BUBBLING SOLUTIONS FOR THE LIOUVILLE EQUATION WITH
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ABSTRACT. We are concerned with the existence of blowing-up solutions to the following boundary
value problem
—Au= X" —47rNydp inQ, wu=0 on 99,

where € is a smooth and bounded domain in R? such that 0 € 2, N, is a positive number close to
an integer N (N > 1) from the right side, do defines the Dirac measure with pole at 0, and A > 0
is a small parameter. We assume that €2 is (N 4+ 1)-symmetric and the regular part of the Green’s
function satisfies a nondegeneracy condition (both assumptions are verified if Q is the unit ball)
and we find a solution which exhibits a non-simple blow-up profile as A — 0%,
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1. INTRODUCTION

Given © a smooth and bounded domain in R? containing the origin, consider the following
Liouville equation with Dirac mass measure

u=0 on 0. (1.1)

{ —Au=MXe"—4rNdy in Q,
Here ) is a positive small parameter, dg denotes Dirac mass supported at 0 and N is a positive
integer.

Problem (1.1) is motivated by its links with the modeling of physical phenomena. In particular,
(1.1) arises in the study of vortices in a planar model of Euler flows (see [12], [31]). In vortex
theory the interest in constructing blowing-up solutions is related to relevant physical properties,
in particular the presence of vortices with a strongly localised electromagnetic field.

The asymptotic behaviour of family of blowing up solutions can be referred to the papers [2],
[6], [19], [20], [22], [24] for the regular problem, i.e. when N = 0. An extension to the singular case
N > 0 is contained in [3]-[4].

The analysis of the blowing-up behaviour at points away from 0 actually is very similar to the
asymptotic analysis arising in the regular case, which has been pursued with success and, at the
present time, an accurate description of the concentration phenomenon is available. Precisely, the
analysis in the above works yields that if uy is an unbounded family of solutions of (1.1) for which
A fQ e¥* is uniformly bounded and wu) is uniformly bounded in a neighborhood of 0, then, up to a
subsequence, there is an integer m > 1 such that

)\/ e dx — 8tm as A — 07. (1.2)
Q

The research of J. Wei is partially supported by NSERC of Canada.
1



2 TERESA D’APRILE AND JUNCHENG WEI

Moreover there are points &7, ..., &) €  which remain uniformly distant from the boundary 99,
from 0 and from one another such that
m
Ae™ — 8> Fr =0 (1.3)
j=1

in the measure sense. Also the location of the blowing-up points is well understood when concen-
tration occurs away from 0. Indeed, in [22] and [24] it is established that the m-tuple (&7, ...,&))
converges, up to a subsequence, to a critical point of the functional

*ZH (&5,6) + Z G(&5:€n) — ZG (&,0) (1.4)

]h 1
Jj#h

Here G(x,y) is the Green’s function of —A over €2 under Dirichlet boundary conditions and H (z, y)

denotes its regular part:

1 1
H(z,y) = G(z,y) — 5-lo 8T

The above description of blowing-up behaviour continues to work if we are in the presence of
multiples singularities 3, N;d,, in (1.1), provided that we substitute the term & > G(&;,0) by
> % Zj G(&j,pi) in (1.4).

The reciprocal issue, namely the existence of positive solutions with the property (1.3), has been
addressed for the regular case N = 0 first in [30] in the case of a single point of concentration (i.e.
m = 1), later generalised to the case of multiple concentration associated to any nondegenerate
critical point of the functional (1.4) ([2], [8]) or, more generally, to any topologically nontrivial
critical point ([13]-[15]). In particular, still for N = 0, a family of solutions u) concentrating at
m-tuple of points as A — 0 has been found in some special cases: for any m > 1, provided that
is not simply connected ([13]), and for m € {1,...,h} if Q is a h-dumbell with thin handles ([15]).
In the singular case N > 0 solutions which concentrate in the measure sense at m distinct points
away from 0 have been built in [13] provided that m < N + 1. This result has been extended in
[10] to the case of multiple singular sources. Moreover a degree formula has been obtained in [§]
assuming that NV is not a positive integer.

We point out that in all the above results concentration occurs at points different from the
location of the source. The problem of finding solutions with additional concentration around the
source is of different nature. In case they exist, the blowing-up at the singularity provides an
additional contribution of 87 (N + 1) in the limit (1.2), see [3], [4], [14], [25], [26]. More precisely
the asymptotic analysis in the general case can be formulated as follows: if uy is an unbounded
family of solutions of (1.1) for which X |, €"* is uniformly bounded and w) is unbounded in any
neighborhood of 0, then, up to a subsequence, there is an integer m > 0 such that

)\/ e dx — 8wm + 8m(N +1) as A — 0.
Q

Moreover there are m distinct points &1, ..., &, € '\ {0} such that, up to subsequence,
m
Ae™ = 81 Y 8¢, + 8m(N + 1) (1.5)
j=1

in the measure sense. We mention that also in this case the analysis can be generalized to any
number of sources. Moreover, under some extra assumptions it is possible to define a functional
which replaces (1.4) in locating the points §; where the concentration occurs, anyway to avoid
technicalities we will not go into any further detail (see [14]).
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The question on the existence of solutions to (1.1) concentrating at 0 is far from being completely
settled. Indeed only partial results are known: in [14] the construction of solutions concentrating at
0 is carried out provided that N € (0,+00) \ N. To our knowledge, the only paper dealing with the
case N € N is [12], where, for any fixed positive integer N, it is proved the existence of a solution

o (1.1), where dy is replaced by 6§, for a suitable py € Q, with N + 1 blowing up points at the
vertices of a sufficiently tiny regular polygon centered in py; moreover py lies uniformly away from
the boundary 0f2 but its location is determined by the geometry of the domain in a A—dependent
way and does not seem possible to be prescribed arbitrarily as in [14]. Finally in [9] bubbling
solutions blowing-up at 0 have been found under the effect of an anisotropic potential.

The case N € N is more difficult to treat, and at the same time the most relevant to physical
applications. Indeed, in vortex theory the number N represents vortex multiplicity, so that in that
context the most interesting case is precisely when it is a positive integer. The difference between
the case N € N and N ¢ N is also analytically essential. Indeed, as usual in problems involving
small parameters and concentration phenomena like (1.1), after suitable rescaling of the blowing-
up around a concentration point one sees a limiting equation. More specifically, as we will see in
Section 2, we can associate to (1.1) the limiting problem of Liouville type (2.4) which will play a
crucial role in the construction of solutions blowing up at 0 as A — 0T; if N € N, (2.4) admits a
larger class of finite mass solutions with respect to the case N ¢ N since the family of all solutions
extends to one carrying an extra parameter b € R? (see [23]). This suggests that if N € N and the
blow-up point happens to be the singular source, then solutions may exhibit non-simple blow-up
phenomenon. In this case, it is shown in [5, 18] that there are N + 1 local maximum points of
the bubbling solutions which, after suitable rescaling, lie on a regular polygon. In [28] Harnack
inequalities and second order vanishing conditions for non-simple blow-ups are obtained.

In this paper we investigate the existence of non-simple blow-up solutions when the weight of the
source approaches an integer N in a A—dependent way. More precisely we consider the following
perturbed problem

{ — Au = Xe¥ — 47 Nydy in €,

u=0 on 0N. (1.6)

where N is close to an integer N > 1.
Let us pass to enumerate the hypotheses on the domain €2 that will be steadily used throughout
the paper: first of all

(A1) Qis (N + 1)-symmetric, i.e.
r € Q= pe N € O,

In order to state the second crucial assumption on €, let us fix some notation: for any b in a
small neighborhood of 0 and let us denote by Sy, ..., Sy the (N 4 1)-roots of b, i.e., BZNH = b and
Bi # B; for © # j. Then, we will assume that

(A2) the function

N N

b Y H(BiBj) — N> H(B;,0) (1.7)
i,j=0 i=0

(which is well defined for b in a neighborhood of 0) has a nondegenerate maximum at 0.

We point out that the function (1.7) actually can be rewritten in terms of the regular part of
the Green’s function associated to the domain {x¥*!|x € Q}, which is smooth thanks to the
(N + 1)-symmetry of §2; we refer to Appendix B for more details.
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Remark 1.1. If Q is the unit ball B(0,1), as shown in Remark B.1, the function (1.7) coincides
with a multiple of the Robin function H(b,b):

N
N+1 9
H(Bi,B;) — N » H(fi, (N +1)H(b,b) = —— log(1 —|b
> a5 ZB F1)H(b, )= =5 log(1 ~ )
which admits a nondegenerate mazimum at 0. So assumptions (A1) — (A2) are satisfied in the case
of the unit ball B(0,1).

In order to state our results, we have to impose N, converging to N with a sufficient rate:
(A3) there exists n > 0 such that
Ny — N = O(\").
As we will see in next theorem the smallness of parameter \ in (1.6) will yield the existence of

solutions blowing up at 0 and this holds for every family N, satisfying (A3), even in the limit case
N, =N.

Theorem 1.1. Let Q C R2 be a smooth and bounded domain such that 0 € Q and assume that
hypotheses (A1) — (A2) — (A3) hold. Then, for X sufficiently small the problem (1.6) has a family

of solutions uy blowing up at the origin as X\ — 0. More precisely uy satisfies
Ae' — 81 (N + 1)
in the measure sense.

Theorem 1.1 does not give any information to distinguish if the blowing up is radially symmetric
or not in the first approximation. For instance, in Section 7.2 we show that if Ny = N and if Q is
the unit ball then the solution found in Theorem 1.1 actually blows up at the origin with a radially
symmetric limiting profile.

The main purpose of this paper is to construct an example of non-simple blow-up exhibiting
a non-symmetric scenarios. More precisely, next theorem provides a solution which develops a
branch of N 4+ 1 bubbles centered at vertices ;, namely N + 1 functions exhibiting a peaked
behavior of logarithmic type; and since the rate of convergence §; — 0 is lower than the speed of
the concentration parameter 6 — 0 (see estimate (1.8)), then the solution splits into a cluster of
peaks concentrating at 0 which are arranged as satellites at the vertices of a regular (N +1)-polygon.
The exact formulation of the result is the following.

Theorem 1.2. Let Q C R? be a smooth and bounded domain such that 0 € Q and assume that
hypotheses (A1) — (A2) — (A3) hold. Suppose, in addition, that

Ny — N > cAlog? A

for some ¢ > 0. Then, for X sufficiently small the problem (1.6) has a family of solutions uy blowing
up at the origin as A — 0%

Ae' — 8 (N +1)do in the measure sense.

More precisely there exist 6 = §(A) > 0 and b = b(\) € Q in a neighborhood of 0 such that uy
satisfies

uy + 47N G(x,0) = —2log (52(N+1) + [N — )+ 87TZH ,Bi) +o(1)

in H'-sense, where!
2NN X V/A[log A] < [b] < AZ/[log Al (1.8)

1We use the notation ~ to denote quantities which in the limit A — 0T are of the same order.
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The analysis reveals that the configuration of the limiting clustered peaks is determined by two
crucial aspects: the rate of convergence Ny — N and the shape of €2, described in terms of the
function (1.7). This kind of non-simple blow-up is new even in the case of the ball, for which both
assumptions (A1) — (A2) are satisfied as observed in Remark 1.1. On the other hand, the existence
of such a phenomenon for Ny — N~ or when N, = N is still open (even in the case of the ball,
see Section 7.2). However Theorem 1.2 does suggest that non-simple blow-up should not occur for
Ny — N~ or Ny = N. In particular in Section 7.2 it is proved that if Ny = N and if Q is the unit
ball then the solution we find in Theorem 1.1 exhibits a simple blow-up. In view of this result,
Theorem 1.2, the first order estimate of [5, 18] and the second order estimates of [28], it seems
reasonable to raise the following conjecture:

Conjecture: When Q = B1(0) and Ny = N, there are no non-simple blow-up phenomena for
problem (1.6).

Previous known examples of non-simple blow up solutions are available for other models: we
recall, for instance, the regular Liouville equation on a disk in [7] (without boundary condition),
the Liouville equation with anisotropic coefficients in [29], the Toda system in [1], or the sinh-
Poisson equation allowing also negative bubbling ([16]).

The proofs use singular perturbation methods which combine the variational approach with a
Lyapunov-Schmidt type procedure. Roughly speaking, the first step consists in the construction
of an approximate solution, which should turn out to be precise enough. In view of the expected
asymptotic behavior, the shape of such approximate solution will resemble a bubble of the form
(2.5) with a suitable choice of the parameter 6 = §(\, b). Then we look for a solution to (1.6) in a
small neighborhood of the first approximation. As quite standard in singular perturbation theory,
a crucial ingredient is nondegeneracy of the explicit family of solutions of the limiting Liouville
problem (2.4), in the sense that all bounded elements in the kernel of the linearization correspond
to variations along the parameters of the family, as established in [12]. This allows us to study the
invertibility of the linearized operator associated to the problem (1.6) under suitable orthogonality
conditions. Next we introduce an intermediate problem and a fixed point argument will provide a
solution for an auxiliary equation, which turns out to be solvable for any choice of b. Finally we test
the auxiliary equation on the elements of the kernel of the linearized operator and we find out that,
in order to find an ezact solution of (1.6), the location the asymptotic peaks, which is detected
by the parameter b, should be a critical point for the reduced finite dimensional functional. So,
after this reduction process, solving (1.6) is equivalent to solving a finite-dimensional optimization
problem. We point out that the two scales of concentration of b and Ny — IN appear coupled at
almost every point of the proof, so if Ny < N the method breaks down since we are unable to catch
a critical point for the reduced energy.

The rest of the paper is organized as follows. Section 2 is devoted to some preliminary results,
notation, and the definition of the approximating solution. Moreover, a more general version of
Theorems 1.1-1.2 is stated there (see Theorems 2.1-2.2). In Section 3 we prove the solvability of
the linearized problem. The error up to which the approximating solution solves problem (1.6) is
estimated in Section 4. Section 5 considers the solvability of an auxiliary problem by a contraction
argument. In Section 6 we reduce the problem to finite dimension by the Liapunov-Schmidt reduc-
tion method and we compute the reduced energy. Finally in Section 7 we complete the proof of
Theorems 1.1-1.2. In Appendix A, B, C we collect some results, most of them well-known, which
are usually referred to throughout the paper.
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NOTATION: In our estimates throughout the paper, we will frequently denote by C' > 0, ¢ > 0
fixed constants, that may change from line to line, but are always independent of the variables
under consideration. We also use the notations O(1), o(1), O(X), o(X) to describe the asymptotic
behaviors of quantities in a standard way.

2. PRELIMINARIES AND STATEMENT OF THE MAIN RESULTS

We are going to provide an equivalent formulation of problem (1.6) and Theorems 1.1-1.2. Indeed,
let us set
a:=N+12>2
and let us observe that, setting v the regular part of u, namely
v=u+4r(ay — 1)G(2,0), ay=Ny+1, (2.1)

problem (1.6) is then equivalent to solving the following (regular) boundary value problem

{ — Av = \V(2)|z2@De?  inQ

; (2.2)
v=20 on 0f)

where V() is the function
Vi(z) = e~ Am(ax—1)H (z,0) (2.3)

Here GG and H are the Green’s function and its regular part as defined in the introduction. Theorems
1.1-1.2 will be a consequence of more general results concerning Liouville-type problem (2.2). In
order to provide such results for (2.2), we now give a construction of a suitable approximate solution
for (2.2). In what follows, we identify z = (z1,72) € R? with z1 + ize € C and we denote by zy
the multiplication of the complex numbers z,y and, analogously, by % the power of the complex
number x.

For any a € N, we can associate to (2.2) a limiting problem of Liouville type which will play a
crucial role in the construction of solutions blowing up at 0 as A — 07

—Aw = |z Ve in R, / 2@ De (P de < oo, (2.4)
RQ

All solutions of this problem are given, in complex notation, by the three-parameter family of
functions

w2, (z) = lo Sa%o% 5§>0,beC (2.5)
5,p\) += 108 (62 1 |22 — b[2)2 ’ : :
The following quantization property holds:
/ |x]2(°‘*1)ew§vb(z)d:1; = 8ma. (2.6)
RQ
In the following we agree that
Wy = wgb(:z:),
where the value 6 = §(\,b) is defined as
« A T —4rea—t
5 1= DS He Dt K00 (2.7)

and the function H, has been introduced in Appendix B.

To obtain a better first approximation, we need to modify the function W) in order to satisfy
the zero boundary condition. Precisely, we consider the projection PW) onto the space H&(Q),
where the projection P : H(RY) — H}(Q) is defined as the unique solution of the problem

APv=Av in (), Pv=0 on 09.
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We recall by Appendix B that Ho(z®,b) is harmonic in Q and satisfies Ho (2%, b) = 5= log |z — b|
on 0L2. A straightforward computation gives that for any = € 92
|PWy — Wy + log (806%%) — 8nHa (2, b)| = |Wx — log (8a°6°*) + 4log [z* — b]| < C5*.
Since the expressions considered inside the absolute values are harmonic in {2, then the maximum
principle applies and implies the following asymptotic expansion
PW) =W, — log (8a°0°*) + 87Ha (2%, b) + O(6**)
= — 2log (6% + |2® — b]?) + 87Ha(z*,b) + O(67%)
uniformly for z € 2 and b in a small neighborhood of 0.

We point out that, in order to simplify the notation, in our estimates throughout the paper we
will describe the asymptotic behaviors of quantities under considerations in terms of & = &(\,b)

(2.8)

instead of the parameter A of the equation. Clearly according to (2.7) 0 has the same rate as Ai,
so at each step we can easily pass to the analogous asymptotic in terms of \: for instance, in (2.8)
the error term “O(3%®)” can be equivalently replaced by “O()\)”.

We shall look for a solution to (2.2) in a small neighborhood of the first approximation, namely
a solution of the form

vy = PWx+ ¢,

where the rest term ¢y is small in H'(2)-norm.

In order to state the two main theorems for problem (2.2), let us reformulate the two assumptions
(A1) — (A2) in an equivalent way according to the new framework in terms of « instead of N and
the function H, in the place of H (see (B.1)):

(A1)*  is a-symmetric with respect to the origin, i.e.
2 €Q = aela € Q;
(A2)* the function
br— aHuo(b,b) — (= 1)Ha(b,0)
has a nondegenerate maximum at 0;
(A3)* there exists n > 0 such that
ay —a = 05297,

Observe that, since H,, is symmetric in the two variables, we have Vy(aHq (b, b)—(a—1)H (b, 0)) | b0 =
LT (Ha (b, b))‘b:()’ so assumption (A2)* implies that 0 is a critical point of b — H (b, ).

Theorem 2.1. Let Q C R? be a smooth and bounded domain such that 0 € Q and suppose that
satisfies assumptions (A1)* — (A2)* — (A3)*. Then, for \ sufficiently small the problem (2.2) has
a family of solutions vy satisfying

vy = —2log (6°* + |2 — by|*) + 87Ha(z®, b)) + o(1)

in H'-sense, where
by| < max{62,672} for A sufficiently small.
In particular, if ay = a, |by] < 52.

Theorem 2.1 provides no lower bound on |by|, so we have no way to rule out the case when
by is zero, which corresponds to a radially symmetric first approximation of the blowing up. For
instance, in the case of the ball one can use the space of radially symmetric functions, which is
a natural constraint for our problem, and find a solution with exactly by = 0. In particular, if
ay = «, in Section 7.2 it is shown that in the unit ball the solution of Theorem 2.1 approaches,
after some rescaling, a radial bubbling profile.
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The phenomenon of non-simple blow-up occurs for suitable rate of a) — «, as stated in the next

theorem.

Theorem 2.2. Let Q C R? be a smooth and bounded domain such that 0 € Q and suppose that
satisfies assumptions (A1)* — (A2)* — (A3)*. Assume, in addition, that

ay —a > 62 log? b

for some ¢ > 0. Then, for X\ sufficiently small the problem (2.2) has a family of solutions vy
satisfying
vy = —2log (8°* + [z — by|?) + 87Ha(z* b)) + o(1)
in H'-sense, where
%[ log 6?73 < |by| < C'6°7)1og 6]/3.

In the remaining part of this paper we will prove Theorems 2.1-2.2 and at the end of Section 7
we shall see how Theorems 1.1-1.2 follow quite directly as a corollary according to the change of
variable (2.1).

We end up this section by setting notation and basic well-known facts which will be of use in
the rest of the paper. We denote by || - || and || - ||, the norms in the space H}(Q2) and LP(),
respectively, namely

lull = llull gy Mullp = llullze) Yu € Hy ().
In next lemma we recall the well-known Moser-Trudinger inequality ([21, 27]).

Lemma 2.3. There exists C > 0 such that for any bounded domain Q in R?
/Qe%dw <09 Yue H)(Q),
where || stands for the measure of the domain Q2. In particular, for any ¢ > 1
levlly < CulQaens= Il vu e H(9).

For any a > 1 we will make use of the Hilbert spaces

a—1
L, R?) :={ue L20C R?) : H‘m U < 400
(B?) { S Feaviz
and
a—1
HQ(R2) = u € Wllt;g(R2) : HVUHLQ(RQ) + H|y|2au < 400 )
14 !yl L2(R2)

endowed with the norms

|oc—1 |a—1

‘ 2 1/2
+ |yl L2(R2)

Proposition 2.4. For any a > 1 the embedding Hy(R?) < Lo (R?) is compact.
Proof. See [17, Proposition 6.1]. O

ly
and ”UHHa = (HVU”%z(Rz) + Hl-l-IyIQ"

lulle, = \
LQ(RQ)

As commented in the introduction, our proof uses the singular perturbation methods. For that,
the nondegeneracy of the functions that we use to build our approximating solution is essential.
Next proposition is devoted to the nondegeneracy of the finite mass solutions of the Liouville
equation (regular and singular).
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Proposition 2.5. Assume that £ € R? and ¢ : R — R solves the problem

—A¢p = 8a? ¢ in R?, / IV (y)|?dy < 4oc0. (2.9)
R2

Then there exist cg, c1, ca € R such that
gb(y) = C[)ZO + 61Z1 + CQZQ.

1—|y* = ¢ Re(y* - ¢ Im(y® — ¢
LW gy B O gy 2O
1+ [y ¢ 1+ [y = ¢ 1+ [y —¢
Proof. In [17, Theorem 6.1] it was proved that any solution ¢ of (2.9) is actually a bounded

solution. Therefore we can apply the result in [11] to conclude that ¢ = coZy + ¢1 21 + caZy for
some cg, c1,c2 € R.

Zo(y)

g

3. ANALYSIS OF THE LINEARIZED OPERATOR

According to Proposition 2.5, by the change of variable x = Jdy, we immediately get that all
solutions ¢ € Hy (R?) of

52a|x|2(a—1)
a7 = 5P)
are linear combinations of the functions

52 — |z — b2 0“Re(z™ —b) 9 dIm(z™ — b)
= oot o b 2l = ey 2l = e

— Ay = 8a?

Qw — |x‘2(a71)eW>\¢ in ]RQ

0
Zgp()
We introduce the projections PZgb onto H}(2). It is immediate that

252a
PZ3y(x) = Z3,(x) + 14+ 0 (6**) =

2
- (520‘ T ’.lea _ b‘Q + 0(5 ) (31)

and . ‘
PZ3 () = Zj,(x) + O(6?) for j = 1,2 (3.2)
uniformly with respect to x € Q and b in a small neighborhood of 0.
We agree that Z3 := Z}, for any j = 0, 1,2, where ¢ is defined in terms of A and b according to

(2.7). Motivated by the symmetry of the domain in assumption (A1)*, we consider the subspaces
of H!(Q), L¥(Q) made up of a-symmetric functions:

HE () = {u € HY(Q) [u(ze®) = u(z)},  LUQ) = {u € LP(Q) [u(zel) = u(x)}.

Clearly PWA,PZi € H&, (). Let us consider the following linear problem: given h € H& L(92),
find a function ¢ € Hj () satisfying

— Ad — AV (z)|z)? "Dy = AR

. . (3.3)
/ VoVPZ, =0 j=1,2
Q
Before going on, we recall the following identities which follow by straightforward computations:
for every ¢ € R?
-y

™
log(1 + |y|?)—— gy =T 3.4
[ s+ o) ey = = (3.4)
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1—|y|?
gy =0, (3.5)
/RQ (1+[y?)?

2 2 2
Y1 Y3 1 / Yl T
_dy = — 92 y== — 2y = —. 3.6
Joas = L =2 Lo e 30
Proposition 3.1. There exist A\g > 0 and C > 0 such that for any X € (0, o), any b € R? in a
small neighborhood of 0 and any h € H(%,*(Q), if g € H&*(Q) solves (3.3), then the following holds
[¢ll < Cllogdl||Al|-

Proof. We argue by contradiction. Assume that there exist sequences A\, — 0, h,, € H(}, (), b, in
a small neighborhood of 0 and ¢,, € H&y ,(2) which solves (3.3) and

[¢nll =1, [logdn|[|hn| — 0. (3.7)
We define fln = % and

0 if y e RZ\ Q,
We split the remaining argument into five steps. In what follows at many steps of the reasoning
we will pass to a subsequence, without further notice.

3 (60 if y €Q,
(an(y) ::{(b ( y) ve

Step 1. Using the polar coordinates (p,0) let us set, according to (C.2),

By (pe?) = du(paels)  p>0, 0€[-m,m).
We will show that
®, € Hi(R?) and ®,(-+0,%,) is bounded in Hy(R?).

It is immediate to check that
/ IVl dy—/ Vo |*dx = 1. (3.8)

Next, we multiply the equation in (3.3) by ¢,; then we integrate over €2 to obtain

An / V()| @n =D ePWan 42 dg = / Vo |*da + / Vh,Vondr < C
Q Q Q

by (3.7). So Proposition 4.2 (taking p sufficiently close to 1) gives [, |z DeVang2 < C or,
equivalently,

ly[2(@~D 72
/ _G2dy < C. (3.9)
@ —Q 2
B2 (14 [y — 6, %bn[?)

We deduce that ¢, belongs to H,(R?) and satisfies (3.8)-(3.9). Thanks to Lemma C.2 we get

®,, € H(R?) and
- 1 ~ 1
/ VP, |*dy = / Vo |*dy = =
R2 « R2 (0%

1 ~ 1 ~
| ®,(y + 5, %) |*d :/ ®,|%d
L e B Wy = | Ty = o/t

/ D pay<c
= n -~ .
2 (L+ [y = 6n%0n[?)? g

We have thus proved that the sequence @, (y 4+ 6;%b,) (n € N) is bounded in H; (R?).

and
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Step 2. We will show that, for some vy € R:
1—Jy?

FumE weakly in Hi(R?) and strongly in Ly (R?).
Y

(i)n(y + 6, %bn) = 0

Step 1 and Proposition 2.4 give

B, (y + 6,%,) — f weakly in Hi(R?) and strongly in L; (R?)
for some f € Hy(R?). Let ¢ € C2°(R?) and set

Yn(z) = ¢($a — bn) VY (y) = ¥n(ny)-

oF

Setting, according to (C.2), in polar coordinates
\i'n(peie) = @n (péeig) p>0,0¢[—mmn),

we immediately get
Un(y) = ¥y — 6, “bn).
We have v, € C°(Q2), for large n. Then by applying Corollary C.3 we get

/ Vo - Vippdz = / Vo - Vipdy =a | VO, - VI,dy
Q R2 R2

—a | VO,(y+6,%,) Vidy
R2

- a/RQ VFVdy + o(1).

Similarly we compute

/ |$’2(a71)6W)\n nthndr = 80{2/ 57%0“1'|2(a—1) bt
Q o (63% + [z — bn[?)?

=sa? [ WP )y
e (L= Jy™ — 076,27

1 _
8 d,V,.d
oz/R2 (1+y— 577“6”\2)2 y
1 -
80(/ T oN° (I)n y'*'(sr:abn ¢dy
e @ e ol )

by which, using Proposition 4.2 we deduce

)\n/ ]m\Q(O‘An_l)V(:U)ePW”¢nwndm —/ ]w[Q(O‘_l)eW*¢n1/1ndx+o(l)
Q Q

1

Finally we estimate

/Q VhaVibndz = O([[hn]) = o(1).

11

(3.10)

(3.11)

(3.12)

(3.13)
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We multiply the equation in (3.3) by 1, we integrate over {2 and and pass to the limit as n — +o0;
combining (3.11)-(3.12)-(3.13) we obtain

8
VIVidy = [ | oy =
/]1{2 1+ |y?)?
Thus, we deduce that the function f € Hy(R?) is a solution of the equation

_Af— 8

Tl ‘)Qf in R?.

Proposition 2.5 gives

— |y|?
f= +
1+\y|2 Z ]1+|y!2

for suitable constants g, v1,v2 € R. Now we use the orthogonality fQ nganPZ)l\n =01n (3.3) to
obtain

0= / V¢, VPZ; dx = / X VeWan g, 7} da
Q Q

2(a—1) N Re(ya — 5o )
:8a2/ ] n n nl g
O o A T

Y1 — 5;abn z
= 8« D, (y)d
/W (1 + |y — 670, 2) (v)dy

Y1 = _
_ sa/ S S— O
o (L g o )

Then we pass to the limit when n — 400 and we obtain

Y1 vt
0= / | - / N —
2 (1+yl*)? 2 (L+|y?)?
So v1 = 0 and, similarly, 75 = 0.

Step 3. We will show that
1
2(a—1) Wy, dr =— )
/g'm' €"n fnde °<|1og5n\)

We multiply the equation in (3.3) by PZSH7 we integrate over 2 and we get
/ V¢, VPZY dv — M, / V(x)|z| = VePWan g, P20 do = — / Vh,VPZS da. (3.14)
Q Q Q

We are now concerned with the estimates of each term of the above expression.
First, we compute

/ V¢, VPZ dv = / |2 DeWan g, 29 da. (3.15)
Q Q

Using Proposition 4.2 and (3.1), we obtain

1
)\n/v(x>|x|2(oun—l)6PW>\n anngndx _ / |£’2(a—1)eW>\n an(Zg\)n + 1)dz + 0(7>
Q) Q

| log 0y, |
(3.16)
:/ 22D eWan g, 29 dm—k/ |x|2(a_1)eWAn¢>ndx+o(
Q " R?

|log1;5n|>'
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Finally, since PZ) = O(1), we have [, |[VPZY|? = [, |z[**~De" PZ) = O(1), by which, owing to
(3.7),
1
Vha| [VPZS, do < bl IPZ8, ]| = o ). 3.17
[ Rl 1V P2, de < ol 1228, = o112 (3.17)
We now multiply (3.14) by log d,, and pass to the limit: inserting (3.15), (3.16), (3.17), we obtain
the thesis of the step.

Step 4. We will show that vy = 0.
We multiply the equation in (3.3) by PW)_ , we integrate over {2 and we get

/Q Vo, VPW)y dz — A, /Q V(a)|z[X o DePWan g PWy da = — /Q Vh,VPWy dz.  (3.18)
Let us estimate each of the terms above. Let us begin with:
/Q V6V Py, dz — /Q 622D eWan d = (1) (3.19)
by step 3. By Proposition 4.2 and (3.7), using that |[PWy| = O(]logd|), we get
An /Q V(z)|z[XnDePWoan g PW)y dx = /Q 2|20V e g PWy da 4 o(1). (3.20)

Observe that by (2.8) and (B.2) we have
PWy(z) = —21og(6* + |2% — b|%) + 87Ha(b,b) + O(|z® — b]) + O(5%)
= —4alog§ — 2log(1 + 62|z — b|?) 4 87H4 (b, b) + O(|z* — b]).
Recalling Step 3 and Lemma 4.1 we obtain

/ |22 DeWan g, PWy, da = —2 / |22V eWan g Tog (1 + 6,2z — by|?)dz
Q Q

+ 87 He (b i) / 22ODeWan g i + o(1)
Q

= —16@2/ |y‘2(a_1) &n log(1 + |y* — 5_“bn\2)dy
r2 (14 |y* — 6, %D, ?)? "

2(a—1)
+ 6470 Ha (b, by) / vl

bnd 1
ke (1 [y° *5ﬁabn|2)2¢ y+o(1)

and, using Corollary C.3,

1
2 (1+ |y — 0n,%bn|?)

1
+ 64maHa (b, by / —
( ) r2 (14 |y — 0n %0y |?)?

/Q 220D g, PWy da = —1604/R Qén log(1 + |y — 6, “bn|*)dy

®,dy + o(1).

Now, by Step 2,

_ 11—y
2(a—1) Wy _ 2
T e g, PW)y, dx = —160470/ log(1 + |y|*)dy
f o T+ PP TP 2 D
1 1—|yl? 3.21
+ 64w ayoHea (b, bn) ] dy + o(1) (3.21)

= 8ayom + o(1)
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by (3.4)-(3.5). Finally, since PW, = O(|log é|), then we have [, [VPW,|2 = [, |z[2 @ D" PV, =
O(]logd|), by which, owing to (3.7),

/ [Vhn| [VPWy, [de < [[hn | |PWy, || = o(1). (3.22)
Q
By inserting (3.19), (3.20), (3.21) and (3.22) into (3.18) and passing to the limit we deduce o = 0.

Step 5. End of the proof.
We will show that a contradiction arises. According to Step 2 and Step 4 we have
®,,(y + 6, %b,) — 0 weakly in H;(R?) and strongly in L; (R?).
By Proposition 4.2 and (3.7)

)\n/ V(@) |z 2@ =D ePWan 42 4y :/ 220D e 62 da 4 0(1).
Q Q

Now, using Lemma C.2,

2a
2(0=1) Wian 42 dg — 8 2/ |Z~/‘ 24
no [ 1ol $Rda aR21+|y_5ab|)¢ny

= 8a D2 dy = 8al|®, (- + 5, %bn) |13, = o(1).
L e ey Py = Bl I, = o)

Moreover, by (3.7),
/ Vhp,Véndr = o(1).

We multiply the equation in (3.3) by ¢, we integrate over {2 and we obtain

/ Vu2de = A / ()23 D P Wan 2 da:—/Vh Vndz = of1),
in contradiction with (3.7). This concludes the proof of the proposition. O

In addition to (3.3), let us consider the following linear problem: given h € H017 (Q), find a
function ¢ € H& L(©) and constants cj, c2 € R satisfying

— Ap = AV (@)[z* @ DePMag = Ah+ D ¢; 2] |z

=12 (3.23)

/VWPZ{:() j=1,2
Q

In order to solve problem (3.23), we need to establish an a priori estimate analogous to that of
Proposition 3.1.

Proposition 3.2. There exist A\g > 0 and C > 0 such that for any X € (0,\), any b € R? in a
small neighborhood of 0 and any h € H (), if (¢,c1,c2) € Hy, () x R? solves (3.23), then the
following holds

[l < Cllogd[||All.

Proof. First observe that by (3.2)

/ VPZiVPZidx = / lz[2 @ VeMrzi P Zz2de = / lz2@DeMr Z1 Z2dx + 0(1)
e 2 R (3.24)

=/, VZiVZ3idr + o(1) = o(1) = o(1).
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Similarly
HPZ/1\||2:/Q|:C\2(O‘1)6W*Z)1\PZ}\dx:/Q|x]2(°‘1)eW*(Z)1\)2da:+o(1)

a2 [ WP Re(y = 7o)
= Sa /Rz (14 |y> — 6-2b[2)4 dy + o(1) (3.25)

yi 2
8a/ﬂ{2(1+|y’2)4 Y 37Ta+0()

where we have used Lemma C.1 and (3.6). Analogously |PZ3[? = 2ma + o(1).
Then, taking into account that —APZ] = |QU]2(°‘*1)€WA Z3, according to Proposition 3.1 we have

loll < Cllog | ([IAll + [ex] + [ea])- (3.26)
Hence it suffices to estimate the values of the constants ¢;. We multiply the equation in (3.23) by
PZ)l\ and we find

2
/¢\x|2(a_1)eWAZidx—)\/ V(@) 2 Ve P 2l = Zraci-+oler)+olea) +O(IAl). (327
Q Q
Let us fix p € (1, +00) sufficiently close to 1. Then, by (3.2) and (4.1) we may estimate

/Q 2O DeWA || PZL — Z}|de < C5 /Q 2@ DM gldz < O5|g]| [z Ve,

1 -
< 52 o) < 6519
and, since PZ/{ = O(1), using Proposition 4.2,

/ ‘|$|2(0171)6W/\ _ )\V(x)|x|2(°‘*71)epw*‘|¢)HPZi]dx < C’/ |Rx||¢|da
Q Q

—2a271 o @ 2
< C5* 0 (8% + 5% gl < 6% | @)-

By inserting the above estimates into (3.27) we obtain

[ea] + o(c2) < C||h|| + C6% ¢].
We multiply the equation in (3.23) by PZ? and, by a similar argument as above, we find

[ea] + o) < Cllh|| +Co% |4
and so

lea| + lea| < CllA]l + Co2]|o]].
Combining this with (3.26) we obtain the thesis. O

4. ESTIMATE OF THE ERROR TERM

The goal of this section is to provide an estimate of the error up to which the approximate
solution PW), solves problem (2.2). First of all, we perform the following estimates.

Lemma 4.1. Let v=10,1,2 and p > 1 be fized. The following holds:
-1
[Vl — bf7e™ |, < Co75 5, (4.1)
(J 23D — 2@ D) 2 — 7", < Clax — ald 625 (4.2)
uniformly for b in a small neighborhood of 0. As a corollary,

[[a[a =Dl — bV, < o752 (4.3)
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uniformly for b in a small neighborhood of 0.

Proof. By Lemma C.1 we compute

|22 1P| — p|7P

(52a + |xa _ b|2)2p
Aa=1) | g — p|7P

<08 “52@/ il d

< C(8a%) o (020 [z% — b2)2P x

2(a—1)|,,a _ 5—ab|'yp
— 2\p sayp—2a(p—1) ’y| |y
cEa =

(8042)]] —2a(p—1 / ly|["P
- C sap—2a(p—1) dy.
a we (1+ [y ™

Taking into account that the last integral is finite for v = 0,1,2 and p > 1 we deduce (4.1).
In order to prove (4.2) first we will show that

[l —[a2O7D| < Clay — |z Ve =227 log || (4.4)

dx

2PV — b 5 = (8a%)Ps2*?
Q

dy

uniformly for € €. Indeed, to this aim we are going to use the following immediate inequality
|t= — 1] < ¢|logt| vVt >0, Ve > 0.
First assume ay > a: for z € Q we compute
pr(arl) _ |x,2(a*1)‘ — |x‘2(a*1)‘|my2(ara) _ 1‘
< Clax — )|z~ V] log ||
and the thesis of (4.4) follows; on the other hand, if a) < «, for €  we have
oD — [ge=D] = fgf2er=D]jpfa=en) — 1]
< C(a—ay)[z[* V| log |||
= C(a = ay)[a[* @ V]a| 727 log ||

and (4.4) is completely proved.
Let us now pass to the second estimate (4.2): since |z|?P(@= D |g|=2Plea=al| log |z||P < C|z[2(@~ D)
in Q for p > 1,

2D g — v
(520( + ‘.’EO‘ _ b’2)2p

_ (8a2)p5a'yp—2a(p—l)/ ‘y"yp
o Rz (1+ |y[*)%

dx

JlafeDa] 2ol — 7 log falle < C(sarar [
Q

dy

and (4.2) follows by (4.4).

Proposition 4.2. Define
Ry := —APW, — AV (z)]z| X DePWa — |20 DWa _ )\ (z)]z]2er—DePWa,
For any fized p > 1 the following holds

p—1

|Rallp < C5~25 (8% + 616l + Jar — al) < o7 (62 4 5°b] + 6%7)
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uniformly for b in a small neighborhood of 0. Consequently, by (4.1), if p > 1
—1 -1
IAV (@)D, = 2 Ve, + 05 ) = 0 ) (4.5)
uniformly for b in a small neighborhood of 0.
Proof. By (2.8) and the choice of § in (2.7) we derive
AV () |z 22 =D

A (e 2

_ V(x)’$‘2(aA*1)eWX+8ﬂHa(x 0)+0(6%%)
8aZg2e 4.6
— |ip|2eA=1) W A (ar—1) (H (2,0) = H L) 487 (Ha (2,0)—Ha (b)) +0(67%) o)

o

_ ’x‘Q(a,\fl)eW)\ef%raA_l (Ho(2,0)—Hea (b,0)+87 (Ha (2% ,b) —Ha (b,b)) +0(62%)

Thanks to assumption (A2)* by (B.2)-(B.3)

Oé)\—l

—A4n (Ha(2,0) = Ha(b,0)) + 87 (Ha (2%, b) — Ha(b,0)) = O(|b]|z* — b)) + O(|z* — ).

e
So (4.6) reduces to

Av(x)|x‘2(a>\fl)€PW>\

4.7
= |z|2er"DeMa 4 (0(|b|yxa —b|) + O(|z* — b%) + 0(520‘)) |z[2eA=DeWx, (4.7)
The thesis follows by Lemma 4.1. O
5. THE NONLINEAR PROBLEM: A CONTRACTION ARGUMENT
In order to solve (1.6), let us consider the following intermediate problem:
— A(PWx + ¢) = AV (@) |z DePWte = 3 = oy 7] Pl e,
=1 (5.1)

¢ € Hy,(Q), / VoVPZldr =0 j=1,2.
Q

Then it is convenient to solve as a first step the problem for ¢ as a function of b. To this aim,
first let us rewrite problem (5.1) in a more convenient way.
For any p > 1, let
i o LE(Q) — H&y*(Q) (5.2)
_p_
be the adjoint operator of the embedding i, : H&y*(ﬂ) — LIH(Q), ie. u = in(v) if and only if
—Au =v in Q, u =0 on JQ2. We point out that i; is a continuous mapping, namely

5@ < cpllelly. for any v € LE(Q), (5.3)
for some constant ¢, which depends on {2 and p. Next let us set
K :=span{PZ\, PZ}}
and

Kt = {¢ € Hy () : / VoV PZydr = / VoV PZidr = 0}
Q Q

and denote by
II:Hy,(Q) -~ K, I :Hy,(Q) — K+
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the corresponding projections. Let L : K — K= be the linear operator defined by
L(g) =T (s (W (@)@ DePWag) ) — . (5.4)
Notice that problem (3.23) reduces to
L(¢) =1I"h, ¢ K.
As a consequence of Proposition 3.2 we derive the invertibility of L.

Proposition 5.1. For any p > 1 there exist A\g > 0 and C > 0 such that for any A € (0, \o), any
b € R? in a small neighborhood of 0 and any h € K+ there is a unique solution ¢ € K+ to the
problem

L(g) = h.
In particular, L is invertible; moreover,
L7} < Cllog .

Proof. Observe that the operator ¢ — II+ (2; ()\V(x)\:clz(o‘ﬁl)epwkw) is a compact operator in
K. Let us consider the case h = 0, and take ¢ € K+ with L(¢) = 0. In other words, ¢ solves
the system (3.23) with A = 0 for some ¢, co2 € R. Proposition 3.2 implies ¢ = 0. Then, Fredholm’s
alternative implies the existence and uniqueness result.

Once we have existence, the norm estimate follows directly from Proposition 3.2. O

Now we come back to our goal of finding a solution to problem (5.1). In what follows we denote
by N : Holj* — K the nonlinear operator

N(@) = T (in (W (@)|a DM (e — 1 - ) )
Therefore problem (5.1) turns out to be equivalent to the problem

L(¢)+ N(¢) =R, ¢eK~* (5.5)

where, recalling Lemma 4.1,
R =T (i5(Ry)) = I (PWy — i (AV (@)~ DeP M) )
We need the following auxiliary lemma.

Lemma 5.2. For any p > 1 and any ¢1,p2 € H&V*(Q) with ||o||1, ||@2]] < 1 the following holds

le?* — ¢1 — €2 + pall, < Cllo1]l + 02l o1 — 2], (5.6)

7201172_1

IN(¢1) = N(d2)| <C0 = #* ([[onll + l[2])ll¢1 — @2l (5.7)

uniformly for b in a small neighborhood of 0.

Proof. A straightforward computation gives that the inequality |e®—a—e®+b| < el l(|a|+|b])|a—b|
holds for all a,b € R. Then, by applying Holder’s inequality with % + % + % =1, we derive

€90 — ¢1 — €22 + @all, < Clel® 2N (1161l + [[d2llpr) |61 — 2llpe

and (5.6) follows by using Lemma 2.3 and the continuity of the embeddings H}(Q2) C LP"() and
H}(Q) C LPY(). Let us prove (5.7). According to (5.3) we get

IN(61) = N(2)l| < CIAV ()2~ DePWA (e — g1 — 2 + o),
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and by Holder’s inequality with % + % =1 we derive
IN($1) = N(g2)]| < OV (@) |2 e = 61— € + ¢al[lpg
< O DV (@)™ e (o1 + 6211 — ]
by (5.6), and the conclusion follows recalling (4.5). O

Problem (5.1) or, equivalently, problem (5.5) turns out to be solvable for any choice of point b
in a small neighborhood of 0, provided that A is sufficiently small. Indeed we have the following
result.

Proposition 5.3. Let € > 0 be a fixred small number. Then there exists Ag > 0 such that for any
A € (0,X0) and any b € R? in a small neighborhood of 0 there is a unique ¢y = Drp € K+ satisfying
(5.1) for some c1,c2 € R and

[oall <o7° (52a + 5%b| + |y — a\) <05 F (52a + 5%b| + 52an).
Moreover the map b — ¢y € H&*(Q) is C*.

Proof. Since problem (5.5) is equivalent to problem (5.1), we will show that problem (5.5) can be
solved via a contraction mapping argument. Indeed, in virtue of Proposition 5.1, let us introduce
the map
T:=L YR-N(p), ¢ecK=
Let us fix p > 1 sufficiently close to 1. According to (5.3) and Proposition 4.2 we have
|RIl < €675 (62 4 6°Jb] + |ax — o). (5.8)
Similarly, by (5.7),
IN(¢1) = N(¢a)ll < C5™2 (||l + lIgalDlldr — dall V1, 2 € Hy (), 6l dall < 1. (5.9)
In particular, by taking ¢o = 0,
IN(@)|| < C67 316> Vo € Hy, (), 6] < 1. (5.10)
We claim that T is a contraction map over the ball

Bi= {0 € K" |0l <5(5 +5%bl +]ar —al ) }

provided that A is small enough. Indeed, combining Proposition 5.1, (5.8), (5.9), (5.10), for any
¢ € B we have

IT()]| < Cliog8|(|RIl + N (#)]]) < Cllog 6|6~ (6> + 8%|b] + |ax — al + [|4]*)
< 37E(6% 4 0% + |ax — af),
provided that ¢ < § and € < an (see assumption (A3)"). Similarly, for any ¢1,¢2 € B

IT(61) = T(2)|| < C|log 8[| N(¢1) = N(¢2)|| < C5 2| log 8| ([|¢al| + [|2ll) [ ¢1 — dall < %H@m — ¢al|.

We now consider the dependence of ¢y on b. In order to prove that the map b — ¢y is C L we
apply the Implicit Function Theorem to the function

Db, 6) = &+ I (PW — i (W (2)|a 2D ) g e g (9).

Indeed ®(b, ¢»p) = 0 and the linear operator: g—i(b, drp) : Hy () = Hg () is given by
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o " ax—
30 b)) = 0~ I (O (@) a0 D PO y) ).
We observe that g—i(b, ®xp) is a Fredholm’s operator. By comparing g%(b, ®xp) with the definition

of L in (5.4), we have that

gj,f(b, D) (1) = T1() = L) — T (i3 (AV () 220~ DePWa (¢P20 — 1)ITHp) )

by which, using Proposition 5.1,

|50 00| = I+ LT = [ (W @D eore - 1irt)) |

> _ )\ 2 ch—l) PWA ¢>\,b _ 1 HL X
> ooyl = elAla Ve e 1)ty

(5.11)
Now, using Holder’s inequality with ]lj + % + % = 1 we compute

IMzPADeP WA (P20 — DITH | < 42237V o e — 1 pg [ lpr-

Observe that [[e®*» — |pg < lePrr =1 — Orpbllpg + 10xpllpg < Clloasll < 0(5% +0%7) by Lemma
5.2. Hence, using (4.5) we get

202

o _9a2251 o o
A= DePWa (e — DIT ||, < C(6% + 88+ ¢ < C(E5 +62)|[¥].
Inserting this into (5.11), we conclude that

0P
d¢

which guarantees the invertibility of the operator %(b, Oab)-

[l

o) > s

6. THE FINITE DIMENSIONAL REDUCTION

After problem (5.1) has been solved according to Proposition 5.3, then we find a solution to the
original problem (2.2) if b € R? is such that

c; =0for j=1,2.

Let us find the condition on b in order to get the c¢;’s equal to zero. This problem is actually
variational; more precisely, it is equivalent to find a critical point of a function of b.
Indeed, let us consider the following energy functional associated with (2.2):

1
_ 2/ Vol2de — /\/ V(@) e et do, v e HY(9). (6.1)
Q Q
Solutions of (2.2) correspond to critical points of 1. Now we introduce the new functional
Ja(b) = IN(PWx + ¢5) (6.2)

defined in a small neighborhood of 0, where ¢\ = ¢, j has been constructed in Proposition 5.3. The
next proposition reduces the problem (2.2) to the one of finding critical points of the functional J).

Proposition 6.1. Ifb in a small neighborhood of 0 is a critical point of Jy, then the corresponding
function vy = PWy + ¢y is a solution of (2.2).
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Proof. Let b be a critical point of Jy:

OJx . _ 0J
o, ) = 5 (0) = 0. (6.3)

Using Proposition 5.3 we can differentiate directly I\(PW) + ¢,) under the integral sign, so that

P P
/ V(PW) +¢)\)de$ _ /\/ V(x)|x‘2(axfl)€PWA+¢Aw =0, i=12.
Taking into account that ¢y solves problem (5.1), this is equivalent to
PW.
ch/zﬂ 2e=Dg ((,;bwdxzo, i=1,2. (6.4)
7=1,2

Let us fix p > 1 sufficiently close to 1. Next let 1 < ¢ < +o00 such that % + % = 1. It is easily

J 2(a— 1) w
checked that |8(Z Gl 50 Y)

| < o~ z|*@=DeWx | so by Lemma 4.1

— o5,
p

8(Zi‘$|2(a_1)ew*)
ob;

Then, since [, ¢AZ§|x\2(a_1)eW*dq: = 0, in view of Proposition 5.3 by differentiating we get

. o Zj 2(a—1) Wy 3
20 R DMy = — [ oy NI 40— o502 o) = o5

provided that p is chosen sufficiently close to 1.

Observe that a(;/Vb? = 46=“Z§ + O(1), by which aPWA = 46~“PZ} + O(1), therefore the system

(6.4) can be rewritten as

> cj/zﬂxy?a VeWxpzide +o(c;) =0, i=1,2. (6.5)
7=1,2

By (3.24)-(3.25) we deduce that the system (6.5) is diagonal dominant and then we achieve ¢; =
co = 0. O

Next purpose of this section is to provide an asymptotic expansion of the energy I(PW) ), where
I, is the energy functional in (6.1).

Proposition 6.2. The following asymptotic expansions hold:
I\(PW,) = —8ma(2 4+ log A — log(8a?)) — 32m2aH (b, b) + 3212 (ay — 1)Ha(b,0)
+ O(6%[b]) + O(6*¥| log 8]) + o(6°M)
uniformly for b in a small neighborhood of 0, and
I\ (PW)y) = —8ma(1 4+ log A — log(8a?)) — 32m2aH (b, b) + 3212 (ay — 1)He(b,0)

5« 520‘]log5| N 52°‘\log|b|]>
0] [bf? b

+ O(6“(b]) + O(8**|log ) + |ax — a|O<

uniformly for b in a small neighborhood of 0 with |b| > |ay — «f.
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Proof. First by Lemma C.1 we compute

/Q 22D eWN 10g(62* + [ — b|?)da:

= 8a2/ ] (log(52a) +log(1 + |y* — 6*°‘b|2)>dy
g T+ lym = 50

B 8a/ log(62%) + log(1 + |y — 6=b|?)

B 2o (1+ |y —d-2b[?)?

_ 8a/ log(6%*) + log(1 + [y/*)
R? (1+ [y*)?

= 8ra(1 + log(6%%)) + O(6%*|log 8)

dy

dy + O(6%*|log 1)

since [po (1+|m‘2 = Jpe % = 7. On the other hand, by (B.2), recalling (2.6) and Lemma
A2, we get

/x|2<a—1>eWW(:ca,b)dx:Ha(b,b)/ |:L‘|2(a_1)ew*dx+/ 22D WO ([bll2® — bl)da
Q 0 Q

+/ 22 DM 0|z — b|?)da
Q

= 8maHq (b, b) + O(5%[b]) + O(62¥| log §).

So by (2.8), combining the above computations, we can write:

1
3 / |V PW,|*dx
Q
1
= 2/ |22 D" Py de
Q

— / || 2@ Ve 10g (82 4 |2 — b|?)dx + 47 / 2|2 DeMAgy (2 b)da + O(5%*)  (6.6)
Q Q

= —8am(1 4 log(62%)) + 32n%aH 4 (b, b) + O(6%|b|) + O(6%*|log 5)
= —8ra(l 4 log A — log(8a?)) — 32m2aH (b, b) + 3272 (ay — 1)Ha (b, 0)
+ O(6|b]) + O(6%*| log 51)

by (2.7). Now, the expansion in (4.7) gives
)\/QV(x)\mF(a*_l)ePW*dx
_ /Q |m12<ax—1>eWAdx+/Q (OBl ~ b)) + 012 — b2) + O[22 Derde (6.7)
- /Q 203D W g 4 O(5%|b]) + O(52| log 8|)

where we have used Lemma A.2 and Lemma A.3 (with ¢ < an). Next we are going to estimate the
above integral [, x> —YeWda:

/ ‘ZL’|2(a>‘_1)€W’\d$’ :/ ‘l‘|2(a_1)€w’\d$ _/(|x|2(o¢—1) _ |x\2(°“_1))ew*dx
Q Q Q
= 8ra 4+ O(5%Y) + o(5°7)
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by Lemma A.3 with £ < an. So by inserting this into (6.7)
A /Q V (z)]z| X DePWady = 8ma + O(8%)b]) + O(6%%| log 8]) + o(6°7).
Combing this with (6.6) we get
I\(PWy) = ;/Q IV PW,|2da — )\/Q 220DV (2)e ™ da

= —8ma(2 + log A — log(8a?)) — 32n%aH 4 (b, b) + 327 (ay — 1)Ha (b, 0)
+ O(6“(b]) + O(8**|log ) + o(5°™)

and the first part of the thesis follows.
Now let us suppose |b| > |ay — a|: let us deal with the integral

/|1"2(a>‘1)6w)‘d$:/ |$|2(a71)‘x|2(a)\7a)6W>\dx
Q Q

and observe that

A~ @

(]x — b+ D )
= B 7275 (|2 — b2 + [b]2 + 2Re(b - (2* — b)) =
_ ay —
B |z — b|? Re(b- (z* —b))\ @
- <1+' AT

Let us notice that for |z|* > |2i| we have

|z — b\Q Re(E- (z* =) |x|20‘ — |b|2 1
- > _
e TP P UL

Therefore we use Lemma 6.4 and for |z|* > %' we compute:

o p|? Re(b- (z% — b))
b -2 )‘ 2 OL/\ Ol) — 1 "T 2
L FTRE TP

a_p a_b2
= 1—|—|oz>\—a|0<|x ) |> +|a,\—a0<$|b|2|>.

So, using Lemma A.2, and recalling that |b] > |ay — af (so that [b|**~* = O(1)), we obtain

/ |1’|2(a>‘_1)ew)‘dﬂj‘

Q) —o
«

(6.8)

o —a o 52a|10g6\
:bz/\a / xzal) Wkdl'-i-a _a0< +>
S N o =lO\ I T e

which implies, combining with Lemma A.1,
o 52a logé| = 6%*|log|b
/|l’|2a>‘ 1) WAd:E—|b /|x|2a 1) WAd.’L‘—'—|Oé)\ Oé|0< ’ (;g |+ ’ 02g| H>
0] 0] 1
5« (520‘]log5| (520‘]log|b||)
0] [bf? LEA

= 8rab]* e S+ O(6**) + |ay — a\O(
(6.9)

uniformly for b in a small neighborhood of 0 with |b] > |ay — .
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By inserting (6.9) into (6.7), we arrive at

A/V 2D = 8ralb252 4 00% b)) + 052 log o))
(6.10)

5o 52a1 5| 62 log|b
oy — a\o( IoglJr loglll)

14 [bf? [bf?

uniformly for b in a small neighborhood of 0, |b| > |y — «|. Finally combining (6.10) with (6.6)
we conclude the proof of the second part of the thesis.
O

Finally we describe an expansion for the functional Jy defined in (6.2); a key step is its expected
closeness to the functional I(W)) analyzed in the previous proposition.

Proposition 6.3. The following expansion holds:
Ir(b) = In(PWy) 4+ O(63*) + O(6%|b|*) + O(Jay — al)
uniformly for b in a small neighborhood of 0.

Proof. We compute:

In(b) = IN(PW) + ¢y) = /\V PWy + ¢))? )\/ V(z)|z2er—DePWatéa gy
IN(PWy) + /|V¢A\2dx+/ ng,\VPWAdx—)\/ V() |22 DePWa (e — 1)dz
Q

= I\ (PW)) + / |V |>dx + / Ryprdx — / V() |z[X " DePWa (e — 1 — ¢y)da
Q

(6.11)
where R) is the error term defined in Proposition 4.2. Let us fix € > 0 sufficiently small and p > 1
sufficiently close to 1. Next let 1 < ¢ < co be such that % + é = 1. Then, by Proposition 4.2 and
Proposition 5.3

/ IVor|2dz = ||ox]? < C672 (6% + 6296 + |ay — al?). (6.12)
Q

—e—2a2=1 « «
/Q|R)\¢>\|dl‘§ IRl 9alla < CIRA Al < CO75725 (6% + 8% [bl* + Jan — af*).  (6.13)

Then, (5.6) with ¢o = 0 gives

e — 1= gallg < ClBAIR < C2(62 + 2B + jax — af). (6.14)
and, consequently,
6% — 1l < Clloll < CI5(5 + 8} + o — a). (6.15)
Therefore, (4.5) implies
A [ V@Il Der e — 1= gyldo = O(AV @) D™ e — 1= 6all)
16)

-1
= 06725 7 (5% 4 62 + o — of?)).
The thesis follows by inserting (6.12), (6.13) and (6.16) into (6.11).
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Lemma 6.4. The following holds:
(14+1) 75 =1+0(lar — aflt])
uniformly for t > —%.

Proof. We use the Taylor expansion: for every ¢ > —1

(1+6)"5 =1+ f(t)
where, according to the Lagrange reminder,
ay — « ay—o
Al)==———(1+& s 1t e (0,t).
Therefore, if t > —1, we get |(1 + f)ak&ia_w < 2'=7a" and the thesis follows. O

7. PROOF OF THEOREM 1.1 AND THEOREM (1.2)

According to Proposition 6.1, we find a solution to the original problem (2.2) if the functional
Jy has a critical point b € R? in a small neighborhood of 0. More precisely, in Theorem 2.1 and
Theorem 2.2 we will find two families of solutions associated to local minima of Jy. To this aim let
us study the following two minimization problems.

Proposition 7.1. The functional Jy admits a minimum in the ball
{b e R?|[b] < my},
where
my := max{52,02 }.

Proof. Combining Proposition 6.2 with Proposition 6.3, and taking into account of the definition
of m), we have

Ja(b) = —8ma(2 + log A — log(8a?)) — 32m%aMq (b, b) + 3212 (ay — 1)Ha(b,0)
+ O(6%b]) + O(62*1og §) + 0(6°M)
= —8ma(2 +log A — log(8a?)) — 3212 aH (b, b) + 327% (a0 — 1)Ha (b, 0) + o(m3)
uniformly in the ball |b| < my. So we get
JA(0) = =871 (2 4 log A — log(8a?)) — 3212H4(0,0) + o(m3). (7.1)

Now, using hypothesis (A2)*, aHq(b,b) — (@ — 1)Ha(b,0) < He(0,0) — ¢[b|? in a neighborhood of
0, which gives

In(b) > —8ma(2 +log A — log(8a?)) — 32m°H (0,0) + cm3 + o(m3)  if |b] = m.
Combining this with (7.1) we deduce

inf Jy(b) < inf Jx(D)

[b] <mx |b|=m.x

and the thesis follows. O

Proposition 7.2. Assume that
ay —a > 6> log? 6 (7.2)
for some ¢ > 0. Then, setting

Vo) —
miy ma == vy — a|log(ay — a)[3,

~ Jlog(ax — a)[1/3’




26 TERESA D’APRILE AND JUNCHENG WEI

the functional Jy admits a minimum in the annulus
{blmyx < [b] < magy}

Proof. Combining the expansion in Proposition 6.2 with Proposition 6.3, we have

CK)\*(X

Jr(b) = —8ma(l +log A — log(8a?)) — 32m%aHa (b, b) + 321%(cy — 1)Ha(b,0) — 8ma|b|* =

5o §%logs| 8% log|b
+O(5O‘]b|)+0(52°‘\log5|)~|—|oz,\—a|0<1+‘b‘+ ”bﬁg Ly |bT§|">

uniformly in the annulus {m; < |b| < mg}. Observe that the definition of m; ), may implies
that the following expansion holds:

N Q) —

b2 =142 S

log b + O(la — x| 1og? [b]) = 1 + 2

log [b] + o(ax — )
uniformly in the annulus {b|m x < |b] < mg »}. Moreover, recalling (7.2),

Sman = olar—a),  6%logd| = o(ax — ),
and my \ > ¢8| log §|>/3, which implies

0 n 6% logd| = 6%*|logmy |

+ =o0(1).
mix mi/\ mi)\ o

)

Therefore the above expression of Jy(b) can be rewritten as

Jr(b) = —8ma(2 + log X — log(8a?)) — 321%aH o (b, b) + 3212 (v — 1)Ho (b, 0)
— 16m(ay — ) log|b] + O(ap — @)

uniformly in the annulus {m y < |b] < mg\}. Let by be such that |by| = y/ax — . Then by belongs
to the annulus {m; y <[b] < mg,} and the evaluation of Jy at by gives

Ja(by) = =871 (2 4 log A — log(8a?)) — 32m2aH (by, by) + 3272 (o — 1)Ha(by, 0)
— 8m(ay — a)log(ay — a) + O(ay — )
= —8ma(2 +log A — log(8a?)) — 32m%*H(0,0) — 87 (ay — a)log(ay — a) + O(ay — a)

where we have used that |aH (b, b) — (o — 1)Ha(b,0) — Hea(0,0)| < C|b]? in a neighborhood of 0
thanks to assumption (A2)*. On the other hand, if [b] = ma . := v/ay — a|log(ay — a)|'/3, using
now that aHs(b,b) — (a0 — 1)Ha(b,0) < Ha(0,0) — ¢]b|> = Ha(0,0) — c(ay — a)|log(ay — a)|*/3
again by assumption (A2)*, we compute
Ia(b) = —8ma(2 + log A — log(8a?)) — 32m%aH 4 (b, b) + 327%(a — 1)Ha (b, 0)

— 8m(an — a)log(ax — a) + O((ax — @) log | log(ay — a)]) 73

> —8ma(l + log A — log(8a?)) — 32m%H(0,0) — 87(ay — a)log(ay — a) '
+ c(ay — a)|log(ay — a)|?? 4+ O((ax — a)log |log(ax — a)|).

Similarly, if [b] = my y = Y20

= Toalar—a)[I/3 we have
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Jr(b) = —8ma(2 + log A — log(8a?)) — 32m%aH 4 (b, b) + 327%(a — 1)Ha (b, 0)

16
— 8m(ay — a)log(ay — ) + gw(oo\ — a)log|log(ay — a)| + O(ay — @)

> —8ma(2 + log A — log(8a?)) — 32m%H,(0,0) — 87 (ay — a)log(ay — a) (74)
+ ?W(Oé)\ —a)log|log(ay — a)| + O(ay — a).
Combining (7.3)-(7.4) we deduce
‘b‘glri’k Ia(b) > Ja(ba) + c(ax — a)|log(an — )/,
|b|i1717fl,>\ Ia(b) = Ja(br) + c(an — a) log |log(an — a),
and, recalling that o, > «, the thesis follows.
g

7.1. Proof of Theorems 2.1-2.2 and 1.1-1.2. Combining Proposition 5.3 and Proposition 6.1
with Propositions 7.1, under the assumptions of Theorem 2.1 for A sufficiently small we provide a
solution to the problem (2.2) of the form vy = PW) + ¢, for some b = by with ||¢x|| = o(1) and

|by| < max{6%,57 }.

Similarly, combining Proposition 5.3 and Proposition 6.1 with Propositions 7.2, under the assump-
tions of Theorem 2.2 for A sufficiently small we get a solution to the problem (2.2) of the form
vy = PWy + ¢ for some b = by with ||¢5]| = o(1) and

0% log 6|3 < 'myy < |bx| < mgx < C3°|log 6|13 (7.5)
Theorems 2.1-2.2 are thus proved. Clearly, by (2.1),
uy = vy — 4dr(ay — 1)G(x,0)

solves equation (1.6). Moreover, using (4.5) and (6.15), by Holder’s inequality with % + % =1 we
get
A2~V (@) (e = ")l = Al|2[ 27DV (2)e" 2 (e = 1))

< Ml DV (@) plle — 1

—1
— 067" (6% + 5%[bA| + | — a])) = o(1),
if p is chosen sufficiently close to 1 and e sufficiently close to 0. Similarly, by Proposition 4.2,

—1
AV (@)X DePWa — |z 2eDeWa |y = |[Ry[ly = O % (6% + 69[ba| + 6%7)) = o(1).

Therefore

A — [z = A2 DV (@) — |2 DA | = o(1) (7.6)
by which, recalling (2.6),

)\/ edr = 2|2 DeW2da 4 0(1) = 8ma + o(1).
Q R2
Similarly for every neighborhood U of 0
)\/ e dxr — 8ma.
U

Theorem 1.1 and 1.2 are thus completely proved.
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7.2. The case of the ball Q2 = B(0,1). Let us consider problem (2.2) in the unit ball @ = B(0,1)
(so that H(z,0) = 0) with a) = «a:

{ — Av=Az2@ De” in B(0,1), )

v=20 on 0B(0,1).
The object of this section is to prove that the solution vy = W) + ¢, we have constructed in
Theorem 2.1 for problem (7.7) via Lyaponuv-Schmidt reduction approaches a symmetric profile,
after suitable rescaling, so the non-simple blow-up scenario does not occur in this case.

Observe that in B(0,1) we have H, = H, moreover up to a rotation we may assume by € R,
by > 0 and the expansion (2.8) can be refined as follows:

92 5201

PWy = Wy — log(8a26%%) + 8w H (2%, by) + T2
1+0b3

O(b)6%*) + O(5*).
We multiply the equation in (7.7) by PZ} and integrate over B(0,1):
/ V(PWy + ¢2)VPZ dx — A / 207D PWA+or p L gy — ), (7.8)
B(0,1) B(0,1)
Let us begin by observing that the orthogonality in (5.1) gives

/ VoV PZidx _/ |20V g, Zida = 0. (7.9)
B(0,1) B(0,1)

By the choice of § in (2.7) we derive

A
8a252a ‘

8
|2(a_1)6W>‘6

2a
_ 1) WAHBTH (2%,b3)+ 225 +0(b26%%)+0(5%)
)\‘l'|2(a 1)€PW>\ — m|2(a 1)6 1463

m(H (x%,bx)—H (bx,bx))+ 12;;-21% +0(b82%)+0(54) (7.10)

:‘CL‘

200
_ ‘$|2(a*1)ew>\687F(H(xa,b>\)*H(b>\,bA)) (1 + 12—(’5_ 2 i O(b)\52a) + 0(5461))_
A

Using the expression of H given in Remark B.1 we compute

ST (H (2,02)—H (bx,b2)) — 6410g(bx\:v"—i|)—410g(1—b§) _ [bx(z® —by) — (1 — b§)|4

(1 -6
Re(z® — b
Re(a® —b,) + O (B2 = bal?).

=1—4by
1-03

Consequently (7.10) becomes

o 14+02 +28% 5 Re(z® — by) a
)\|$|2( 1)€PWA — I{i_—b%\’_xp( 1)€W/\ <1—4b)\1_b§\+0(b§\$ —b)\’2>>

+ (O(bA6%*) + O(5)) |z |2 @D x|
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Combining the above expansion with Lemma A.2 we get

/ VPW\VPZ}dx — \ / 2|2 V2 pzlda
B(0,1) B(0,1)

= / |x|2(a_1)eWAPZ§;da: - )\/ |22 @ DA pzlda
B(0,1) B(0,1) (7.11)
1+ b3 4 262
1—-0b}
= —16mabyd® 4+ O(b55%) + O(53*) 4+ O(bx5%%) + O(6**|log 6|b3).
Next, by using (6.13), (6.16) and the orthogonality (7.9)

= —16mabyd® + O(5%Y) + O(bx6**) + O(6*|log 6|b3)

A |z 2@ DePWx (e — 1)Z§;dl‘
B(0,1)

_ )\/ |x|2(oc—1)ePWA(e¢>\ 1 ¢>\)Z§;d$ _ / R)\qﬁ)\Z)l\d:E (7.12)
B(0,1) B(0,1)

= 05727 752 (8% 4 1)) = o(8%) + o(835%)
provided that ¢ is chosen sufficiently close to 0 and p sufficiently close to 1. Finally by (3.2), (4.5)
and (6.15)
/\/ 22O VeWr (e —1)(PZ) — Z))dx = 0(5“)/ Az @D ePWa|efx — 1|dx
B(0,1) B(0,1)

= O(8°e™ 22D e ~1],) 713
_ O((SanapTTlé—séa((sa 4 b/\)>
= 0(0°*) + o(bxd®)

provided that p is sufficiently close to 1 and ¢ is sufficiently small. By inserting (7.9), (7.11), (7.12)
and (7.13) into (7.8) we arrive at
by = o(by) + 0(d%)
by which, if by — 0,
by = 0(0%)
This implies that, after some rescalation, the limiting profile of the solution is radial at its first-order

approximation:
PW)y = —2log (6% + |2 — by|?) + 4log |bya® — 1| + 0(5*)

= —2log (6°* + [z[**) + 0(5*)
uniformly in €.
APPENDIX A

In this appendix we derive some crucial integral estimates which arise in the asymptotic expansion
of the energy of approximate solution W.

Lemma A.1. The following holds:
ay —a 2« 1
/ |x|2(a)\—1)€WA — |b|2 A / |$‘2(a_1)ew)‘dl‘ + |O[)\ - Oé|O g ‘ og |b||
jafo<l2l jafo<l2l bl

uniformly for b in a small neighborhood of 0, |b| > |ay — .
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Proof. Observe that e < C§2%|b|~* for |z|* < @. Therefore we compute

62a 520{
2(0[—1) W)\ < - 2(0&—1) < o
Joe ooV s < O [ et Ve < O (A1)

2

and, by (4.4),

/lmlas'f;'

|$’2(ou—1) _ |x|2(0é—1))eWAdx < Clay — o ’ |x|2(a—1)|x|—2lm—a|| log |$H€WAd~T

ol < I3t

5204
< Clax—algy [ P jaf 20 log oo
|I‘a§7

B Jjgja<!
2
52a
< Clax — a|————7|log b]|
|b|2+2AT
and these two estimates hold uniformly for b in a small neighborhood of 0, b # 0. By the last
lay—al
estimate, taking into account that |b|~> = O(1) for |b| > |ay — af, we get

2a0 1
|l"2(a>‘_1)6W>‘dl‘: |IE|2(&_1)€W)‘dx+ |Oé,\*a’0 0 | Og|b‘|
2
jafo< 41 jafo<2l bl
DL)\*a

uniformly for b in a small neighborhood of 0, |b| > |ay — a|. Finally, observing that [b|*~ & =
1+ O(Jax — a||log|b|) for [b] > |ayx — a| and using (A.1) we get the thesis.

O
Lemma A.2. The following holds:

/ \m|2(a*1)ewkla:a — bldz = O(6%), / \x!z(afl)ewk\xa — b[2dx = 0(620‘\ log d])
Q Q

/ 22 VeMApZlde = O(6%), / |22 DA PZIRe(2® — b)dz = 4rad® + O(6%%)
Q Q
uniformly for b in a small neighborhood of 0.

Proof. By Lemma C.1 we compute

2(a—1)
2(a—1) Wy |,.0 _ bldx < 25a/ ‘y| @ _ 57old
J e e < s | e =6

|y
= S8ad™ — __dy.
“ /R 1+ w2

and the first estimate follows. In order to prove the second estimate, let R > 0 be sufficiently large
such that © C B(0, &). Using again Lemma C.1 we compute:

2(a—1
/ |x|2(a—1)€W>\|xa _ b|2d$ — 8a252a/ |y| ( )
Q

(1+ |y —07b[?)
1
— 2c _ s—ap|2
= 8ad /Q Aty —6*%\2)2'3/ " b|*dy

FXes

5|y — a7 b*dy

Sl

Q

S 80(62&/ %dy
Bo,22) (L+1y?)

< C6*|logd|.
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Next by (3.2)
/ 2|2V pzlda
Q

— 802 / jyP D Re(y® — 6-°b)dy + O(6%)
o (T Jyo = 50’

= 8a2/ ] Re(y® — 07 *b)dy + O(6%)
r2 (14 [y —672b]%)?

PN R TR o
=sa [ @+ P T oY
= 0(5%)

since [po M’Wdy = 0 by oddness. Similarly we compute

/ﬂ 2|2 VeA PZIRe(2® — b)dx

_ 820 / WP e — o)y + 0
o L+ y 0 o)

_ 820 / WP ety — b))y + O
g2 (1+ |y —672b]2)?

2
o yl 20
= 8ad / — 2L dy+0(6

we (L1 PP + 00T
= 4™ + O(5%).

where we have used the identity [. %dy =1 e %dy =Z.

Lemma A.3. Let € > 0 be a small fited number and let v = 0,1,2. Then the following holds:
/ Hx|2(a*1) — |x]2(°‘**1)Hwa — b|VeWkdx = O(|ay — a]d*779),
Q
uniformly for b in a small neighborhood of 0.

Proof. By Hélder’s inequality for any p > 1
/Q 2V 2er=elz® — b log |z|e"da < [l ] — by 7 log [l =1
< Ol Dz = b7,

< cserg2et

by estimate (4.1). Then the thesis follows by using the inequality (4.4) and taking p sufficiently
close to 1.

O

APPENDIX B

In this appendix we carry out some asymptotic expansions involving the regular part H(z,y) of
the Green’s function in the case of symmetric domains. According to hypothesis (A1)*, we assume
that Q is a-symmetric:

;21
T € Q< ze'a €9,
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and this implies that the new domain
Qy :={2% |2 € Q}

is smooth. Let us denote by H,(z,b) the regular part of the Green’s function of —A in €, for any
fixed b € Q the function H,(+,b) satisfies

A Ho(2,0) =0in Qy, Ha(z,b) =2mlog |z — b| on 0€,.

Now, for any fixed b € Q, we have that the function z € Q — H, (2%, b) is harmonic in Q and
satisfies Hq (2, y) = 2 log [z — b| = 27 Z?:_ol log |z — f;] on 092, which implies

a—1
Z H(z,B;) = Ha(z%,b) in Q.
i=0

In particular, the function considered in assumption (A2) (where « = N + 1) coincides with:
a—1
Z H(Bi, ) = (= 1) > H(B:,0) = aHa(b,b) — (@ — 1)Ha(b,0) Vb€ Qo (B.1)
1,j=0 i=0

Thanks to the symmetry of H/(z,b), we get?

Vb<oz7-[a(b, b) — (o — 1)Hal(b, )\b o = (@ +1)V.1(0,0),
so, if assumption (A2)* holds we get V,#(0,0) = 0 and, by symmetry V,H(0,0) = 0; consequently,
Ho(2%,0) — Ha(b,b) = (V. Ha(b,b), 2* — b) + O(|z* — b|?)
= Obll2® ~bl) + O b2 -

and
Ho(2%,0) — Ho (b,0) = (V. Ha(b,0), 2% — ) + O(|2* — b]?)
= O([b[[z* = b]) + O(|z* — b])

uniformly for x € 2 and b in a small neighborhood of 0.

(B.3)

Remark B.1. If Q is the unit ball Q = B(0,1), then Q, = Q = B(O, 1) and so
Hal2.8) = H(z.) = 5-1og (]2 = )
Consequently by (B.1), for any b € B(0,1)

a—1
Z H(B;, Bj) — (= 1) gﬂ(@-,m = aHa(b,b) — (a — 1)Hq(b,0) = aH(b,b) = % log(1 — [b[%).

1,7=0

APPENDIX C

This appendix is devoted to deduce some integral identities associated to the change of variable
x + % which appears frequently when dealing with functions in spaces Hq (R?), Lo (R?) introduced
in Section 2.

2Here V.Hea, VoHea denote the gradient of the function He (-, -) with respect to the first and the second variable,
respectively.
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Lemma C.1. Let £ € R%. For any f € L1(R?) we have that f(y®) € Lo(R?) and

2(a—1) 1 1
/]R2 § le||ya ) [ (™)Pdy = p /R2 W!J"(?J)P@- (C.1)
Moreover, if f € Hi(R?), then f(y®) € Huo(R?)

V(f(5)2dy = o / V1 2dy.
R2 R2

Proof. Tt is sufficient to prove the thesis for a smooth function f. Using the polar coordinates (p, 6)
and then applying the change of variables (p’,8') = (p*, af)

pPED e e o2
L era = [ e [ e el e
o A -y
0 o (1+|pe? —¢|?)?
= [T [T e
a Jo 0 +|P€19/ £2)?

1 1 )
- o Lo e

Similarly, we get

+o0 27 aelaa aela9
[ G Pay = [ ap [ (| LA g

oo o - 0 ia 2 19 o i 2
a?/ dp/ p<p2(oz 1)‘7{(pae 0)’ _1_72 aigl(p e 9)‘ >d9
0 0

+o0 2T
/ /2 1 2("‘ 2-110f 16’ / 10’ /
a/o ar | ( ap e )( ,2/a 69, [ )as
+o00 2ma L2 af ,
/ / 16 / 10 /
=a [a [ (gl + Sl oo

~a [ VsPay
O

Now we are going to obtain a sort of counterpart of Lemma C.1 which converts a a-symmetric

function in Lo (R?) (in H,(R?) respectively) into a function in Li(R?) (in H;(R?) respectively) by
a suitable change of variables.

Lemma C.2. Let £ € R? and let f € Lo(R?) be a-symmetric, i.e.

f(zelo) = f(z) Ve R?
and set

F:R* SR, F(p)= f(pieig) p>0,0c¢[—mmn). (C.2)
Then F € L1(R?) and

S S 2, |y|2e=D) 9
/RQ 1+ |y_5|2)2|F(y)\ dy—oz/RQ (Ea _§|2)2\f(y)\ dy. (C.3)
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Moreover, if f € Ho(R?), then F € Hy(R?) and

1
[ wrpay = [ wrpay (C.4)
R2 R2

(07

Proof. Taking into account that as single point has capacity 0 in R?, it is sufficient to prove the
thesis for a smooth function f such that f = 0 in a neighborhood of 0. Since by definition

fly)=F(y") ifyeR?
then the thesis follows by applying Lemma C.1. O

An analogous identity holds for the scalar product associated to (C.3)-(C.4) as stated in the
following corollary.

Corollary C.3. Let £ € R?.
e For any f,g € Lo(R?) we have that

/ 1 FGd / e
. e y=a« gay;
r2 (L+ ]y —¢%)?2 r2 (14 [y™ —£[?)?

e for any f,g € Hy(R?) we have that

1
VEFVGdy = / V fVgdy.
R2 a Jr2

where F,G are the functions defined according to (C.2) starting from f, g, respectively.
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