) can be attained by some cq # 0 and 75 > 0.
Indeed,

Hu - CWTHQDi,?(RN) = Hu”QD}va(RN) + 02||WT|‘2D(1Lv2(RN) - c(u, WT>D}1’2(RN)'
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Thus, by taking (¢,7) € (R,RT) such that c(u, Wr) pr2gay > 0 with || > 0

sufficiently small, we have d?(u) < ||u\|%1,2(RN). By the invariance of the norm
| -l p1.2 gy under the dilation ur(x) = 7%~ “u(r2),
= Wy = Il + Wl Byn ) — e Wod prseny (A1) [sz0088]

Y

lull B2 gy + ENIW 2wy = lellull praa Wl pra -

Thus, the minimizing sequence of d?(u), say {(cn,7,)}, must satisfy |c,| ~ 1. On
the other hand,

[ elvavw < [ WV )W )
Yyi=p

Irz|<p
%
lollogece ([ timwwe)
lyl<p

= Op(l)

as p — 0 which is uniformly for 7 > 0 and

IN

1

|x‘—2avuVWT‘ < ||W||D(112(]RN)(/| » |.’L‘|_2a|vu|2)
TiZF

= o.(1)

as 7 — 0 for any fixed p > 0. By taking 7 — 0 first and p — 0 next, we have
| Jan 12| 72*VuV W, | = 0 as 7 — 0. Note that 1+ |rz| ~ 1 for |rz| < 1, by (1.5),

R 1
- 2

|/ |x|_2“VuVWT|gTac_“||u|D}l,z(RN)</ r_2a+N_1> — 0. (1)
[Tz|<R 0

as T — +oo for any fixed R > 0 and

| / |2V u VI, |
|Tz|>R

|T2|>p

IN

/ [y1=2 Vs () YW (9)]
ly|>R

1
< Ml ([ v
lyI=R
= or(1)

as R — +oo which is uniformly for 7 > 0. Thus, by taking 7 — +oo first and
R — +00 next, we also have | [y |2|2*VuVW,| = 0 as 7 — +oo. It follows from
(4.1) and d?(u) < Hu||2Dl‘2(]RN) that the minimizing sequence {(c,, 7,)} must satisfy

|Tn| ~ 1. Thus, d?(u) can be attained by some ¢ # 0 and 79 > 0, which implies
(u,coWr,) pregny = ||00W70||333112(RN) and  (u, 0 Wr|r=r,) pr2gn, = 0.
Note that
Tw,, 2 = span{0; W | ;= },

and 0, Wi|;=r, = Vi, where V(z) is given by (2.5). Thus, by the nondegneracy of
W,, in DL2(RN),

u=coWry + ¢r, (4.2)
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in DL2(RY), where
<¢TD’ ‘I'0>D1 2(RN) = <¢707VT0>D(11’2(RN) =0. (43)

It follows that d?(u) = ||¢T°||D,1I’2(RN)'

index of W, is equal to 1. It follows from the nondegneracy of W, in D.2(RY)
that

Since W, is the ground state, the Morse

[ frallp2 gy >p/RN || PP E=1g2 | (4.4)[eq0011]

Let us first consider the case that d(u) > 0 is sufficiently small, then by the ele-
mentary inequality

q(q—1)
2

for ¢ > 2, where x4>3 = 1 for ¢ > 3 and x4>3 = 0 for 2 < ¢ < 3, and the CKN
inequality (1.1),

o+ B —|al? — glo|*?af - 17287 S 11 + 11" 1B X3

¢ +1 +1
Wy + — = ||Z[)‘p+1(|m|*b(P+1)vRN) = ||W‘roHI£p+1 (Jz|~b+1) RN) +0(d2(u))

+(p+ 1)/ |x|*b(P+1)W}_’O%
RN Co

1 T
+p<p;_ ) / |$|_b(p+1)W%_1(ﬁ)2,
RN Co

which, together with (¢7,, Wr,) p1.2zny = 0 and the fact that Wx, is a solution of
(1.7), implies that

d)r 1 1
Wy + — ||Z£—:+1(|I|—b(p+1>’RN) = ”WTOHI;:+1 (Jz|—b(P+1) RN) +0(d2(u))
p(p+1) - 1, 0r
+ 5 |:17| b(p+1)W7;_:) 1( 0)2'
RN Co

On the other hand, by the fact that W, is a solution of (1.7) and it is also a
minimizer of (2.2), we have

HWTO||2D(1L’2(]RN)

-1
Ca,b,N = ||WTO||L1,+1(W b(p+1) RN

||WTo ||2Lp+1(|m|—b<p+1>7RN)

It follows from (4.2), (4.3) and (4.4) that for d(u) > 0 is sufficiently small,
e(u)

||uHDlv2(RN) - C;b,N||UH%p+1(\z|—b(p+1),RN)

¢7'0 — — ¢To
= c(2)<|| ||D1 2(RN) T p/RN |3;‘| b(p+1)W71_’0 1<E)2 +o(d2(u))>
> d2(u).

~

It remains to consider the case d(u) = 1. Assume that e(u) = d?(u) does not
hold for all w € D!2(RY). Then there exists {u,} C DL2(RY)\{0} such that
e(un) = o(d?(uy)). Thus, e(u,) — 0 as n — oo in this case. It follows that {u,} is
a minimizing sequence of (2.2). By Proposition 3.1, we have d(u,) — 0 as n — oo,

which is a contradiction. O



14 J. WEI AND Y.WU

We close this section by the proof of Theorem 1.1.
Proof of Theorem 1.1: It follows immediately from Proposition 4.1. O

5. STABILITY OF PROFILE DECOMPOSITIONS TO NONNEGATIVE FUNCTIONS

5.1. The one-bubble case. In this section, we will consider the one-bubble case
and prove the following result.

(propn0001) proposition 5.1. Let v € H'(C) be nonnegative such that
L1 yett 3, 1 ptt
§(Ca,;,N) ||U||H1(c §(Ca¢;,1v)”*1 and || fllg-1c) <6

for & > 0 sufficiently small, where f = —Agv — 02v + (a. — a)?v — vP. Then either
forbps(a) <b<a+1lwitha <0 orfora<b<a+1witha>0anda+b>0,
we have

do(v) S I flla-1c) (5.1) [eqn20001

where d3(v) = infsep [|v — ‘I’sH%rl(C)'

Proof. We shall mainly adapt the ideas in [7] to prove this proposition. As that in
the proof of Proposition 4.1,
do(v) = inf — U,
o(v) cE]Rl,n SER”U ol
is attained by some ¢y # 0 and sg € R, which implies that v = coWs, + 1o and
do(v) = ||¥ol|l 1 (c), Where

<\IJSU7¢O>H1(C) =0 and <\IJ;O7"/JO>H1(C) =0. (5.2)

By Proposition 3.2, we also have that |[1o]|g1(cy — 0 and cg = 1+ ag with ag — 0
as 6 = 0. Now, by the orthogonal condition (5.2),

%ol (c) = (Yo, v) —/Cvp%-f—/cf%-

By the Taylor expansion and some elementary inequalities,
Lo =t [t [wntd+ 0wl i)
where 0, =2 for p > 2 and o, = p for 1 < p < 2. Since ¥ is a solution of (2.4),
oo =™ [ wr g+ 0wl )

Note that ¥ is the ground state of (2.4), thus, the Morse index of ¥ is equal to

1. It follows from the orthogonal condition (5.2) and the nondegeneracy of ¥ in
H'(C) that

p [ 920 < Il
Thus, by [|1o|g1(c) — 0 and co = 1 + ap with ag — 0 as § — 0,

ol ey S 1 la-1c) (5.3)[eqn5555]

for § > 0 sufficiently small. On the other hand, we have

1
ol ey = Wty + [ oo



CAFFARELLI-KOHN-NIRENBERG INEQUALITY 15

Since ¢g = 1 4+ ap with ag — 0 as § — 0, by the orthogonal condition (5.2),
121 ey = (1 +2a0 + O@)) 1131 ¢y + [olli c)-
By the Taylor expansion, the orthogonal condition (5.2) and some elementary in-
equalities,
1 1
||U||Z[;+1(c) =1+ (+ a0+ O(ag))H\IJHE;H(c) + O(Hz/JOH%Il(C))v
which, together with (5.3) and the fact that ¥ is a solution of (2.4), implies that

(p = Dlaol S N 1F-1 ¢y + 1fller—1) ~ 1F 1)
for 6 > 0 sufficiently small. Now, (5.1) then follows from rewriting v = ¥y, +
Oéo\IJSU + 1/)(). O

5.2. The multi-bubble case. Let us first compute the interaction of two bubbles,
which plays an important role in the stability for the multi-bubble case.

(1em0001) 1 eyma 5.1. Let W, and W, be two bubbles such that 71 # 2. Then

W W min{T1,T2} Gema
W We) iy ~ ey )
Moreover, by the transformation (2.1), we also have

<\Ils17\1152>H1(C) ~ e—(ac—a)|sl—52\’ (54)
where W(t) is given by (2.8), Us(t) = ¥(t — s) and s; = InT;.
Proof. Without loss of generality, we may assume that m = 1 and 75 := 7 < 1 by
the invariance of (-, '>D;’2(]RN) under the dilation u, = 7%~ *u(7z). Since W is a
solution of (1.7),

W) oy = [l M 0wow,
: .

= / |l‘|_b(p+1)WpWT +/ |x\_b(p+1)WpWT
lz|<1

1<\z|§%

+/ ‘$|_b(p+1)WpW7-.
%<|m|

Since 7 < 1, by (1.5), W(x) ~ 1 and W, (x) ~ 7%~¢ in the region {z € RV | |z| <
1}. Tt follows that

1
/ || PEHIWPIW, ~ r“c—a/ R
|lz|<1 0

Here, we have used the fact that N —b(p+ 1) = (p+ 1)(a. — a) > 0. In the region
{z eRN |1 < |z < L}, Wo(z) ~ 7%~ and W(z) ~ |z|72(@=9) by (1.5). Thus,

1
/ |x|7b(p+l)WpWT ~ Tdc—a /T T,Nflfb(p+1)72p(acfa) ~ 7_acfa’
1<|z|<L 1
where we have used the fact that N —b(p+ 1) — 2p(a. —a) = (1 —p)(ac —a) <0
and 7 < 1. In the region {z € RY | 1 < [z[}, W, (z) ~ 77 (ac=@)|g[~2(ac=a) anq
W(x) ~ |2|~2(@=2) by (1.5). Therefore,

+
/1 y |x\_b(p+1)WpWT ~ T—(ac—a)/ e pN=1=bp+1)=2(p+1)(ac=a) , rplac—a)
= <|z

1
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where we have used the fact that N—b(p+1)—2(p+1)(ac—a) = —(p+1)(a.—a) < 0.
Thus, by 7 < 1 and p > 1,
(W, W2) pregay ~ 7% (5.5)

By (2.1), we have (¥, ¥s)pic) = (W, Wr)pr2gyy, where U(t) is given by (2.8),
U, (t) =TU(t —s) and s =In7. Then (5.4) follows immediately from (5.5). O

Let v € H'(C) be nonnegative such that

1 pt1 1 _ P+l
(= $Cab B < lelline) < v+ )(Cad )

for some positive integer v > 2 and denote

fi=—Dgv — 020 + (ac. — a)?v — P, (5.6)
Then f € H-'(C). As that in [7,11,15], we consider the following minimizing
problem:

d3(v) = min o =", I3
J J:1

By similar arguments as that used in the proof of Proposition 4.1, we can show
that d2(v) is attained at some {s;} € R” and thus, we can write v = 25:1 U, +p,
where p satisfies the following orthogonal conditions:

(W;j,p>H1(c) =0 forallj=1,2,---,v. (5.7)[eq0013]

Clearly, d2(v) = ||p||%,1(c). Moreover, by Proposition 3.2, we know that d.(v) — 0
as || fllzg-1c) — O either for bps(a) < b < a+1witha <0Oorfora<b<a+l
with @ > 0 and a + b > 0. Thus, if ||f[|g-1c) < 0 for 6 > 0 sufficiently small, we
have [|p||g1(c) < ¢’ either for bps(a) < b <a+1witha <Oorfora<b<a+1
witha203nda—|—b>0, where &' — 0 as § — 0.

Since W, are solutions of (2.4), by (5.7), we can rewrite (5.6) as follows:

—Agp—0%p+ (a Uy, +p)? who+f, inC,
t - Z (5.8) [eq0014

<‘I’;j7P>H1(C) =0 forallj= 1,2,~-- .
In what follows, for the sake of simplicity, we denote
R=min|s; —s;] and Q= e~ (@e—a) miniz; |si—s ]
i !
as that in [11]. Moreover, we also assume that s; < sy < -++ < s, without loss of
generality. For the sake of simplicity, we also denote so = —oc0 and s,41 = +00.

(1emn0001) T,eyma 5.2. Let brps(a) <b<a+1lfora<0anda<b<a+1fora>0 and
a+b>0. Then

Il 2 Q@+ O(Q ol ey + Hp”Hl(C)) (5.9)[eql146]
for | fllz-1(cy <6 with § > 0 sufficiently small.
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Proof. Suppose that R = sj 41 — s, for some jo € {1,2,--- ,v — 1}. Multiplying
(5.8) with f\I!;jO and integrating by parts, we have

||fHH 1(C) Z\IISJ +,0 Z\II L2(C)-

In the region {3|p| < Z;’:l Vg, }, by the Taylor expansion,

plo— 1Oy, +Ep)P2p?

Jj=1

~ QW) >0, (5.10) [eqnisess]
j=1

Z U, +p)” Z U, )P —p(Y Wy,
j=1

where £ € (0,1). In the region {Z;Zl W, < 3|pl}, since ¥y, are all positive, we
also have Wy, = < 3|p| which, together with \I/’jO ~ Wy, 1mphes that

( Z\I/q] +p) Z\Ifgj —p(>_w, ! )\IJ’ < prHL (5.11) [eqnissed|

By Proposition 3.2 and Lemma 5.1, R — 400 as § — 0. Thus,

—(ac=a)lt=si| > o—(ac—a)lt—si—1] 4 —(ac—a)lt—sit1] —(ac—a)t—s;|
e Ze +e ~ Y e i

J#i
in (s, —2+0(1),s; + £+ 0(1)) for all i = 1,2,--- , v, which, together with (2.8),
1mphes that {Ws; 23,2 Vs, } in the region (s; — £4+0(1),si+E+0(1)) for all
1=1,2,---,v. It follows from the Taylor expansion that

(EV:\I/SJ. Z@P— (To, + & W )P W ~ TN "W, (5.12) [eqnt9999)]
j=1

J#i J#i J#i

in the region (s; — £+ 0(1),s;+ £+ 0(1)) for all i = 1,2, , v, where & € (0,1).
In the region R\(U/_(s; — & + O(1),s; + & + O(1))), by (2.8),

QW) =D WEIS D WE, ~ ) errieemolinl, (5.13)
j=1 j=1 Jj=1 j=1
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Thus, by —\I{’sjo ~ W,

(5.8),
1l 2 - /C (v, =S wr (Y v,
j=1 j=1 j=1
+O(ll5e))
>

J#i

—1
- /( w LN )

Sjo_g"’_o(l)vs]‘o'i_g—i_o(l)) J#Jo

, once more, (5.13), p > 1 and the orthogonal conditions in

— W), )

Uy, W, +0(Q)
Z/g,—2+o 1),si+2+0(1)) 0 Z

-/ v, szﬂm +O(lplEte)

(850 —5+0(1),85+5+0(1))°

S A

0(Q? ||p|\H1<c> +lplzie).

, Lemma 4.1],

Z/ vy, zijpsj

sitE+0(1)) =

/ 2 p—1
Sjo ~ Sio+1
(8j0+1—F+0(1),850 1+ F+0(1))

,Sit g £10(1)) i

By (2.8), p> 1 and |
\I/p (\Ijsj0+1 + \Ilsjo—l)

S
B10(1)s5+2+0(1) °

2 p—1
/ -k ) R \IJSJ‘U \Ilsjo—l + O(Q)
(sjo-1=5+0(1),850-1+5+0(1))

w\:u

~

ke

It follows that (5.9) holds for ¢ > 0 sufficiently small.

1
\Ilfl \IISJO Z WSJ +

R
o (ac—a)pr g~ (ac—a)(R—r) | / ? —2ac—a)(B=r) ~(ac—a) =1 | o(())
0

O

As that in [11], we want to drive the precise behavior of first approximation of

p by considering the following equation:

— Do — 079+ (ac — a)’o

=D T, 40P O T, +0)
o o
—Z\lﬂ’ +Zc]‘lfp ' inC,

(¥ sj,¢>H1(c) :o forall j =1,2,--- ,v

)

(5.14) [so015]
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where ¢; and ¢ are all unknowns. By (2.8) and some elementary inequalities, we
can rewrite

|Z\IJsj + ¢|p*1(z Uy, +9¢)— Z\Iﬂ;j = p(z ‘I’sj)p71¢—|— (Z v, )P
=1 i=1 =1 j j

=D VR +O(lg]7r),
j=1

where 0, =2 for p > 2 and 0, = p for 1 < p < 2. Thus, (5.14) can be rewritten as
follows:

L(#)=E+N(¢)+ Y ;U1 . inC,
2 (5.15) [e0020

<‘1//sja¢>H1(c) =0 forallj=1,2,---,v,

where the linear operator £(¢) is given by
L(¢) == —Do¢p — o+ (ac — a)’p —p(D>_ W, )P, (5.16) [eq0062]
j=1

E = (3] Ws,)P — 305, U is the error and N(¢) = O(|¢|"?) is the nonlinear
part.

(1emn0002) J enma 5.3. For & > 0 sufficiently small, we have

v

|E|
120 := 2 i Qe S | (5.17) [eqnt9997]

i=1 te(Tgi=t Jee e

for1<p<3 and

v

. |E|
Il =D P yns) Qe (=9 facalli=wi S (5.18) [equ15996]

N S;+s;_ 55 +s;
i=1 te( i 21 17 L+12 i

for p > 3 with ¢ > 0 sufficiently small.
Proof. By (2.8) and similar arguments as that used for (5.12),
E ~ Uy
~ e (PD(ac—a)|t=si| ,—(ac—a)|t—sit1]
~ e (ac—a)lsi=siti|,—(ac—a)(p—2)|t—si| (5.19) [eantss90]
in the region (s;, @) foralli=1,2,---,v—1 and
E ~ Wy
e D(ac—a)lt=si| ~(ac—a)lt—s; 1|

~ e (@c—a)lsi—sia],—(ac—a)(p—2)|t—si| (5.20)

in the region (Si‘l;rsi,si) for all ¢ = 2,3,---,v. In the region (—oo,s;), since
§1 < S < -+ < Sp—1 < Sy,
E ~ wly,,

~ e_(l’_l)(“c_a)|t_51|e_(“c_‘1)‘t—s2|

~ e (ac—a)lsi—s2|,—p(ac—a)lt—si| (5.21) [eqn19870]

Si41

Si—1
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In the region (s,,+00), since s1 < s2 < -+ < $p—1 < Sy,
~1
E ~ WU,

~

~ e (@c—a)]sy—su_1]| —p(ac—a)lt—si| (5.22)

(5.17) and (5.18) then follow immediately from (5.19), (5.20) and (5.21), (5.22). O

6—(p—1)(ac—a)\t—sy\e—(ac—a)\t—sy,l|

To solve (5.14), we shall use the fix point argument, which leads us to establish
a good linear theory by considering the following linear equation:

L(¢)=g, inC,
<‘I’;j,¢>H1(c) =0 forallj=1,2,---,u,

where g satisfies <\I/gj,g>Lz(c) =0forallj=1,2,--- ,v and L(¢) is given by (5.16).
Based on Lemma 5.3, we shall introduce the following spaces:

X ={pe H'C)||¢]s < +oo} Y ={p € L*C) |||¢]ls < +oo},
and
X={sc HYC) ||l¢]y < +oo} .Y ={d e L*(C) | ||¢|ls < +oo}.

Clearly, X, Y and X , Y are all Banach spaces. Let

Xt = {¢€X|<\IIISJ_,¢)H1(C):O forall j =1,2,--- v},

Yt = {peY | (¥, ,9)2@)=0 forallj=1,2,---,v}
and

Xt = {6eX | (U, . )miy=0 forallj=1,2,- v},

?L = {¢€?‘<¢;]7¢>L2(C):O forallj=1,2,---,l/},
then we have the following.

(1em0002) y emma 5.4. Let bps(a) <b<a+1fora<0anda<b<a+1 fora>0 and
a+b>0.

(1)  Ifp >3, then for § > 0 sufficiently small, there exists a unique ¢ € XL
such that L(¢) = g and ||o||g < ||glly for every g € YL

(2) If1 < p < 3, then for § > 0 sufficiently small, there exists a unique
¢ € X+ such that L(¢) = g and ||¢|ly < ||glly for every g € Y.

Here L(¢) is given by (5.16).

Proof. Since the proof is rather standard nowadays (cf. [3-10, 26, 27]), we only
sketch it here. We start by proving the a-priori estimates ||¢[/s < [|g| for p > 3
and |||y < lglly for 1 < p < 3. Assuming the contrary, that is, there exist {g,}
and {6,} such that ||g,||z — 0 and §,, = 0 as n — oo and ||¢,|y = 1 for p > 3
while, ||g,|l; = 0 and 6, — 0 as n — oo and ||¢, ||y = 1 for 1 < p < 3. Since §,, = 0
as n — 0o, by proposition 3.2,

R, = n;éln |Sin — Sjn| = +00 asn — oo.
i#j
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By the definition of the norms || - ||y and || - ||4 given by (5.17) and (5.18),

1gnll5 ZQn@i,n(t)Xi,n(t)a I<p<3,
IL(én)l S o
HgnHﬁ ZQn‘Pi,n(t)Xi,n(t)a p 2 Ba
i=1

where
e~ (=9 aea)t=sinl =~ 4> 3
Pin(t) = {e—@—z)(ac—a)n—si,u, L <pes, (5.23)[equ19993]
and x; n is a cut-off function such that

Sin + Si—1,n Siti,n Tt Sin

1, te( , ),
2 2
Xin(t) = o pe s i Siie i (5.24)[eqn19992
B 2 B D) .

By (2.8), it is easy to see that

e~ (=) (ac—a)lt=sinl >3

e_(P_2)(ac_a)‘t_5i,n‘7 1 < P < 3

in (Sntiioln Silatsing\ (g, — T, s; + T) for a sufficiently large 7 > 0. Thus, by

the maximum principle,

I6n] < lgnll§@npin(t), 1<p<3, (5.35) _—
e . eqn
lgnllt@npin(t), p>3 [eqn19995 |

in (Stotsicln Suwiatsing (5, — T,s;, +T) for all i = 1,2,---,v. On the other
hand, by [6al; = 1 and lgalls = 0a(1) for p > 3 while [lgu 5 — 1 and [lgal; = on (1)
for 1 < p < 3, it is standard to use the Moser iteration and the Sobolev embedding
theorem to show that Q. ¢, (- + sin) — $ uniformly in every compact set of C
asn — oo for all i = 1,2,--- , v, where q/ﬁ\ is a solution of (2.7). We recall that
by the nondegeneracy of ¥ in H(C), ¥’ is the only nonzero solution of (2.7).
Thus, we must have that (E = CV’, which together with the orthogonal condition
in X+ for 1 < p < 3 and the orthogonal condition in X+ for p > 3, implies that
q@ = 0. Since @; p(t) ~ 1in [s;n — T, s;pn + T for fixed T > 0, % =o0,(1) in
[sim — T, 8im + T for fixed T > 0. Thus, by (5.25), ||¢n|lz = on(1) for p > 3 and
lonlly = on(1) for 1 < p < 3. It contradicts ||, ||y = 1 for p > 3 and ||¢,]|; =1
for 1 < p < 3. The a-priori estimates ||¢||s < |lglls for p > 3 and ||¢||; < ||g|ly for
1<p<3implythat£:Xl—>Ylfor1<p<3and£:)A(l—>}/}lforp23
are injective for § > 0 sufficiently small. Since (37, ¥y, )P~" — 0 as [t| — 400
by (2.8), it is standard to use the the Fredholm alternative to show that for § > 0
sufficiently small, £(¢) = g is unique solvable in X* for every g € Y in the case
of 1 < p < 3 and L(¢) = g is unique solvable in XL for every g € Y+ in the case
of p > 3. a

Let us go back to (5.15), then we have the following.
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(1em0003) I oemma 5.5. Let brps(a) <b<a+1fora<0anda<b<a+1 fora>0 and
a+b> 0. Then (5.15) has a unique solution (1, c1,ca,- -+ ,¢,) for § > 0 sufficiently
small. Moreover,

Q, p>2
9l ey S Qllog(Q)|>, p=2, (5.26) [eq0027 |
QF, l<p<2.
and 3771 |l $Q
Proof. Since R — 400 as 6 — 0 and p > 1, by [19, Lemma 6] and (2.8),
(UL e ey ~ @ (5.27) [sq0033]

for i # j for 6 > 0 sufficiently small. Thus, {¢;} in (5.15) can be chosen to be the
unique solution of the following equation:

(<\I’€._1\I’;.a\I’;i>L2(C))i,j:1,2,-~ v @ (ci)i=12 0 = —((E+ N(®), V5, ) 12(c))i=1,2, w

By Lemmas 5.3 and 5.4, and adapting the fix point arguments in a standard way
(cf. [5-10,26,27]), (5.15) is unique solvable in the set B = {¢ € X | lolls < C}in
the case of p > 3 and in the set B = {¢p € X+ | ||¢|l; < C} in the case of 1 < p < 3
for a sufficiently large C > 0. Note that N(¢) = O(¢?) for p > 2, by —¥' ~ ¥
and [19, Lemma 6],

@)1 5 [ Y Qatnm)e, <0

where ¢; is given by (5.23) and yx; is a cut-off function given by (5.24). For 1 <
p <2, N(¢) = O(|¢|P). Thus, by —¥’' ~ ¥ and (2.8),

N TS [ S Qo) Ty ~ QP [ c@ppacar—r _ o)
(N (#) SJ>|N/C§<Qw<>x<>> J Q/O e Q%)

On the other hand, by (2.8), (5.19), (5.20), (5.21), (5.22) and =W, ~ ¥, ,

d ~ P2 ~ p—1
‘<E’ lIISJ'>L2(C)| Qi_zl/(si;+si7si+;i+l 81 \Il Q/ Sj— 1‘*’s 7* +9J+1)\I/Sj Q
It follows from p > 1 that 3 7_, ¢ < Q and
63y = (E+N@)+> WV, )
j=1
op+1
< (B dhue + OQIollm e, + IBI5505),  (5.28) [sanisoss

where o, = 2 for p > 2 and 0, = p for 1 < p < 2. Since [|¢||y < C for p > 3, by

(5.18),

E ¢L2 <ZQ2/7 1+57 s+é7+1)‘l/2 2<) Q2
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for p>3. For 1 < p <3, ||¢|ly < C. Thus, by (5.17),
, Q> p>2
E0e0 SU@ [y s, B~ 0@, p=2
i=1 22 Q°, l<p<2.
(5.26) then follows from (5.28). O
Let ¢ = p — ¢, then by (5.8) and (5.14),
— Doy — 0fp + (ac — a)*p

Z\I/SJ+¢+<p —|Z\115J+¢|p 1 Z\IJSJ+¢

L - (5.20) [sq0028
—ZC]\IIP 1\11’ +f, inC,

<\Ilsj,<p>H1(C) =0 forallj=1,2,--- 0.
Let Mo = span{¥;} and M = span{¥] }. Then by the orthogonal conditions
satisfied by ¢, we can decompose ¢ = Z]V.ZI B, 4+ Ut where Ut € (Mo & M)+
in H(C).

(1em0004) T ,eryma 5.6. Let brps(a) <b<a+1lfora<0anda<b<a-+1 fora>0and
a+b>0. Then for § > 0 sufficiently small, we have

183l S W lla-10) + @7 (5.30) [eq0038]
and
Il ey S M lla-1e) + @ (5.31)[eq0036 ]

Proof. Since VU is the minimizer of (2.3), the Morse index of ¥ is equal to 1. It
follows from the nondegeneracy of ¥ that

/ |Vov|? 4 [0:v]? + (ae — a)*v? > (p + 2¢) / Yr—iy? (5.32) [eq0029]|
C

c

for all v € span{¥, ¥’} with some ¢ > 0 sufficiently small. Since R — +oo as
6 — 0 by Proposition 3.2 and p > 1, for § > 0 sufficiently small, it is standard to
use (5.32) and the exponential decay of ¥ at infinity given by (2.8) to show that

/|V9v|2+|8tv\2+( a)*v? > (p+¢) / Z\I}S] p=1y? (5.33) [eqo032]
C

for all v € (Mo & M)*. By (2.8), ||q5||ﬁ<Cforp>3and |¢lly < C for 1 <p <3,

Z\Ifs]+¢>+so —\Z%MI” ! Z\Ifsntas

Jl Jj=1

= 7l Z Uy, + 1P o+ O(le|)

=1

= p(z Uy, )P o+ q(t, 0) + Ol ),
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where [|q||z ) < § with & — 0 as 6 — 0, op = 2 for p > 2 and o, = p for
1 < p < 2. Now, multiplying (5.29) with W, for all j and UL respectively, and
integrating by parts,

-3 3 e = / Z\wwqte (B, + ),

i#]
4 [0 ) =W gl 0)
¢ =1
<f7 s L2(C) +ZCz \I/p 1\:[// >L2(C)

i#j
op+1 op+1
Zﬁ et )

and

v

/C (3 W)+ g1, 0)(S i, + U

=1 =1
+(f, M) 2y + O Zﬂ"”l + (105t
1=1
By (5.19), (5.20), (5.21), (5.22) and [19, Lemma 6],
18i1 S 6Q 1Bl + 19 a1 ) + 110y + D les (W0 W W) 2o
i#] i#]
for all j =1,2,--- ,v and by (5.33),

Al

H‘I’LHHl © = 52 1Bil + 1 fllzr-1(c)>

where § — 0 as § — 0. It follows from Lemma 5.5 and (5.27) that (5.30) and (5.31)
hold for ¢ > 0 sufficiently small. O

We are now in the position to prove the following stability.

(Prop0005) proposition 5.2. Let v € HY(C) be nonnegative such that

1 pt1 1
(v— 2)(CQ§N) 1< ol ey < (v + )(Ca;N)

with v > 2 and || f||g-1cy < 0 for 6 > 0 sufficiently small, where f is given by
(5.6). Then either for bps(a) <b < a+1 witha <0 or fora <b < a+ 1 with
a>0anda+b>0, we have

||f||H*1(C)a p> 2a
d,(v) < L W flla-r ey Log ([ fll-1(c))2, p=2,

~

p+1

>—' ‘

||f||]§-[—1(c)a 1<p<2

Proof. We recall that d2(v) = ||pH ) and p = ¢+ . The conclusion then follows
immediately from Lemmas 5.2, and 5.6. (]
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6. OPTIMALITY OF THE STABILITY TO PROFILE DECOMPOSITIONS

In this section, we will construct examples, as that in [7, 11], to show that the
orders in Propositions 5.1 and 5.2 are sharp. Let us begin with the examples for
v=1.

(propn0002) Proposition 6.1. Let bps(a) <b<a+1 fora<0anda<b<a+1fora>0

and a +b > 0. Then the stability stated in Proposition 5.1 is sharp in the sense
that, there exists nonnegative v, € H(C), with

1, - pFl 3, pFl
§(Ca,zizv)”’1 < vl ey < §(Ca,11,1v)”’1 and || fillg-1c) <6

for 0 > 0 sufficiently small, such that do(vs) 2 || f«llm-1(c)-

Proof. Let v. = W+ep where ¢ € C§°(C) is positive and even such that (¥', @) g1 (¢) =
0. Then as that in the proof of Proposition 5.1, we have

fo = —Agv— 0+ (a. —a)*v —vP

= e(=App — 0o+ (ac — a)’o — pUP 1) + O((ep)?).

It follows that || fe||z-1(c) S € for € > 0 sufficiently small. As that in the proof of
Proposition 5.1, it is easy to see that do(v.) < € is attained by some s. € R. Thus,
we can rewrite v. = W, + @c, where do(ve) = [|@c || g1y S € and

(s, Pe)mr(c) = (s, Pe)mrc) = 0.
Note that
[Ws. = ¥y = lpe —epllaie) S,
we have s. = 0.(1). Clearly, ¢ satisfies
~DoPe — 0 Pe + (ac — a)*Pe = (Vs + §e)P = U2+ fe.

Let fe be the projection of f. in H'(C), then by the Taylor expansion and some
elementary inequalities,

|<¢e,J?s>H1(c)\ 2 —\<@7]€>Hl(c)| — (@27, fa>L2(C)| o A=Y

It follows that do(ve) = [Pl a1y 2 I fellm—1- O

We next construct examples for v > 2.

{prop0006) Proposition 6.2. Let bps(a) <b<a+1fora<0anda<b<a+1fora>0
and a + b > 0. Then the stability stated in Proposition 5.2 is sharp in the sense
that, there exists nonnegative v, € H'(C) such that

||f*HH’1(C)7 p>27
1
do(vy) 2 I fslla—1ey[log (|| fellm-1(c))1Z, =2,
”f*HZ{—l(c)a l<p<2
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Proof. Let us consider the following equation:

— Nodr — 2o + (a. — a)’or

2 2
= | Z \Ilsj,R + $R|p71(z \Ilsj,R + aR)

j*1 Jj=1

— p—lyy ;
E \I'SJR—I—E Cj,R \IJSJR s in C,

(U sj,R=¢R>H1(C) =0 forall j=1,2,

(6.1) [sz0035

where s1 g = —£ and sy g = Z. By Lemma 5.5, (6.1) is solvable for R > 0
sufficiently large with |y g| + |c2.r| < Q = e~ (@ =9 cither for bpg(a) <b < a+1

witha < Oorfora <b<a+1witha > 0anda+b > 0. Leth:Z?zl\IJ

then

2
: :]7 Sj, .SJR

which, together with Lemma 5.2 and Proposition 5.2, implies that

I frllE-1(c) ~ Z |cjrl ~ Q
j=1

Sj,R +¢R7

(6.2) foaneasa)

(6.3)[oq0047]

for R > 0 sufficiently large. Note that as that in the proof of Proposition 4.1, we

can show that d?(vg) < ||$R||%{1(C) is attained at 23:1 Uy

/ o 3 —
sy g- Thus, we can rewrite vgp = )

2 2
||Z\IIS;,R_Z\IJSj,R||H1 < H¢R”H1 —0 as R — +oo,
j=1 j=

for some s} p and

3:1 \IJ ¢+ @R, where ¢ € (span{\I/’S;_
H*'(C). It follows that d3(vr) = [|@r]7 ) < H¢R||H1(c) Since

R})J‘ in

we have s’ p = s; g + og(1). Clearly, by (6.1), $r satisfies the following equation:

— NgPr — O} PR + (ac —a)*Br

2 2
~ 1
=12 Wy BRI Wy, +BR)
Jj=1

j=1
2 2
— P . =1/ i
Z \IJS;VR + ZCJVR\IJSJ R\:[Is] ry M Cv
J=1 Jj=1

(tI/;,AR,gZR)Hl(C) =0 forall j=1,2.

Let gr : [0,1] — [0, 1] be a smooth cut-off function such that

R R
1, 5’1’R+§—3§t§s’1’3+§—2,
or(t) =

R R
0, t§5’17R+574ort25'1,R+§,

1.

(6.4)[eq014s|

(6.5) [em29580]
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Then |orl|g1(c) S 1. Similar to that of (5.10), (5.11) and (5.12),

2 2

2
| Z; Vo +ErPTIQ Wy +PR) -y VR
iz

j=1 =1

—1 —1 ~ ~
o 2V ey VY PR+ OIZRI™)

(RN

in the region [s]  + £y, sirt £ _ 1]. Thus, by multiplying (6.4) with g and
integrating by parts,

2
- 1 1~ ~ o _
1Brlae 2 /c (W2 0 4 pU2 G ORI ) on + /C SR U op
j=1

Vv

2
-1 _ ~
/C‘I’QYR‘I’S’ZRQR - Zlcj,R|/c‘1’§j,§‘1"sj,RQR — 18R 1 (c)-
j=1

By (2.8) and (6.5),

2 2
Z|ijR|/C\Iﬂs)j_;\Iﬂsj7RQR :0(Z|Cj,R|) as R — +o
j=1 j=1

and

£-2 , > 2,
/\ij/_lqls’ OR 2 /2 ei(pil)(acia)rei(acia)(Rir) ~ Qp P=
c S1 R 2,R ~ §73 Q§7 1<p<2

for R > 0 sufficiently large. It follows from (6.3) that
I fellz-1c)» P>2,
«\UR 2 p
||fRH[2—[—1(c)7 1<p<2

for R > 0 sufficiently large. For p = 2, we shall modify the test function gor by

/ R / R
1, 81,R+ZStSSI,R+§_27
Bilt) = (6.6) sautsoeo)

R R
0, t§s'17R+Z710rt25'1,R+571.

Then [|or|| a1y S VR for R > 0 sufficiently large. Thus, by multiplying (6.4) with
or and integrating by parts,

2
VEIGRlme 2 [, W, 00 B+ OFRNI + [ Y crnle, ¥, B
j=1

2
2 /C‘I’s;,R‘I’sg’RﬁR -3 \Cj,R|/C‘I’sj,R‘I’Qj,R§R — 18Rl () VR
j=1

By (2.8) and (6.6),

2 2 2 2
~ —%(a.— —(a.—a) B
Z le;.rl / \I/SJ,R\I/;LRQR ~ Z |cj,R|/ e~ 2ac—a)r Z lcjrle (ac—a) &
j=1 ¢ j=1 Y j=1

as R — +00. On the other hand,

£_q

2
/\Ils/l Vs OR 2 /R e (@e—a)rg=(ac—a)(R=r)  pe—(ac—a)R
¢ ’ 1 T
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for R > 0 sufficiently large. It follows from (6.3) that

d.(vr) Z | frllz-1c)| gl frll m—1(c))|?

for p = 2 and R > 0 sufficiently large. Now, we take v, = UE then v, = vg +vp,

where v5 = max{4vg,0}. Clearly, we have 0 < vy < |¢r| since Z?Zl U pis

positive. It follows from (6.2) that

_ _ _ _ _ _ 1 _
lolince) = (or- Ve = [ lonP " vmog + [ favr S Imliile + [ nliz
For 1 < p <2, by Lemma 5.5 and (6.3),

Q| log(Q)|?, p=2,

g 2 5/|fR||£5R| <
RIHC) ~ . Q'F:, 1<p<

For p > 2, recall that by Lemma 5.5, ||($RHL¢ < 1. Thus, by (2.8) and (5.18), v, =0
for |t — s; r| < . It follows that

lorl2n e < / \Frllvg] < / | Frlldn] = o(Q?).
c (W2_, {lt—sj,rI<R})°

The conclusion then follows from d.(v.) > d.(vr) — [[vg |l 51 (c)- O

We close this section by the proof of Theorem 1.3.

Proof of Theorem 1.3: It follows immediately from (2.1) and Propositions 5.1,
5.2, 6.1 and 6.2.
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