ON MINIMA OF SUM OF THETA FUNCTIONS AND MUELLER-HO
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ABSTRACT. Let z = z+iy € H:= {2 =a+iy € C:y >0} and 0(s;2) = 3 (,, nyez2 €
be the theta function associated with the lattice A = Z & 2Z. In this paper we consider the fol-
lowing pair of minimization problems

1
min0(% Z12) 4 p8(152), p € [0,00),

1
min6(1; 212) + p(2:2), p € [0,00),

where the parameter p € [0, 00) represents the competition of two intertwining lattices. We find
that as p varies the optimal lattices admit a novel pattern: they move from rectangular (the
ratio of long and short side changes from /3 to 1), square, rhombus (the angle changes from
m/2 to m/3) to hexagonal; furthermore, there exists a closed interval of p such that the optimal
lattices is always square lattice. This is in sharp contrast to optimal lattice shapes for single theta
function (p = oo case), for which the hexagonal lattice prevails. As a consequence, we give a
partial answer to optimal lattice arrangements of vortices in competing systems of Bose-Einstein
condensates as conjectured (and numerically and experimentally verified) by Mueller-Ho [31].

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Let ze H:={z=2+iy € C:y >0} and A = Z® 2Z be the lattice in R?. The theta function
associated with the lattice A is defined as

0(s;2) = Z g5 Imznl®, (1.1)

(m,n)€ez?
In 1988, Montgomery [33] proved the following celebrated result:
Theorem 1.1. For all s >0 and z € H,
0(s;2) > 0(s; 20) (1.2)

where zg = % + z@ (the triangular lattice, or called hexagonal lattice). Equality holds if and only
if z=zp (up to the group Gy (See (3.2), Section 3)).

For the higher dimensional cases, the corresponding minimization problems on lattices was first
investigated in Sarnak and Strombergsson [35] and recently by Cohn-Kumar-Miller-Radchenko-
Viazovska [14, 15]. For relations with sphere packing problems, see Viazovska [39] and Cohn-
Kumar-Miller-Radchenko-Viazovska [14] and the references therein. We mention that minimization
problems for Dedekind eta function (equivalent to the theta function (1.1) via Melin transform)
also arise in the extremal determinants of Laplace-Beltrami Operators. See Osgood-Phillips-Sarnak
[32], Faulhuber [18] and the reference therein.

The celebrated Theorem 1.1 has laid foundations in many optimal lattice problems in num-
ber theory and has been frequently used in applied matthematical and physical models such as

crystallizations of particle interactions (Blanc-Lewin [12], Bétermin [7, 8], Bétermin-Zhang [(]),
Ginzburg-Landau theory in superconductors (Abrikosov [1], Sandier-Serfaty [36, 37], Serfaty [38]),
Ohta-Kawasaki models in di-block copolymers (Chen-Oshita [13], Goldman-Muratov-Serfaty [19],

Ren-Wei [31]), minimal frame operator norms (Faulhuber [17]) and many others. The related
1
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FIGURE 1. Two lattices with centers at the lattice points and the half lattice points.

minimization of theta fucntions/eta functions on lattices has application to Gross-Pitaeskii the-
ory in superfluids or Bose-Einstein condensates (Aftalion-Blanc-Nier [3], Aftalion-Serfacty [4]),
Ohta-Kawasaki models triblock copolymers (Luo-Ren-Wei [29]) and many others.

In this paper, we consider a minimization problem with sum of two theta functions, which
represent two intertwining lattices, one lattice lying at the center of the other lattice. See Figure
1 and the physical explanation in the next section.

Let p > 0 denote the relative strength of the two lattices. Consider the following functional

1
Wi p(2) == 60(2; Z;

It is easy to see that W ,(2) is invariant under the group (see Section 3)

)+ p0(1; 2). (1.3)

1
Gs : the group generated by z+— —=, 2+ 2+2, 2+ —Z. (1.4)
z
The new minimization problem we consider is the following
min Wi p(2), p € [0, 00). (1.5)

Our main result is the following theorem which gives a complete characterization of the mini-
mization problem (1.5), as p varies:

Theorem 1.2. The minimization problem (1.5) admits a unique minimizer zi , which moves
continuously on a special curve as the parameter p varies (up to the group Go). The trajectory
curve of the minimizer, denoted by Q. (see Figure 2), is given by

Qe = Qea U Q€b7

Qoo :={z:2=0,1<y <3}, (1.6)

1
er::{z:|z|:1,0§x<§}.

More precisely, there exist two thresholds 01,4 = 0.04016--- < 01 = 0.83972--- such that
(1) if p varies in [0, 01 4], the minimizer z1,, moves from top to bottom along the vertical line
segment Qeq;
(2) if p € [01,0,01,), the minimizer z1 , stays fixed on the corner of the curve Q., i.e.,

Zl,p = i? Zf 14 S [Jl,aao—l,b];

(3) if p varies in [01p,00), the minimizer z1,, moves from i to %—H§ along the unit arc, Qep.
Moreover
1

5 + Z? from left hand side of Qep.

as p— 00, 21, —
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FIGURE 2. The curve (),

Remark 1.1. In [29], with X. Ren, we have studied another minimization problem
. 1 1 z+1 .
Izrg[gl}*((l = b)(5 log(vyIn(2)*) +b(5 log(vyln(—, )Iz)),z =a+iy, bel0,1], (17
where 1 is the Dedekind eta function
n(z) =es™ [] (1= et (1.8)
n=1

When b = 0, this is the minimization problem studied by Chen-Oshita [13] and Sandier-Serfaty [37].
While Chen and Oshita used analytical method to prove that the triangular lattice is the optimal,
Sander and Serfaty made use of a relation between the Dedekind eta function and the Epstein
zeta function (Melin transform), and then Theorem 1.1 to arrive at the same conclusion. When
0 < b < 1, we have showed a similar transition phenomenon from rectangle lattice to heragonal
lattice to Theorem 1.2 in [29] for the functional in (1.7).

We also consider another minimization problem, which can be viewed as a ”conjugate” problem

to (1.5)

Z_QH) 4 (2 2). (1.9)

The precise relation between Wi , and W5, can be found in Lemma 3.3. The minimizers of
(1.9) can be characterized as follows:

IrgﬁW27p(z), p € [0,00), where Wy ,(z) := 0(1;

Theorem 1.3. The minimization problem (1.9) admits a unique minimizer zs , which lies on the
curve Qe (1.6) (up to the group Go(1.4)). There exist two thresholds 02, = 1.190861337--- , 093 =
24.89618074 - - - such that

(1) if p varies from left to right on [0,02,4], the minimizer z; , moves from top to bottom on
the vertical line segment Qeq;

(2) if p € [02,a; 02,5, the minimizer za , stays fized on the corner of curve (1.6), i.e. 29, =1i;

(3) if p moves from left to right on (02 4,00), the minimizer za , moves from left to right along
the unit curve Qqp. Furthermore

1
as p — 00, 2z, — 3 + Z? from left hand side of Qep.

Remark 1.2. The values of 014,014,024 and o2y are given explicitly in terms of Jacobi Theta
functions. See Theorem 1.4 below.
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Remark 1.3. The minimizers of the minimization problems 1.5 and 1.9 admit a novel pattern:
they bond together in a very special way and form a nice geometric shape and move with the

parameter in a monotone way. The optimal lattices have richer structures than that of Theorem
1.1.

There are some hidden connections revealed later between the two minimization problems (1.5)
and (1.9). They are like "a pair” as shown in Table 1 below. The following theorem gives more
qualitative behaviors of minimizers in Theorem 1.2 and Theorem 1.3.

Theorem 1.4. Let 21, and z , be the minimizers of (1.5) and (1.9) respectively.
(1) Minimizers of (1.5) and (1.9) for each p € [0,00) are given in the following Table 1.

TABLE 1. Minimizers of Wi ,(2), Wa ,(z) for parameter p € [0, 00)

Wi(2) Wi, (2) Wa (%) Wa,(2)
Domain of p Minimizer Domain of p Minimizer
p € lp1,1/po] Pl = pE lp2,1/p1] Zop =1
Y3, —1 . 2ys, .
p € (1/p2,00) | 21, = ygi/:-u + Zyglz ;{:1 p € (0, p2) Z2,p 2* 12,0 € Qea
I o Yiae—l L 2y
pe (Oapl) Zlp =1%W1,p € Qeq pe (1/01, OO) 22.p = yf,l Z+1 +Zy§,1 P_:l

(2) The thresholds in Theorems 1.2 and 1.3 are given by

1 1
Ol = —=PpP1, O1p = =
02.b 02.a P2
where p1 and ps are determined explicitly by
y//(l) B//(l)
=—-=—= =—-1- :
="y 2 Ar(1)
Here
1 4
X(y) = da)a( ), V(y) = 2(9s(4y)0s(-) + 192(41/)192(;))

(1.10)
)

SEECEEEINS

2
Aly) - = \@93(211)193(;), B(y) := v202(2y)a(
and the Jacobi Theta functions are defined as
—m(n—1)2 —mn? —n?
Da(y) =D e ™2 a(y) =D e, dyy) =D (—1)"e ™Y (1.11)
neZ neZ neZ
(3) The y1,1/, and ya,1/, in the Table 1 are implicitly determined by

V'(y) _
xiy) =0

B'(y)
A'(y)

Y1,1/p 8 the unique solution of
(1.12)

Y2,1/p 18 the unique solution of 1+ +1/p=0.

Furthermore, there holds

d d
— 0, — 0.
dppr <0, dpy2,p <

The existence and uniqueness of yi 1/,,y2,1/, in the Theorems 1.2 and 1.3 are consequences of
the following theorem whose proof will be given by Theorem 6.1 and 7.1. (Here X (y),Y(y) and
A(y), B(y) are defined in (1.10).)
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Theorem 1.5. e The function y — %l,—((yy%, y > 0 has only one critical point at y =1, and it

holds that

(y’(y) V'(y)
X' (y) X'(y)
B'(y)

o The function y — T Y > 0 has only one critical point at y = 1, and it holds that

)'<0, ye(0,1) and( )/>o, y e (1,00).

B'(y) )’ B'(y)\
<0, ye (0,1 and( )>0,y€ 1,00).
(% O and ) (
Theorem 1.2 has direct applications to the Mueller-Ho functional and Mueller-Ho Conjecture
in vortices arrangements for competing systems of Bose-Einstein condensates, as we explain in the
next section.

2. APPLICATIONS TO MUELLER-HO CONJECTURE

As we have mentioned in Section 1, the problem of finding optimal lattice shapes arise in many
physical models. Besides those examples we mentioned in Section 1, another example is the so-
called vortices in Bose-Einstein condensates. Vortices in Bose-Einstein condensates are also called
topological defects, correspond to a zero of the order parameter with a circulation of the phase.
When they get numerous, these vortices arrange themselves on a lattice. In fact, in rotating Bose
Einstein condensates (BEC), vortices were first observed in two component BEC’s (Matthews etc
[30]): it is observed experimentally that the shape of the lattice can be either hexagonal or square
depending on the rotational velocity of the condensate. Since then, following the pioneering work of
Mueller-Ho [31], many authors have investigated the lattice shape in two component BEC’s and for
instance Kasamatsu etc [26, 27]; related works include Keeli-Oktel [24] who numerically calculate
the elastic coefficients of the lattice, Aftalion-Mason-Wei [2] who study the system describing the
vortex/spike and derive an interaction term. In Kuokanportti etc [25], the authors investigate the
case of different masses and attractive interactions.

The ground state of a two component condensate is well described by a Gross Pitaevskii energy
depending on the wave functions of each component which are coupled by an interaction term. The
construction of the Bose-Einstein condensates with large number of vortices was deduced in Ho
[20] (one-component case) and Mueller-Ho [31] (two-component case), with the potential energy
given by

1 1
V= 591|‘I/1|4 + §gz|‘1’2|4 + g12| U1 [Ty |?
where g2 represents the competing strength between the two components of Bose gas. We omit

the details of the construction of the model here. In Mueller-Ho [31] they have reduced the
minimization problems on lattices to the minimization problems for the Mueller-Ho functional

%ﬁ(n . Emvm(z;a,b),a € [-1,1], where Eprp(2) :=0(1; 2) + aJ (z;a,b). (2.1)
z€M,(a, :

Here A = Z @& 27 denotes the lattice of one component Bose gas A, and the theta function
0(1; z) (defined at (1.1)) represents the self-interaction part of single component of A or B, i.e., the
so-called Abrikosov energy. (See Abrikosov [1].) The functional

J(z;a,b) = E e~ 3 Imz—nl? cos(2m(ma + nb)). (2.2)
(m,n)€Z2
1 i — _912
characterizes the competing strength of two components A and B. o = NG represents the

strength of competition between two competing components A and B. The vector (a,b) charac-
terizes the relative position of the these lattice shape. See Figure 1 when (a,b) = (3, 3).

It is interesting to compare the two-component case with the single-component case. In the
latter system, energy minimization reduces to minimizing 6(1;z) whose only local minimum is

the triangular lattice, where z = 2y = €5 and 0(1;29) = 1.1596 (by Theorem 1.1); the square
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lattice z = i is a saddle point with 6(1;¢) = 1.1803. For two-component case, the minimum
of Envm(z;a,b) depends on the relative strength « and the relative position of the lattices, as
conjectured by Mueller-Ho [31] (supported by numerical computations and experimental results):

Mueller-Ho Conjecture: For a two-component Bose gas, the most favorable lattice minimizing
0(1;2) + aJ(z;a,b) are

(a) a < 0: the vortices of the two components coincide with each other (a = b = 0) to form a
triangular lattice (z = e'3).

(b) 0 < a < 0.172: the vortex lattice in each component remains triangular. However one
lattice is displaced to the center of the triangle of the other a = b = % The lattice type
(characterized by z = 2y = €'3) remains constant within this interval.

(¢) 0.172 < @ < 0.373: (a,b) jumps from the center of the triangle (i.e., half of the unit cell)
to the center of the rhombic unit cell a = b = % The angle jumps from 60° to 67.95°
at « = 0.172, and increases continuously to 90° as « increases to 0.372. As a result, the
lattice shape type is no longer fixed and the unit cell is rhombus. The modulus 27 however,
remains fixed across this region.

(d) 0.373 < a < 0.926: the two lattices are "mode locked” into a centered square structure
throughout the entire interval (z =i,a = b= 3).

(e) 0.926 < o < 1: the lattice type again varies continuously with interaction «. Each

s

component’s vortex lattice has a rectangular unit cell (angle= 7) whose aspect ratio |z|

increases with o.. At a = 1, the aspect ratio is v/3.

Remark 2.1. Both RV and Na?® have interaction parameters with the range (d), i.e., 0.373 <
o < 0.926.

For more on the vortex shape and Bose-Einstein condensates, including the construction of
theoretical models and numerical and experimental results, we refer to [30, 23, 22] and the references
therein. In [21] the authors considered Tkachenko modes and verified the same numerical results
as in Mueller-Ho Conjecture. It seems that the Mueller-Ho conjecture is a universal phenomenon,
as commented by Bétermin [J] that "the same phenomenon in Mueller-Ho results is also expected
in other physical and biological models involving infinite lattices and competitive interactions”. See
also numerical computations in Bétermin-Faulhuber-Kniipfer [11].

To study the minimizer of the Muller-Ho functional Exrr(2;a,b) = 0(1; 2) + aJ (%;a,b) with
respect to (z;a,b), we first need to identify the critical points of €y which satisfy

V.0(1;2) + aV,J(z;a,b) =0, (2.3)

ViapJ(2;a,0) = 0. (2.4)
To consider the global minimum of 6(1; z) + «J (z; a, b), a necessary condition is that (a,b) must

be a minimum of J(z;a,b). Thus we first focus on critical point equation (2.4).
For the function J(z; a,b) with respect to (a,b), one sees clearly that

J(z;a+1,b) = T(z;a,b), T(z;a,b+1)=T(z;a,b) (2.5)

J(z;1—a,1—-0b) =T (z;a,b). (2.6)
The periodicity and symmetry imply that J(z;a,b) with respect to (a,b) has four universal
critical points, which are denoted by

1 11

1
wo := (0,0),w; := (570)77112 = (0, 5)7103 =W wy = (Qa 5) (2.7)

We call ”universal” here since they are independent of the lattice structures i.e., z. Clearly, the
critical point wg is the global maxima of J(z;a,b) with respect to (a,b). For critical points
w1, wa, w3, we have the following partial classification result (the proof will be given in Section 9):

Lemma 2.1. Let z =iy,y > 0. There holds:
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e wy,ws are the saddle points of J(z;a,b) with respect to (a,b). Explicitly, the Hessian at
each point can be expressed by

1
D?J(250,b) {2y, (ab)=w} = 16%2193(5)195( )Pa(y)94(y) <0

1
Y

1 1
D?J(2;a,0) |{z=iy(a,b)=ws} = 16%2193(1/)19%(11)194(;)0&(;) <0.
o w3 is the local minimum of J(z;a,b) with respect to (a,b). Explicitly, one has the Hessian
expression
1 1
DzJ(Z;aa b) |{z:iy,(a,b):w3} = 167T2794(y)1%1(y)194(§)7‘%1(§) > 0.

For (a,b) = (0,0),J(2;0,0) = 6(1;z). Combining Theorem 1.1 and using the fact that wy is
the global maxima of J(z;a,b), we have the following proposition which confirms the (a) part of
Mueller-Ho Conjecture:

Proposition 2.1. For a € [—1,0], the minimizer of the functional Eng(z;a,b) = 0(1;z) +
aJ (2;a,b) is achieved at zo = 1 + z@ and (a,b) = (0,0).

Besides the above 4 universal critical points, there may be other additional pair critical points.
(Note that by symmetry if (a,b) is a critical point then (1 —a,1 — b) is also a critical point.) We
have
Lemma 2.2. If z =i, then (a,b) = (3, 3) is not a critical point of J(z;a,b);while (a,b) = (3, 3)
(and (a,b) = 2,2) is a critical point of J(z;a,b) if z =1 + z?

The proof of Lemma 2.2 will be given in Appendix 1.

On the critical point equation (2.4), the numerical simulation suggests the following conjecture:

Conjecture 2.1. The function J(z;a,b) with respect to the a,b has either 4 or 6 critical points
depending on modulus of the tori z. Let Qq(resp. Q) be the subset of H which corresponds to tori
z having four (resp. siz) critical points. There holds

a : Alterative:
H=0,UQq QunNQs=0.

b : Rectangular tori has only four critical points and the hexagonal one has six.

1 3
ie{z]: R(z)=0,3(z) >0} C Q4,§+i§ € Q.
¢ : Invariance:
z € Qy :>F(Z) S Q4;Z€ Qg :F(z) € Q.

Here the modular group is

FI:SLQ(Z):{<i 2>,ad—bc:1,a,b,c,d€Z}. (2.8)
Remark 2.2. This conjecture has some similarity to the discovery in Lin-Wang [28], in which

they showed surprisingly that the Green function on the two dimensional torus has either 3 or 5
critical points.

In summary, we we see that (a,b) = (%, %) is not always a critical point of J(z;a,b) for z € H,
while (a,b) = (3, 3) is always the critical point of J(z;a,b) for all z € H. Moreover (a,b) = (1,1)
is a local minimum at least for z =iy, y > 0.

When (a,b) = w3 = (3, 3) we can simplify the Mueller-Ho functional using the following (whose
proof will be given in Section 9)

Lemma 2.3.

11 z+1
D=, o) = 26(2
‘7(’27272) (7

) —0(1; 2).
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F1GURE 3. Two-component Bose gas in lattices. First row from left to right: a
rectangular lattice and a square lattice. Second row from left to right: a rhombic
lattice and a hexagonal lattice.

As a consequence the Mueller-Ho functional becomes
11 1
Enn (5, 5) = (1= )0(1;2) +200(2,

Applying Theorem 1.2 with p = 1{—;, we have the following

). (2.9)

Theorem 2.1. For the Mueller-Ho functional Enrp(2; %, %), there exists thresholds oy ~ 0.3732155067 - - - <
ag ~ 0.9256496973 - - - such that

(1) for a € [0, 1], the minimizer is rhombic lattice z = €% given by

23,/2 l-o
0o = arctan(———=

Y, 1-a —
2’ 20:!

o,

and the angle increases from % to 3;

PR
(2) for a € [a1, ], the minimizer is square lattice;

(3) for o € [ag, 1], the minimizer is rectangular lattice (iy, 12;@) and the ratio of long side and
short side increases from 1 to V3.

Here y; 1-a,j = 1,2 are located precisely in (1.12), and the thresholds a;j,j = 1,2 are expressed
explicitly by oy = 7163::8;J_rj;;8;, = 7X//(f§i(213);//(1), see A, B, X,Y in (1.10).

Proposition 2.1 and Theorem 2.1 give a partial answer to the (a), (c), (d) and (e) part of Mueller-
Ho Conjecture. Theorem 2.1 shows that as the competition strength between the two Bose gases
increases the lattice structures moves from hexgonal, rhombus, square to rectangular. See Figure
3.

Finally we discuss the (b) part of Mueller-Ho Conjecture. In the Mueller-Ho Conjecture, the
expected lattice structure when « is small is triangular lattice, and the relative position of the

two components A, B is characterized by (a,b) = (%, %) To see this, there a clear competition
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between 0(1;z) + aJ (2; 5, 1) and 0(1;z) + aJ (2; 5, 5) when o is small. Thus the upper bound of
« preserving the triangular lattice structure is determined by the
1 3 11 11
agp : —arél[%xl]{a | 0(1; 2—!—2%)—6—0«7( \2[ 3 3)<m1n(0(1 z) + aJ(z; 1 2))} (2.10)
To find vy, one first uses min.cp (6(1;2) + T (z3w3)) < 0(154) + aJ(i; 5, 3) to obtain a rough
bound
0(1;4) — 0(1; § +i%2

f ) :=0.2419435012 - - - . (2.11)
T3 +i%95.3) ~ I(iig.z
By Theorem 2.1, one deduces that
V3 \f 11 11
— < -, =)} 2.12
argﬁ)ﬁ]{a\e( 2+ 2)+ ..7( Ly 3 3)_(9( )+0‘\7( 'y 2))} ( )

In view of (2.11), the upper bound «q satisfies the equation

IERVE] \f 11 " o 11
0(1; — 1; e War =), 2.13
(15 +i%0) +ad (G +i%% 2, 2) = 0(16%) +ag (% 3, 7) (2.13)

Equation (2.13) gives the upper bound in (b) of Mueller-Ho Conjecture which is
o = 0.1726645 - - - ,0,, = 1.186248384 - - - . (2.14)

In summary we have a complete proof of Mueller-Ho Conjecture as long as the conjecture on
the critical points is proved.

The rest of the paper is organized as follows: In Section 3, we collect some basic invariance
properties of the functionals Wi ,(z) and W ,(2) and discuss the intricate relations between these
two functionals. In Section 4, we prove a fundamental monotonicity property of the theta function
0(s; 2£2). The conjugate monotonicity of Wi ,(z) and Wj ,(z) are established in Section 5. In
Sections 6 and 7, we classify the shape of W ,(z) and W ,(z) on the y—axis for all p € [0, 00)
respectively. In Section 8, we prove Theorems 1.2, 1.3 and 1.4, the method of the proof relies on
the properties established in Sections 3-7. In Section 9, we prove the properties on Mueller-Ho
functional and Theorem 2.1.

In the remaining part of the paper we use the common notation -, = Z(mm) cz2 SO that

2
the theta function becomes 6(s; 2) = 3=, ) e~y M=+ We also use the notation:

a b ar +0b
71'(0 d)@W(T)CT—f—d' (2.15)

3. SOME PRELIMINARIES
In this section we present some simple symmetries of the two theta functions 6(s; z) and 6(s; =)
and the associated fundamental domains. As a result we establish the precise connection between
Wi p(2) and Wa ().
Let H denote the upper half plane and I" denote the modular group (defined at (2.8)).
We use the following definition of fundamental domain which is slightly different from the
classical definition (see [33]):

Definition 1. ([page 108, [16]] The fundamental domain associated to group G is a connected
domain D satisfies

e For any z € H, there exists w(z) € G such that ©(z) € D;

o Suppose z1,zo € D and 7(z1) = 29 for some m € G, then z1 = 29 and m = £1d.

By Definition 1, the fundamental domain to modular group T is

1 1
1 e 3.1
5 < <3} (3.1)

which is open. Note that the fundamental domain can be open. (See [page 30, [5]].)

Dr:={zeH:|z| >1,
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Next we we introduce another two groups related to the functionals W; , and W, ,. The
generators of these groups are given by

1
Gp : the group generated by 7+— ——, 7= 7+1, T —T, (3.2)
T
1
Go : the group generated by 7+— ——, 7= 7+2, T~ —T. (3.3)
T
It is easy to see that the fundamental domains to group G;,j = 1,2 denoted by Dg, ,Dg, are
1
Dglzz{zeH:\z|>l,O<x<§} (3.4)
Dg, ={zcH:|z|>1, 0<z<1}. (3.5)

Clearly we have that
G1 2 G2, Dg, C Dg,.

As in [33], the fundamental domain for the single theta function 6(s; z) is Dg,. As we will show
in this section the fundamental domain for the sum of two theta functions W, ,, Wa , is Dg,, which
is larger.

The follow lemma characterizes the basic symmetries of the theta functions 6(s; z) and 6(s; 2£1).
The proof is trivial so we omit it.

Lemma 3.1. e Foranys>0, anyy € Gy and z € H, 0(s;v(z)) = 0(s; 2).

o Forany s >0, any v € Go and z € H, 6(s; A’(Z)H) O(s; 21).

A corollary of Lemma 3.1 yields
Lemma 3.2. For any p € R, v € Gy and z € H,
Wi (1(2)) = Wip(2), Wa,p(1(2)) = Wa,p(2).

Next, we introduce the nonlinear connection between the two functionals W ,(7) and W ,(7).

Let we Ga bew: T = and its the inverse be 7: w — 1+“’ . We have
Lemma 3.3. ) .
o(s: T;L ) = O(s;w), O(s;7) = 6(s: %). (3.6)
Wip(T) = p - Wayp(w), Wa,o(T) = p-Wiyp(w). 3.7)
Or equivalently,
WLp(w) =p- W2,1/p(7->7 W2,p(w) =p- Wl,l/p<7-)' (3-8)
1+w
Proof. We check that 6(s; 75) = 6(s; 1’Lﬂ) 0(s; =) = 6(s; w) since the map w — =— € Gi.
-1
Similarly 6(s; %) = 6(s; %ﬂ) = 0(s; 717) = 0(s; 7) since the map 7 — = € G1. This proves

(3.7) and (3.8) follows from (3.6).
O

Lemma 3.3 builds a connection between the two functionals Wy ,(7) and Ws ,(7) via a special
element in Go. As an application of Lemma 3.3, we have the following lemma which transfers the
computations on unit circles to straight lines.

Lemma 3.4. Suppose |w| = 1,w = wy + iwy. There holds

0 V1—wi 9 V1—w?

mep’p( w) = pl—wl a7y 21/ (0 1—wy )
d B wy 0 A1 —w?
A e e

where p # q € {1,2}.
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Proof. Let 7 = 7 + im9,w = w1 + twy. Then we have
1—w? — w3 2wo
T = TN 2 To = TR
(1 —wp)?+ wi (1 —w1)?+ w;

Differentiating the identities in Lemma 3.3, we get

iVV (w):pzzjiw 1 (7)% j=1,2. (3.9)
3wj p-p i Oty b awj’ ’

On the other hand, for |w| = 1, calculations show

V1-wi (3.10)

= 0 =
T1 y T2 1—w
and
8’7'2 _ \/1—11}%’ 87’2 _ w1 . (311)
Own 1—w; = Ows 1—w
From Theorem 3.2, W, ,(=7) = W, ,(7),p = 1,2. Tt follows that
0
W, (iT) =0, ¥r, €R,p=1,2. (3.12)
87’1 ’
Plugging (3.10), (3.11) and (3.12) into (3.9), one gets the result.
O
4. MONOTONICITY OF 6(s; 2£L)
The main purpose of this section is to establish the monotonicity of the functional 6(s; Z%l) on
its fundamental domain Dg, (defined at (3.3)), which is the following
Theorem 4.1. e For any s > 0, there holds
0 z+1
EQ(S; 5 )>0, VzeDg,.
o Or equivalently, via the map z — %1, for any s > 0,
ﬁ@(sxz) <0, Vze
O ) ’ Cy-
Here
1
Qc, ={z]0<a< Y > vV —az?}.
Remark 4.1. In Lemma 1 of [33] Montgomery proved that
1 1
%09(5;2)<07 VZEQCO::{ZGH:y>§,O<I<§} (4.1)

Theorem 4.1 improves this result to a larger domain Q¢, as Qc, C Q¢,. Furthermore, Q¢, contains
a corner at z = 0, which makes the proof much more involved. We have to divide Q¢, into four
different cases to overcome this difficulty.

We state two corollaries related to the functionals Wj ,(2),j = 1,2.
Corollary 4.1. For any s > 0,
0
—0(s;2) >0, Vz € Qc,.

or
Here

1
Qc, ::{z|§<x<1,y>\/a:fsc2}.
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Proof. Since z — 1 —Z € Gy, by Lemma 3.1, we have 0(s;1 — %) = 6(s;2). Thus
0 0
1—7%) = ——0(s: 2). 4.2
8960(8’ Z) axﬁ(s,z) (4.2)

The result follows by (4.2) and Theorem 4.1.

By Theorem 4.1 and Corollary 4.1 we have
Corollary 4.2. For any p > 0,

0
%Wj’p(z) >0,VzeRr,j=1,2.

Here
1
Ry :=Qc, NDg, ={z | B <z <1,z > 1}

In the remaining part of this section, we prove Theorem 4.1. To prove Theorem 4.1, we use
some delicate analysis of the Jacobi theta function and Poisson summation formula.
We first recall the following well-known Jacob triple product formula:

- m m— $2m_1 - 1’L2 n
1_[(1—3172 YL+ ) (14 —5—) = Z "y (4.3)
n=1 y n=-—o00
for complex numbers z,y with |z| < 1, y # 0.
The Jacob theta function is defined as
19](2’;7') — Z eiﬂn27+27rinz)

and the classical one-dimensional theta function is given by

IX;Y) = 0,(YiX) = Y e XY (4.4)

n=—oo

Hence by the Jacob triple product formula (4.3), we have

(1 _ e—27rnX)(1 + e—2(2n—1)7rX + 26—(2n—1)7rX COS(27TY)). (45)

3

HX;Y) =

n=1

The following two Lemmas improve the bounds in Montgomery [33]. We provide the proof of
Lemma 4.1 and omit the proof of Lemma 4.2 which is similar.

Lemma 4.1. Assume X > L. Ifsin(2rY) > 0, then

— , 0 .
—9(X)sin(27Y) < 6—yl9(X;Y) < —9(X)sin(27Y).

If sin(27Y’) < 0, then
—9(X)sin(27Y) < @iyﬁ(X;Y) < —9(X)sin(27Y).
Here
9(X) = dme "X (1 — p(X)), 9(X) = 4dne ™ (1 + u(X)),

and
oo

wX) = ane’”(”2’1)x.

n=2
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Proof. We use the same method as in Lemma 1 of |
and differentiating 8%7 we have
sin( 27TY 1+ e 2@n=-1nX 4 9e-(2n-17X co5(27Y)

]. Taking logarithmic on both sides of (4.5)

o0

_ 47‘(267(27171)70( H (1 o 6727rmX)(1 + 672(2m71)7rX + 267(2m71)7rX COS(Qﬂ'Y)).

m#n,m=1

(4.6)
29X
One sees from (4.6) that the function —% has a period 1, is decreasing on [0, 3] and is an
even function for Y.

Thus 5 5 5
XY XY XY
lim — 2% ( >§JW, ( >_ im J”((i). (4.7)
y—1  sin(27Y) sin(27Y) Y—0  sin(27Y)
By L’Hospital rule we have
1 02 2 9(X;Y) 1 02
———I(X;Y) [y - L < — (XY |y= 4.8
2r ay2 VYD b=y = sin(2rY) ~ 27 9Y? (X:Y) Iy=o (4.8)
From (4.4), we have that
82 X 2 e ™ -1HX
WMX Y) |ly=o =4dme ™ (1 + Z n (n®~1) )
Lo ~ (4.9)

sravz KV vy = 4”2 ) inZe X > dre TN (1 - 3 n2e DY),
n=2

Combining (4.7), (4.8) and (4. )7 we obtain the proof of the Lemma.

0
Lemma 4.2. Assume X < 5. Ifsin(27Y’) > 0, then
—9(X)sin(27Y) < aiyﬁ(X;Y) < —9(X)sin(27Y).
If sin(27Y) < 0, then
—9(X)sin(27Y) < aiyﬁ(X,Y) < —9(X) sin(27Y)
Here
Y(X) := X3, I (X) = meTAx X%
In view of (4.4), by Poisson summation formula, one has
I(X;Y)=X"% Ze—"“"?ciy’z. (4.10)

nez

Thus the two-dimensional theta function can be written in terms of one-dimensional theta
function as follows:

2: —sml 2 _ 2 _sm(nzdm)®
9(8,2): e s |nzt+m| :§ :6 sTyn § e 7

(m,n)€z? neZ meEZ
et ne) =[S mosna (a1
nez neZ

) - 240Y
=2, /25" ey (Y na).
\/:n_le (5ime)
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Now we are ready to prove Theorem 4.1.

Proof. By Melin transform, (see [33]), 6(%;z) = s6(s; z). Thus we only need to consider the case
s> 1.
From (4.11), we have

0 L y > —rsyn? 9 v
£¢9(s,z)— 2\/:7;_1%6 8y19(S,Y)|y:m;
— g _ *WSQHQE 77rsyn g
2\/:( D> me ayﬂ( V)ly=na Z ne ﬁ(s’Y”Y:"I)

n<s n>s=
=2\ [ (0.0 + £0.09),
(4.12)
where
£ ()= — 3 nemn® Ly ly) e ()= ne-mnt 9 g Uy
S,T . ‘ aY S’ Y=nx; s,T - (’9Y 87 Y=nx-
n<s- n>i
(4.13)
For £¢,(z), by Lemma 4.1, we have that
Z ne~ T’ )51n(27mm) “yﬁ( ) sin(27x). (4.14)
n<so 1 .
Notice that all the terms in the summation of (4.14) are nonnegative.
Let ng be the smallest integer such that n > i. By Lemma 4.1,
< 77rsyn 9 < 2 77rsyn 19 Y in(2
2)| Z ne )\sm( )| Z n (S)|sm( )|
n>s— 21 n>s- 2$
. . (4.15)
= n2e ™ P(L) sin(2nz) (1 + 5(m)),with §(x) =Y (14 —)2emouhnotk?),
S b1 no
To estimate §(x), note that yng > VQ f ,
(o) o
2k k2 2k k* _pvizw
5(z) < Y (14 = 4 Tpye?mevkno < Y (14 = 4 DTNk
— no ngy — no no
k=1 k=1
—q(z) 2 —q(z) 1 e~ 9@®@)(1 4 e—a(=@)
_ et 2 et | 1lertrdter?) (4.16)
1 — e—q(x) ng (1 —e ‘I(I))Q ng (1 —e Q(z))Q
e—d(2) e—al@) ,e 1@ (1 4 ¢ma(@)
S{ @ T 4‘”(1 —ea(@)? +4z (1 e—a(@)2
with ¢(z) == \l/%m Denote that
e—a(x) e—4(x) ,e 1@ (1 4 e—a(@))

dg(x) =

It is easy to see that J,(z) is monotonically increasing on [0
0.188822585--- < L. Then by (4.15) and (4.16), one has

1—e—a@ T 4”“"(1 " e—a@)2 4w (1 ea(@))2
1] and hence 0(z) < 6,(3) =

’2

6 _
€2,(2)] < Znge ™59 (2) sin(2ma). (4.17)
’ S
Combining (4.12), (4.14) with (4.17), one gets

_%9(5; z) > 2\/;5“1(2”) Wsyg(%)(

3

» |

(
(

)
)

gnge_”y(”g_l)), (4.18)

<l

»
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with ng = [721.7:] + 1.
Let
Y
< 6
3) o g —msy(ng—1) (4.19)

By (4.18) it suffices to prove that & ,(z) > 0.
¢, has a corner z = 0 which induces the difficulty to get the lower bound estimate for & ,(z).

Thus we divide the proof into four cases.

Case a: ¥ < 4.2 € (0.3 In this case, 3 > 2 and V=020 —~L— > 0. By Lemma 4.2,
& (Z) > (E _ 2)6 T _ §n26—7rsy(ng—1)
STy 50
_ S 3
> (21 —2)e 4Ve—2? — 10?6—”8\/@(41%—1)
e (T B2, W e a2 ) 6.
1022 B 3 e
\/ﬁu 422)
> 103 Qe_ﬂ-sm(i_l) (2071-7?:205826 i m2 T1—12) o 1)
T
>0

where the last inequality follows from elementary calculus because x € (0, %)

Case b: ¥ < 1 z €[}, 1] In this case, ng = [5] + 1 > 5= + £ and we have

s 6 5 oine e 601 L, iy
Eoalz) > (? —2)e iy — gn%e vno—1) > (27 — 2)e” 4 — = (52 5)26 v((H+3)7-1)
_3042)? yh+hon) <(20” = 20)2% ro(yQtaipaet k) 1)
1022 91+ )2
BL+2)* _rsy((+3)7-1) <(207T —20)a® wo(Vamar Gt - ) 1)
1022 9(1+ x)?
/.o (l+x 2_ m2
3(1 + x) e*‘ﬂ'S’lI((% %)2*1) <(207T — 20)%2 67T( w—a? 0t 4)rn2 s 74\/:—7) o 1)
1022 9(1 + x)?
>0
where we have used the following elementary inequalities:
1+2)? — 42 1 1
Vo — 2 _ 0 0. =
x z 42 4m> ,.’176[,2]7 (421)
20 — 20)2% n(Va—er Qe 1 '
(20m — 20027 ) J150, ve o)
9(1 + x)? 2
Case c¢: £ > 1 x€[0,2]. In this case, ys > % 1. By Lemma 4.1,
: 1
Es () 2 1-nty) M(%) S pzemmaymi-n 5 L M(?) S 26J<18_$m2>
L+p(5) 5 1+p(3) 10z
1— u(t 3 (1 —am?
> ( “(f) L )) 2= 0.1556238052 > 0.
1+ “(5) 10z 5



16 SENPING LUO AND JUNCHENG WEI

Case d: ¥ >}, x € [3, 3] In this case, no = [55] +1> 5= + 5 and y > % Ca > 1. By Lemma 4.1,

— (¥ —pu(k 2 :

551(2) > 1 u(s) § Qe—ﬂ'sy(n -1) > 1 lu(f) _ 3(1+1’) 67%((1;;)271)

’ L+p(g) 5 1+ pu(3) 1022
1—u(3) 301
( “(f) 30+ g(cg —1)) |,_1=0.7866071958 - - - > 0.
T+pu(l) 1022 :
Combining cases (a)-(d), (4.18) and (4.19), the proof of Theorem 4.1 is completed

5. MONOTONICITY OF Wi ,(2) AND Ws ,(2)

Let the closure of the left-half fundamental domain corresponding to G, be
1
RQZ{ZGH:OSIS§,|Z\21}.
In this section, we aim to establish the following property of the pair W; ,(2),j = 1,2: there exists

ps such that for Vz € Ro, %WLp(z) > 0 when 0 < p < p,, and %ng(z) >0 when 0 <p< p%.
(In fact we will choose p, = 1 5-) This property plays an important role in finding the minimizers
and will be proved in Proposmons .1 and 5.2.
We begin with
Proposition 5.1. For 0 < p < p, := 1/20, there holds
0
ox
forVz € Ry. The equality holds only possible when x =0 or %

Wl,p(z) Z 0

Proof. From (4.11), we obtain that

9 = (IS g Y, L —run? gy
5 Verl) = g (G e 0G5 + oy e yins)

— @ = 77ryn2 8 Y n2 3 .
=5 ;ne 57 ( Y)ly_ E] +2p\f2ne Yq?(y,Y)\Y:m)

VY oy O Y —4 Y
= VYo YY)y v 2 oYy )y
2 € 3Y19(4’ >|Y:% +\/§e 8Y0(47 >|Yfa:+1 (51)
0 0
+ 2/7\/@6_@8719(% Y)ly=z+ 4P@€_4ﬂy87ﬁ(y§ Y)|y=2z

\/y S —7yn? 9 Y. - —myn? 0 .
+ 77;37?/6 Y Wﬁ(Z,Y”Y:nzTﬂ +2p\/§;n€ Y Wﬁ(yvy)h/:nx

Wi o (2) + Wi 4 (2) + Wi 4 (2)

where WY (2), WY ,(2) and WY ,(2) are defined at the last equality.
By Lemma 4.1, we see that

Wi L (2) + WP (2) > % _”yﬁ( )sin(ﬂ'x) - \/336_4”5(%) sin(27z)

(5.2)
—2p\/ye” ”yﬁ( )sin(2mz) — 4py/ye” ™I (y) sin(dmz).
Since |sin(nz)| < n|sin(z)| for any x € R, again by Lemma 4.1, we have
Wr \f Z n2e~ ™Y sm(27rm -2 —myn’® i
c.(2) > oTS e TG (y) sin(2nr). (5.3)

n=3
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Plugging (5.2) and (5.3) in (5.1), we get

0 \/3? — Yy, . —Amy ]- — _
> Ty Ty - Try(n 4)
—8mW17p(z) 5 € 19(4) sinTx — \/ye 19( ) sin(27z) ( 4 E:

— 2p\/ye"™(y) sin(2mz) (1 + Z nQe_”y("2_1))

n=2

= /ye~™ sin(rz) (%ﬁ(i ) — 26—3”1@(%) cos(nz)(1 + o) — 4pD(y) cos(mz)(1 + 02))

> e sin(mr) (52(2) — 273 TY)(1 4+ 01) ~ 45901 + 02))

(5.4)
where
1 o0
— 1 Z 7,l26—‘11'y(nz—4)7 0_2 Z n2 —my(n —1)
and o01(y),01(y) are small. (In fact O’l(f) ~2.781-1076, Ug(‘f) ~ 1.14105 - 1073.)
By the lower and upper bound estimates in Lemma 4.1, from (5.4), we see that
aﬁwl,p(z) > \/ye~ ™ sin(nz) (27r(1 - #(%))e*% — 8me d™(1 4 #(%))e*%a + o)
s
— 16pm (1 + p(y))e ™ (1 + 02))
57 1
= 4ryge” " sin(ra) (51— () = 20 + o1)e (1 + pu(H)) (5:5)
3Ty
—dp(1+ a2)e” T (14 u(y))
5my
=d4n\/ye” 1 sin(mz)dw, ,(y)
where Jyy, ,(y) is defined at the last equality.
It suffices to prove that
19W1,p(y) > 0.
First it is easy to see that
0
aipﬂwl“) (y) >0, y>0. (5.6)
Since the functions u(y), o1, 092 are decreasing on y > 0, it follows that
0
— >0, y>0. 5.7
gy ) > 0, (5.7)

A direct calculation gives
O, W),—vs 2 =0.1933--- >0

2 'P=320

which implies

\/37 P o !
2 20

by the monotonicity properties (5.6) and (5.7). %WLP( ) vanishes only possible when z = 0 or 3
by (5.5). The proof is completed.

Iw,, >0, fory >

O
We then have a similar monotonicity for Ws ,(z).
Proposition 5.2. For p < p% = 20, there holds

9
Oz
for ¥z € Ry. The equality holds only possible when x =0 or %

WQ,p(Z) >0
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Proof. The proof is similar to Proposition 5.1. Using (4.11), we see that

W) = g (5Tt o o[BS o)
\fzn 2 o)l nz+1+2p[§jn-2m LY =
- \/geﬂya‘z/ﬁ(y-my:m;l +2\/ge2”yaayz9(y Y)ly=at1
+2pfe2”y£/ﬂ<y V)ly—

7—7r n? Yy - —27yn? 6 Y
Y 41 2 — Y —_— 7'Y =nx
\/7 E ne 3Y ( Y)ly_, et EER p\/gng_zne 8Y19(2’ My=

= Wm(z) + W5 L (2) + W5, (2)

(5.8)
where W4 (), W5 .(2) and W5 ,(z) are defined at the last equality.
By Lemma 4.1, we also have
W) + WL (2) 2 B0 sinGr) — 2.+ 20) [ o294 sntera).
Since | sin(nz)| < n|sin(z)| for any « € Rq, again by Lemma 4.1, we see that
Wy . (2) > \/72112 —zmynty ) sin(27z) \/72712 —2myn®y )sm(27rw)
n=3 n=2
Plugging the above inequality into (5.8), we get that
Y ™Y Yy —2mYy.q Yy .
ng ) > \/;e 2 19 sm(mz) (24 2p+ o3(y) + pa4(y))\/ge 19(5) sin(2mx)
(5.9)

\fz 4 sin(n2) (9(4) = (44 4p + 203(y) + 2p04(y)) cos(ra)eFmI(E)),

where
1 o0
_1 2_ _ _
— 52 :n e smYy(n 4), 0_4 § :TLQ 27y (n? 1)
n=3

o3(y),04(y) are functions with small size. (In fact ag(g) ~ 5.00388 - 1073, 04(%52) ~ 3.255011 -
1077)
By the lower and upper bound estimates in Lemma 4.1, from (5.9) one deduces that

4 Y ety g (e
%Wg’p(z) > \/;e sin(nz) (477(1 ,u(g))e

— A7 (4 4 4p + 203(y) + 2p04(y)) cos(mx)e 2™V (1 + u(g))>

2
> 477\/36_” sin(7z) ((1 - M(g))

— (44 4p -+ 205(y) + 2p04(y)) cos(ra)e V(1 + u(2)) ).

Let

I, (2) = (1= u($)) = (4 dp+ 203(y) + 2po1(y)) cos(mz)e™ (1 + ()
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Then
Y > 4y Y e 9 (5.10)
g hp(2) > 4w 3¢ sin(mz) - I, , (y) .
It suffices to prove that
1
I, ,(2) >0, for z € Ro,p < — = 20.
: Py

Now it is easy to see that

0 0 1
Fpﬁwz’p(y) <0;y >0, and %ﬁww(z) > 0;z € [0, 5],3/ > 0. (5.11)

Observe that the functions u(y), 03,04 are decreasing on y > 0. It follows that

0

@ﬂwz’”(z) >0, y>0. (5.12)
To complete the proof, we prove that ¥y, ,(z) is positive on the following three unbounded

rectangular domains:

1 V15 13 V55 31 V3
Ro={zlo e by 2 Y 0) Ru= ooy aly2 Y0 Re= 2wl 1y > L)
It is clearly that
Rr CR.URy,UR.. (5.13)
A direct calculation gives
ﬁWz,p(zﬂm:o,y:@,p:Qo = 0.0450964128 --- > 0
Iw,, (2)],_1 =55 g = 0-1583739562--- > 0
: =1y=V55
I, ()3 o s ng = 0-3525036217--- > 0.
This yields
I, ,(2) >0, for 2 € R URy UR,
by the monotonicity properties (5.11) and (5.12). Therefore by (5.13)
I, ,(2) >0, for z € Rs.
By (5.10) %Wgyp* (z) vanishes only at = 0 or . This completes the proof.
O

6. THE BEHAVIOR OF W ,(%) ON THE y—AXIS

In this section, we study the property of the functional W, , on the y—axis. We will prove that
on the y—axis, depending on p, W, ,(z) has either 1 or 3 critical points. This gives the precise
characterization of the minimizers of W ,(z) on the y—axis. The proof relies crucially on a novel
property of Jacob theta function proved in Theorem 6.1 below.

Proposition 6.1. There exists a threshold p1 which is the unique solution of GB—;WLP(yi) ly=1=0,

(in fact, py = — ¥ ~ 004016680351 -+ ), such that
1. if p € [p1,+00), the function y — Wi ,(yi),y > 0 admits only one critical point at y = 1, and
2Wi (i) <0 if y € (0,1) and ZW ,(yi) > 0 if y € (1,00);
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2. if p € [0,p1), the function y — Wi ,(yi),y > 0 admits only three critical points at y1,,, 1 and
L where y1 , € (1,/3]. Moreover

Yi,p
0 1
a—Wl,p(yz) <0ify e (0,—),
Yi,p

1
S Wi,(yi) > 0ify € (—, 1),
Yi,p

B
oy
B
By Wi ,(yi) <0ify e (1,y1,),

0 ) )
a*ywl,p(yl) > 0ify € (y1,p,00).

The critical point y1,, is the unique solution of %Wl’p(yi) =0, y € (1,V3].
Furthermore if p € [0, p1], then
1,

5 < 0. (6.1)

To prove Proposition 6.1, we need to use some properties of the Jacobi theta functions defined
at (1.10)-(1.11). They satisfy the transformation property

D5(%) = Vids (), i L) = Vivaty)
3“1’ (6.2)
194(5) = Vyd2(y), Va(y) = 93(4y) — V2(4y).

It is easy to see that for z = yi

Osiyi) = 33 e TR Em) s y“rl Zze S5 +n)+ 50y (6.3)

m n

We first express 6(s;yi), 0(s; %H) as products of Jacobi theta functions, which is a starting
point of our analysis.

Lemma 6.1. It holds that

L) = dale)ia( D)+ da(e)a( ).

0(s;yi) = 193(33/)193(%), 0(s;
Proof. The first one is straightforward:
(s;y1) Zeisyn Zefmym = 193(511)193( )-

For the second one,
yi+1

o(s: L ):ZZB sET((BH+n)2+ 22 y?) _ S e TG 19’ +ya*)

p=q( mod 2)

_ Z e~ TP ) | Z o T (5P +yd?)

p=2m',q=2n’' m/+1,g=2n"+1
_ 2 :efsﬂ' Lm/'2 2 —S‘n'yn + § 67%% (2m’41)2 E :e—%y(27L/+1)2
m/’ n'

= ﬁs(sy)ﬁg(y) + ﬁz(sy)ﬁz(y)

O

The following Lemma follows from Lemma 3.1. We single it out for the convenience of our
analysis here.
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yi+1

Lemma 6.2. For any s > 0, 0(s;yi) and 0(s; £5

) both satisfy the functional equation

H(~) =H(y). (6.4)

Consequently, ’H’(%) = —y*H"'(y). In particular, H'(1) = 0, that is, y = 1 is always a critical point
of 0(s;yi), 0(s; L52).

For s = 1, by Lemma 6.1 and transformation (6.2), we obtain that

Lemma 6.3.

. i+1 y

0(1:0) = Vi), 02 200y = Y (0sa)s() + va(ayoa(L)). (65)
To prove Proposition 6.1, we first prove a monotonicity property of 8(1;yi) and 6(2; %‘H) in

Lemma 6.4, which can be viewed as the particular case of Proposition 6.1. Then we establish the

key Theorem 6.1, in which a novel property about the quotient of Jacobi theta functions is proved.
The following Lemma is known in [10, 33].

Lemma 6.4. e The function y — 6(s;yi),y > 0, has only one critical point at y = 1.
Furthermore

5} , 0 .
8—y9(s,yz) <0 fory € (0,1); 6—y9(s7yz) > 0 fory € (1,00).

e For any s > 0, the function y — 0(s; yigl),y > 0, has three critical points at @, 1 and

V3.

We now state Theorem 6.1 whose proof is much involved. We use a combination of functional
equations, error terms analysis and several new observations. Let

1 4 4
X(w) 1= a(0)0a(5) = ViR0). V(o) == 20a(4)0(2) + Da(4)2(2)) = Vi(Da()da(5) + D205 ).
Theorem 6.1. The function y — g}(i((g)),y > 0 has only one critical point at y = 1. Furthermore

’ / , /
(%’EZ))) <0 fory € (0,1) and (%,gzg) >0 fory € (1,00).

Proof. Denote Z(y) := V) By Lemma 6.4, the function Z(y) is well-defined. By Lemma 6.2,
we also have

X(0) = ), VE) = V) (6.6)
Hence
2(2) = Z(y)
;) =20
and
Z/(i) = —y*Z'(y). (6.7)

Consequently, Z'(1) = 0, i.e., y = 1 is the critical point of Z(y).
By (6.7), it suffices to prove that

Z'(y) >0, forye (1,00). (6.8)
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By the explicit expression of Jacobi theta functions (1.11) and (6.2), we start with

X(y) =yl + 22 )2
= ( Y+ 4yye ™ 4+ dyye 7Y + 4[6_4”)
4[2 e~y —&-4[ i —mn’? y —|— 8[2 e~ +1)y>

n=1

N

=X,(y )+Xe( )

where X, (y) and X.(y) are defined at the last equality. X, is the major part and X, is the error
part. In fact, we have that for some constant C' > 0

[Xa(y)llc> < Cfye ™, fory > 1. (6.9)

For Y(y), again by (1.11) and (6.2), one first has

\f?93(4y)193( 1+226_4’m v 1+226_%m2y)
n=1
= U+ 2/ T 4 2 ye Y + 2 /ge 7Y 4 4\ /e Y
n=2 n=> n=1 n=1

We regroup the terms as

\/@92(4?/)194(%) = Vi (4y) (95(y) — D2(y)) = Vuda(4y)03(y) — /g2 (4y)Da(y)
_2f267W(2n 1) y+4\/*2677r(2n 1)2 yzefﬂ’n y

n=1

—4fye=im(1 + Z e~ ((n=2)*=3)vy(1 4 Z e (2n=1)*~1)y)

n=2

=2/ye "V + 4[6_2”3/ - 4[6_%“’ - 4[6_173”’
+ 4[( Z —n((2n—1)241)y + Ze—ﬂ(n +1)y i 6—77(2n—1)2y ie—ﬂ'nzy)
n=2

n=2 n=2 n=2
—4\/ye” 47fy Z e—ﬂ(("—* -1y + Z e—ﬂ((2n—1)2—1)y
n=2
00
+ Z e—‘n’((n—%ﬂ—i)y . Z e—ﬂ((2n—l)2—l)y>.
n=2 n=2

Now let the approximate part of Y (y) be

Valy) ==y + 2\/@2_%”9 +4/ye ™Y + 2\/336_%”-” +4/ye I + 4 fye ™Y — 4\/236_%”‘” - 4\/@2_%”’
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and the error part by

[eS) [e'S) [eS) &S]
N D MRV S PRV ) i) W
n=2 n=>5 n=1 n=1

+ 4\/5( Z efﬂ'((2n71)2+1)y + Z efn(n2+1)y I Z 677"(2”*1)23/ Z ef‘frnzy)
n=2 n—2 — ~

—ayge i3] M= by 4§ (@i -ly L S o=y 7 emm(@non® -1y,
n=2 n=2 n=2

n=3
Then
V() = Valy) + Ve(y) (6.10)

and we have following estimate for V. (y):
g
1Ve()llo < Cy/ye™ 27,

To prove (6.8), we divide the proof into two regions of y: the large y case y € [1.1,00) and the
small y case y € (1,1.1).

Case (a): y € [1.1,00). In this case we have

_ VW)X (y) — X ()Y (y)
(X" (y))?
By Lemma 6.4, to prove Case (a) it suffices to prove that
Y'()X'(y) — X" (y)Y'(y) > 0 if y € (1.1,00).
By (6.9) and (6.10), there holds

yllxl _ y/l‘)c'/ — (yC/LIX; _ X;/y(ll) + (yélx/ _ yéxll + y;/Xe/ _ Xelly[/l)

Z'(y)

where (yg;q; — X(;’yg) and (ng’ - VX +YIX] — Xé’)ﬂé) are the approximate part and the
error part of Y"’X’ — V"X’ respectively. We shall use the approximate part to control the error
part.

To obtain the lower bound of (yg X —x yg), after subtracting some proper factors, one finds

1
y > Ledm (Y X155 ) (611)

is monotonically increasing.
For the error part (ygx’ VX" +YIx — Xg'y;), one has the estimate

(7 = v+ Vi - XUy, ()] < Cyle 7, (6.12)

which decays to zero very fast.
Combining (6.11) with (6.12), one deduces that

V'X —Xx"y" > if ye[l1.1,00). (6.13)

The detailed proof of (6.11), (6.12) and (6.13) will be provided in the Appendix 2.
This proves that
Z'(y) > 0 if y € [L.1,00). (6.14)

Case (b): y € (1,1.1). In this case 0 < 1 —y < 0.1. To prove

/ Y'(y)
2w = ()

/
) > 0,0ny € (1,1.1), (6.15)



24 SENPING LUO AND JUNCHENG WEI

it suffices to prove that

Y'(y)y'
<X”(y)) >0,ony € (1,1.1),

given that
X'(1)=Y(1)=0 (6.16)
which follows from (6.6). In fact, there exists y; € (1,y) such that

(y’(y))’:y”(y) '(y) — ()X”(y; X”(y)(y”(y) y’(y))

X' (y) X"2(y) X'(y) \X"(y)  X'(y)

() Yy Yy -y
X (y)—X(1) ( X'y)  X'(y) — )(/(1)> (6.17)

X" (y) ( V'(y) y”(yl))
T X () - D)\X(y) X ()
using (6.16).
We also have that

X"(y) >0, ify e (1,00) (6.18)

by the same decomposition method as used above. We omit the details here. (Actually, we only
need (6.18) holds for small interval such as (1,1.2]).

1" /
Moreover, (%) > 0 implies

Y'(y) _ V")
X"(y)  X"(y)

Then the claim follows from (6.19), (6.18) and (6.17).
For the derivative of the quotient of second order derivatives, one has

(y”(y) )’ _ V"W)X () = Y (m) X" (y)
X" (y) X" (y) '

> 0. (6.19)

Define
fxy(y) = Y" ()X (y) = V" ()" (y).

Equivalently, to show (6.15) one needs to show that
fry(y) >0 for y € (1,1.1). (6.20)
Differrentiating(6.6), the functions X'(y) and Y(y) both satisfy the following functional equations

1" 1 / 1’
H (;) =2 (y) + y*H" (y)

/ (6.21)
HY() = 6y H () = 65°H" (y) = y"H" (v).
Plugging y = 1 in (6.21) and using (6.16), one deduces
X"(1) = -=-3X"(1), Y"(1)=-3Y"(1). (6.22)
From (6.22), one has
Fry(1) = 0. (6.23)
Then to prove (6.20), by (6.23), it suffices to prove that
fey(y) >0 for ye (1,1.1). (6.24)
Proceed by (6.9) and (6.10)
f‘;‘y — y////X// _ y//X////
(6.25)

— (yl///Xl/ _ y//X////) + (X/ly//l/ _"_ yl///X// _ X////y// _ y/lX///l) .
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We use (V77 = Vr&") and (XY™ + VX — XY~ VLX) as the approximate and

error parts of f’, respectively.
For the approximate part, after subtracting some proper factor, one finds

512y%
—e
™

y— iﬂ'y (ngXé/ _ ng(im) (y) (6.26)

is monotonically decreasing on (1,1.2).
For the error part, one has the following estimate

‘ (Xé/y//// + yé/l/Xé/ _ Xe////yl/ _ yé/X;///) (y)l S C‘fye—571'y7 (627)

which has fast decay.
Combining (6.26), (6.27) and (6.25), we can prove that

Frey(y) >0 if y e (1,1.11]. (6.28)

The detailed proof of (6.26), (6.27) and (6.28) will be given in the Appendix 2.
This completes the proof.

O
Finally we give the proof of Proposition 6.1.
Proof. By Lemma 6.2, y = 1 is a critical point of W, ,(yi). Furthermore
0 1 5 0
il Zi) = —y2 = D (y). 6.29
gy Vo0 = v 5 Wi (wi)(y) (6.29)
By Lemma 6.4, we have
X'(y) >0 if ye(1,00) and Y'(V3)=0. (6.30)
Hence we obtain that
0 . .
%W17p(yz) >0 if ye (vV3,00). (6.31)
To study the monotonicity of W ,(yi) on the interval (1,/3), we rewrite a%WLp(yi) as
0 ) 0 yi+1 .
gy Vo) = 5 (62 F5) + 0(15i) ) = V') + X' ()
) (6:52)
- (50 )
W o)
By (6.30), the zeroes of %Wlﬁp(yi) on (1,/3) satisfy the following functional equation
Y'(y)
+p=0, ye(1,V3). 6.33
Furthermore, by Theorem 6.1, we see that
/
/,Jé/iy)) + p is strictly decreasing on (1,v/3). (6.34)
Y

(6.34) and (6.33) imply that (%Wl)p(yi) admits at most one zero point on (1,v/3). This fact
combined with (6.31) yields that O%WL,)(yi) admits either one or three critical points on (0, 00).
; — _o Y@ _ Y
Slnce X/(l) = y/<1) = 0, T(I) = T(l)
At the other end point v/3, since J’(v/3) = 0 (see (6.30)), we have that
Y'(V3)
X'(V3)

+p=0+p>0, p>0.
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By (6.34), we see that the equation (6.33) has a zero point if and only if

y//(l)
o <o (6.35)
The condition in (6.35) is
- y”(l)
p<pr:i= Yy (6.36)

Combining (6.35),(6.36) with (6.31), one has

%Wl,p(yi) >0 on (1,00) provided p > p;.

This and (6.29) give the proof of part 1 of Proposition 6.1. (For the case p = 0, y1,, = V3 by
6.30).
( In)tile case when p € (0, p1), there exists unique root of (6.33) as y1, € (1,4/3). By duality
(6.29), there exists another root ﬁ € (@, 1). So part 2 of Proposition 6.1 follows from (6.29)
and (6.34).

Finally (6.1) follows from (6.34).

This completes the proof.

7. THE BEHAVIOR OF W ,(z) ON THE y—AXIS

Let Wa ,(2) := 6(1; 251) + pf(2; z) be the conjugate of Wy ,(z). In this section we prove similar
properties of Section 6 for Wy ,. As in Section 6, W» ,(yi) admits either 1 or 3 three critical points
depending on different vales of p. These are stated in Proposition 7.1. The proof relies critically
on a novel property of the classical theta functions proved in Theorem 7.1.

Proposition 7.1. There exists a threshold ps which is the unique solution of
0? ,
aT/QWZp(yl) ly=1=0
(in fact po = —1 — %, numerically, po = 1.190861337 - - - ) such that
1. when p € [0, p2), the function y — Wh ,(yi),y > 0 admits only three critical points at ya ,, 1
and ﬁ, where Y., € (1,4/3]. Furthermore we have %WQ’p(yi) <0ify € (0,1, %Wg’p(yi) >

, ) Y2,
0ify € (5,-,1), S Wa(yi) < 0ify € (1,y2,), and FWa,(yi) > 0 ify € (y2,5,00)

The critical point ya , is the unique solution of (%ng(yi) =0, ye(1,V3].
Moreover, if p € (0, p2), then

Y2,
dp
2. when p € [pa, +00), the function y — Wh ,(yi),y > 0 admits only one critical point at 1, and
we have (%ng(yi) <0ify € (0,1), B%ngp(yi) >04fy € (1,00).

<0. (7.1)

As in Section 6, by Lemma 6.1 and transformation (6.2), we have that

Lemma 7.1.
. 1+ 1
0(2;yi) = \/3193(2@/)793(;’), 6(1; 55—) = ﬁ (95(29)95(5) + V2(29)9a(5))-
Recall by (1.11) and (6.2),
2 2
A(w) 1= V20 (2)05(5) = V5i5(20)D3(3). Bu) i= VEDa(2)0(2) = ia2)04(5).
Next we state Theorem 7.1, which provides the key argument to prove Proposition 7.1.
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Theorem 7.1. The function y — %, y > 0 has only one critical point aty = 1, and furthermore

B’ ! B’ !
(A’((Z))) <0, ye(0,1) and (A'((Z))) >0, ye(l,00).

Proof. By Lemma 6.2,

A’(i) = A ), B’%) — B(y). (7.2)
Let
) = S
Then
ety =cw)
Y =0y
Hence
C’(i) = —*C'(y). (7.3)

In particular, C’(1) = 0, i.e., y = 1 is the critical point of C(y). This, combining with Lemma 6.4,
shows that the C(y) by the quotient form is well defined.
By (7.3), it suffices to prove that

C'(y) >0 ye (1,00).

To prove this, we need to divide it into two parts of y: the small case y € [k, c0) and the large
case y € (1,k), where the parameter k is sightly bigger than 1 and will be determined later. (In
fact k = 1.05.)

Case (a): y € [k, 00) One has

BN — A)B ()
cl) = ()2 '

Then we need to estimate the lower bound of B”(y).A’(y) — A” (y)B' (y).
By (1.11),

Aly) = V(1 +23 e 20 (142 e 57')
n=1 n=1

= (VB +2vFe ¥ AV P+ AyGe B 4 Ay ™ 2y e BT o (30 et 4 Y e )
4

n=2 n=
+ (4\/@6—%7@( e—%ﬂ'(nQ—l)y + Z e—27r(n2—1)y + Z e—%ﬂ'(nz—l)y . Z e—27r(n2—1)y))
n=2 n=2 n=2 n=2

= Au(y) + Ac(y
(7.4)
where A,(y) and A.(y) are defined at the last equality. A.(y) is the error part which will be
proved to satisfy

Icllo2 < Cyge 2.
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For B(y), by (1.11), we rewrite as

Bly) = Vida(2y) (95(29) — v2(2y))

o oo oo 2
= 2\/332 e 2my(n=3)* 4 4\/@2 e—2my(n—73)? Z o2’y _ 4\/@( Z e—2wy(n—%)2>
n=1 n=1 n=1

n=1

= (2\/336_%77‘7! + 4\/@2_%” + 2\/336_%” - 4\/§6_”y)
+ (2\/526—%(2n—1)27ry + 4\/@6—%7@(2 e—% 2n—1)2-1)7y + Z 6—2(n2—1)7ry
n=3 n=2

n=2

) e 00
+ Ze—%((Zn—l)z—l)ﬂ'y Z 6—2(77,2—1)7\'3;) _ 8\/@2 e—%(Qn—l)zﬂy
n=2 n=2 n=2

_ 4\/27(2 6*%(27171)27724)2)

n=2
1= Ba(y) + Be(y)
where B, (y) and B.(y) are defined at the last equality. That is, we have
B(y) = Ba(y) + Be(y), (7.5)

where B,(y), Be(y) is the approximate part and the error part of B(y) respectively.
We have the following estimate

IBellcz < Cyge™ 27, y > 1.
To prove that
C'(y) >0 if y € (k, 00), (7.6)
it suffices to prove that
B (y)A'(y) = A"(y)B'(y) > 0 if y € (k, 00).
By (7.4), there holds
BIA — A'B = (BLA, — ALB,) + (BIA' — BLA" + BIA, — AlB,).

Here (Bg Al — Ang) and (Bg A —BLA"+ Bl A, — Al B;) are the approximate and error part of
B"A" — A"B' respectively.
To estimate the approximate part, we use the monotonicity of a weighted function, i.e.
4y %Try BIIA/ A//B/ 7 7
y—>?€ av‘a aa(y) ()
is strictly increasing.
For the error term, we have the following control

|(BLA = BLA" + BLAL = ALB,) ()] < Cfe™ 570, y =1 (7.8)

which decays fast.
Combining (7.7) and (7.8), one deduces that

(WA—Awyw>ﬁyeuwmy (7.9)

This proves that
C'(y) > 0 if y € [1.05,00). (7.10)

The detailed proofs of (7.7), (7.8) and (7.9) will be given in the Appendix 2.
Case (b): y € (1,k)
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To prove
B'(y)y\
(A,(y)) > 0,0ny € (1,k), (7.11)
by (6.17), it suffices to prove that
B"(y)\'
(A”(y)) > 0,ony € (1,k),
given that
A1) =8B(1)=0 (7.12)

which follows from (7.2). Here as in (6.18), we need A”(y) > 0 in small interval such as (1,1.2]
(we omit the details here).
To proceed, we notice that

(B”(y) 1 _ BT A (y) — B (y) A" (y) (7.13)
A"(y) A" (y)
Define
fan(y) = B" (y) A"(y) — B"(y) A" (y)-
Same as (6.23), we see that
fas(1) = 0. (7.14)
Then to prove (7.11), it suffices to prove that
fag(y) >0 for y e (1,k). (7.15)
Now by (7.4) and (7.5) we can write as
fap=B"" A" —B" A"
(7.16)

— (B////A// _ B//A////) + (B////A// _ BHANH +B////A// _ ./4””6”).

The main part is (B{;”A;’ - BJAY ) which is is not monotonically decreasing or increasing.

Instead, a weighted

Yy —

4
32y e%ﬂy (B:;//AZ - B(/IIA;I//) (y) (717)

™
is strictly decreasing on (1, 00).
For the error part in (7.16), one deduces the following upper bound estimate,

|(BU A = BLA™ + B AL = ALY ()] < Oy ¥,y > 1 (7.18)

which decays very fast.
Combining (7.17), (7.18) and (7.16), we can show that

fas(y) >0 if y € (1,1.12]. (7.19)

The detailed proof of (7.17), (7.18) and (7.19) is tedious and will be given in the Appendix 2.
This completes the proof.

O
Finally we give the proof of Proposition 7.1.
Proof. By Lemma 6.2, the functional W, ,(yi) satisfies the functional equations
() = ) (7.20)

Hence H'(1) =0, i.e., y = 1 is a critical point of W ,(y1).
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By (7.20), we just need to consider the functional W5 ,(yi) on (1, 00). For this, one uses Theorem
7.1 by rewriting B%Wg p(yi) as

VB W) = 5 (VIO PR 4 VB i) = A) + B) + pA )

7.21)
B’(y) (
= A - (1 .
W (1+ 5+ )
By Lemma 6.4, we see that
B'(v3)
A(y) >0 ye(l,00) and 1+ = 7.22
(v) >0 ye (1,00 ST (7.22)
By Theorem 7.1, there holds
d B'(y)
2 >0, ye(1,00). 7.23
(1+ i +e) >0 ve (L) (7.23)
From (7.23), in view of (7.21) and (7.22), we infer that
(%ng(yi) admits at most one zero point on (1,00).
By (7.22), we see that
0
—Wa ,(yi) > 0 if y € (V3,00). (7.24)

0y

Then one further concludes that the admissible zero point of -2 5y W2,p(yi) must lie on (1, V3] (if
exists).

Next we consider the function 1 + i,((z)) +pforp>0¢€(l, \/§) At the end point v/3, we have
that

B'(y
<1+A,((§+p) lyevg=0+p=p>0 (7.25)

because of (7.22).
Since A’(1) = B/(1), at the other end point 1, one evaluates

B'(y) B'(y) B"(y)
1 =1 1 =1 1
( +A/( )+p) ‘y 1=1+p+ 1m T A (y) +p+ 1./4”(?;) (7.26)
B//( ) :
=14+p+ T(l)
by L’Hospital’s rule.
In view of (7.25) and (7.26), one deduces from (7.23) that
/
(1 + i/((y)) + p) admits one zero point on (1,v/3)
Y s (7.27)
@1+p+AH( ) <0

which implies that
Bll(l)
1% < P2 = —1-— T(l)
It follows that by (7.21) and (7.27), for p > pa, aa W ,(yi) admits no zero point on (1, 00) Therefore
the part 2 of Proposition 7.1 follows from (7.20).

For p € (0, p2), we denote the zero root of (1 + Ty
Y2,,. Then by (7.27) y2, € (1,4/3). Thus by (7.20) there is another zero point _— € (42,1) of

S%ng(yi). By (7.24), (7.20), (7.23) and (7.21), the part 1 of Proposition 7.1 is proved

y) + p) (and hence also of 8 W ,(yi)) as
1
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Finally from (7.23), we have that
d
— 0.
dpr,p <
This proves (7.1). (For p = 0, one has y2 , = v/3 by (7.22)). The proof is thus completed.

8. PROOFS OF THEOREMS 1.2 1.3 AND 1.4

In this section, we are ready to finish the proof of the main results of Theorems 1.2 1.3 and 1.4.
To make the presentation clear, we introduce the following notations to denote various geometric
sets:

H:={z]y>0},
Qo:={z]|z|>1,0<z <1},

1
Qb::{z||z|21,0§x§§}u{z||z|:1, <z <1},

DN | =

1
Qc::{z||z|21,0§x§§},

1
Qd::{z||z|:1,0§x§§}u{z| z=0,1<y< oo},

0= {z| |l =1,0<2 < S} Ufz|e=01<y< V),
Qea 1 ={2]2=0,1<y<V3},
er::{z||z|:1,0§x<%}.

We divide the proof into the following steps:

Step 1: Reducing minimization problem from H to — €,.
This is a consequence of Theorem 3.2 and the properties of the fundamental group (3.3) and
fundamental domain (3.5):
min Wi (2) = min Wi p(2), minWa () = min Wy ,(2). (8.1)

Step 2: Reducing minimization problem from Q, to .

This follows from Corollary 4.2:

min Wi,,(2) = min Wi ,(z), min Wa,,(2) = min Wa,(2).

Step 3: Reducing minimization problem from 2, to (..

We first show that

1 V3

i W; =W (= +i—),j=1,2. 8.2

et <oan) 5.0(2) =Wl i), (82)
1 V3

One can further conclude that the minimizer 5 +¢-5> is unique by the monotonicity shown below.

In fact, by Propositions 6.1 and 7.1, we see that

0
gy Vi) >0, y € [V3,00),5=1,2. (8.3)
By the special map z — w := 2:, the set {yi,y € [v/3,00)} is mapped bijectively to {|z| =

1,1 < R(z) < 1}. By Lemma 3.4 and (8.3) we see that both Wi ,(z) and W, ,(z) are monotonically
decreasing along the set {|z| = 1,4 < < 1}. This proves (8.2).
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By (8.2), we conclude that

min Wi ,(2) = min Wi ,(2), min Wa,,(2) = min W ,(2).

Step 4: Reducing minimization problem from Q. to €.
In this case, let p, = % be as in Propositions 5.1. For p € [0, p.], Proposition 5.1 implies that
min Wy ,(2) = min Wi ,(2), p € 0, p.].
For p € (p.,0), using Lemma 3.3, Lemma 5.2, and (8.2), we get that
min Wy ,(2) = p min Wa1,(w), 1/p € (0,1/p4)
=p min Wy, /,(w),1/p € (0,1/p.)

weg
= min W ,(2), p € (p«, 0).

z2€Qq
Therefore, we obtain that
min Wi p(2) = min Wi p(2),p € [0,00). (8.4)

By Theorem 3.3, (8.2) and (8.4), we have that

min Wh ,(2),=p min Wi 1/, (w
2€Q,,p€[0,00) ,P( ) WEDe 1/ pE[0,00) ,/p( )s

= i w ,
pwEQd,lHy;lE[O,oo) 1’1/p(’UJ) (85)

= i 14% .
ZGQdI,l;l)lél[(),oo) 2”0(2)
Step 5: Reducing minimization problem from ; to (..

The follows from (8.3).
In summary, from Steps 1-5, we conclude that

min Wi ,(2) = min Wy ,(2), min Wy ,(2) = min Wy, p(2). (8.6)

From (8.6), we just need to find the minimizer in a much smaller curve .. But this gives no
information about uniqueness or multiplicity of the minimizers. In fact, one can further rule out
the possible minimizers of min.cq, Wi ,(2), min,co, Wa ,(2) in a large set. Namely, for z € Q,\Qe,
there is no any possible minimizer for min.eq, Wi ,(2), min.cqo, Wa,,(z). The possible multiplicity
of minimizer is admitted only in Step 1, see (8.1). But up the group transformation Go, the possible
minimizer in (8.1) is unique. Therefore, one can conclude the reduction in (8.6) is unique up to the
group transformation Go. In the next step we will show that min,co, Wi ,(2), min.co, Wa ()
exists , is unique and can be located precisely.

Let w be the map w(z) = 257 whose inverse is z(w) = {£%. Under this map we have z = yi €
2_ . . . /1—u2
Qea+—>w:zz_&+z%€ﬂeb7w:u+weﬁebn—>z:z 11_5 € Neq.

We note that
p1 < 1/pa < p2 <1/ps.
See in Propositions 6.1 and 7.1.
Now we consider the minimizer of Wi ,(z) on Q.. We divide into three cases.

Case 1. p € [p1,1/pa].
In this case, p > p1,1/p > pa. Then by Propositions 6.1 and 7.1, both Wi ,(z) and W» ,(z)
are monotonically increasing on €., along positive y axis direction. Then it follows that Wi ,(2)

is monotonically increasing on €, clockwise. Therefore, the minimizer of of Wi ,(2) on Q. is
uniquely achieved at y = 1.

Case 2. p € (0,p1).
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In this case, 1/p > 1/p1 > pa. Then by Proposition 7.1, W5 1,,(2) is monotonically increasing
on {2, along positive y axis direction. It follows from Lemma 3.4 or Theorem 3.3 that Wy ,(z) is
monotone increasing on ¢, clockwise. On the other hand, by Proposition 6.1, Wi ,(z) admits a
unique minimizer at y = iy; , € i(1,v/3) on Qeq. We conclude that Wi ,(2) has a unique minimizer

at 21, =iy1,, € (1,V/3) on Q.
Case 3. p € (1/p2,0).

In this case, since 1/p < pa, by Proposition 7.1, W, 1 /,(2) has a unique minimizer at y =y, 1/, €
(1,v/3) on Q¢q. Then by Theorem 3.3 or Lemmas 3.4, W ,(+) has a unique minimizer
-1

2
Ys 1/p y2 1/p

2, = € inner points of Q. (8.7)

y21/P+1 y21/p+1

On the other side, one has p > 1/p2 > p1. Then by Proposition 6.1, W, ,(2) is monotone increasing
on Q. along the positive y axis direction. Therefore, (8.7) gives the minimizer of Wi ,(z) on Q..
This proves Theorems 1.2 and 1.4. Theorem 1.3 follows from Theorem 1.2 and Lemma 3.3.

9. PROOF OF MUELLER-HO FUNCTIONAL AND MUELLER-HO CONJECTURE

Proof of Lemma 2.1. Since the computation is elementary, we omit the details here.
Proof of Lemma 2.3.

1 1 =
59 Ze‘?‘W‘"‘Qcos«mm)m

—Ze Flm==nl® (1 4 cos((m +n)r Ze §lme—n?

J(z

_ y\mz n|? (m+n) . _ —%\mz-&-n\z .
Ze 2 cos? (~———— 5 )—0(1;2) = Z 2e” —6(1;2)

m+n=2k,k€Z
=1 g2

_ QZ Slm(+1D=24 _ g,y = 22 I _0(1;2)

z+1

= 20(2;

) —0(1;2).

Proof of Theorem 2.1. This follows by Theorems 1.2, 1.3 and 1.4, by the relation p = 127704

10. APPENDIX 1: PROOF OF LEMMA 2.2
Recall that

J(z;a,b) = (m;)eﬁ e §lma=nl® cos(2m(ma + nb)). (10.1)

In this appendix we show that when the lattice is square type, then (%, %) is not a critical point
while when the lattice is hexagonal (or triangular) it is a critical point.
First we show that

Lemma 10.1.

0
1.0 = 557 (500 |mi 0 p)=(3.1) <O (10.2)

This implies that J(z;a,b) is not always critical point for any lattice shape.

0
%\7(2, a, b)‘z:i,(a,b):(
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Proof.
2 (m +n)

j(z;a7b)|z:i7(a7b):(% ,5) = —27’(’27’716 (m? )Sln( )

2m(m +n) (103)

. _ —T m2+n2 .
- T (20,0)| i (apy=(2,1) = —27‘(277,6 ( )sm(#).

9
Oa
0
da
It is clear that
0 0

- T, 05 2) i (ap)=(2,1) = %

da j(aab;z)‘z =i,(a,b)=(

11y
30 3
Let

A= Z e—'fr(m2+nz) sin( 271—(”;"" n) )m

Equivalently, we show that
A>0.

Grouping by m +n =3k + 5,7 =0, 1,2, we have

A —T m2 n2 —T TTL2 TLZ
sin(%) - Z me T — Z me” (I, (10.4)
3 m+n=1( mod 3) m+n=2( mod 3)

For the first part in (10.4), splitting the summation by m > 0 or m < 0, we have (dropping the

mod 3)
P e DI D D (10.5)

m+n=1 m>0,m+n=1 m>0,m+n=2
For the second part in (10.4), similarly, one has
—m(m?4n?), —m(m?4n?) —m(m?4n?)
Z ¢ m= Z me Z me : (10.6)
m+n=2 m>0,m+n=2 m>0,m+n=1
By (10.5) and (10.6), we have
2,2 2.2
Z mefﬂ(m +n) _ Z me*ﬂ'(m +n?)
m+n=2 m+n=1

and by (10.4)

A 2 2 2 2
_ —m(m“+n®) _ —m(m”+n”)
—— = E me g me . (10.7)
25111(5) m>0,m+n=1 m>0,m+n=2

Notice that e™™ is one term in the first summation in (10.7), it suffices to prove that
Z me~ "M %) o o=
m>0,m+n=2

Now we have

Z eﬂ’ernQ) szeﬂ'erBkJrQ))

m>0,m+n=2 m=1keN
_ Z me*ﬂm Z —m(3k+2)? (67‘” + 46747r)(677r + 267477) <e 7.
keN
This completes the proof. O

=

Next we show that (a,b) = (3, 3) is a critical point when z = § + i
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Proof. We first claim that

2
Z e*z(m2+”27mn)msin(w) =0, for Vx > 0. (10.8)
(m,n)€z?

To prove (10.8), it suffices to prove that

2
Z e=a(m*+n’—mn) Sin(m) =0, for Vz > 0. (10.9)
- 3
In fact,
Z 67a:(m2+n2fmn) Sin( 27r(m + n) )
— 3
— _ —3am? —2(2n—m)? 71-(2”_ m) (1010)
e ; e sin — s

=0.

In the last equality, one uses 2n — m,n € Z and takes all the even or odd integers when m is even
or odd.
By simple calculation, now the second part of Lemma 2.2 is equivalent to

. 2
S e B (tmmnrat s i) iy w —0, if y=3 (10.11)
m,n

which is of consequence of (10.8). This completes the proof.

11. APPENDIX 2: THE REST OF PROOF IN THEOREM 6.1 AND THEOREM 7.1

In this appendix, we finish the technical proofs of Theorems 6.1 and 7.1.
Throughout this appendix we frequently use the following Lemma whose proof is straightforward
calculus and is omitted:

Lemma 11.1. Let f(y)9) denote %f(y) For ,j=1,2,3---, there holds
e Fora>0,b>0,

!

/
>0, if y>

(ybe—ay)/ <0, if y> g; (ybe—ay) b+a\[b.

e Fora >0,

, )
(—1)7 (\/ge*ay) S0, if y> fia).
Here

fila) = %’fQ(a) = —;;/ivf:s(a) = 27f4(a) = %.

e Fory>1anda, >0

oo

N g\ ) o a
|(Z \/@6 any) | < (1 + Uj,k)\/zj(ak)Je aky7 Oik = Z (7)‘76 (an ak).
n=~k

a
n=k+1 k

The structure of this appendix is organized as follows. (6.11)< Lemma 11.2; (6.12)< Lemma
11.3; (6.13)< Lemma 11.4; (6.26)< Lemma 11.5; (6.27)< Lemma 11.6; (6.25)< Lemma 11.7;
(7.7)< Lemma 11.8; (7.8)< Lemma 11.9; (7.9)< Lemma 11.10; (7.17)< Lemma 11.11; (7.18)<
Lemma 11.12; (7.19)< Lemma 11.13.
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11.1. The rest of proof in Theorem 6.1.
Lemma 11.2. y — f—ye%”y ()};’XC’L - X;’yg) (y),y € [1,00) is monotonically increasing.
Proof. Calculating and grouping the terms, we get
W eim (v - 209) )
:<7ry — 2496e~ "™ n%y? — 144e ™Y — 700e Yy — 1440e 5™V r%y? — 288e 5™ — 21761V ry
— 840632y — 108¢=3™ — 243¢~ 2y — 110e "y — 6)
+ <6966_7”y7ry +2016e 5™ %y? + 168¢ 5™ + 1008e 5™y + 2208e 1V ?y? 4 7681V

+ 2343y + 192e 72 2y? 4 162 727V + 24e "V ?y? + 1326*”/)
(11.12)
Denote the terms in first and second brackets of 1%%ei7 (y;’xg — X;’yg) (y) by Pyy and Py,
respectively. One has f—yei”y (y{;)q; - X;'y(;) (y) = Py (y) + Pyy(y) by (11.12). It remains to
!
prove that (77;3, + P;y) >0, y€[l,o00).

!/
It is clear that the leading order term is 7y, this gives that (’P;y + ’P;y) > 0 when y is large.
By Lemma 11.1, one has

/ / " "
(Piy) >, (P;?y) <0, (P}y) <0, (P;y) >0 if y> 1. (11.13)
/
Direct calculation shows that (P;y) |y—2.2= —3.012967072 - -. Then by (11.13)

(P;y + P;y)'(y) > - 3.012967072--- > 0, if y > 2.2. (11.14)
Next we prove that
(Piy +Pay) ) >0, for ye[1,22] (11.15)
To prove this, we regroup the terms by
Py () + Pry(y)
=(my — 6) + e ™Y (=1107y + 247%y? + 132) + e 2™ (—2437y + 19272y* + 162)
+ e (—840m%y? — 108 + 2347y) + e~ 1Y (—21767y + 220872y 4 768) (11.16)
+ €77 (—~14407%y? — 288 + 10087y) + e~ ™Y (—7007y + 20167°y* + 168)
+ 7™ (—249672y* — 144 + 6967y).
To prove this, one divides the interval [1,2.2] into, say, ten subintervals, [1,2.2) = U?_[a;, a;41)-

In each intervals, by careful calculations, we can show that the function is positive on each interval.
O

Lemma 11.3. The estimates hold: |(ygx' S YA Y X;’y;)(yn < (4472 + 187 +
36my)e” 1Y,

Remark 11.1. The coefficient of the bound is not sharp, but the exponential term captures the
main feature.

Proof. By Lemma 11.1, one infers that

_1r, 29072
V()] < 18m/ge™ T, |V (y)] <

VIe T X ()] < Almy/me " X! (y)] < 2010 e
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For X/, X", (’1 "’ by their expressions, one has

/ 1 / 1 , 1
X (y)] < f X ()l < (g7 T2V 1al)l < (ﬁ T2V VW)l = (35 + 2V)-

Thus, one can get the result.

Lemma 11.4. There holds (J/”X’ - y”x') (y) >0, ye[ll, o).

Proof. Tt remains to prove that %e%”y (y”;v’ - y”X’) (y) >0, ye[l.l,o00).
By Lemmas 11.2 and 11.3,

16y }Nry (y//X/ y”X/) (y)
7T

= oy (ppt — XEVL) () + AT (VIR LA+ VXL - XLVL) ()
e e

16 16
> imy (y;’/'\fé - X;’yg) (y) — —Z (4472 + 187 + 367y)e 4™
s s

16

Z(Jei”y (y;’X; - X;’y;)(y) — 16y(447 4+ 18 + 36y)e‘4”y) ly=1.1=0.001671778 - -- ,y € [1.1,00)
™

>0, ye€[l.l,00).

In the second last step, one uses the fact that y — —16y (447 + 18 + 36y)e 4™,y > 1 is strictly
increasing.

O
Lemma 11.5. y — %e%”y (yg“;cg - y;’X;”’) (y) is monotonically decreasing on (1,1.2).
Proof. By direct calculations, one regroups the terms by
S o (- 3 )
= —77:3y3 + 87%y? + 8dmy — 144
+ e—”y( — 2407°y® — 92407y — 6320m%y? + 139274 y* + 350733 + 3168)
n e*%y( 1123275y% — 148777y — 20412y — 328567242 + 360967 y* + 3888)
+ e—?’”y( 3482407 y* — 2592 4 17885473y3 + 2090407°y° + 196567y + 915367r2y2)
+ e—‘“fy( 804576m°y° — 121856m°y> — 4725767%y? — 182784my + 1465533wty? + 18432)
5“?/( — 140064764y* — 6912 + 16027273y> + 6854407°y° 4 84672my + 28454472y )
+ e—ﬁﬂy( 57050073 y> — 36288007y — 588007y — 30128072y? + 310060874y* + 4032)
n e—”y( — 523660874yt — 3456 + 8623447343 + 75279367%y° + 36115272y + 584647ry).
(11.17)
The rest is careful calculations by taking derivatives.
O

Lemma 11.6. There has |(yg"x"—y;/X’/"+y;"’X;'—Xg"’y{;) (y)] < 16(ELm)t ge= v, y> 1.

Remark 11.2. The coefficient of the bound is rather rough but is enough to get our result. The
exponential power captures the main feature.
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Proof. By Lemma 11.1, one infers that

1

17 17 17 7
Ve (y)] < 4(Zﬂ)2(1 +oy.2)Vye TV (y) < 4(177)4(1 T oy a)Vye 1Y (11.18)
and
1) ()| < 8(5m)2(1 + o, 2)/ye ™, | X" (y)| < 8(57)* (1 + ox, 4)\/ye °™. (11.19)

Here ox, j,0y, ;,j = 2,4 are small and can be bounded by 1 7. For X7 X" Y and V", by their
explicit expressions, one has

A" (y)] <10, X" (y)] < 1.2,V (y) V) <1,y > 1 (11.20)

= 1()
Combining (11.18), (11.19) with (11.20), one gets the estimate.
O

Lemma 11.7. There holds (JJ”"X” - y”X””)(y) >0, yell,1.11].

Proof. Tt suffices to prove that
%e%“/(y””éf” - y”x"") (y) > 0, y € [1,1.11]. By the decomposition and Lemmas 11.5
and 11.6, we obtain that

512y

B2 i (e — e )

us

:ge%wy (yg”X(;/ B "XW') 512y ed™ ()}é”’X” VX" YA~ Xémy(/l/) (y)
4

> 51iy oimy (y;”’X{;’ . "X”/') 3y9/26747ry

647Ty (y////X// y;l.)(///l

=158.4646175 - - - — 130.0476135
>0.

2 —4aT
Y) ly=1.11 -5 174739/ 24y ly=1,y € [1,1.11]

(11.21)
O

11.2. The rest of proof in Theorem 7.1.

Lemma 11.8. The function y — —627”/ (B"A' AZB(’I) (y),y > 1 is monotone increasing.

Proof. By direct calculations, one regroups the terms by
Yeir (514, - ALB) ()

:<7Ty — 3 —288¢ 82y — 1278 _ 144e 2™V — 7273 _ 48e T3V — 84e O™V — 121 Yy
— 8me~ 2™y — 768m2e 2™y — 12872 3 ™y2 — 240y%e 32 — 504de T r2y? — 52e 5™Vry
—99e 4™y — 10672”’71'3/)

+(68e—8”yny + 24022 4 1272 4 12707V 4 33674 4 G2V 4 12¢7 Y 4 96me 27Vy

+ 480me ™ 2™y + 812y + 168ye TV 4 6de TV ry? 4 48e 22?4 308e*5”ywy)

(11.22)
Denote the terms in the first and second bracket of (11.22) by 73;{5 and P, z. Then
4 _
b (BIA, — AIB,) () = Pis(y) + Pasw). (11.23)

It remains to prove that Pfs(y) + P z(y) >0, y > 1.
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By Lemma 11.1,

" "

(Phsw) ) > (Pis®) @) <0, (Pas®) 1) <0, (Pas) ) >0 (124)

/
Since (P;B(y)) (1) ly—1.52= —3.051954266 - - -, one has

Phs(y) + Pasy) >m — 3.051954266 - - - ,y € [1.82,00) > 0. (11.25)

It remains to prove that Pi(y) + P4z(y) > 0 on the bounded interval (1,1.82]. To this end,
we divide the interval (1,1.82] into 10 smaller subintervals, and compute the derivatives on each
interval to arrive the result.

O

13

Lemma 11.9. There holds: | (BLA' = BLA" + BLA, — ALB, ) (y)] < 8(¥m) /e #70, y > 1.
By Lemma 11.1, one has for j =1,2,---
() 13 Vi e~ %mv_ |g0) 13 Vi e %
AL W <40 +oa ) () vye 2™, (B (y)] < 41+ 0s,5)(57) Vye 2™ (11.26)

Here the 04, j,0p,; are small and can be bounded by 3. For A, A', B, B/, by their explicit
expressions, one deduces that

(11.27)

l " 1 / "
AW <03, A" W)l < 5, (Bl < ¢, Ba(y)] <

(S
G| =

Combining (11.26) and (11.27), one gets the estimate.

Lemma 11.10. There holds (B”.A’ — A”B’)(y) >0 if y € [1.05,00).

Proof. Equivalently, it suffice to prove that %e%”y (B”A’ - A"B’)(y) >0 if y € [1.05,00). By
Lemmas 11.8 and 11.9, we deduce that

Ve (574~ A'B) )

dy 1 dy 1

=™ (BLA, — AUB, ) (y) + 5™ (BIA = BLA" + BLA, - AlB,)(y)
™ ™

>4 ymy (B;’A; - A;’Bg) (y) — 1352my®/2e 6™ (11.28)
™

4

> (ﬁe%”y (B;’A; - A;’B;) (y) — 13527ry3/26—6”y) ly=1.05= 0.001189906301 - - -
Vs

0.

Here we use the fact that y — —y3/2e=6™ y > 1 is strictly increasing in the second last inequality.
O

Lemma 11.11. y — %e%”y (B;’”A;’ - B;{Ag”) (y) is strictly decreasing on (1,1.12).
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Proof. By Direct calculations, one regroups the terms by
32y4 Loy (armr gn A
et (B A - B ) ()
= — 13y + 47y + 21wy — 18
+e7 7™ (3208 + 72 — 64n2y? — 168my)
+ e ™ (1767 y* + T2 — 487y — 2521y — 3047%y? — 1321%y°)
+ 2™ (2784m y* + 36 — 9607°y° — 21507°y” — 11607y — 2107y) (11.29)
+e” 3™ (614477 + 42247393 + 20167y + 486472y — 112647 y* — 288)
+ e 73856873y + 168007°y° + 95047%y* + 352871y — 283207t y* — 432)
+ e (200773y3 + 288007°y° + 870872y + 32137y — 323207ty — 306)
+ 7P (997921°y° 4 1817213y + 2363272 y% + 64687y — 1401127 y* — 504)
+ 74966073y 4 3369607°y° + 2792072y? + 5460y — 29520071yt — 360).

Using the explicit expression in (11.29) and dividing the interval (1, 1.12) into 10 smaller intervals
and calculating the derivatives on each interval, we obtain the result.

O
Lemma 11.12. The error estimate holds:
|<Bém.A” o BQ'A”” +B¢/zm~’4lel o AZ//B:;)( )| < 8( ) \fe——ﬂy (11.30)

Remark 11.3. The coefficient of the bound is rather rough but is enough to get our result. The
exponential power captures the main feature.

Proof. Using the explicit expressions of A and B,, after tedious estimates, we arrive at
A" (y)| <8, By ()| < 5. (11.31)

This, combining with (11.26) and (11.27), gives the estimate.
O

Lemma 11.13. There holds
(B’”’A” - B”A’”’) (y) > 0,y € [1,1.12]. (11.32)

3273/46%7@ (B””A”—B”A””) (y) > 0,y € [1,1.12]. By Lemmas
11.11 and 11.12, we have that

32y4e%wy (B////A// _ B//A////

:327;{/46%71'1/ (B(/IN/AZ _ BZAHH) 32y 77Ty <A/2/B/I// + Bé///AZ _ A/2///B/I BI/ /I/I)( )

>32y4e%ﬂ, (B////A// _ B//A//// 264 3 9/26—67ry (11 33)
— T a a a :
4
2329 e3™Y (Bz/z///A;/ . Bl/l/A;///) () ‘y:1‘12 _2647T3y9/26—67ry =1
™

=49.93918473 - - - — 0.09227517899 - - -
>0.

0
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