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Abstract
We study some qualitative properties (including removable singularities and superhar-
monicity) of non-negative solutions to

(=A)u= fu? InR"\X

which are singular at 3. Here v € (0, §). Among other things, we first prove that if ¥ is a
compact set in R™ with Assouad dimension d (not necessarily an integer), d < n — 2v, and

ue Ly(R")N LY (R™\X) is a non-negative solution for some

n—d

>7
b n—d—2y’

then u € L} (R™) and u is a distributional solution in R™. Then we prove that (—A)%u > 0
for all o € (0,7), if ¥ = 0.

1 Introduction and statement of results

Fix v € (0,%). Set ¥ C R™ and consider non-negative solutions to

(=A)Tu= fuP inR"\ X (1.1)
that are singular at 3. Here f is a measurable function; in addition we suppose that there exists
C > 0 such that

é <f<C inR" (1.2)

To give a meaning to equation (L.1)), we need to assume that u € L, (R") and v? € L}, (R"\ %),
where we have defined, for s € R,

Lg(R™) := {u € L}, (R"): / @l < oo} .

Then (1.1)) is to be understood in the following sense:

/ u(—A)Ypdr = fuPpdz  for every ¢ € C°(R™\ X). (1.3)
n Rn



n42y
n—2y’

For the particular power p = is the fractional curvature equation in conformal
geometry [12, [T, 22]. More precisely, let |dz|? be the Euclidean metric and consider a conformal
change g = un-27|dz|? for some smooth positive function u. One can define the conformal
fractional Laplacian operator with respect to the metric g, which satisfies

_ n+2y

PY = unm (—A) (u-).

The fractional curvature of g is given by

n+2~y

Q% :=PI(1) =u 2 (-A)Tu. (1.4)

This definition can be extended to more general classes of manifolds but let us concentrate on
Fuclidean background. Note here that in the local case v = 1, curvature is simply the scalar
curvature times a multiplicative constant, while for v = 2, it coincides with the @Q-curvature
associated to the Paneitz operator.

When f =1, yields a fractional order generalization of the Yamabe problem. In the
smooth manifold case some references are [24], 25, B2, [35]. Nevertheless, the fractional Yamabe
problem in the presence of singularities it is far from being resolved, and the dimension of the
singularity is strongly tied to the sign of the curvature [23]. We will restrict ourselves to the
(more interesting) positive case. In particular, isolated singularites have been considered in
[9, 16, 17, [4, B0], while solutions with singular set ¥ a smooth submanifold were studied in
[6, 29], for instance. See also [5] for a construction involving more general singular sets (at the
expense of not having a complete metric).

In this paper we would like to show that the singularity in (1.1) is removable, in the sense
that the equation holds on all of R", this is, uP € L}OC(R") and that the above relation
holds for every ¢ € S(R™). Our arguments do not rely on the well known extension problem for
the fractional Laplacian [I0]. Instead, we use an integral characterization that is valid for all
powers 7 € (0, 5).

Theorem 1.1. Take ¥ a finite number of points. Let u > 0 be a non-trivial solution to (1.1)).
Assume that
> € (0 ﬁ)
p — n — 2’_)/7 7 Y 2 ?

and f satisfies (1.2). Then uP € L}, (R™) and u is a distributional solution in R™.

In contrast to Theorem in the (very) subcritical regime it is not possible to have non-
negative distributional solutions in R™:

Proposition 1.2. If u is a non-negative weak solution to
(—A)"u = fuP inR", (1.5)

for f satisfying (1.2) with 1 < p < #, then u = 0.

Theorem and Proposition are essentially contained in [I5], where the authors proved
that nonnegative classical solutions to the Dirichlet problem for (—A)Yu = u? in Q\ {0} are weak
solutions in R™ for p > %5 = They also classified the asymptotic behavior of the singularity for
smaller values of p. Nevertheless, our method is very different from theirs and it can be applied

to more general singular sets and all powers v € (0, §).




Remark 1.3. For the particular value p = n_"%/, solutions with an isolated singularity have

been considered in [13] [14], and a complete classification is possible. Note that these have the
asymptotic form 1/[r"=2Y(—logr)"=27)/27],

Theorem 1.4. Let ¥ be a m-dimensional smooth compact, closed manifold in R™, with 0 <
m < n— 2y, and take u > 0 be a non-trivial solution to (1.1)). Assume that

p_n_m_er? Y 72 )

and f satisfies (1.2). Then uP € L} (R™) and u is a distributional solution in R™.

loc

Now we consider the case of a general compact set X in R™. Although our removability result
is stated in terms of its Assouad dimension d, the precise property that we will use is on
the size of tubular neighborhoods around . Its relation to the Assouad dimension is proved
n [31]. As a consequence, even though our problem is non-local, the main idea in the proof of
Theorem reduces to finding a particular cutoff function in a tubular neighborhood of
the singular set, which will be controlled by the Assouad dimension.

In paper [31] the authors also mention, without proof, the relation between and the
more standard Minkowski dimension. Additionally, Assouad dimension has been considered in
connection to fractional Hardy inequalities in R™ \ ¥ (19} [33], 18], for instance).

Theorem 1.5. Fiz v € (0,%5). Let X be compact set in R" with Assouad dimension d (not
necessarily an integer), d < n — 2y. Assume (L.2)), and let v € L, (R™) N LY (R™\X) be a

loc
non-negative solution to (1.1 for some
n—d

> .
p n—d—2y

Then u € L} (R™) and u is a distributional solution in R™.

Remark 1.6. If the singular set ¥ is a manifold of dimension d with corners, then we can allow
n—d
n—d-—2y
We remark that, while Theorem [I.5| contains Theorems and we have stated them
separately since the proof of Theorem [I.5]| builds up on the other two. Note also that it is enough
to show these results assuming f = 1 and we will do so in many places.
Some of the arguments from the proof of Theorem [L.5| are useful in other settings. In

particular, they help understanding fractional capacity. Given any compact set > C R™, the
fractional capacity of order v of ¥ is defined by

P2

Cap,,(¥) := inf {/ (A2 dx : p € CX(R™), o > 1 on E} .
We give a removability result for v-harmonic functions:
Theorem 1.7. Sety € (0,1). Let h € L*™(Q2) be a solution to the equation
(—AYh=0 inQ\X,
for some compact set X C Q. If Cap.(X) = 0 then (=A)"h =0 in Q.



Fractional capacity for the non-linear problem (—A)Yu = u% in 2\ ¥ was studied in
[29] for exponents v € (0,1). Indeed, they provided the asymptotic blow-up rate for positive
solutions with a singular set of zero fractional capacity. They also gave an equivalent definition of
capacity in terms of the Caffarelli-Silvestre extension for the fractional Laplacian, and considered
the relation to the Hausdorff dimension of 3.

As a by-product of the arguments in the proof of Theorem [1.7] we obtain a relation between
fractional capacity and property that is valid for all o € (0, %). This relation could then
be rephrased in terms of Assouad or Minkowski dimension (see Proposition .

In the last part of the paper we show some new superharmonicity properties for the fractional
Laplacian. We consider the general problem

(—=A)’u = F(z) inR" (1.6)
with v € (0,2) and F € L} (R"). If v is not an integer, we shall assume that u € L. (R").

’ 2 loc

Equation (1.6]) is to be understood as

/ u(—A)Tpdr = / Fodx for every ¢ € C°(R"). (1.7)

Theorem 1.8. Fizy € (0,%5). Let u € Ly (R"™) be a solution to (1.6 for some F > 0 satisfying,

in addition, that u € Ly (R™) for some so € (0,3). Then

(—=A)u >0 onR" for every so < o < 7.

In our second superharmonicity property we do not need to assume any boundedness of u if
it is a solution of the semi-linear equation:

Theorem 1.9. Let uw € L,(R") be a non-negative distributional solution to (1.5) for some
1<p<ooand~ye(0,%). Assume also (L.2)). Then for every o € (0,7) we have

(—=A)°u >0 inR"

The proofs of the above superharmonicity results will be presented in Section [6] and rely on
a bootstrap argument to improve the decay of u at infinity (Section . Note that, if v € N
we do not need the assumption u € L, (R") since we get a better bound very easily (see Lemma
, and this gives a new proof in the case of poly-harmonic equations, first proved in Theorem
3.1 of [3§].

A source of inspiration for the statement of Theorem is the following pointwise estimate

from [21]:
2 o 2 2
—Au > 7\$|5u%1 + [Vl in R", n >4,
p+1—c, n—4 u

for positive bounded solutions of the fourth order Hénon equation

(-A)*u = |z|%P in R",

for some a > 0 and p > 1. This estimate implies, in particular, Theorem for v = 2 and
o = 1. However, their proof involves an iteration argument in the spirit of Moser, and it is
adapted to a local problem, but not generalizable to our non-local equation.

Finally, as a consequence of our removability theorems, we obtain superharmonicity as in
Theorem in the presence of singularities:



Corollary 1.10. Assume that we are in the hypothesis of Theorem[I.1, Theorem|[I.4 or Theorem
[L3. Then
(=A)u>0 inR"™ forevery o€ (0,7).

The significance of superharmonicity becomes clear in conformal geometry. Indeed, the sign
of the curvature controls the positivity of the conformal fractional Laplacian operator P,
the location of the first real scattering pole and the geometry and the topology of the manifold
[23, 27]. It has been conjectured that, in many cases, positive @ curvature implies positive Q«
curvature for o € (0,7), at least for another metric in the same conformal class. This is precisely
the result of [27] for v =1 and any o € (0,). We also recall [37] and [39] for some related work
when v > 1.

In all these results positivity of the scalar curvature (y = 1) is the crucial assumption,
since it allows to construct a very special comparison function in the proof of superharmonicity.
This is precisely the main obstruction to use the same method in other settings. Indeed, this
obstruction depends on the local geometry of the manifold and it does not seem to be easily
generalizable to the fractional case. Our Theorem [1.9] together with Corollary hints that it
is still reasonable to expect some the same kind of property for v € (0, 1) in conformal geometry,
at least for a special class of manifolds.

From another point of view, boundary blow up for fractional order equations is reasonably
understood. Some references on large solutions are [I}, 2, [3, 26].

Our paper is structured as follows: in Section [2] we prove Theorems and for point
or smooth singularities. The case of a general singular set ¥ is considered in Section |3 where
we also give the necessary background on the Assouad dimension. Then, in Section [4] we use
some of these ideas to relate dimension to capacity and give the proof of Theorem [[.71 The
main bootstrap argument comes in Section which is the main ingredient in the proof of
superharmonicity in Section[6] The proof of Proposition[I.2]is postponed to this Section since it
relies on the previous bootstrap argument. Finally, in Section [7| (the Appendix) we recall some
basic facts on the distance function.

2 Distributional solutions

Here we give the proof of Theorems and when the singular set ¥ is a smooth manifold
of dimension m > 0.
The fractional Laplacian is defined, for o € (0,1), by the singular integral formula

(=A)u(z) = Cp, P.V. /R ) W dy

while, for higher powers, say 0 =k + o', k € N, ¢’ € (0,1),

Note that the meaning of this formula is precise since we are using this on the space C2°(R"™),

or for smooth functions of the form ﬁ on Bf, where B; is the unit ball.



Theorem [1.1] should be compared to the results in [I5], where the authors show that, for
v € (0,1), any (non-negative) classical solution to

(—A)"u =uP in Q\ {0},
u=0 inR"\Q
is a distributional solution of

(=A)"u=uP + kdy in Q,
u=0 inR"\Q,

for some k > 0, where dg is the standard Dirac delta. When p > nll2'y7 the solution extends
distributionally to all €2, this is, & = 0. In the subcritical case p € (1, n_LQW) they characterize
the asymptotics of non-removable solutions.

Theorem is a restatement of the above, but using different ideas in the proof (a very
delicate choice of test functions and a dyadic decomposition near the singularity). In particular,
our argument contains the core for the generalization to higher dimensional singularities, and

also works for any power v € (0, §).

2.1 Point singularities

For simplicity let us assume that ¥ is a single point and ¥ = {0} (after all, the argument is
local near each singular point).
We fix two cut-off functions 7, € C*°(R"), i = 1,2, such that 0 <n; <1 and

[0 for|z| <1, .
mw={ miIy  m@=1-nw.
We set .
Ne(z) == me(x)n2(z), mMme(z):=m (g) for e > 0. (2.1)

Let us first estimate (—A)77. for this cut-off.
Lemma 2.1. Take 1. as in (2.1)). For every o > 0 we have

C 1 ¢
—A o < 70- T
(CAMDNS G e Y T e

for all = eR". (2.2)

Proof. The claim follows trivially if o is an integer. For o € (0,1) we can use the usual formula
for (—A)? in terms of a singular integral to write

(—=4)7n(x)
— (@) (~A)m (o) + (~AYmla) + Oy [ D)
_ 6%772($)(—A>0771 (g) + (—A)Ung(x) + Cn,a /n (nl,e(y) |_x1_)(;7|2n(f2)0_ 772(y)) dy.



This gives (2.2)) for o € (0,1).

When o > 1 we write 0 = k+ 01 with kK € N, 0 < 01 < 1. We have

AFne(z) = AFno(y) = [AFn1c(2) — AFny(y)ne(2) + [AFna(2) — AFna(y)]
+ Wy (2) + Vo e(z,y),

where

Uy (x) = AF(n1en2) (2) — ma(2) AF 1 e (z) — Ay (),
Uy ez, y) = n2(x) AFn1 e (y) + AFma(y) — AF(n1en2) (y).

Notice that for ¢ < % we have ¥; . =0, and

0 for || <1,y € R,
Uoe(a,y) = (m(z) — DA (y)  for 1 <z <2,y e R, (2.3)
AR (1 =)l () for [z = 2, y € R™.
Therefore,
(=A)ne(x) = m2(z)(=A) M e() + (=A)Tn2(2) + I(2),
where

\11276('7;73/)
n |z =yl

I(z) = (—1)’fcn,alpv/

R

Since the above integrand has no singularity at {x = y} for € < % thanks to (2.3]), one can use
integration by parts to deduce that

n

€
|Ie(.%')| < W for every T < Rn,
and this concludes the proof of the Lemma. O

Proof of Theorem [1.]] Using the test function 7. as defined in (2.1)) we get from Lemma

that, for a power p > 25—,

/upnsdx:/ u(—A)Tne dx

C u(x)
SOt e /n (1+ M)nJrZ'y dx

—c+ & / / / e g,
e=v Bae B1\Bae § "+2’7 (2.4)

1
/ uP dx
B1\B2:

/ wdr|
B1\Ba.

C n
<C+ —- / udr 4 v’ + gty
€ 7 B25

3=

§C+§/ udx 4+ C
g’Y BQE




where 1 = % + 1%' Now use that if ai < (4 + Csay, with p > 1, then there exists C'5 > 0 such
that aﬁ < (3, to pass the last term above to the left hand side. We obtain

C
Pede < C+ — dz. 2.5
/nun v +€2V/stux ( )

By Holder inequality with 1 = ;1) + 1% and the previous formula, we have, for every integer
k>-—1,

/ udeC(%); / uP dx
(e <lel< ) 2 BI\B_.

ok+1
eNZ-2 ’ €N\
p P
ok+1
e\ v €\
p P P
SC(?) </ uda:) +C’<2k>
ince —; — =" >0 (it p > ——F, which 1s true as p > —5-), summing the above inequality from
Since 2 — 2 > 0 (iff p > 22, which i > ing the above i lity f
k = —1 to oo, we get

s

_2y % n
/ udr < Cer’ P </ udaz) + Cer’ .
BQ& €

1 /
Using that a < Cra1+Caas < 2max{Cia;,Cras} with a; < ar implies that a < max{(2C1)?P", Coas} <
(201)7’/ + Csas, we get

_o~ P n
/ wdr < Ce" 2% + Ce?' .
B?E

Asn — 27% > 2~ and z% > 27, going back to (2.5) we get that u? € L(By).
To finish the proof we also need to show that u is a distributional solution on R™. Basically
we need to show that for every ¢ € C°(R"),

/ u(—A) (pm ) de — u(—=A)Tpdz.
n R’n
And this follows from the bound |[(=A)Y(¢n1e) — (—=A)7¢||;»» < C. For this last claim, we need

to estimate (—A)Y(n1 ) as in Lemma (see also Lemma .
O

2.2 Higher dimensional singular set

Let ¥ be a smooth m dimensional compact, closed submanifold of R™ (or a disjoint union of
submanifolds with different dimensions). For p > 0 small we let NV, to be the geodesic tubular
neighborhood of radius p around X and choose Fermi coordinates in N, as follows: first we fix
any local coordinate system y = (y1,...,ym) on X. For every yy € ¥ there exists an orthonormal



frame field F1,..., E,_;,, basis of the normal bundle of 3. Set N = n —m. Then we consider
the coordinate system

SRS (y,2) »y+ Y zEi(y)

For |z| < 4p with p small, these generate a well-defined coordinate system in a neighborhood of
yo- In this coordinate system the Euclidean metric has the following expansion ([36])

grn = grn-m + gx + O(|2])dzdy + O(|z|)dy

We fix non-negative radially symmetric smooth functions 7; and 72 in R”~™ such that

(2) = 0 for|z| <1 (2) = 1 for |z| < 2p
ME=11 0 for |z| > 2, REIZY 00 for |z] > 3p.

For € > 0 small enough we set

wl@) = el me) =m (D),

€
where (y,z) € ¥ x R"™™ are the Fermi coordinates of x.
Lemma 2.2. We claim that

. (2] c
(A0l S B el * e

on R™.

Proof. We give a proof only for o € (0,1). The proof for other values of o follows as in the
previous section. We write

N Cno/ 2n.(x) = ne(x+2) —n(x — ) @i

|x’n+20
_ N
e !x\””"

if ®.(z,2)#0 then e B,(x)or —2 € By(x).

For z € R™ \ Ny, we see that

Therefore,

C

‘(—A)UT]S(J?” S W for z S Rn \N4p.

For x € N4p we write

RV D.(2,5) Oo(x,7) .
(=8 /{|5c<p} @ +/{|az|zp} e = U

Clearly |(II)] < C.

Let d = d(x) be the distance function from the point € R" to X. Then, for z € Ny, we
have that d(z) = |z| where = (y,2). As na =1 for |z| < 2p (this is, in Ny,), for x € N, and Z
small we have the following estimates on ®.(z, Z):



i) ®.(x,7) =0 for 4e <d(z) < p and |Z| < 1d(z).
To see this use that d(x + ) > d(z) — |Z| > 2.

it) For 2e < d(x) < p we have
{Z:®(2,2) #0} = {2 : £2 € Noc — z} =: A (2),
and we will use this fact later.
i11) For d(x) < 4e, |Z| < ¢ we have

12
~ ~ X
@, 8)| < #2100 e < O

To prove the previous inequality we note that

d(x)
9

) Vi@ =1, V@) < o

new) = mi ( oL

where the last inequality follows from the fact that d? is smooth in Ni,. Therefore, as
ny(t) =0 for [¢t| < 1, we get

D*n.(z) = ;n’l’(d(x)) + én’l (M>O(|V2d(x)|) _ o(i).

€ € g2

Now, step 4ii) yields, for d(z) < 4e,

1 dz dz C
I < C/ ——5 + C/ — <.
‘( )’ 82 {13]<e} ’x‘n—l—Qo—Q (13]>e)} |x’n+20 520

Finally, using ¢)—ii) we have, for 4e < d(x) < p,

dz

’n+20 :

wi<e [ :
{I7>Ld(@)}nA. () |T

It remains to estimate the above integral.

In the case that N is simple type, that is, of the form {(y, 2) : |y| < 1, |z] < 2}, then the
above integral can be controlled as follows: write x = (yo, 20), & = (7, £), so that |Z|> = |§|?>+]|Z|?,
and £7 € No. —z is equivalent to |yo £ §| < 1, |29+ 2| < 2¢, which gives 2| > £|zo| as |z| > 4e.
Therefore (just take the plus sign)

I(D)] < C/ / %
{z0+21<2¢} J {lyo+al<1y (9] + [Z])
dy _

<C / TP Tyl ¢ 74
{Iz0+3|<2e} J{1g1<2y (9] + |2])"H2e

10



Making the change of variables y = 3/|Z| in the inside integral,

() <c ! /m( W

(z0+3|<2e} [ZINH20 1+ [g|)n+2e
1
<C —~s dZ
{Jz0+3|<2¢} |21V T2
€N ~
S CW, as ‘ZO| S 2|Z’
1 1

~
~

20 1, L d@) Nz
%7 (1 4 42 )N+20

If N5 is not of simple type, we proceed as follows. First we cover ¥ by a finite number of
small enough balls and write the metric g, in normal coordinates. A neighborhood of ¥ 5 ¢ is
then identified with a neighborhood in R™ > 0 with the metric

gz = dy* + O(|y*)dy”.
Then we can reduce to the previous type just taking into account the O(|y|?) error. O

Proof of Theorem[1.]]. The proof is very similar to that of Theorem Here we only give a
sketch.
Using the test functions in Lemma we have, similarly to (2.4)),

/ C dzdy /
—A) el < C+ / < O+ CceN72r,
”( ) 77€||Lp (Rn) - EQ,Yp '/\/'p (1 + L:i‘)(N'i‘Q’Y)p/ =

Using this one obtains

C
/ upnsdx<0+2/ udr + C / uf dx
n exv N2s Np\N25

C
Pede < C+ — d
/nunE T < +827/N2€u z,

which is analogous to (2.5). Since |N,| ~ ¥ for » > 0 small, one can proceed as before, taking
a dyadic sequence of distances to X. O

hSA

Hence,

3 The non-smooth setting

The Assouad dimension was introduced in [7), [8] (see also [34] for its basic properties). It
possesses all the properties any reasonable dimension definition must have. In particular, it is
similar to the more standard Minkowski dimension, but it takes into account all scales ([31]).
We will not need the complete definition of Assouad dimension, but just property below
for tubular neighborhoods taken from [31]. In this paper it is mentioned that the estimate

11



also holds in terms of the more usual Minkowski dimension but it is not proved explicitly, so we
have decided to keep the original Assouad dimension in our statements.

Its precise definition is as follows: if (X, d) is a doubling metric space, there is a constant
C > 1 such that each ball Br(z) can be covered by at most C(r/R)™* balls of radius r for
all 0 < r < R < diam(X), where s = logy N. Obviously, this could be true for smaller values
of s. The infimum of such admissible exponents s is called the upper Assouad dimension of
X. Considering the restriction metric, this definition extends to all subsets of X. The upper
Assouad dimension of £ C X is denoted by dim4(E). In the literature, the upper Assouad
dimension is usually simply known as the Assouad dimension of F, and we will denote by d.

Now we look at the size of a tubular neighborhood N,.. Let ¥ be a compact set in R™ which
has the following property: For some A > 0 there exists C' > 0 such that

H"Y(ON, N B) < Cr"! (%)7A : (3.1)

for every ball B of radius R € (0,diam(X)) centered at 3 and for every r € (0, R). Here, H*
denotes the s-dimensional Hausdorff measure. It has been shown in [3I] that (3.1) holds for
every A bigger than the Assouad dimension of X.

To prove Theorem we would like to reproduce the arguments in the previous section.
Nevertheless, since the distance function to ¥ is not smooth any longer, we cannot use it to
construct a cutoff. Instead, we fix a non-negative function p € C°(By) such that [p, pda = 1.
Setting p(z) = Z:p(£), we define

wle)=1= [ ple—yay (3:2)

Then 7. € C*°(R") is non-negative, and it satisfies
ne=1 onNs5. andn.=0 onN.. (3.3)

Moreover,

; C
V71 | =5 for j=1,2,....

Lemma 3.1. Assume that (3.1) holds for some 0 < A\ < n. Let ¢ € C°(R™). Then, setting
Ye = N we have for every o > 0,

(=8)7¢e(x) = ne(2)(=A)%p(x) + L(2),

where

1 X, (@) n XN (@)
< T e, N o e
|I€($)‘ - g2 (1 + M)n+207)\ © d(x)n+20
€

Here x4 denotes the characteristic function of the set A.

12



Proof. Given o > 0, let k be the integer part of o, that is, ¢ = k + ¢’ with ¢/ € (0,1) and
k € {0} UN. First we consider the case when d(z) > 10e (recall (3.3) here). Then we have

— (A AV _
(~A)°¢x(2) = Cno / A e — ﬁff(fifl + (A = ne)]
_ y)(1 —n-(y))]
S +C"“’/ =l 3.9
=ne(@)(=8) (@) + O | ‘P(Z)(_ly’nﬂf)) dy

= () (=A)7¢(x) + L(),

where the second last inequality follows by integration by parts. Notice that the integrand is
not singular at y = x as the function 1 — 7). is supported in Nj..
Next we estimate I for 10e < d(x) < 1. We have by the co-area formula (see e.g. [20

Section 3.4.3])
3e dH 1
= dr. 3.5
Mo |$_ |n+2<7 / /8 -z —y |n+2a r (3.5)

Note here that the distance function to X is a 1-Lipschitz function even if ¥ is very bad. In
particular, by Rademacher’s theorem, it is differentiable a.e. with |Vd| = 1. Although these
facts are well known, we provide a short proof in the Appendix.

Let Z € ¥ be such that it minimizes the distance of = from ¥, that is, d(z) = |z — Z| =: R.
Then for 0 < r < 3¢ we have

ON; C (0N, N Br(#)) | ) {ON: N (Borg(#) \ Bor-15(2))} -

k>1

[Le(z)] < C

Notice that
[ —y| > C2" R for y € ON; N (Borp(T) \ Bos1p(E)), k>1,
and also B
|r —y| > CR for y € ON, N Bgr(Z).
This, and imply that can be estimated by
3¢ _
|1 (x) CZW/O r”_l(ﬁ) )\dr

k>0

gn—A 1
CRn+20 )\Z 2n+20 /\)k
k>0

gn—k

<(UC—m—F——.
— Cd(x)n+2a—)\

The above proof also shows that [N3.| < Ce"~*. Therefore, as |z —y| > Cd(x) for d(z) > 1, we

easily get that
en— A

(@) = Cqr )n+20|/\/\<0 Ty ford@) 21
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Finally, we treat the case d(z) < 10e. As the term 7.(—A)%¢p is bounded, instead of esti-
mating I. we estimate the term (—A)%¢. in (3.4)). We have

—A)rp(z) — (—A) . (z — (=AY (x —
(AP ) = L0, [ AV o) = Aol ) = O ula ),

Since the integrant is bounded by
L min w 1
52k|h|n+20'/ g2’ )

(=AY . ()] < 08%0 for d(z) < 10z,

one easily obtains

We conclude the proof of the Lemma.

O]
Proof of Theorem[1.5. We choose A > d but very close to d so that n — 2yp’ > A (equivalently,
A
p = nn)\ 2y )

We fix p € C°(R™) such that ¢ >0 and ¢ =1 on N;. Using the test function ¢, := ¢n. in
, where 7). as defined in , and together with Lemma |3.1] E we get

/ upnpgd:r:/ u(—A) e dx

<CH —- d
* e2v /N1 n+2’y » (3.6)

{/N% /Nl\/\fsg} 1+§L())7)1+2y_ dx.

Set 1 = % l, Note that, again by the co-area formula, and the fact that [ON,| < Cr"*~1 for

rglby

n—1
/ d / / dH @) g < o, (3.7)
M\Wse (1 + ( ) '(nt+2y=2) 3e Jon, (1 + @) yp (nt2y-2)

Using Holder inequality in the last term in (3.6)) and substituting the above expression, we obtain

1

C n—XA P
/ uPp.dr < C+ —- / udr +¢ ¥ / uP dx
n 7| s Ni\Ne
1
P
SC—l—(;/ udr + C / wPdx |
€ v N35 Nl\N3E

where we have used that A <n —2vp’. As p. =1 on N7 \ N3, we deduce that

/ updx<C—|-C/ udzx.
N1\N3e 27 N3e

14



Once this main estimate has been obtained, proceeding as in the previous subsections one can
prove that u € L (R™).

Next we show that u is a distributional solution in R™: for any ¢ € C2°(R"), taking ¢- := ¢n.
as a test function we obtain

/upgogdx:/ uns(—A)Vgod:L'—i—/ ul.(x) dz,

where I is as in Lemma [3.I] with o = ~. It follows that

/upwgdac% uPodr and /una(—A)7¢dm—> u(—A)Tpdx

as € — 0 thanks to the above bounds.
Since A < n — 27p/, from Lemma [3.1| with o = v we get that ||I.||, i) < € independently
of ¢ (the proof is similar to (3.7), using the co-area formula). Moreover, as u € L, (R"), we have

lim u(z)|l(z)|de =0 for every § > 0.
e—0 N(SC

Hence, for every § > 0,

;i_ff(l) - u(z)| L (x ‘dw_;l—% </./\/5 /c) o) dz < [Jull Lo (ni) el L ()

uniformly in §. Taking 6 — 0 we obtain

lim u(x)| I ()| dx = 0.

e—0 Rn
Thus, u is a distributional solution in R". ]

Finally, for Remark assume that > is a smooth manifold with corners. Since we are
simply using estimate and not the full machinery of Assouad dimension, our proof includes
this case as Well More generally, if holds for some compact set ¥ and A > 0, and u > 0 is
a solution to with p > )\72, then u is a distributional solution in R™.

4 Capacity

Here we verify Theorem The fractional capacity of order v of 3 C R" is defined by
Cap,,(¥) := inf {/ (=A)2p|?dz: p € CX(R™), ¢ > 1 on Z} .

The relation between fractional capacity and Hausdorff dimension was studied in [29], where they

provided an equivalent notion of capacity in terms of the extension problem for the fractional
Laplacian:

15



Proposition 4.1 ([29]). Assume that o € (0,1) and let ¥ C R™ be a compact set.
i. If H""29(%) < oo, then Cap,(X) = 0.

ii. If Cap,(X) =0, then H*(X) =0 for s > n — 20. In particular, the Hausdorff dimension
of 3 is less or equal to n — 20.

Our arguments from the previous section allow us to extend this result to any o € (0, 5) in
terms of property (3.1]) (which can then be related to Minkowski or Assouad dimension). More
precisely,

Proposition 4.2. Let ¥ be a compact set in R"™. Assume that (3.1) holds for some X € (0,n).
Then, for every o € (0, %], we have Cap,(X) = 0.

Proof. 1t suffices to prove the Proposition for ¢ = % We fix a non-negative function p €

C2°(B1) such that [p, pdr = 1. Similarly to (3.2), we set p.(z) = E%p(%) and
1e(x) := / pe(x —y) dy.
N25
We claim that for 0 <e < 4§ <1,
o o £\ 20
[ m@ e = [ a7 =om(5)” (11)

Indeed, from Lemma [3.1| we have that

o c 1 C
(=A) ms(@)] < 827 (1 4 4 ynt20-x S5 for dlz) < 1,
5

which leads to
[ @A () s = 067) [ o =057 = 0(57),
n NS&
where we have used that the measure of the tubular neighborhood N5, is of order "~* = ¢27.
For k > 1 we set (compare to |20, Section 4.7.2] for the proof in the local case)

where



Therefore,

[ eainpia= [ narnd
1 & 1 &1 .
S Zz:g / —A)nedr + — 52 Z M/ang(—A) ng da.

1 kot 00=1

We estimate the two terms in the right hand side above by (4.1]), so

k k 20
o C 1 C 1 11
A P dr < S 4 2 mind >,
/n’( )2 k| x_S%; it Z Mmm{é’é}

kysiie,
k k
C C 1
<GSy iy
Smt@ .
S Sk pt 14 P 1+2
.c.c
B 82 Sk
This concludes the proof of the Proposition. ]

For o € (0,1), in the definition of Cap,(X), one can take the infimum over the set of functions
in H?(R™) which satisfy

0<p<1 and ¢ =1 in a small neighborhood of 3.

Indeed, by a density argument, we can replace the space C2°(R"™) by H°(R™) N C°(R™). Then
from the relation

2
A 3 le, — Cncr/ ‘SO({B) — (P(y)’ dl’dy,
[Ieaiepan=e,, [ FO-E

we see that
el 7o @y < ol o @nys

and hence we can assume that ¢ > 0. Finally, for a given ¢ > 0 and 0 < ¢ € H°(R") N C°(R")
with ¢ > 1 on X, we set

—~

5(2) = 1 for p(z) > 1 —¢,
o= f(fxe) for 0 < p(z) <1-—e¢.

It follows that 0 < ¢ <1, =1 in a small neighborhood of ¥, and

81 7o (mry < (14 Ce)|l @l o (mr),

as claimed.
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Proof of Theorem[1.7. Since (—A)"h = 0in Q\ ¥, h is smooth in 2\ X. We fix a smooth domain

Q with ¥ € Q € Q so that h € C°(Q\ ). Let H be the y-harmonic function in Q given by
the standard Poisson formula with boundary data h. We claim that h = H in .

To see this, fix smooth domain €, such that ¥ € Q; € Q and d(x,00) < % Let o be a
minimizer of

{/ \(—A)%cp\z der : o€ HY(R"), 0<p<1, ¢=1lon Qk} .
Then ¢y, satisfies
(=AY =0 inR"\Q, 0<¢pr<1, ¢r=1on.
Since the capacity of X is 0, we also have that

/n [(=A) 2| da — 0.

2n
=5~ Hence, up to a subsequence,

In particular, by Sobolev embedding, ||¢k/| zp®n) — 0 for p =
pr — 0 almost everywhere in R™.

Since h and H are bounded in €, there exists M > 0 such that h — H — My < 0 in Q.
Then we see that

n

(—=A)'(h—H —Mypi) =0 inQ\Qk, h—H— Mg, <0 inR”\(Q\Qk).
Thus by maximum principle
h—H— Mg, <0 inQ\Qk.

As ¢ — 0 a.e., taking the limit £ — oo we have that h < H. In a similar way, h > H.

5 The growth at infinity

5.1 Preliminary estimates

We start with some preliminary bounds:

Lemma 5.1. Let ¢g € C*(R") N Ly(R™) for some o € (0,1). Then
[(=A)7¢o(x)]

ID%poll Lo (A (@) I1P0ll Loo (40)
<
el ( G+ a2 (Lt [l

+ / (pO(%L)JrZT dy )
(42l <oy <1420} |2 — Yl

2
where

Al(x) = B1+\i2|(1‘), Ag(l‘) = Rn\Al(.ﬂf), Al = Bl+%(0)’ A2 = Rn\Al

18



In particular, if there exists p > 0 such that

sup |z]PHe| DYy (z)] < 00 for every multi-index o with 0 < |a| < 2,

TER™
then
(1+ [a])27° ifp<n
[(=A)7po(z)| < C(n,0,00) § (1+ [2z]) 7> Plog(2+ |z])  ifp=n
(14 |z|)~20 if p>n.

Proof. The proof is standard but we give the details for completeness. We shall use the following
definition of (—A)?

(—A)UU(ZL‘) _ ;Cn,a/n 2§00($> - ¢0(|§|:_+ZZ - 800('27 - y) dy.

Then we have
[(=A)7po(x)] < C (I + I2),
where we have defined

Iz‘ =

—y) -2
/ oz +y) + po(r —y) — 2p0(x) gl =12
A, |y|n 2o

Noticing that
eo(x +y) + oz — y) — 200(z)| < [|1D>@oll ooy @) |yl*  for y € A,

we get J
Y —20
L < ||D2800|!Loo(A1(x))/A T < C|ID*po| oo (a4 () (1 + |2])* 727
1

On the other hand

— d
[ 28D )+t [
2

I, <2
|y|nt2e A, |y T2

T—y 9y
<2 /A ﬂ“y(WU)dy'+0|soo<x>|<1+|x\> 2
2

=: 213 + Clgo(2)|(1 + |z])~2°.

(+ll<jyl<iv2pz)y  J{1420z(<|y[} 1yl

+ Cloll po () (1 + |2) 7%

Now we bound

I; <

<

/ ®o(y) dy
(1412l <oyl <1420e} [T — Y7

C / .
< —— eo(y)| dy + Cllwoll oo (a) (1 + |2]) 7.
(1 ¥ ‘IL’DTH_QU (yl<143la]) ’ )‘ H ”L (A2) ’ ‘

Combining these estimates we conclude the proof of the Lemma. O
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Lemma 5.2. Let ¢ € C*(R") be such that p(z) = ﬁ on Bf for some p > 0. Let n be a
smooth cutoff function such that

nx)=1 for|z|]<1 and n(x)=0 [for|z|>2.
Denote by n-(z) = n(ex) and p:(x) := en-(z). Then for every v > 0 we have
(=A)Tpe = (=A)Y¢  locally uniformly in R"™ as e — 0.

Moreover, there ezists C > 0 (independent of €) such that

(1+ |z)=27=r ifp<n
(=AY pe(@)] < C(n,7,0) § L+ |27 Plog(2+J2])  ifp=n
1+ |z))~2—n if p>n.

Proof. We write v = 9 + 1 where 0 < 3 < 1 and vy € NU {0}. It follows from Lemma
applied to (—A)p. — (—A)"¢p, that

(—=A) g = (=A)7¢ locally uniformly in R".
To prove the second part of the lemma, first we note that

Cla)

e
< T\
D el < o

for every multi-index o, & > 0.

In particular, ¢ := (—A)"p, satisfies

c C
sup ‘D2¢(y)’ < 2 PRI sup ‘¢(y)‘ < 1 L DNot2n? and
{lo—yl<1+ 51} D (TR ) (L+ Jaf)rr=re
(1) (14 |z])=27= ifp<n
/ W gyl < (1+lal) D Plog2+fel)  iEp=n |
(gl <oyi<it2tal) [2 =Y (14 [af) 27 if p > n.
and then the desired estimate follows easily.
O
Now we look at the general equation

(=A)u = F(z) inR", (5.1)

understood as in ([1.7]). The first step to prove Theorem [1.8|is to show next that, for any § > 2s,
and outside the origin, W is a good test function in (1.7):

Lemma 5.3. Let u be as in Theorem . Let ¢ € C°(R"™) be such that p(z) = W on
Bf for some § > 2sg. The following identity holds:

/ u(—=A) pdx :/ F(x)p(z)dz.
In particular,

F(z)
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Proof. By Lemma[5.2) with p = n — 2y + § we have that

/ Fydzr = lim Fy.dz = lim u(—A)V . dx = / u(—A) pdr < oo,
n e—0 Rn e—0 Rn n

thanks to monotone convergence theorem and dominated convergence theorem, and this com-
pletes the proof.

O
5.2 A bootstrap argument for the semilinear equation
From the discussion in the previous subsection, if u is a solution to
(—A)"u = fuP in R", (5.3)

a bootstrap argument allows to improve the estimate on the growth of u at infinity. Indeed,

Lemma 5.4. Let u € L,(R") be a non-negative solution to (5.3) for some 1 < p < oo and
v € (0,5). Assume that there exists C > 0 such that

1

o<f<C inR"

Then
f(@)uP (z)

Proof. For 6 > 0 we fix ¢ € C®°(R") such that ¢(z) = —i on Bf. Letting 1. as before we
|I‘ + 1

set we := n-. Then together with Lemma dominated convergence theorem and monotone

convergence theorem we get

_ fuP(x)

Hence, as f has a positive lower bound, we get

P
/ ui(x)dx<oo for every § > 0.
R™ 1 + ’.’I’|n+5

For any ¢ > n we can write ¢ = g1 + g2 with ¢;p > n and ¢op’ > n. Then by Holder inequality
we get that

1
» 1
/ u(@) de < C / ui(x)dm ! /dx, < oo for every q > n.
re 1+ []? g 1+ [z|0P g 1+ |2]%P

From this, and Lemma |5.2| we see that ¢ € C°(R") with p(z) = W on Bf with 6 > 0 can
be used as a test function in ([1.7)), and consequently we have

8

P
/]R" 1u+(i)|q dr < oo for every g > n — 2.
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Again by Holder inequality

u(zx) 2
dr < oo for ever >n——. 5.5
/anﬂq very > n =~ (5.5)

Now we can take ¢ € C*°(R") with ¢(z) = Iﬂv\”%“ on Bf as a test function, and we obtain

6. O

Similar arguments, but with a more complex iteration will yield the triviality of solutions to
(5.3) for 1 <p < nf?v (see Proposition . We give the details below in Section

5.3 The case y € N

Growth estimates are easy to obtain in this case.

Lemma 5.5. If u is a solution to (1.5) for some p > 1, v an integer in (0,%), and the right
hand side satisfying (1.2)), then

/
/Rn 11(752‘5 dr < oo for every s >n — 27%, (5.6)

1 1
where = + = = 1.
» —i-p

Here the meaning of equation is that u? € L} (R") (thus u € L} (R™)), and u is a
distributional solution.

Let us first introduce some notations: for a smooth function ¢, let o/ be the set of all
derivatives of ¢ and their products, that is

k
o = {HD%: keN, aieN"}.

i=1

For ¢ > 1 let 7 be the vector space (over R) generated by the elements of <7 of order ¢, that

is, generated by the set
k k
{HDO”QD : Z || = E} .
i=1 i=1

We fix ¢ € C>*°(R") with ¢ > 0. By induction one can show that for every multi-index «
with |a| = k € [1, ¢] we have

k
D1 =" 0" Faps Fau € .
/=1
Setting @gr(x) := ¢(F) one gets (use that p? < Cp® for g1 > q2)
laf

o ¢ - c a
[D%pp(2)| < Rlal Z@R(m)q f< wﬁﬂR(gﬁ)q e,
=1
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Proof of Lemma[5.5. We fix a non-negative function ¢ € C°(R"™) such that ¢ = 1 on B; and
¢ =0on By. Let ¢ be as above. We will use Holder inequality with % + z% = 1. For this, fix
q > 2vp’ an integer (we can also take ¢ = 2vyp', by a density argument; in that case ¢ will be
C?F) and consider the smooth test function ¢%. From the equation we obtain

C _9 C 1 g—2y-14
fuPoh dx = / w(—A) YL dr < / wph “Vdx = / UP P P dx
RN R " R R2'y BQR R R2fy B2R RYR

which leads to
/ uP(z) dx < CR" 2" for every R > 0.
Bpr

n
n—22y

/ u(z) _dr < CRTTTH
Bar\Br L+ |x‘

Taking a diadic sum one obtains (5.6]). O]

(Notice that the above estimate implies u =0 for 1 < p < ). Then by Hoélder inequality

5.4 The model solution
We consider the linear problem (5.1)), for v € (0,%2) and F € L} (R"). Assume that we are in

' 2 loc

the hypothesis of Theorem We start the proof of this Theorem by constructing a solution
v of the equation having the best possible decay.
Let I' be the fundamental solution for the fractional Laplacian, this is,

(ZA)T(@) = do, T(a) = Tug () = 0%,

where y is the Dirac measure centered at 0. Since F € L! (B1), the convolution I' x Fxp,
is well-defined almost everywhere in R™. Therefore, up to a translation, we can assume that
FT € L'(B;). Consequently, by the previous Lemma the following function is well-defined

o) = [ (T =)~ Tw) Fl) do (5.7
Moreover:

Lemma 5.6. Let u and F' be as in Theorem . We have v € Ls(R™) for every s > 2sq.
Proof. We shall use (5.2)) frequently with § = 2s or 2sy. Calculate

v(z)]
/R” 1 + |:I,""+25 dw (58)
S/‘F(y)(/ +/ +/° )wu—w;gwumy
n Uei<oly  Jgeoply (8 <jz<apyl) 14 [z

3
i=1

1yl
2
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We notice that

2] lyl
‘F(x - y) - F(y)’ < CW for |x] < 77
and hence
F(y) / dx Fly)
re [ o< lgly T fafr 2ot R [y[" 27250
Next, since

T(z—y)—T C 1 C
/ T'(z —y) Z(y)!dxS - / Cdr< S
{lolz2lyy L+ [z[*? Y12 Jqjagzopyny 1+ |22 [y|nme

one also has
I, < .

Finally, we bound

Iz —y) Fy) 1
IS/mFy/ — I dady + C / — _dzdy
" e W (8l < gy 1+ |y F2 g 2 Sl <oy 1+ [P

F(y) dz
< ¢+C 1+ ’ |n+28 / | |n72’y
R Yy {l=1<3lyl} 17

F(y)
Rn 1+ ’y|nf2ﬂ/+23

<C+C dy

< oQ.

Combining all the above estimates we have that the integral in (5.8) is finite, as desired.

Finally, we recall a classification result that will be needed below.
Lemma 5.7. Let w € Ls(R™) for some s > 0. If
(=A)Yw=0 1inR",
for some o > s, then w is a polynomial of degree at most |2s], where [2s| € N is such that
2s — 1 < |2s] < 2s.
Proof. See e.g. the proof of [28, Lemma 2.4]. O

6 Superharmonicity

Now we are ready for the proof of the superharmonicity property, this is, Theorems [T.8 and

Proof of Theorem[1.8. Take v as defined in (5.7). From Lemma 5.6 we have that v € Ls(R") for
every s > sg, s # 27. Hence, if we define w = u — v, then w € L4(R™) for every s > sg, s # 2.
In addition, since, sg < % and (—A)Yw = 0 in R™, we conclude that w = const, thanks to

Lemma [5.71 Thus
(—A)7u(z) = (~A)70(z) = (1, 0,7) /R F(y)dy >0,

as desired. ]

1
" ’.CI? _ y’n—2'y+2a
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Proof of Theorem[1.9 The main idea here is to use Lemma [5.4] to improve the growth of u at
infinity. Thus we can simply use the auxiliary function

1
— P
v(x) = cn /RN o y‘n_gvf(y)u (y) dy (6.1)
instead of the old (5.7)). The rest of the proof is similar to that of Theorem O

6.1 Proof of Proposition [1.2

On the one hand, we claim that every non-negative solution to ([1.5) with 1 < p < n_”% satisfies

/R” T+ [fd dx < oo for every q > v (6.2)

where 1 = % + 1%'

On the other hand, one has u = v, where v is given by . To see this, recall that we have
proved above that u = v + const. In order to justify that this constant vanishes, it is enough to
show that u,v € Ls for some § < 0 small. Estimate yields the result for u. Moreover, to
check that v € Ls for some § < 0 one can use , and proceed as in the proof of Lemma
In fact, one would get that

/Rn 1 j_(T:Z’q dx < oo for every q > 2.

If w is non-trivial, then we can find R > 0 such that fBR fuP dx > 0. Therefore, as |z — y| = |z
for (z,y) € BSp x Bg, we obtain

ww =an [ OO0 gz [ SO0 4y 0

o=y i T

for |z| > 2R.

This contradicts (6.2) as ; <2y for 1 <p< et

It remains to prove the claim (6.2)), and we do that by an induction argument. Setting

UE |
sm=sm(p) =) —
k:lp

we see that seo(p) = p%l and

n

n—2y—2vs(p) =0 forp:n_}y.

Therefore, as so(p) is monotone decreasing in p € (1, 00), we have that

n— 2y —298x0(p) <0 for1<p<n_27.

In particular, there exists an integer mo > 1 (depending on p) such that n — 2y — 2ysy,,(p) < 0.
We shall take mg to be the smallest one.
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Next we show that

/]Rn : i(iz’q dr < oo for every ¢ > n — 298y, (6.3)
with m = mg. As holds for m = 1, thanks to , we only need to consider the case
mgo > 1. Let us show that if holds for some m =my € {1,...,mp — 1}, then it also holds
for m = m1+1. We fix a test function ¢ € C*°(R") with ¢ = ﬁ on BY, p :=n—2v—2yspy, +6,
d > 0. Since p > 0, by Lemma [5.2] monotone convergence theorem and dominated convergence
theorem we get that

o 11 Ja 2o+ 0 <0

fuPpdx = / u(—A)Tpdxr < C
R” n

for every § > 0. By Holder inequality we conclude that (6.3) holds with m = m; + 1. This
proves that (6.3)) holds with m = my.

From the definition of mgy we have that the integral in (6.3]) is finite for every ¢ > 2+.
Therefore, we can take ¢ € C*°(R"™) with ¢ = ﬁ on Bf, 6 > 0 as a test function to conclude
that

JuP(x)
Rn 1 + |.'1?’6

This, together with Holder inequality yields (6.2)).

dr < oo for every § > 0. (6.4)

7 Appendix: distance function from a set

Let 3 be a compact set in R™, and define the distance function

d(w) = inf {Jo ~ o]}
Lemma 7.1. The function d is 1-Lipschitz continuous.
Proof. Let x,y € R™ be any two points. Then, for every z € 3,

d(z) <o — 2| <[z —yl+y - 2.

Hence, taking infimum over z € ¥ we deduce that

d(z) —d(y) < |z —yl.
Similarly, one sees that d(y) — d(z) < |y — x|. O

By Rademacher theorem, d is differentiable a.e., and |Vd| <1 a.e.. Next we show that:

Proposition 7.2. If d is differentiable at x € R" \ X, then |Vd(z)| = 1. Moreover, there exists
unique T € ¥ such that d(x) = |z — z| and

r—T

Vd(z)

T o3|
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Proof. For simplicity, we assume that d is differentiable at = 0 and 0 ¢ 3. We can also
assume that the distance d(0) =: r is minimized by the point z1 := re; € X. Then, we have
that B, NY = (. For 0 < ¢t < 1, one has d(tz,) < |tx; —z1| = (1 —t)r. As B,NY = 0, it follows
that d(tz1) = (1 — t)r for 0 < ¢t < 1. Therefore,

=—1.

d(0) - er — 1 HOH 1) = d(O)

t—0+ t

In particular, as |[Vd(0)| < 1, we have that |Vd(0)| = 1. Thus, Vd(0) = —e;.
For any z € ¥ with d(0) = |Z| = r, as before we get that Vd(0) = —Z. Hence, the minimizer
is unique.
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